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1. Introduction and main results

The confluent hypergeometric function ) F; (a; b; x), which is defined as

X (a)y x"

VFia;bix) =) B
o Nl

n=0
for b#0,—-1,..., is a particular solution of the linear differential equation

xy"+(b-x)y' —ay=0. (1)

When a is a non-positive integer, the function | F; (a; b; x) reduces to Laguerre polynomials, i.e.

b
L0V = Pn )," 1Fi(-mbix),  n=0,1,2 ...
n.

The function | F) is a special case of the generalized hypergeometric function

o TP . n
pFgla,...,ap;b1,....bg;x) = Y Mx—',
n=0 szl(bj)n n:
p and g are non-negative integers, none of the numbers b; (j = 1,..., g) is equal to zero or to a
negative integer. It is well known that the series ,Fy(ay, ..., ap; by, ..., bg; X) converges absolutely
forall x if p < g and for |x| < 1 if p = g + 1, and it diverges for all x # 0 if p > g + 1. If one of the
parameters a; equals zero or a negative integer, then the series (2) reduces to a polynomial.

The confluent hypergeometric function has been studied in great detail from its mathemat-
ical point of view (see, for instance, [12, 14, 18]). In particular, the estimate of the confluent hy-
pergeometric function ; F; (a; b; x) has been widely and deeply studied when x >0and b>a >0
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(see [3,13], and references therein). For instance, Luke [13], among others, proved the following
inequalities

a a a
ebx<1F1(a;b;x)<1—E+—e", x>0,b>a>0,

b
(b—1)e*
(b-a-1)1+x)’
We remark that when x >0, b> a and b > %, Love [11, Corollary 2] showed that
I'(b-a)e*

IT1-a)l'(b)

Unfortunately, the conditions given for (3) do not seem to be correct. For instance, for a € N and
b > a, (3) gives 1 F1(a; b; x) = 0 for any x > 0.

When the parameters verify the so called oscillatory conditions a < 0 and b—a > 1, the estimate
of 1 F(a; b; x) is much more complicated and, to the author’s knowledge, has not been studied
in the literature, except for the case when a is a negative integer and b > 0 (see, for instance,
[9,10,17,21,23], and references therein).

It is well known that, for a < 0 and b > 0, ; F; (a; b; x) has a finite number of real zeros (see [18,
Section 13.9])

1Fi(a; by x) < x>0,b—1>a>0.

l1F1(a; b; x)| < 3)

1 2
Xgp<Xgp<--
Based on the Kummer transformation
1Fi(a; b; x) = e*1F1(b—a; b;—x),

it follows that the real zeros of  F; (a; b; x) are positive when a <0 and b > 0.

In this paper, we use the Sonin—-Pélya theorem as well as the Watson-Glaeske product formula
for confluent hypergeometric functions to study the maximum value of ; F; (a; b; x) with oscilla-
tory conditions of parameters.

Here is our main results.

Theorem 1. Fora<0andb>1
maxe™"|, Fy (a; b; )| = 1. 4)
xX=

Moreover, this maximum value is attained only when x = 0.

Corollary 2. When a < 0 and b > 1, let &k, k = 1,..., be the successive maxima of y(x) =
e *1F1(a; b; x) arranged in increasing order, and let jj be the k-th positive zero of the Bessel
function J,(x). Then,
b—a(2b-1 2 .
yz(éi)—yz(f,-)<7(7A5§j+§A€?j), 1<]
k _rk_ sk
whereAfij —Ej -¢&; and

TS BEUSLY APE
" 2b-4a+2 32b—4a+2)? ad

Sk

), as a— —oQ.

We remark that from the asymptotics (see [14, Section 6.8.2])
I'(b)
T(a)
where a is not a negative integer or zero, it follows that e™* in Theorem 1 cannot be replaced by
any e” ¥, 0 < ¢ < 1. In the case when a is a negative integer or zero, we have (see [23])

e F(a;b;x) = “Pn+ox ], x— +oo

mag(e_%llFl(a; b;x)| =1, ()
xX=

where b > 1.
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On the other hand, in the oscillation region of ;Fj(a;b;x), we have the following result
analogous to (5).

Theorem 3. leta<0andb>1.For0<x< (ZbLéh—Za)
e I\ Fia;b;x)l<1. (6)
Furthermore, for0 < x < —(217—1%21;—261)

e 2|, Fy(a; b; x)| < /M (x,b), 7)

where b1 % pm
M (x,b) = T_[ f | cos(xsin® cos w)l(simp)zzofs(sin@)zz”*2 dw do
o Jo

and it has the property
O<.M(x,b)<#40,x)=1, x>0.

Consequently, by applying (4) and (5), we obtain the following inequalities for the Gauss
hypergeometric function 3 F;.

Corollary4. Leta<0,b>1andRe(o) > 0.
() Ifa is not a negative integer and 0 < x < Re(z)

‘ZFI (0, a; b; )—ZC)‘ < V/cosh(rSm(0)) |27| [Re(z) — x] 74, 8)
In particular, foro >0and0<x<1
l2Fi(o,a;b;x) < (1-x)77.

