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On Meijer Transform IIIY)
by
J. P. Jaiswal

1. Meijer [1] introduced the integral equation

(A) pls) = s f :e-*"(str*'* W rpm(st)f(8)d8

where W, ,(z) is Whittaker’s confluent hypergeometric function.
In this equation f(t) is known as the original of ¢(s), ¢(s) the
image of f(¢) and (A) is symbolically denoted by [2]
k+3
1(¢)

m

- @(8)-
Particular cases of Meijer transform are:—

(a) when k = — 1}, (A) reduces to 2)
#(s) = = [ e et Koot )01
Va o
and will be known as K, -transform, and symbolically denoted as
0
t

o) —

(b) when k= 4n + }, m = 4+ }, (A) reduces to 2)

- ¢(s);

p(s) =22 f we‘*"(st)’”’zD,,(\/2_st) f(t)dt
0

and will be known as D, -transform, and symbolically denoted as

TT0 ek SRS

+1
(¢) when k= 4 m, (A) reduces to the Laplace Integral,

p(s) = sf:e—" f(t)dt

1) This paper is in continuation of my earlier papers [2] and [3].
3) K,(2) and D,(2) are the Bessel function and the parabolic cylinder function
respectively.
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which will be denoted symbolically as
p(s) = 1(2)-

In this paper we have established some more properties of the
Meijer transform by utilising integral representations of the
Whittaker’s function, the parabolic cylinder function, and the
Bessel function, and also the integrals involving these functions.
The analogues of these properties are not known in the case of the
Laplace transform, The conditions imposed on the theorems may
in some cases be relaxed by analytic continuation. We have illus-
trated this fact in example to Theorem 1.

2. TeEeoreM 1.3) If

k
HO T g ae)
then

82;' ©
(1) Pa,x+4m(s) = T@h) Jl (u— 1P L g o aed, mea (S3)

provided that
(i) Ry +2A—Ek+1+m+4)>0, and
R(uy + 22—k +m41) >0, where f(t) =0(#") for small ¢,
(i) ¥ AW g mea(sut)f(t) >0 as ¢ > oo for
R(s) = sy >0 and u > 0,
(iii) f(¢) is continuous for t = 0,
(iv) R(A) > 0, and
(v) the integral in (1) is absolutely convergent.
Proor: We have ([4], p. 441)
P2A o
I'(224)J 4
R(A) >0, |argz| > =/2, 2 # 0.
Replacing z by st and multiplying by (st)**f(¢) and integrating
with respect to ¢, from ¢ = 0 to oo, we get

J. me" '}‘t (st )—k— % (St ))' Wk"’i‘"m (St ) f(t )dt

0

ghe s Wiest, m(3)= ew, A mea(30) (u—1 YA Lymm—A-b gy,

1 @
@) =Tan fo (sty?A*hf(t)de J 1 e W aeg, mea(stu) (u—1 24ty Amt gy,

1 L] -
= T@0) f () f L Wiy, mia(stu) st ()t

3) In all the theorems @(s) comes out to be an analytic function regular in a
certain region which depends on the particular function f() chosen; and the method
employed to evaluate the integral (4).
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whence
821 ©
Ph ked,m(8) = T fl (u— 1) g i, mad (S00) du.

Regarding the change of order of integration in (2), we see
that the t-integral is absolutely convergent if R(u; + 24 —
—k+1+m+ A) >0, where f(t) = 0(t) for small ¢,
¢ dout A1} Wiiiep, mea(5ut) f(t) =0 as t—oo for R(s) = s > 0,
u > 0; and f(t) is continuous for ¢ = 0. Also the wu-integral is
absolutely convergent if R(1) > 0; and the repeated integral (2)
is absolutely convergent due to (1). Hence by de la Vallée Poussin’s
theorem the change of order of integration is justified. We may
also note that the integral on the left hand side of equation (2)
also converges under the conditions already imposed together
with R(uyy + 21—k +m 4+ 1) > 0.
ExamMPLE: Let
tl/(t) = tl+'qu(2t)’
then ([8], p. 182.)4)

DA tutr+ 22—kt m)shert
Pher,m(®) = r¢)re+3)r@a+p+v—2k + 2)

Atpu+r—k+m+2 A+ut+r—k+m+438 1
2 ’ 2 ’ 4

s 3 Atutr—2k+2 Atputv—2%k+8
29’”+2, 2 ’ 2

RA+u+r—k+2+m)>0, R(s) >0 and |s| > 2.

