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Topology of B-Metric Spaces?)
David Ellis 2) and H. D. Sprinkle 2)

Gainesville, Florida

1. Introduction. Numerous studies (1, 2, 5, 6, 7, 8, 9, 10,
11, 18, 14, 15, 17, 18, 23, 24) have been made concerning geo-
metries and topologies induced in sets by general distance func-
tions. A formulation of the notion ,,generalized metric space”
has been given (12). In this paper we begin the elaboration of
the topology induced in sets over o-complete Boolean algebras
by the Kantorovitch topologies of the respective algebras. The
work bears mainly on fundamental questions in the topology of
such spaces. Among the more interesting results presented are a
discussion of Birkhoff’s problem 77 (8), the autometrization of
a o-complete Boolean algebra in its Kantorovitch topology, the
analogue for B-metric spaces of the Cantor-Hausdorff completion
(20), and the Boolean metrization of zero-dimensional spaces.
The work was suggested mainly by the interesting comparison
between the distance geometries of ordinary metric spaces and
the autometrized Boolean algebras studied by one of us (10, 11)
and, more recently, by L. M. Blumenthal and others (5). There
is a hint of the program, however, in a paper of Léwig around
1936 (22).

2. Preliminaries and property (ff). In this paper, B
shall always denote a o-complete Boolean algebra. In B we
denote the operations of join, meet, complement, and symmetric
difference by @ v b, a A b, a’, and a & b, respectively.

If {z,} is a sequence of points of B, one defines lim ;= X v @,

k=1 i=k

o o Z
and lim 2, = vV A @,. One also defines lim 2, = # if and only
t k=1 i=k T
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if hm T, == hm z;,. The K-topology (Kantorovitch topology

(16, 21), sequentlal order topology (8)) of B is the derivative
topology (25) of the sequential topology under the above defini-
tion of lim z,.

i

We shall need the following well-known and easily verified
facts: o

1. lim 2; < lim @; for arbitrary sequences (8).

2. lim (z; Vv y,) §£‘@wi v limy, (22).

3. lima;, = 0 is equivalent to l_i—rﬁa:,. = 0 (this follows im-
mediately, of course, from 1. above).

4. The Boolean operations of B are continuous in the K-
topology of B (8, 22).

Consider now the following two properties relevant to sequential
topologies:
(1) lim @, = w;, for all 4, and limw =2 imply the existence

of a function §(z2) so that hm Xy = .

(1) llm @t = w,;, for all 4, and hmw = z imply the existence

of a function §(¢) so that Ic( ) = 9(¢), for all ¢, implies
lim &}, = .
i

Garrett Birkhoff’s Lattice Theory (3) proposes an unsolved
problem, No. 77, which may be formulated as: Does every
g-complete Boolean algebra possess Property () in its K-topo-
logy? Clearly (11) implies (7).

The following Lemma seems to be well-known, but we mclude
a proof for the sake of completeness.

LeMMa 1. In the metric topology of a metric space, (1) subsists.

Proof. Let us consider a metric space in which lim ¢ (z}, ;) = 0,

i
for all 4, and lim é(x,, ) = 0. For each ¢ select §(¢) so that
k(i) = j(i) implies &(a%, ;) < 27°. Now, for each ¢ > 0 there
is k so that € > 2—(*-1) and N so that ¢ > N implies d(z;, ) < 2~*.
Setting M = max (N, k), we find that for ¢« > M and k(¢) = j(3),
for all 4, we have

0@y, ) = 0(@hy, @) + 02y, @) <270+ 27F < e

LeEmMA 2. If B is the set algebra of a countable set, it may be
made into a normed lattice (3).
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Proof. Let B be the set algebra of a countable set. B may be
represented (o-isomorphically) as the direct product of countably
many replicas of the two element Boolean algebra. Thus, if
x e B we set ¥ = (4@, 42, . . .) where 2 is either 0 or 1 according
as the ith point in a fixed enumeration of our countable set is
not in @ or is in , respectively. Define |2 | = X ,#2~'. This

i=1
functional is obviously sharply monotone increasing and modular
(3). Hence, Lemma 2 follows.

LEMMA 8. If B is the set algebra of a countable set, the distance
function induced by the functional of Lemma 2 is a metrization
of the K-topology of B. Thus, B has Property (1) in its K-
topology.

