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THE MULTIPLICITY OF BINARY RECURRENCES

F. Beukers

1. Introduction

A linear recurrence of order two is a sequence of rational integers
ay, 4y, as,, . . . such that

Gpi2 = Ma,1— Nan, n =0, |ag| + |a,| # 0,

where M, N € Z are fixed. Throughout this paper we assume that the
sequence is non-degenerate, that is, the polynomial x>~ Mx + N is
irreducible in Z[x] and the quotient of the roots of x2— Mx + N =0 is
not a root of unity. We study the number of times that a, assumes the
given integer value A. We denote this number by m(A). Several
estimates for m(A) have been given so far. See for instance [1], [2],
[5]. Very recently K.K. Kubota [4] proved that m(A) =4. In this paper
we improve this result by showing that m(A)+ m(—A) =<3, with
finitely many exceptions which can be written down explicitly.
Moreover, the upper bound for m(A)+ m(—A) is assumed in infinitely
many cases, e.g. if M =1, N arbitrary, apo=1, a;=—1 then we see
that a; = —1. In Theorem 2 we prove our assertion for sequences with
negative discriminant, that is, M?—4N <0. The proof depends
essentially on a p-adic argument given in Theorem 1. No use is made
of Strassmann’s lemma however. In Theorem 3 we prove that m(A) +
m(—A)=<3 for all non-degenerate sequences with positive dis-
criminant with a single exception. The last part of the paper is
devoted to Lucas-sequences of the first kind. These sequences are
linear recurrences of order 2 with a,=0 and a, = 1. In Theorem 4 and
the corollary to this theorem we prove that m(A)+m(—A)=<2 if
[A|=2 and m(1)+ m(—1)=<2 unless M =+1, N=2, 3, 5. In [3] K.K.
Kubota obtains almost the same result, but the case M ==*1, N=
2(mod 48) remained unproved. The following examples show that
there are infinitely many Lucas-sequences such that m(1) + m(—1) =

0010-437X/80/02/0251-18%00.20/2.
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2:if M==+1 then a,=M==1, if M’=N =1 then we see that
az=M?*—N==1 and if M==12, N=55377 then as==1. It is
not unreasonable to expect that apart from these cases there exist no
Lucas-sequences with m(1)+ m(—1)=2.

2. The general case

LEMMA 1: Let the non-degenerate recurrent sequence {a,}n-o be
defined by a, = Ma,_, — Na,_, where a,, a;,, M, N € Z. Let 0 be a root
of x’!~Mx+ N =0 and put « =a,— aol. Then the recurrent sequence
is given by
ab" — ab"

a, = ~
6—6

B

where &, 6 denote the conjugates of a and 6.
Proor: Induction.

In studying the multiplicity of the sequence {a,};-; we may as well
consider the multiplicity of the sequence a8” — &6". Suppose we want
to study the multiplicity of the value a8” — & for some p EN. By
replacing af” by a we see that without loss of generality it is
sufficient to consider the multiplicity of the value o« — @. Furthermore,
we may assume that the algebraic integers « and & have no rational
integer factor in common.

LEMMA 2: Let a, 6 be algebraic integers in a quadratic numberfield
and denote their conjugates by & 6. Suppose a and & have no
common factor in Z. If a0? — @0? = e(a — &) for some € € {—1, 1} then
there exists a rational integer u such that 6% = € + pa.

ProOF: It follows from a (6% —€) = @(6? —€) that A: = a(09 —€)is a
rational integer. Multiplication by & yields A@ = a& (69 — €). Suppose
ada T)t. Then there exists a prime factor p of a@ which divides a.
Since p is a rational integer we also have p l a, contradicting our
assumption that @« and @ have no common factor in Z. We therefore
conclude that aa | A and hence 0? — e = ua for some u €2Z.

In the following lemmas we assume that the recurrent sequence has
negative discriminant, that is M?>—4N <0. This implies that « and 6
are algebraic integers in an imaginary quadratic field. We may assume
that 0 <arg @ < #/2 and 0 <arg a < . This can be achieved by taking
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the complex conjugate of the equation af"—ab" = +(a —a), if
necessary, and by the replacements § >—6 and « - —a. Since the
recurrent sequence is non-degenerate, we have 0<arg <m/2.
Moreover, a cannot be real. For, if o = @ then a8" — @0" = +(a — &)
reduces to 9" — §" = 0 and this implies that 6/8 is a root of unity. We
therefore assume that 0 <arg a < .

THEOREM 1: Let K be an imaginary quadratic field and Ok its ring
of integers. Let y, n € Ok and let t €Z, t#0. Consider the equation
y(1+tn) —y(1+t7) =y — ¥ in the unknown r € N.

A) Suppose that yn — 1+ 0 and let g € O divide yn* — y7* for all
k = 1. There are no solutions r €N if one of the following conditions
is satisfied,

1) t=0(mod 2) and i(yn — y0)lg,

2) t0(mod 2) and ti(yn — ¥70)/g.