X

sFs

‘Since f(t) satisfies all the conditions of the above theorem, we

thereforé get
—2A+p+v—k+2im—+1’ 20+ p+v—k+3+m+1 )
2 2 .
At pu+r—2k+2 A+pu+r—2k+8
2 ’ 2
Au+v—k+2+m A+pu+v—k+8+m 1

%, v+%,

_ T(A+p+v—k+m+2)T(22) 2 ’ 2 ’

TEA+p+v—k+m+2) 4, . A+p+v—26+2 A+p+r—2k+3

2y VT, 2 ’ 2

4) The symbol I', (a -+ b) denotes I'(a + b) I'(a —b) and ,F; [a ::ﬁ s ¢ | denotes
,F‘[a + ﬂ’ya_ﬁ; z|.

s

4

s
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RA+u+v—Ek+24+m)>0, RBA+pu+v—k+m+2)>0,
R(2) >0, R(s)>0, and [s|>2.
As regards the absolute convergence of the integral, it easily
follows under the conditions already imposed, if we note that:
(i) the integrand is continuous for v = 1, and R(s) =s,> 0,
(ii) the integrand = O(u~A+#+-*tm+3)) for large u, and
(iii) the integrand = O(u?*) for u =1 + ¢, € > 0.
We may also note that the conditions | s | > 2, and R(A + u +
v —k —m + 2) > 0 may be waived out by the help of analytic
continuation, if we make a cut in the s-plane from 0 to — oo.

For in (B) the integral converges absolutely and the function on
the right is regular in the cut s-plane without these conditions.

3. THEOREM 2. If
1)

k:;% — ¢(s),

and

o (2 4= s) =,

then
® ["aror ()™ perp(E + 2 oJas = #p,

provided that

(i) Rpu—k+23)>0, Ru—k+m+1)>0, where
f(t) = O(t*) for small t,
(ii) |e @Dt d*f(2)| >0.as t—>00 for 2 > —}, R(s)=s,>0,
(iii) f(¢) @s continuous for t =0, and
(iv) R(k) < }.

Proor: We have

(@) () = [T Wy w0
V]

Now, using the result ([5], p. 480)
© %t 4 1\B
Wi m(@) = 32 fl e 2 (t— 1) Py (t)dt
R(k)< 1, and |argz| < =/2,

we get



(4)

(3)
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Fot0= [ oyt [T () P oy

1
e
ot (35

where -
1 &
il - R 5 3
w(2 + 2 .s)—, B f(1).

The change of order of integration in (4) can be justified as
follows:

The z-integral is absolutely convergent if R(k) < }, t >0,
and R(s) = s, > 0; the t-integral converges absolutely if f(¢) is
continuous for ¢t =0; R(u—Fk + 3) > 0, where f(t) = O(t*)

for small ¢ and |e"(%+*”t‘ *if(t)| >0 as t > oo for R(s) =
so > 0 and @ > — }. The repeated integral («) converges abso-
lutely if R(u—k + 1 + m) > 0, and under the conditions al-
ready imposed. Hence the change of order of integration is justi-
fied by de la Vallée Poussin’s theorem.