Proof. Consider the function d(z, y) =« & y (10, 11) in B.
From Property 4 at the beginning of this Section, lim z, = «

implies lim d(z;, *)=d(x, #)=0. Conversely, suppose lim d(z,, z)=0.
Then, again using Property 4 @ A lim ¢, = 2’ A lim &; = 0. This

1 1
yields @ < lim @; and lim @; < @, or @ = lim @;. Thus, we have
) i 7

(1) limx, = « if and only if lim d(x;, ) = 0.

T (]

Suppose again that lim z; = o and observe that d(z, z;) =

|z v a,| —|a Awa|=]|d@ )| by the modularity of the
norm functional. In view of (1) above and this observation it
will suffice to show
(2) limy, = 0 if and only if lim |y, | =0

i i
in order to complete the proof of Lemma 3. Suppose then that
lim y, = 0. From the representation employed in Lemma 2, we

have that for each k there is N(k) so that ¢ > N(k) implies
«r; = 0. Select ¢ > 0 and select & so that € > 2-%*-1, Then for
¢ > max N(j), |2;| < X 2% < e. Conversely, if |z, | has limit 0

isk i=k
there is an N(k) as described above for each k and lim x; = 0.

We obscrve that Lemma 8 contradicts Exercise 46 on Page
286 of (25).

LemMmA 4. If B is an algebra with Property (11), and if | is a
o-ideal (8) in B, then B[] has Property (11) (K-topologies undet-
stood).
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Proof. Assume the hypotheses and denote elements a of B
mod J by {a}.
Let llm {#}} = {x,}, for all 4, and hm {z;} = {z}. Then llm oA

z; V u; and hm.z',——w vV v; for all 1, and hmw ——sz,

limz;, =z Vv w, where u,, v;, w and 2 are in J. Lett (v u;) Vv

£ =1

( v v;) V 2 v w. Now, t is in J and one sees immediately that
t=1

hm(az Vv it)y=u, Vvt for all ¢, and llm(w Vi)==z Vi and

smce B has Property (1), there is 7(@) so that k(¢) = j(¢), for
all i, implies lim (2}, Vv t) =@ v t. Thus, hm (i} = {z},
since £ is in J. °*

One calls a topological space sequentially compact provided any
sequence in the space has a convergent subsequence. Clearly,
any compact space whose topology is obtained as the derivative
topology of a sequential topology is sequentially compact provided
the sequential topology has Property (}). We shall call an algebra
a (1)-algebra or an (}7)-algebra if it has Property (}) or Property
(1), respectively, in its K-topology. Clearly, any (}t)-algebra is
a (t)-algebra.

LEMMA 5. Any set algebra of an uncountable set fails to have
Property (1), and, hence, is meither a (1)-algebra nor a (}1)-
algebra.

Proof. Let B be the set algebra of an uncountable set. Then
B contains as a closed subset a o-isomorphic image (and, hence,
a homeomorphic image) of the set algebra of the set algebra
of the natural numbers, 2%
(25) and, hence, compact.

Thus, to prove Lemma 5, it suffices to show that 2%° is not
sequentially compact. The following example showing this is
due to Mr. Alfred B. Lehman. Let a, be the set of sets of integers
which contain the integer n. (By integer in this discussion we
mean positive integer or natural number). This sequence fails
to have any convergent subsequence. This is clear since if a,,
were a convergent subsequence, every set of integers which con-
tained infinitely many of the m, would have to contain almost
all (all but a finite number) of the n,.

Combining Lemmas 8, 4, and 5 we provide an answer to Birk-
hoff’s Problem 77 (8) with

THEOREM 1. 2% is a (ft)-algebra. Any o-factor algebra of a

. Now, any set algebra is bicompact
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(T1)-algebra is a (tt1)-algebra. In general, however, Boolean o-
algebras fail to have Property (7).

One should note that Theorem 1 corrects a previously an-
nounced %) solution of Problem 77 which was based on a fal-
lacious argument.

3. B-metric spaces and their distance topologies.

By a B-metric space we shall mean a set X together with a
mapping, d(&, n) : 22— B, of XX into B with the properties:

1. Vanishing. d(&, ) = 0 if and only if & = #.

2. Symmetry. d(&, n) = d(n, &); for all & 7.

3. Triangle inequality. d(& ) < d(& n) v d(y, C); for all
& n, L.

In the standardized terminology of the paper (12), a B-metric
space is a generalized metric space over B.