B) Suppose that yn —yq =0 and yn#0. Let g € Ok divide n — 7.
Then r=1 is the only solution if at least one of the following
conditions is satisfied,

1) t=0(mod 3) and §(n —1)lg,

2) t=0(mod 3), tl(n — 7)/g and (n*— 7%)/g =0(mod 3),

3) t= 0(mod 3) and ti(n — 7)/g.

Proor: Theequation y(1 + tn)" — ¥(1 + tq)" = v — ¥ canbe written as
. o= (r o -
+ kZI (k>t"(7n" -y =v-7
and since (}) = £([Z}), we obtain

k-1 _ k_ =~k
) rEt (f 1)%%‘

Since r# 0, the sumfactor in (1) must vanish. We first prove part A of
our theorem, so we assume that yn — y7# 0. Suppose t = 0(mod 2)
and 5f(yn — y7)/g. It is easy to see that t*'/k = 0(mod t/2) if k =2 and
t*"!/k =0(mod t) if k = 3. This implies that ¢/2 divides the first term in
the sumfactor, i.e. 5/(yn—¥7)/g which is a contradiction. Suppose
t# 0(mod 2) and tf(yn — ¥7)/g. It is easy to see that t*"!/k = 0(mod ¢)
for all k=2 and hence t|(yn — ¥7)/g, which is a contradiction. We
therefore conclude that there exists no solution r €N in both cases.
We now prove part B. Assume yn = y1 and r =2, then equation (1)
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reduces to

and hence

r r ztk—z r—2 nkvl_ﬂk—l_
(2),;k(k—1)(k—z) g =0.

Suppose r# 1, so that the sumfactor must be zero. Suppose t = 0(mod
3). Then 2t*?*k(k—1)=0(mod¢t/3) if k=3 and 2t*Yk(k—1)=
0(mod t) if k = 4. This implies that ¢/3 divides the first term of the sum-
factor, that is (n — 1)/g. This contradicts the assumption we made in
B1). Suppose 3|t and 3 |(n?—7%/g then the term corresponding to
k =3 is also zero mod ¢t and hence ¢t I (m — 1)/g which contradicts the
assumption made in B2). Finally, suppose that ¢ 0(mod 3) and t{(n —
7)/g. In this case we know that 2t*2/k(k — 1) = 0(mod ¢) for all k = 3.
Hence t|(n — 1)/g which is a contradiction and thus we have proved
our theorem.

LEMMA 3: Let a and 6 be integers in an imaginary quadratic field
with 0<arga <, 0<arg 6 <m/2 and 0/6 is not a root of unity.
Assume that 0° = e+ pa and 09 =€+ u'a for some p, qEN, u,
WEZ, e e €{—1,1} withq>pand |u|>1. Putq=pr+8,0=8<p.
Then a6® — G0° = €'e’(a — &)

Proor: Observe that

€(a—a)=ab?—ab? = af’(e + ud) — ab’(e + pa)’.

Hence
Q) €'e'(a—ad)=ab®—ab® + ,Laa‘[os Atepa) —1_
na
_g 1+ epa) — 1]
pa )

If p=1, then 6 =0 and the term between square brackets in (2) is
divisible by u(a—a&). Hence wp’ad(a—a) divides (a—a)—
€'e'(a —a). Since |u|>1 this is only possible if €€’ =1 and our
lemma is proved in this case. Now assume that p = 2. The numbers «
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and 6 belong to a quadratic field, which we denote by Q(\/—d),
where d is a positive square-free integer. Notice that the term
between square brackets in (2) is divisible by \/ —d if d = —1(mod 4)
and by 2v/—d if d% —1(mod 4). Put C(d)=+/d if d=-1(4) and
C(d) =2+/d if d# —1(mod 4). Then (2) implies

iC(d)pad | (a6 — @0° — €'¢'(a — @)).
Suppose a#® — @0°# €’e'(a — @). This implies

C(d)|pad| =|ab® — @® — €'e'(a — a)|.
Using 6” = € + ua and the triangle inequality, we obtain

lalC@)(6 - 1) = C(@)a|6” - €| < C(d)|uad] <2lal(6] + 1),

and hence

2 1+2/C(d)
@ I<@rc@ ™ Tr

We recall that 0 <arg 0 < 7/2. If d=% —1(mod 4), d =2 then it follows
that

2 1+2/cd)_ 1 1+UVd_ 1 1+UV2
|6]C(d) |6J? V1i+dvd 1+d ~ V6 3

If d=—-1(mod 4), d =11, then

2 +1+2/C(d)_<_ 4 +4+8/\/3S2+4+8/\/11<1.
|6]C(d) o) Vi+dVd 1+d /33 12

Hence, the only solutions of (3) are those corresponding to d =7, 3, 1.
A simple calculation shows that there are no other solutions than