(i) Ifa is a negative integer and 0 < x < 2Re(z)

[2F1 (0,55 )| = veosh(nSm(@)) 1271 [ Re2) - g]_m“”_

In particular, foro >0 and0 < x <2
X\—0
bFnoibiol=(1-3) . neNuloL.

Under condition a > 0, several lower and upper bound inequalities for » F; (g, a; b; x) have been
derived in the literature using different approaches (e.g. [2-4,6,13,22] and references therein). For
instance, in [13, Theorem 13], Luke gave the following two-sided bounds

a \-o a a o
(I—Ex) <ROabx)<1-7+5(0-07, 0<x<l,0<0,0<a<b,

whereas Karp and Sitnik [6, Theorem 5] showed that

a
zFl(a,a;b;x)<(1—ﬁx) . 0<x<1l,0<o<l,l<a+1<b.

On the other hand, in [22] the authors derived some inequalities for the Gauss hypergeometric
function ,F; (0, a; b, x) when —-1<a<0,1<b<2,0<0<1,and x € (0,1). We remark that when a
is a negative integer or zero, the estimate of the polynomial » F; (a, 0; b; x) has been considered in
several papers from different point of views (see for instance [7, 8] and references therein)

2. Proof of the main results

One of the main tool that we need for our purpose is the well-known Sonin-Pélya theorem
(see [21, footnote to Theorem 7.31.1]) in the following form given by Szeg6. Notice that this
theorem was used by Szego [21] in a similar context to study the successive relative maxima of
classical orthogonal polynomials.
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The Sonin—Pélya theorem

Suppose that a function y = y(x) satisfies on an interval I c R the differential equation
(py) +qy=0, 9)

where p = p(x) >0, g = q(x) > 0 and both p’ and g’ are continuous on that interval. Define Sonin’s

function by

S(x) = Y2 (%) + ”E ;y’z( ), (10)

then we observe that
yx) '(0)1°
qx)
by which successive relative maxima of y? form an increasing or decreasing sequence according
as pq decreases or increases on the corresponding interval.
Now, we can prove our main results.

S'(x) =-[p g1

) 11)

Proof of Theorem 1. From (1), the corresponding differential equation for y(x) =e™*, F; (a;b;x) is
xy"+b+x)y +b-a)y=0.

By writing it in the self-adjoint form

(xPe*y) +(b-a)xP ey =0,

we see that
px)=xPe*,  qx)=(b-a)x"e"
and
p 0)gx)]' = b-a)2b—1+2x)x*071e?*.
Thus, if a < 0 and b > 1, the successive relative maxima of |e™*, F} (a; b; x)| are decreasing on [0, c0)

and
e Fl(a;b;x)]?<S(x)<S0)=y*0)=1, x=0.

This proves (4). O
Proof of Corollary 2. We observe that, using the differential equation

d%[e*xlﬂ(a;b;x)] = - Bl b+ 1), 12)
k=X abH,forallk_ 1,.

Thus, from (10) and (11) one has
YN -y ED :—ﬁf:jx@b—1+2x)[y’(x)]2dx, i<j.
Now we can apply (4) and (12) to yield l
VEN -y < %f; x(2b—1+2x)dx

b-a(2b-1_, 3
-2 (Bad e 20,
where Ag‘fj = g‘j? - fi.c.

Finally, taking into account that the k-th positive zero x'{;
Section 13.9])

, can be approximated by (see [18,

Jh1k N 2b(b=2)+jj_y ; N ( 1 )
— as a— —oo,
2b—4a 32b—4a)? @ *©
we can achieve the proof of the corollary. d
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Proof of Theorem 3. For the proof of (6), we proceed as in the proof of (4). According to (1), it is
straightforward to check that the function y(x) = e™ 2 | F} (a; b; x) satisfies
" , 2b—-4a-x
xy"(x)+ by (x)+ Ty(x) =0. (13)

In its self-adjoint form equation (13) becomes

2b—4a-
Py () + T by =0,
which corresponds to equation (9) with
2b-4a-x ;4
—x

_ b _
px)=x", q(x) = 1

’

and o
2
Thus, for a < 0 and b > 1, the successive relative maxima of Ie‘% 1F1(a; b; x)| are decreasing if
0<x< W’Lb(b_za) and increasing if W < x <2b—4a. This completes the proof of (6).
We now continue with the proof of (7). Our starting point in the proofis the Glaeske [5] product
formula for Laguerre functions, which in terms of the confluent hypergeometric functions can be
written as

[2b-1)(b-2a) - bx].

' X
[p X)gx)] =

I'(b) ™
1F1(a;b;x) -1 F(a; by y) = %fo e‘mcosg(sinw”"zjb_%(,/xysin@)
x1F(a;b;x+y+2y/xycos0)dl, (14)

where x,y = 0, Re(b) > %, and _¢,(z) := (%)7V]V(z). For a = -n, n € N, equation (14) was
first obtained by Watson [23] and later on by several authors using quite different methods
(see [5,7,16,19,20]), whereas in [15] Markett gave another, analytic proof of Glaeske’s result. In
Appendix A, we give another simple proof of (14).