If Y is a B-metric space, we define d-lim é;, = ¢ in X' if and

only if lim d(é,, §) = 0 in B. The resulting sequential topology

and its derivative topology (25) are called the d-topology or
metric topology of 2.

A topological space X' is said to be metrizable over B if there
is a function d(¢, n) : 22 — B under which X forms a B-metric
space such that lim &, = £ in the original topology of 2 if and

only if d-lim &, = &.

It is to be recalled (10, 11) that B itself forms a B-metric
space under the autometrization d(z, y) = « & y. That is, with
symmetric difference as distance function, B is a generalized
metric normal ground space (12).

3. The autometrization of B.

THEOREM 2. B in its K-topology is metrizable over itself by the
autometrization.

Proof. In view of the remark immediately preceding this
Section, it suffices to show that lima; = a if and only if

K]
lim d(z,, ) = 0. This, however, was done in the proof of Lemma 3.

Theorem 2 implies, of course, that we shall obtain results
about the K-topology of B as special cases of results dealing
with general B-metric spaces. Some of these results have been
obtained in this special case by Lowig (22), although our defini-
tions do not all agree with his.

4) See (13) in the bibliography.
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4. Continuity of the distance function. Let X be a B-
metric space. It is well-known that limits are unique, sub-
sequences of a convergent sequence converge to the limit of the
sequence, and a sequence almost all (all but a finite number)
of whose elements coincide converges to that element in the K-
topology of B (8, 16, 21). These facts clearly imply the analogous
facts for the metric topology of 2. Thus, (25), the d-topology
of 2’ makes 2’ a Hausdorff space.

TueEOREM 8. If, %in X, d-limé = ¢ and dllm n; =1, then
hm d(f,, 7]1) = d(&, )' :

Proof. Suppose the hypotheses. Then
(1) d& ) Sd &) v d(n, 1) v d(E, n,); for all 4.
(2)  d(& n) < lim (d(& &) v (&, 7)) v imd(n, 7,)
< lim d(&, ) v lim d(é, &) = lim aEs 7).
Similarly: one shows i t
(3) H A&, n,) < d(& 7).

(2) and (3) together yield Theorem 3. Theorem 3 may, of
course, be stated: The distance function of a B-metric space is
simultaneously continuous.

As a Corollary to Theorem 3 we have

CoroLLARY. If B is a (171)-algebra (resp. (1)-algebra) then (1t)
(resp. (T)) subsists in the d-topology of any B-metric space.

5. Cauchy sequences and completion of spaces over
(T1)-algebras. Throughout this Section, X will denote a B-
metric space. We shall define a Cauchy sequence in X as a sequence
{¢;} for which

(C) lim lim d(&,, &) = 0.

One should note that this is weaker than Lowig’s (22) definition
of Cauchy sequence which requires existence of an independent
double limit, rather than an iterated limit. One should also note
that (C) is equivalent to lim lim d(¢,, §,) =0

i

One says, as usual, that X' is complete provided every Cauchy

sequence in X converges to a point of X.

THEOREM 4. B is complete in the autometrization.
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Proof. Suppose z, is a Cauchy sequence in B. Now,
(1) d(z,limz;) = lim (2, A 2}) v lim (2] A @)
i i i
<lim d(z,, x;) = lim d(z;, ;).
i i

Thus,
(2) lim d(z;, l—i;w,) =0 and d-lima;, = ll—n;w,
i i i i
THEOREM 5. If, in X, d-lim &, exists, then {£;} is a Cauchy
sequence. :
Proof. Let limd(& &) = 0. By Theorem 8, lim d(§,, &) =
i i
d(&, &,); for all i. Hence, lim lim d(§;, &) = 0, again by Theo-
rem 3. ¢
Having illustrated the methods of computation utilized in
these limit proofs, we shall omit many of them in the sequel.
We now undertake the completion of a B-metric space. Al-

though the first few Lemmas are unrestricted, it is apparently
necessary for the final result that B be a (}1)-algebra.