=3+l/-7, 1+i, 1++/ -3, 3+3v/ -3, }+1/—3. The latter four
solutions can be ignored since 6/ is a root of unity for these values.
We are left with  =3+3\/—7. From (3) we deduce that p <3. The
condition 0?=€ + ud@, n €Z, |u|>1 implies that G+3/—7¥ =1 is
divisible by a rational integer larger than 1 and this is impossible if
p=3. We therefore conclude that af®—&@b®=e'e’(a —a), as
asserted.
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LEMMA 4: Let 6 be an integer in an imaginary quadratic field, and
assume that 0 <arg 0 < /2 and 0/8 is not a root of unity. Let p and q
be positive integers such that q > p.

a) If 09+ 6° = +2 for some choice of the *+ signs then (p, q, 0) =
(1,3,3+3/ =D or (1,2, +3/-7).

b) If 09+26° ==3 then (p,q,0)=(1,3,3+/—11) or (1,2,1+
vV —2).

c) If 67+30” €{+4,+2} then (p,q,0)=Q2,41+/-7), (1,2,3+
WD, (1L,4,3+3 =T or (1,3,3+1/ - 15).

PROOF: a) If @ is such that 69+6? ==+2 then 6” |2 and p <2.
Furthermore, |0|? <|6]” +2=<|6[>+2, and hence q<4. If p=2, q=4
then we have a quadratic equation in #°. Solving this equation yields
0 = =i, =/ —2 which values can be ignored. If p =2, ¢ =3 we can
confine ourselves to 6°+0>—2=0. If this equation is to have a
solution in quadratic integers, then it has also a solution in Z. This
actually happens for 6+ 62—2=0 and we find 6 =1, —1+i. In the
same way we proceed in the case p=1, g =3. Then we obtain
0=+xi+3\/—7.If g=4, p=1 then |0|*<|6|+2, contradicting |§| =
V2. If g=2, p =1 then we find that § = £33/ 7.

b) If 6 is such that 69 =26 = =3, then 6° |3 and p =2. Further-
more, |8]? <2|0]P +3=2|6+3 and since |8] =+/3 we can conclude
that g =4. we solve the equations 69 +260” = =3 in a similar way as in
a) and we obtain the solutions given in our lemma.

¢) If 0 is such that 69 +39” €{+4,+2} then 6” |4 and p <4. The
collection of values 0 satisfying the restrictions 6 |4, O<arg <2
and such that 6/6 is not a root of unity is given by $+i/~7,3+5/—
7, 1+ =7, +3/—15}. It is easy to see that for these values 6” | 4
with p =3 is impossible. Hence p <2. If p =2 then 02|4 whence
6=3+3V —7. We check 0972 = 3€{+4/6%, +2/6% for 6 =3+3\/ -7
and find that (p, q,0)=(2, 4, 3+/—7). If p=1, then we consider
09 ' +3€{+4/0, £2/0} for 6EP+i/~-T.3+3/ -7, 1+/ -7, 3+
1v/— 15} and we find that (p, g, 0) = (1,3, +3/—15), (1,2,3+3/-7)
or (1,4,3+/-7).

LEMMA 5: Let 0 be a complex quadratic integer such that 6/8 is not a
root of unity and 0 <arg 8 <%. Suppose there exist p, q €N with q >p
and an algebraic integer & such that 6° = €'+ pu'a, 67 =¢€+ pua for
somee, € €{—1,1} and u, u' €Z. Then |u|=|un'|.

PrOOF: Suppose |u'|>|u|. From |6° — €'| = |u'@| and |07 — €| = |ua|
we derive (Ju|—|u'Dl@| =169 — €| — |67 — €| = |6]"— 1—]6]> — 1. Hence
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—1=|u|—|p'| = [0]7—]6/P -2 or equivalently, [0[P(|8]"" —1)=<1.
Since 0| =1/2, it easily follows that g — p = 1. Furthermore, || = /2
and p <2. Hence § =}+3\/—7. Considering § = €'+ u'@ and 6*>=
€+pu'a for 0=41+3/—7 we find that u’==1. Then |u|<|u|
implies p = 0, which is impossible.

LEMMA 6: Let o and 6 be integers in an imaginary quadratic field,
and suppose that 0/ is not a root of unity and 0<arg 0 < /2,
O<arga <. Suppose 6° =e+pud with w €Z and |u|>3. Then
a8" — 0" = +(a — &) has no solutions n = q with q > p.

PROOF: Suppose af?— @d? = €'(a — &). Put q = pr+ 8, with 0= 8 <
p, r>0. Then, by Lemmas 2 and 3 we have a6’ — @0° = €'e’(a — &)
and the equation af? — @6? = €'(a — &) can be written as

ab%(e + p@) — ad®(e + pa) = € (ad® — @b®)
and hence
ab’(1 + epa) — @0°(1 + epa)” = ad® — a@d®.

In order to apply Theorem 1 we distinguish between two cases.