Using Poisson’s integral (see [23, 3.3])

Iv(2) = mfon eFOY siny)?dy,  Re(v) > —%,
the product formula (14) becomes
1Fi(a; b;x) -1 Fy (a; b; ) = ?fon foﬂ e VY COsOHIIYSInG cosy (g ) 2b=3 5in )20 2
x1Fi(a,b,x+y+2y/xycosf)dydo
= ?fonfon e~ VX080 co5(/xy sinB cosy) (siny)?P 3
x (sin@)?P =2, Fy (a, b, x + y + 2\/Xy cos0) dy d6.

We put x = y in (15) and multiply the obtained relation by e *. As a result, we obtain

(15)

-3 2_b-1 (" (" - 0 22b=3 (i 0\2h-2
[e 21 F (a; b; x)] = Tfo fo cos(xsinf cosy)(siny) (sin@)
x e~ ¥1+c0s0) by (g, b, 2x(1 + cos0)) dy db.

Then, taking into account (6), for 0 < x < %ﬁf’_zm

x 2 p-1[" "
[e_?IFl(a;b;x)] s7£ fo |cos(xsin@cosu/)|(sin1//)2b_3(sin9)2b_2dt//dB=Jl(x,b).

Finally, based on equation (20), we have
0<.4(x,b) <. (0,b), x>0.
The proof of Theorem 3 is completed. d
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Proof of Corollary 4. (i). Applying inequality (4) to the confluent hypergeometric function ap-
pearing in the Laplace transform of the Gauss hypergeometric function (see [12, p. 59])
Ao, abX) =< [~ e B @ bixnde
2 I(U)a, ’Z)_F(U') 0 e 101(a; 0, x ’
where 0 < x < Re(z) and Re(o) > 0, we have
X |z%]
Rlo,ab;— || ———
(ot ) IT@)1 Jo
_I'Re(0))
IT'(a)]

Finally, using inequality (see [18, Section 5.6])

)
e t[Re(z)—x] t?Re(U)—l dr

127| [Re(z) — x]R¢)

I (p)I

v/cosh(gm)

T(p+iq)l=

we get (8).

(ii). By making use of (5), the proof of case (ii) can be completed by following the proof of
case (i). O

Appendix A. Proof of the Watson-Glaeske formula

Substituting the integral representation for | F; (see [14, Section 6.5])

21Pr(ber (1 1+1)%7!

FAabz)= ———— *l—tb_z(—) dt,
h@ha=raore-al, 00 1

where Re(b) > Re(a) > 0, into Bailey’s product formula for confluent hypergeometric functions

(see [1])

(16)

& (—DX@)b-a)k
F(abx) 1 Fuabiy)= ), —a =
1Fi(a; by x) -1 Fi(a; b; y) kgb K\(D) (D) 2k

we get, after interchanging the order of summation and integration

xpF iR (a+kb+2k;x+y)

21-b[(b)2e T 1wy 141\
Fiabx) 1 Faby)="—————| ez '0-n"?—
1F(a; by x) -1 Fi(a; b; y) r@Th—a) f_le ( ) 1—;
-k ( Vi) )2"
o) 2
dt.
) ,;) kI (b + k)
Using the series expansion
= (-nF(E)”
fV(Z)_kgok!r(wkﬂ)’
we obtain
2P () 2e s 1 sy 1+£)47!
F ;b; 1 F ;b; B e —— Ttl—th_z —_—
1F1(a; by x) -1 Fy (a; b3 y) @ b—a f_le A=D1

x Fp-1(y/xy(1—1r2)de. (17)

On the other hand, from Gegenbauer’s double integral representation for J, (see [23, Sec-
tion 3.33])

1
Fv(w) =

al'(v)

T T . . . .
f f ezZcosG—lz(cos(Dc059+sm<1>sm6cosu/) (SinW)zV_l (sin@)z" dw de,
0o Jo
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where w? = Z% + z* — zZcos® and v > 0, for Z = —it\/Xy, z=—/xy, ®=% and v = b— 1 we have

1 Topm . .
-~ 1-19)| = f f t\/Xycosf+i,/xysinf cosy
Zb 1(\/xy( )) oD b €

x (siny)??3(sinf)*’2dy dh. (18)
Now substituting (18) into (17) and taking into account (16) yields

2P(h— DI(B)e T [T [T o
n;(a)r)(b(_lle)z fofoelmsmecosw(sinw)%—s(Sine)gb_z

1 [(x+ ot
f e(Ty-#\/WcosG)t(l_t)bfZ (%) dt] dy do
-1 -

b-1 7 % _ i JXTsi . 3, -
— - f f e \/ﬁc039+1\/37y31n9cosw(Slnw)2b S(Sln9)2b 2
0 Jo

1Fi(a; b;x)-1F1(a; b y) =

X

(19)

x1F(a,b,x+y+2,/xycosf)dydb.

By using analytic continuation, equation (19) can be extended to a € C and e(b) > 1. This proves
equation (15) and completes the proof of Glaeske’s result.
In particular, putting x = y =0 in (19) yields

1—E " n(sin 12673 (sin0)*P 2 dy do (20)
“Tw b Sy Y v
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