LemMma 6. If, in X, {£;} is a Cauchy sequence and n € X, then
lim d(&,, n) exists.
' Proof.
(1) d(&, m) = d(&, &) V d(n, &); for all 4, j.
(2) lLimd(E, n) < d(&, 1) v limd(é, &); for all j.

(3) limd(&, ) <lim (d(&, 7) v lim d(&, &)
i i i

<lim d(§, ») v limlim d(§,, &,).
j J i

3

Thus,
(4) limd(&, ») < lim d(&, 7).
i i
Lemma 7. If {¢£} and {n,} are Cauchy sequences in X, then
lim d(&,, ;) exists.

Proof. We shall apply Lemma 6 throughout this proof without
further comment.

(1) d(&; ) < d(&i, &) v d(&; n,); for all 4, j.
(2) limd(&, »,) < lim d(&, &) v lim d(&,, #,); for all j.
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(3) Limd(&, 7,) < limlim d(&;, 7,).
% J %

(4) d(&;, m) = d(é, my) v d(&, &); for all 4, §
(5) llm (&, n,) = hm aé, n;) v llm d(&; &); for all j.

(6) hm llm d(g; n;) < < llm d (&, n,)

From (3) and (6),
(7) lim d(&, 7,) <dim d(&, 7).

Let X, denote the class of all Cauchy sequences in X. and
define for {&,}, {n,} in Zy, {£} ~ {n,} if and only if d({&,}, {n}) =
lim d(&,, ;) = 0.

i

LemMA 8. The relation ~ is an equivalence relation in 2.
Proof. The relation ~ is obviously reflexive and symmetric.
To show transitivity, let {£;} ~ {n,} and {;} ~ {¢;}. Then

(1) d(&» ) = d(&is mi) Vv d(n,, £,); for all ¢
so that

(2) limd(&, &) < limd(&, ) v limd(y, ) =0.

Let X2, denote the set of equivalence classes under ~ in ZX.
That is, Xy = X/~ If {£,} € 2}, we denote by [{£;}] the member
of Z, containing {£,}. We define in Z,, d([{&}], [{n}]) =d({&}
{n:}). It is clear that X, will be a B-metric space under this
distance function provided that the distance function is in-
dependent of the representatives used to compute it.

LEmMA 9. If, in 2), {£,} ~ {«,} and {n,} ~ {8}, then d({¢},

{n3) = d({e}, {8.3)-
Proof.

(1) d& m) = d(és a.-)A d(a;, B;) V d(B; n;); for all 4. Thus,
(2) limd(¢;, #,) = lim d(«;, B;).

(2) with the inequality reversed is obtained in a similar fashion.

We are now ready to show that if B is a (t)-algebra, then
2, is a completion of X of the Cantor-Hausdorff type (20).

THEOREM 6. If B is a (11)-algebra, X, is a complete B-melric
space and X is congruent (12) to a dense subset of Z,.

Proof. By our preceding Lemmas and remarks, X, is a B-
metric space. It is clear that X is congruently imbedded (12) in
X, by the mapping & — [{£}], where {£} denotes a sequence all
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of whose members are £. The density in Z, of the image of 2 under
this mapping follows in the usual fashion (20) by selecting
sequences diagonally since X2, has Property (11). Thus, we shall
only outline the proof that X, is complete making frequent use
of what has been previously established. Let {[{£:},]}, be a Cauchy
sequence in X,. Then,

(1) limlim lim d(&, &) = o.
i ik
By the Corollary to Theorem 8 there is b(j) so that k(j) = b(5);
for all § implies
(2) lim lim d(&;,, &) = 0.
i g
Also,
(8) lim lim d(&, &) = 0; for all 4. Thus there is a(¢) so that

7(2) = a( ) for all 4 implies
(4) llm hm d(&y, &) = 0.

Let 7(z) = max (a(z), b(¢)); for all 1.
By (2), (4), and subsequence arguments, llm d(&y, &) and
11m d(& > &5n) exists and

(5) lim lim d(f,.(,.), 6,(,,)) = llm lim d(.f;:(,,) s &) = 0.