I) 6% —6° = 0. Since /6 is not a root of unity we see that § = 0. We
apply theorem 1 B) with y=a, n=4&, g=a—a and t = eu. Then
(n—1)/g=—1. Since |u|>3 the conditions of Theorem 1 B) are
fulfilled, whence r = 1.

1) % —6°# 0. Since a6® — @0° = €'e"(a — @), Lemma 2 implies that
0°=¢€"+ u'a for some € €{—1,1} and u'€Z. We apply Theorem
1A) with y = a8?, n =d, g = ad(ab® — &6%) and t = eun. Then (yn —
¥i)lg = ad(6® — ) ad(af’ — &%) = u'(@ — a)le"(a — &) = —€"p.
Notice that g divides yn* — y7* for all k=1. It now follows from
Theorem 1A) that either r =0, contradicting r >0, or u Ip.’ if o=
1(mod 2) and (u/2) | p' if w=0(mod 2). By Lemma 5 we know that
|w'|=|p| and hence |u|=|n'| or |u|=2|u'|. Suppose |u|=|p'|. Then
0> =e+pu'a and 0°=€"+ u'a. Hence 6” +60° = +2 or 0. Since 0 is
not a root of unity we have 67 + §° = +2. We observe that ° |2 and
hence |8°|<2. This contradicts 6° =€"+ u'a@ because |u'|=|u|>3.
Suppose |u|=2|u’| then 0” =€ +2u'a and 0° = €”" + u'a. Hence 6” +
26% = =3, +1. Since @ is not a root of unity we have 6° +26° = +3. By
Lemma 4 we find that (6, p, 8)=(G+3v/—11,3,) or 1+ —2,2,1).
Since 6° = €”+ '@, where |u'| =2, one of the numbers 3 +3\/— 111
and one of the numbers 1++/—2+1 must be divisible by a rational
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integer larger than 1, which is not the case. We therefore conclude
that there exists no solution n = q with g > p.

LeEMMA 7: For given a and 0, all solutions n =0 of the equations
al" — a0" = +(a — &) are given:

i) 0=3+i/-7, a=3+i/-7 thenn=0,1,2,4,12

i) 0=1+v/-2, a=v-2 thenn=0,1,2,5

iii) 0=3+/~11, a=i+i/—-11 thenn=0,1,4

iv) 0=4+/—-11, a=-3+4/-11 thenn=0,1,3

V) 0=3+3/—15 a=-3+3\/—15 thenn=0,1,3

vi) 0=3+/—-19, a=3+\/~19 thenn=0,1,6.

Proor: The cases i), ii), iii) and vi) can be dealt with immediately.
Notice that (G+3/-7"2=-1-45G-4/-7), (1+V -2\ =1~
vV -2,¢+W/ -1 =1+5¢ - —-1Dandd + v/ - 19° = 1
—56( —3\/—19) respectively. Hence Lemma 6 implies that n <12,
n=<35, n<4 and n <=6 respectively, and this finite collection of
possibilities can easily be checked by considering the corresponding
recurrent sequences.

In case iv) we notice that 8*=1+56. Put n =4k + 6, with0 < § <3,
then the equation reads

a0%(1+56)* — @6%(1 + 50) = (a — &).

Considering this equation mod 5 if 8 =0 and mod 560 if & >0 we see
that a0® — a8’ =+(a —a) (mod 5) if 6§ =0 and af? — a6’ =*(a — @)
(mod 15) if § >0. This implies a8’ — @0° = +(a — @) and hence

af®(1+560) — @h*(1 + 50)F = ab® — a°.

We can now apply Theorem 1A) with y = 8%, n =60, g =/ — 11 and
t=5. We find that k=0 and hence =68 =<3 and our solutions
follow. In case v) we notice that *=—~1+3a. Putg=3k+6,0=6 <
2 and suppose that a8?— @0? = e(a — &) for some € €{—1, 1}. Then
Lemma 3 implies that a6®—a6® =(—1)*e(a — &) and the equation
a0’ —af"=e(a—a) can now be written as a8°(1-3a)—
@6%(1—-3a)* = af® — af®. If 5§ =0, we can apply Theorem 1 B2) with
y=ab’=a, n=a& g=a—a and t=-3, so that (n—7)/g=-1,
n*-7%/g=—(a+a)=3. We conclude that k=0, 1. If §#0, ap-
plication of Theorem 1A) with y =a6® n=a, g=6\/—15and t = -3
gives us k=0 as the only solution. Hence q =3k +6 =3 and our
solutions follow.
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THEOREM 2: Let the non-degenerate recurrent sequence of rational
integers {am}m-o be given by ay=0, (a;,ap))=1, a, = Ma,_,— Nan_»
with M, N €Z and M =0. Assume that M*>— 4N <0. If a,, = +a, has
more than three solutions m, then one of the following cases holds:

N=2, a=a,=1 thenm =0,1,2,4,12.
, N=2, a=1a,=—1 thenm=0,1,3,11.
N=4, gy=a,=1 then m=0,1,2,6.
N=3 a=a,=1 then m =0,1,2,5.