ExampLE: Let
) = 2 ] (2v/1)
then ([2], p. 889)
''(in—k+1+m) [n—k-{—l;}:m ___1_]
nlln—2k +1)"* *ln +1,n—2k +1 s
Rn—k+1+m)>0, and R(s) >0,
and ([6], p: 29)

””{Z‘ o } %[(ﬁa) ]*F = ﬁi _<wf1>s]

Rn—k + %) >o0.

p(s) =

Now applying the above theorem we get
1)+ —k+43 2
[+ 1)"'*’**(‘”*) S TN A | da

1 +1 (z + 1)s.
. r (n——k—l—lj:m) 2_n+k_iF[n—k+1:tm'__1_]
T I'n—2k+1)(n—k+3) Un+1,n—2k+1" s

R(fn——k—{—%)>0, R(n—Ek+14m)>0, R(k)<% and R(s)>o0.
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4, Turorem 3. If

1024 50,
and
wo.w=(1+2) o,
then
© I'm—k
(6) Io e u—k+m—l x(s, u)du —_ _(/';:;;.__) (P(s),

provided that
(i) R(m—k) >0, and (k—m) is not an integer,

(i) R(um +1) >0, and R(py—k—m +1) >0, where
f(t) = O(#*) for small t,

(iii) e“"(l + %)Hmf(t)\ —>0 as t— o for R(s) = sy >0,

u =0, and
(iv) f(2) is continuous for t = 0.

Proor: We have
ols) = s j e (st W,y (st ()L

Now, using the integral representation of Wy u(2) ([7], p. 340)
~ 3z 5k k—i-+m
e ¥ i

A L]

I —k+m)

R(} —k +m) >0, and (k—%—m) not an integer, we get

(7) @(s)= sj _wf(t)[r(:“k) wu"‘“’""" (1 + %)Hme““ du] dt

8—k+m ® . 1[ @ ‘( u)k+m d
— —8U% —k— —st{ ] e
———————F(m ) ety sJ-O € + ; f(t)dt] u

sm—k @

~ (Im—k)

Wk,m(z) =

et um—*-1y(s, u)du,

where
k4+m
(s, w)= (1.+ 1:-) i()-

The change of order of integration in (7) can be justified by
de la Vallée Poussin’s theorem.
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5. THEOREM 4. If
0

t s
) ——— 9(s)
then
8 = ! fwe—”m—"“l (z, s)dz
( ) (p(s) - ‘\/;22'""'1 0 1)0 ) )
where

® —*st—itz m %

p(a,s) = s I ) a,
0

provided that

(i) R(ug +m +2) > 0, where f(t) = O(t*1) for small t,
(ii) f(¢) ¢s continuous in t = O,
(iii) R(s) = s, > 0, and
(iv) the K, -transform of | f(t) | exists.

PROOF: We have
o) = = [[emeiragmima.

Now, using the integral representation of K, (z) ([8] p. 193)
22

© _g—Z dz
Kale) = de) [ TR RE) > 0,

we get
8%

@ ® PO L CLE
©  #0) == et s o 7y a

1 © © «Lst-—-gff
=———| e®ax™1s| e 162 (51)m+d f(2) dt] de
V7 22mH1 f ) [ f 0

1 -]
_ —2 py—m—1 @, d ,
= ———————\/; g fo ety yp(x, s)dx
where

y(z,s) =s f : e (sty™+ f(t) at.

The change of order of integration in (9) can be easily justified
by de la Vallée Poussin’s theorem.

ExaMPLE: Let

1@y =7,
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then ([2], p. 887)

I'sy(v+3 4+m)

— 3
p(s) = T +2)9 R»+%+m)>0, R(s) >0

and

© _yg o
y(z, s) = sJ‘ PR (st)™4 ¢ dt.
o

On simplifying and using the result [9]

D_,(z) = e——ﬁ me"“"*" t"1dt, R(n) >0
- I'(n) ’
we get
2VaR) ™ I + m + B)et —
W(w, 3) - ( ) sv 2 D—(‘l’+’ﬂ+—2) (\/2@)

Hence applying the above theorem, we get
V.22 [(y —m + )
V2™ i Ty + 2)

f ¢ 2" tD_ () sy (VE2)de =
0

R(» +m +3)>o0.
6. TaeoreMm 5. If

1(2) — p(s),
then
cosh mu
(10) p(s) =V — a Y s cosh? du,
V f 0 coshz ( )
where

() (.s' cosh? %) = f(2),
provided that

(i) R(u + 2 £ m) > 0, where f(t) = O(#*) for small t,
(ii) |e*ttf(t)| >0 as t > oo for R(s) = s, > 0, and
(iii) f(¢t) is continuous for t = 0.