Thus,
(6) d(&ys Ew) =d(Ew) > Eiw) V (&) s &w)s for all 4, v implying
(7) hvm A&y ) = li:n A&y &) V li:n d(&y» Eiw)s for all 4,
together with (5) and a rather complicated sequence of ap-

plications of the triangle inequality and limiting processes yields
the existence of lim d(&},, &) and

(8) lim lim d(&,, &) = 0.
v

Thus, [{&}] € 2.
Finally, by the triangle inequality,

(9) lim d(}, &) < lim (&, &) V lim d(Eg, &) for all i
k

From (5) and (9),
(10) lim lim d(&, &,) =0
k

i
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and

(11) d-lim [{§}] = [{&x}], completing the proof.
i

6. Application to zero-dimensional spaces. We assume
familiarity of the reader with the use of uniform structures induced
by filtres (26). We adopt the

Definition. A zero-dimensional space is a T, topological space
(25) which has a basis for open sets consisting of sets which are
both open and closed (ambiguous sets). By space we shall un-
derstand T, space.

We state without proof the easily established.

LeMMA 10. A space is zero-dimensional if and only if its topology
is compatible with a uniform structure defined by a filtre having a
symmetric, idempotent (under relational product) base closed under
finite intersection.

THEOREM 7. Let S be zero-dimensional space. Then S is metrizable
over the Boolean algebra 22,

Proof. Let B be the base of the filtre F assured by Lemma 10.
Define B(z, y) = {ueB | (z, y) e u} and define d(z, y) =
B — B(z, y). Since the diagonal of SS is in all elements of F,
d(z, y) satisfies the vanishing condition one way. Since S is T},
d(z, y) = 0 implies # = y. The symmetry condition for d(z, y)
is immediate from the symmetry of B. Now let u e d(z, y). If
u ¢d(z, 2) and u ¢ d(y, 2), then (2, y) e u? = u, which is a con-
tradiction. Thus d(z, y) satisfies the triangle inequality. Thus, S
forms a 22°°-metric space under d(z, y).

Let lim «, = # in the topology of S. Suppose there is an

n —_—
element u« in B so that u € lim d(z, «;). Then for a given integer

i
k there is § = k so that (2, ;) ¢ u which is 1mpossible since u
contains almost all (z, z;). Thus, the topology of S is stronger
than (25) the induced distance topology.

Suppose next that lim d(z, z;) = 0 and there is a neighborhood,

E)
u(z) which excludes infinitely many @;. Then u ed(z, 2,) for
infinitely many ;. Since B is a base for F and is closed under
finite intersection, this is a contradiction and the induced distance
topology of S is stronger than the original topology. Thus the
topologies coincide and Theorem 7 is proved.
We borrow from Vaidyanathaswami (25) the

LEMMA 11. Any set algebra is zero-dimensional in its K-topology.
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THEOREM 8. If B is a set algebra, any B-melric space is zero-
dimensional.

Proof. Let X' be a B-metric space and select o # § in 2. Now,
f(£) = d(«, £) is a continuous mapping of X into B with f(ax) = 0
and f(B) # 0. By Lemma 11, f(«) and f(f) may be separated
in B by ambiguous sets. The counterimages of these sets in X
will be ambiguous sets separating « and p. Thus, X is zero-
dimensional.

Combining Theorems 7 and 8 we have

THEOREM 9. Among T, spaces, the zero-dimensional spaces are
precisely those spaces metrizable over set algebras.

7. Weak topological products. Let 2, be a sequence of B-
metric spaces. Denote the combinatory product by II 2, and the

projection of H 2,onto 2, by =, : H 2, >, Defme a distance

function and hence, an induced dlstance topology, In H 2, by

d(& 1) = v d(E, n,) where & = —mi().

i=1
LemMMmA 12. For each n, =, : 11 X, — X, is continuous.
n

Proof. If lim d(¢™, &) = 0, then lim d(&™, £,) = 0.

LeMMmA 18. For each n, =, : 11 X, — X, is an open mapping.

Proof. The proof is by diagonal selection and is left to the
reader.

Combining Lemmas 6 and 7 we find

THEOREM 10. I 2, forms a B-metric space under the distance

function defined above. The topology induced by this distance
function is a weak product topology (25).

A similar Theorem may be obtained for a distance function
defined on a cardinal product of algebras for a combinatory
product of spaces metrized over these respective algebras.