REMARK 1: The restriction M = 0 is not essential, for negative M we
may consider the sequence a,, = (—1)"a, which satisfies the recur-
rence relation a,, = (—M)a',_,— Na,,_,. Furthermore, if (a¢, a)) =g >
1 then we may consider the sequence a,/g and therefore the con-
dition (aq, a;) = 1 is not restrictive.

REMARK 2: If a recurrent sequence assumes the value A more than
three times in absolute value, then it can be transformed into one of
the cases of theorem 2. Let m, be smallest solution of |a,|=A and
consider the recurrent sequence starting with dm, @m+1,.... Divide
the terms of this sequence by (am,, dm+1) and, if necessary, change the
negative M into (—M) as we have done in Remark 1. The recurrence
that we have thus obtained satisfies the conditions of Theorem 2, and
it assumes its starting value more than three times in absolute value.
Conversely by reversing the process we can construct from the cases
mentioned in Theorem 2 all sequences with m(A)+ m(—A)=3 for
some A EN.

ProoOF: of Theorem 2. According to Lemma 1 the sequence is given
by a. = (a8™ — &0™)/(8 — 6), where 6 is a root of x>~ Mx + N =0 and
a =a,— a,f. For 6 we choose the root with positive imaginary part.
Furthermore, M = 8 + 6 and N = 64. Since M =0, The real part of 6
is non-negative, and hence 0 < arg 6 < n/2. Since ao = (a — &@)/(6 — )
=0 we see that 0 <arg a <. Moreover, 6/8 is not a root of unity
and o is not real and therefore O0<argd <m/2, O<arga <.
The equation a, = £a, can be rewritten as

4) af" — af" = +(a — @).
We assume that « and @ have no common factor. This is no

restriction because we can divide (4) by such a factor.
Suppose that (4) has at least four solutions, which we denote by
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n=0, p, q, r with r>q>p>0. According to Lemma 2 we have
9P =¢€¢+u'a and 0? =€+ pud&, where €, ec{-1,1}, u, p'€Z.
Because there exists a larger solution r, Lemma 6 together with Lem-
ma 5 implies that |u'| <|u| = 3. We consider the following possibilities:

I) |u|=|w'|- Then 69 = 6° €{-2,0,2}. Since 6 is not a root of unity
we have 09+60?==x2, By Lemma 4 we see that (p,q,0)=
(1,3,4+4/=7) or (1,2,4+ 4/ —7). The conditions 8” = =1+ p'a and
09 =+1+ pa then imply a =-3+%/—7 or a=3+3/—-7 respec-
tively.

I) |u|=3, |n'|=2. Then 209 +36°* €{-5,—-1,1,5} and since @ is
not a root of unity we have 267 +36? = =5, This implies |8)° = /5 or
5 and p = 2. Furthermore |8|? <3|6” +3 =10 and hence g <2. Solving
26%*+ 39 = +5 yields no relevant solutions.

IID) |w|=3,|n|=1.Then 8 36 €{-4,-2,2,2,4}. By Lemma 4 we
see that (p,q,0)=2,4,+}/-7), (1,2,3+/-7), (1,4,3+}/=-7)
or (1,3,1+4v/—15). The conditions 6” =*1+ '@ and 67 =*1+ pa
then imply a =3++/—-7, 3+3/ -7, 3+3/ =7 or —3+3v/ —15 res-
pectively.

iv) |u|=2, |u'|=1. Then 6 =26 = +£3, +1 and since 6 is not a root
of unity we have 69=+26° = +3. Lemma 4 implies that (p,q,0) =
(1,3,4+4/—1Dor (1,2, 1++/ —2). The conditions 6? = =1 +u'a and
6% = =1+ pa then imply a = —3+3/—11 or @ =1/ —2 respectively.

Summarizing, if equation (4) has at least four solutions then (a, 6)
assumes one of the following values, G+ -7, s+3/-7), (=3 +
W13+ -7, 3+ -7+ -1, (3+/ - 11,1+ - 1),
(—3+h/—15, i+3/—15) or (V =2, 1++/—2). In the first case it
follows from Lemma 7 that (4) has the solutions n =0, 1, 2, 4, 12. In
the second case equation (4) reads (—3+3vV/—=7) G+ -7)" — (—i—
W=7 G-3/-7"=%v—7and since }3—-}/-7=-G+}/—-7) we
see that n =0, 1, 2, 6 are the only solutions. Since —3+3/ 7=
&+1-7) we see that n =0, 1, 3, 11 are the only solutions in the third
case. In the fourth, fifth and sixth case the solutions of (4) are given
by Lemma 7 and only in the sixth case there exist more than three
solutions namely n=0, 1, 2, 5. It is easy to see that we obtain
precisely the sequences mentioned in our theorem.