Proor: We have

UL A (g et
ols) = = | S K t) ()



292 - J. P. Jaiswal. (9]
Now, using the result ([10], p. 599)
K, (2) = f e~ *°*" % cosh mu du,
)

we get

(11)~ p(s) = % J:e‘*" (st) f(t)[f:e‘*“‘m"“ cosh mudu] dt

= V% chosh mu [sf:e—”m’% & f(t)dt] du

@ cosh
= V s I cosh mu 1p (s cosh? -11) du,
osh? = 2

where
ip(s cosh? ) tf(t).

The change of order of integration in (11) can easily be justified
as before.

Further, we can find out the behaviour of y(s cosh?u/2) for
large values of u in the following way:

4 (8 cosh? -—g—) =g cosh”—;if e_smhg-z—.‘t*f(t)dt
[\]

If the function ¢}/(¢) satisfies the conditions of Watson’s lemma,
regarding the asymptotic expansion of functions representable
_by Laplace’s integral, and is O(t#*1*}) for small ¢, we have from
Watson’s lemma

v(p)

= 0(p~*~1) for large p,
p

where p = s cosh’—; and u, + 3 is not an integer. If we fix s,
and note that
u
cosh? - = O(e*) for large u,
then

P (s cosh? 1;——) = O(e‘m"‘) for large wu.
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ExampLE: Let
fo) =vtee,
then ([2], p. 388).
I'x(v £ m) vEtm q
ISES

Pls) = s —1
s II(v+ 1)

v+ 3’ s
R» +m) >0, R(s+¢)>0and [s|>]ql

and ([6], p. 16)
l‘_
2

v bl
(s cosh*% + q)

I'(v) s cosh?

Ple = R(») >0, R(s+gq) >0
u
_ b ).
v (s cosh® =
Applying the above theorem, we get
J“” cosh mu " Vn (v + m) F [v +m q]
v =
0 (s cosh? % + q)

R(») >0, R(» £ m) >0, R(s) >0, and [s]|>|¢]|.

PTo+DIw) Y b+ s

7. TueorEM 6. If

m n+1

+1

— @(s),

then

41
e
(12) p(s) = 2‘/% fo cos—" g cos ng p{s sec? ¢} dy,

where
s sec? p} == atf(2),
provided that
() R(ey+3) >0, Rim—dn+1)>0, where f(z) =0(@)
for small z,
(i) |e*=a ¥ f(@)| - 0 as @ > o for R(s) = s, > 0, and
(ili) f(t) ¢s continuous for ¢ = 0.

Proor: We have

p(s) = 2715 f " b= (sz) 1 D, (V2sa) f(z) da.
0
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Using the result ([10] p. 600)

2t gn+le-1st

— j e ¥t P oo5-n—2 g, cos ng dp
4 0

Dn(z) -

we get

(18) ¢(s)= % fwe"‘“f(w)(sw)*[ fie“‘” tan*@ oo5—"—2 ¢ cos ng dtp]dw

= V f cos~"2 @ cos mp[f "‘““"”)“w*f(w)dm]d(p

=2 V%f cos™™ @ cos n (s sec? @] dyp,
0
where
p[s sec? p] = atf(x).
The change of order of integration in (18) can easily be justified.
ExaMpPLE: Let
f(t) = t“*e""],,(at),
then ([2], p. 390)
a \v+er
r-(5) wP Daotr—itixd)
f(t)_éﬁ_i 2 X
+ 1 _o ril'v +r +1) I'y—n+2r+1)
Fv+2r—%n—|—%:|:i-‘ _
2Py 4 2r—n 41 s — | =9
Ry—3in+3)>0,R(s+b)>0, and [s+b|>|a]|,
and ([6], p. 28)

‘”],,(at) L

s.a’sec? g
V(s sec? p-+b)? + a2[s sec? p+b+ V(s sec? p+b)2+ a2]”