8. Sequential compactness in set algebras. We have already
remarked in Section 2 that set algebras are not, in general,
sequentially compact. However, one may easily show that if one
defines a subset of a set algebra to be bounded provided the
elements of its distance set (12) are countable then set algebras
are finitely compact in the sense that bounded sets are sequentially
compact, when closed.

Another question of interest is the obtaining of an algebraic
hold on the closed sets in a set algebra. This is close to Problem
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76 of Birkhoff (3). One might suspect that the closed intervals
form a sub-basis for open sets, but examples show that this is
not the case. We offer, however, the

CoNJECTURE. The o-sublattices form a sub-basis for closed sets
in a set algebra.

The University of Florida

BIBLIOGRAPHY

ANTOINE APPERT

[1] Espaces uniformes généralisés, C. R. (Paris), Vol. 222 (1946), pp. 986—988.

[2] Ecart particllement ordonné et uniformité, C. R. (Paris), Vol. 224 (1947), pp.
.442—444.

GARRETT BIRKHOFF

[8] Lattice Theory, Am. Math. Soc. Colloquium Publications, New York, 1948.

[4] On the structure of abstract algebras, Proc. Camb. Phil. Soc., Vol. 381 (1985),
pp. 433—454.

LEONARD M BLUMENTHAL
[5] Boolean Geometry I, National Bureau of Standards, 1952.

L. W. CoHEN and CASPAR GOFFMAN
[6] On the metrization of uniform space, Proc. Am. Math. Soc., Vol. 1, (1950),
pPpP. 750—758.

J. CoLmEz
[7] Swur divers problémes concernant les espaces topologiques, Port. Math., Vol .6
(1947), pp. 119—244.

Raour Doss

[8] Sur la condition de régularité pour VUécart abstrait, C. R. (Paris), Vol. 223
(1946), pp. 14—186.

[9] Sur les espaces ou la topologie peut étre définie & Uaide d’un écart abstrait
symétrique et régulier, C. R. (Paris), Vol. 223 (1946), pp. 1087—1088.

Davip ELuis

[10] Autometrized boolean algebras I, Canadian Journ. of Math., Vol. 3 (1951),
pp. 87—93.

[11] Autometrized boolean algebras II, Canadian Journ. of Math., Vol. 3 (1951)
pp. 145—147.

[12] Geometry in abstract distance spaces, Publicationes Mathematicae, Vol. 2 (1950),
pp. 1—25.

[18] Lattice theory problem 77, (Abstract 710), Bull Am. Math. Soc., Vol. 58 (1952)
p. 662.

MAURICE FRECHET

|14] De Décart numérique a Uécart abstrait, Port. Math.,Vol. 5 (1946), pp. 121—181.

[15] Sur les espaces d écart régulier ét symétrique, Bull. Soc. Port. Math., Vol. 1
(1947), pp. 25—28.

ORRIN FRINK
[16] Topology in lattices, Trans. Am. Math. Soc., Vol. 51 (1942), pp. 569—582.



262 David Ellis and H. D. Sprinkle 13)

ALFREDO PEREIRA GOMES

[17] Sur la fonction diamétre, C.R. (Paris), Vol. 226 (1948), pp. 2112—2113.

[18] Topologie induite par un pseudo-diaméire C. R. (Paris), Vol. 227 (1948), pp.
107—109.

PaurL HaLmos
[19] Lectures on topological algebras, (unpublished), Univ. of Chicago, 1952.

F. HAUSDORFF
[20] Grundziige der Mengenlehre, Berlin, 1927.

L. KANTOROVITCH
[21] Linedre halbgeordnete Rdume, Mat. Sbornik, Vol. 2 (1937), pp. 121—168.

H. Loewic
[22] Intrinsic topology and completion of boolean algebras, Annals of Math., Vol. 42
(1941), pp. 1138—1196.

KARL MENGER
{(28] Statistical Metrics, Proc. Nat. Acad. Sci., Vol. 28 (1942), pp. 535—5837.

G. BaLEy PrICE
[24] A generalization of a metric space with application to spaces whose elements
are sets, Amer. J. Math., Vol. 63 (1941), pp. 546—560.

R. VAIDYANATHASWAMY
[25] Treatise on Set Topology, Madras, 1947.

ANDRE WEIL

[26] Sur les Espaces a Structure Uniforme, Hermann and Cie., Editeurs, Paris,
1937.