Tueorem 3: Let {a,}®, be a non-degenerate recurrent
sequence of rational integers given by ay=0, (ay, a;) = 1, a, = Ma,_,
—Na,_, with M, N€ Zand M >0 and M*>-4N >0. The equation
a, = *ay has at most three solutions n, unless M =1, N =-1, ap=1,
a;=—1. Then a, = *1 has the solutions n =0, 1, 3, 4.
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REMARK: The remarks we made after the statement of Theorem 2
are also valid for Theorem 3.

PROOF: Just as in the proof of Theorem 2 we consider the equation
(4a) af" — Go" = (a — a),

where a and 0 are integers in a real quadratic numberfield Q(\/d).
Without loss of generality we may assume that @ =|6|. Since 6 + 6,
(80— 6)\/d€Z and 6/6# =1 we have 6 |0| and 6 = || + 1. Suppose
that (4a) has four solutions given by n =0, k, I, m. Eliminating @ and
@ from a* — ab* = +(a — @), af' — @b' = +(a — @) and @™ —af™ =
*(a — &) we obtain

0 —€e 60'—€¢ O6m—¢"

) = == == =2 for some e €,e"e{-1,1}
0 - 0'—-€¢ 6m—-¢€ «a I

At least two epsilons must be equal to either +1 or —1. We distinguish
two cases according to whether the first possibility occurs, or the
second.

I) Suppose that [ >k and

0-—1_6'—-1

6 4 =
©) g -1 6'-1

If 6>0 then |[(6" — 1)/(§" — 1)| increases monotonically with r EN as
can be seen from

0r+l -1
0r+l I -

0~1H5+?—1|<1,0’+————. !
0r+1_1 or — 0 0’—l+...+1

=

0'—
=5 (+n=1,
0

and (6) cannot occur. If § <0 we distinguish three cases,

i) k and [ even. This is equivalent to considering (6) with 6% instead
of 6. Because 62> 0 we have already dealt with this case.

ii) k odd. Then

6" — 1 =’o'<—1 _|o -1 61
|6k+1 1 -1l 1g'—11 |4'+1

However, (8" — 1)/(|]" + 1) increases with r €N, as can be seen from
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r__ r+1 __ -1 r__ r+l - _
9 1(0 1) -1 [ +1<1(|0|+1 |0)

lor+1\a*'+1/ o'—116r+1 @ 16" +1

<%(|é|+ n=l.

iii) k even, | odd. Then comparison of the signs in (6) shows that
—1< 6 <0. Notice that

g —1|_ 1 6 -1 _ 1 -1
6 =11 |6+1] |6'—6*2+---1] |6+1] 1+]|
0k —1
=0+1)——
( )|0|+1
and
1_ 1_
o1 ¢t
9 -1 2

Hence (6) implies

0+1

0 —1<2=
|6l +1

(6% —1).

Suppose that | = k + 3, then the latter inequality implies 8 <2, hence
0 = 3+ 1\/5, which is impossible. We therefore conclude that / = k + 1.
There exists a third solution m however and (5) implies that

0"'—E=0k—-l
m—e 6 -1

for some e €{-1, 1}.

If e=1 then we know that |m—k|=|m—I|=|l—k|=1 which is
impossible. If € =—1 then (8™ +1)/(6™ + 1) and (6* — 1)/(§* — 1) have
opposite signs. Thus we have shown in i, ii, iii) that in (5) at most one
epsilon equals + 1.

II) Suppose that [ >k and

0"+1=0’+1
g +1 0'+1

0

We observe that (6~ + /(6% +1) is an increasing function of x >0 if
6 >0 and thus (7) cannot be satisfied. If § <0, then we distinguish
four cases,
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i) k, I even. This is equivalent to considering (7) with 62 instead of 6.
ii) k even and ! odd. By consideration of the signs in (7) we see
that —1 <  <0. Hence

0"+1=0'+1
6 +1 6'+1

0k +1> >0'+1,

which is impossible.

iii) k and ! odd. Then (7) can be written as

0 +1 _ ' +1
6-1 |6'-1

The sequence (8>~ + 1)/(|6 ' — 1) increases with r €N, as can be seen
from

0+ 116 —1_0+1P~1
O+ 1|0 17 6°+116]-1

_16P+16]+1 _ 16 +]6]+1 _q
0’—6+1 ~ (6|+12-10)

Note that both equality signs hold if and only if =1 and 6 =1— 4.
Hence k=1, [=3 and 6 =1— 6. We know that there exists a third
solution m and (5) implies