= (s sec? )
R(») >—1, R(s+b) > 0.
Now, using the above theorem, we get

cos "2 @ cos ne dp
fo V(s sec? ¢ + b)? + a[ssectp + b + V(ssect ¢ + b)? + a2)’
vz n ET () T L —dn b 1 £ D)

g ’—0 'y +r+1)(v—mn+2r+1)
F[”—'%’”—l-?"-l-%:ti. b]
241

X

v—n -+ 2r +1 ’ s
R(»)>—1, Rv—4in+4%)>0, R(s+b) >0and |s+b| > |a]l.
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8. Tueorem 7. If

n+}
() T3 ®(s),
then
V. 2k [
(14) p(s) = 1“(—72@) ou—"—%e_*"zD—n(u)x(S, w) du,
where

x(s, u) = sf: (st)—ite_”"‘/guj_n_ir (u V;?t—) f(¢) dt,

provided that
(i) R(uy— n + 1) > 0, where f(t) = O(t*) for small t,
(i) |e~*tthf(z) | —> 0 ast — oo for R(s) = 8, >0, and u > 0,
(iii) R(n) < 0, and
(iv) f(t) s continuous for t = 0.

Proor: We have

p(s) =275 j we-%”(st)‘% D, (V2st)}(t)dt

0
Now, using ([11], p. 442)

,\/; z'n+} ®
. wte-teru? D W),y (3zu)du
I'(—mn)Jo~ “ 1

R(n) < 0, 2 #0,

D,(z) =

we get
— o—1n m—}at —in vV in+} ® —n—}
p(s) =2 sfoe (st) f(t)[_——\/(—n) (2st) Ioi X
HVER) D_”(u)z_,,_%(u‘/%‘) du] dt
(15) g ® ® st
- r(ﬁtn) 21.[ S D‘”(“)[S J 0 7 i
L., (uV%) f(t)dt] du.
Hence
(s) = Va 2¥qu’"‘%e‘i"zD (w) (s, w)du
T T B
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where
® st o
x(s, u) = sf e—”—"‘/_z- (st)* I_ﬂ_*(uV%t) f(t)dt.
J0

The change of order of integration in (15) can easily be justified.

9. TueorEM 8. If

k
0 g,
then
06) 6) = oo [T W i, )

where
o, 5) = f "ot Iy o (u Vst) Kym(u Vst ()i,
0

provided that
(i) R(uy—k+ 14 m)> 0, where f(t) = O(t") for small t,
(i) |e**1 gy Vst)Kyn(uVst)Bf(t)| >0 as t—> o0 for
R(s) = sy > 0, and u > 0; .
(iii) R(—k + m) >0,
(iv) f(2) is continuous for t = 0, and
(v) the integral in (16) is absolutely convergent.

Proor: We have ([11], p. 442)

B aVne f""

~ I'x(—k +m)
2#0, and R(—k 4+ m) > 0.

w213t Wi m(UP) ] _gp 3 (2u) Ky, (z0) du

TH2 22
H},m( ) 0

Replacing 2% by st and integrating between ¢ = 0 and ¢ = oo,
after multiplying by e ¥tf(t)(st)}, we get

[ iy Wy st

0

4"\/7_!8' ® 0
= —— —st(op )} —2%—1 ,— ju? 9
- I'x(—k im)foe (st) f(t)[fou -1y W _,m(u?) X

g1 (uV'st) Ky, (wVst) du] dt

or
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— MVrs @ Tt bt . [ on »
(¥7)  o(s) —m ou € Wy m(u?)| s oe %
I g 4(u \/;Z) Kom(u \/E) t¥(t) dt]du
_ 4'\/.7:9 J‘w Cors —ius i
T kxmde® ¢ Mm@, s)du,
where

w(u, s) = s J' :e"‘ Iy (uV'st)K,(wV st) th f(t)dt.

The change of order of integration in (17) can easily be justified.
I am thankful to Dr. S. K. Bose of Lucknow University (India)
for his help in the preparation of this paper.
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