Q———E= (i+1 for some € € {—1, 1}.
" —e 60+1

Suppose 0 >2, then § =1—60 < — 1 and m must be odd. Hence

-1 _ 6"-¢ " —e__0+1_0+1

O—1P+1 @-1D)"+e d"—€ 6+1 6-2

which implies 26°—-56*+562-60+2<0 and we may conclude
that @ <i+3\/13. There exists no algebraic integer of the shape
6 =3+1q+\/d such that 2 < 9 <i+4/13. Thus § <2 and hence 0 =1+
+14/5. Then it follows that

m—1
N
242V5

" —e€

" —€

= ¢4

=lo+1
6+1
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and hence m <S5. Checking (0™ — €)/(§™ —€) = (6 + 1)/(§ + Dfor m <5
we find that e = —1 and m =3, 4.

iv) k odd | even. Comparison of signs in (7) shows that —1 < 6 <0.
Hence

¢ +1 1 ¢ +1
O+ DO+ 1)=— . ~ — = —
X ) O+1 1+[0)+---+]0]" 6 +1
] ]
=q+1>0+1,
6'+1 2

and this implies 6' +1<2(8 + 1) (§* + 1). Suppose | = k + 3 then 6*** +
1<2(6+1) (6% +1). One easily confirms that § <2.2 and hence 6 =
1+4y/5. On using 66 = —1 we see that (8' + 1)/(6' + 1) = ' and (7) now
implies 0' = (8 +1)/(6*+1) = (6*+1)/(6+1)=6%6*+1) and con-
sequently k =1, =4, Suppose [ =k+1or k=1, =4. We know that
there exists a third solution m and (5) implies that

0"‘—-e=0'+1
m—e 6'+1

for some e €{—1, 1}.

If e=1 then the terms have opposite sign, which is impossible. If
e =—1and m > | then we are in case i) or ii) since [ is even. If e = —1
and m <[ then it follows that eitherm=1,/=4, k=3 0orm =3,1 =4,
k =1 and also that 8 =1+3\/5.

We can conclude that the solution of (5) is given by 8 =3+3\/5 and
k=1,1=3, m=4. It also follows from (5) that a/a = G +3\/5)* and
hence a = =3 —3\/5). The corresponding recurrent sequence is given
by M=1, N =-1, ag=1, a, = —1. Thus our assertion follows.

3. Lucas-sequences of the first kind

A Lucas-sequence of the first kind is a recurrent sequence defined
by

am+2 = May,— Nap, ay=0,a,=1, M,N € Z.

LemMa 8: Let {a,}n-o be a sequence given by a,., = Ma,,,;— Na,,
a,=0, a;=1. Let 0 be a solution of x>— Mx+ N =0. Then

0m_'m
A, = —.
6—6
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ProoF: This is an immediate consequence of Lemma 1.

First, we consider the number of solutions m of the equation a,, = 1.
This is equivalent to §™ — §™ = +(6 — 6). For reasons of computational
smoothness we shall consider the equation "*! — §"*! = +(9 — ) in n. In
the following lemma we consider only quadratic integers in an imaginary
quadratic field, merely because sequences with negative discriminant,
i.e. M2—4N <0, are more difficult to deal with than sequences with
positive discriminant.

LEMMA 9: Let 0 be an integer in a quadratic imaginary field and
OZ Z. If 6™~ "' = +(0 — §) has three or more solutions then either
0/0 is a root of unity or 0+ 0 = =1.

PRrROOF: Suppose that 6/6 is not a root of unity and suppose that there
exist three solutions which we denote by n =0, p, g with g >p. If g
is odd then (6°—6%|(69"'~69"")=+(0—6) and hence 6>— 6=
+(0— ). After division by 6—6 we obtain 6+ 6==1 and our
lemma is proved. In the remaining lines we therefore assume that q is
even. It suffices to prove the lemma in case 0 <arg 6 < /2. We also
notice that @ and § have no factors in common. This follows from
67*' — §*' = +(9 — §), which can be written as 6° + 7' +- - -+ 67 =
+1. Hence 0 <arg 6 < «/2. By Lemma 2 we know that 6” = e(1+ )
for some u €Z and e €{-1,1}. According to Lemma 6 we have
|w|=3, since there exists a larger solution g. Then 6° = e(1+ )
implies |0]° —1=3|6|. Suppose p =3, then |6|<2. If |8] =+/2 then
€ f+3/~7,v —2,1+1i}. In the first case our lemma is proved and
the two latter cases can be ignored because  and 6 cannot have a
common factor. If [§|=+/3 then  €f+3/— 11, 1+/ -2, /-3,
3+41/ — 3}. In the first case our lemma is proved. If § = 1 ++/—2 then
we deduce from |8” —1=<3|6| that p <3 and hence p = 3. However
(1++v—-2°=-5++/—2 which contradicts 6>=*(1+ p.é), rREZ.
The cases 6 =/ —3, 3+1v/—3 can be ignored. Assume that p <2. If
p=1, then 6 ==(1+pub) and by comparison of the imaginary
parts we see that u =1, hence 6+ 6 ==+1. Suppose p =2. Then
62 = (1 + u6) and this implies 62— 62 = —eu(6 — §), Hence 6 + § = —epu.
Suppose that || =2. Then, according to Lemmas 2 and 3 we see that
q = pr="2r for some r EN and 6%*' — §9*' = €"(6 — §). On substituting
g =2r and 6= e(1 + ) in 99*' - §9*' = €"(9 — @), we obtain

0(1+ ub) — 6(1+ o) =6 — 6.

We now apply Theorem 1 with y=6, n=6, t=u and g=6— 6.
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Notice that yn— 99 =0. Since (n—17%)/g=-1 and (n*>-9)/g=
-(0+6)= €u, Theorem 1B implies that r =0, 1, corresponding to the
known solutions 0 and p. We therefore conclude that |u|=1, hence
0+ 6 = =1 and our lemma is proved.

THEOREM 4: Let a,.,= Ma,.,— Na,, ay=0, a,=1 be a non-
degenerate Lucas-sequence. Then the equation |a,|=1 has at most
two solutions, unless

a) [M|=1, N =2, then |an|=1 form=1,2,3,5,13 only.

b) [M|=1, N =3, then |a,|=1 form=1,2,5 only.

¢) [M|=1, N =5, then |a,|=1 form=1,2,7 only.

Proor: Without loss of generality we may assume that M = 1. We
separate the proof into two parts.

I) M?>—4N <0. Suppose that |a,|=1 or, equivalently, 6™ — o™ =
+(0 — 6), has three or more solutions. Then Lemma 9 implies that
6+60==+1andsince 0+ =M=1wehave M=0+6=1.1f N=2,
3or Sthen 6 =3+3v/—7, 1+4/—11 or 1 +3/ —19 respectively and
Lemma 7 yields all solutions given in the exceptional cases a), b) and
¢) in our theorem. Assume N # 2, 3, 5. Notice that {a,}m-0=0, 1, 1,
1,...(mod N) and thus |a,| =1 implies a, = 1. Notice that {a,}mn-0=
0,1,1,0, -1, -1,0, 1, 1,...(mod(N — 1)) and thus a,, =1 implies
m =1, 2 (mod 6). Hence we must solve the equation §"*' — "' = 6 —
6 with n =0, 1 (mod 6). Suppose n =1 (mod 6) then

(0(n+l)/2 + é(n+l)l2) o(n+1)/2 _ 0in+l)/2 -1
60—0

Since both factors are rational integers it follows that 6®*D?2+

G2 = (g2 G+DI2) (g — gy =+]1. Thus we find 26¢*V2=

+(6 —6+1)=+26 which implies n =1. We now assume that n=

0 (mod 6). Notice that 8°+1=(0+1) (6*°—0+1)=—(0+1) (86 —1) =

—(6+1) (N —1). Put n =3r then §""'— "' = 6 — § implies
O-1-(N=1D@O+ 1)) —6(-1-(N-D@B+ 1)y =6-86.

We know that r is even, by 6 | n, and we may as well consider

O1+(N—-1D)( @+ 1)) =0 +(N-1)6+1) =06-86.

We apply Theorem 1 with y =6, n=0+1,t=N—1, g=60— 6. Note
that (yn —yn)/g =2. Since t =N —1#1, 2, 4 Theorem 1A implies
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that r =0. Hence there exists no third solution if N#2, 3, 5, as
asserted.

II) M2—4N > 0. In this case the solutions 6, 8 of x>— Mx + N =0
are real. Suppose that 89 = N <0 then it is easy to see that a1 > a, >0
if m > 1 and the theorem is proved. Suppose that 66 = N >0. Then
without loss of generality we may assume that 8 > 6 > 0. The function
0% — 6" is strictly increasing in x >0 and there cannot exist three
solutions for the equation ™ — ™ = +(6 — 6).

COROLLARY: Let{a,}m-obeanon-degenerate Lucas-sequence of the
first kind. Let A =2. Then |a,| = A has at most two solutions m.

PrOOF: Let d be the smallest integer such that |as=A or,
equivalently, 8¢ — 6% =+A(0 — ). If 69 — §9 = =A(0 — 6) for some g EN
then 99 = §*? (mod A(6 — 6)) where (q, d) is the largest common
divisor of g and d. Hence 89— §¥ = (8 — §) for some p €Z.
Furthermore, 49 — §¢? divides 6¢ — ¢ and hence u | 1. Thus @9 —
6'*d = +x(9 - 0) and since d is minimal and A =2 this implies d =
(g, d), i.e. d | q. Put g = rd then we find that (8)" — (69)" = (8¢ — 6%).
By Lemma 8 this implies that a} = =1 for the Lucas-sequence given
by a¥.,= M*a%,,— N*a* with M*=6%+6% and N*=(06)". Ac-
cording to Theorem 4 there exist at most two solutions for |a¥| =1,
unless N*=2, 3, 5. Since N* =(68) is a perfect power, the latter
cases cannot occur and our corollary is proved.
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