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FIRST AND SECOND K-GROUPS OF AN ELLIPTIC
CURVE OVER A GLOBAL FIELD OF POSITIVE
CHARACTERISTIC

by Satoshi KONDO & Seidai YASUDA (*)

ABSTRACT. In this paper, we show that the maximal divisible subgroup of
groups K7 and K> of an elliptic curve F over a function field is uniquely divisi-
ble. Further those K-groups modulo this uniquely divisible subgroup are explicitly
computed. We also calculate the motivic cohomology groups of the minimal regular
model of F, which is an elliptic surface over a finite field.

RESUME. —  On démontre que les plus grands sous-groupes divisibles des-
groupes K1 et Ko d’une courbe elliptique E sur un corps global de caractéristique
positive sont uniquement divisibles et on décrit explicitement les K-groupes mo-
dulo leurs plus grands sous-groupes divisibles. On calcule également la cohomologie
motivique du modele minimal de E qui est une surface elliptique sur un corps fini.

1. Introduction

In this paper, we study the kernel and cokernel of boundary maps in the
localization sequence of G-theory of the triple: an elliptic curve E over a
global function field k of positive characteristic, the regular minimal model
& of E that is proper flat over the curve C' associated with k, and the fibers
of & — C. The aim of this initial section is to provide our motivation,
describe some necessary background, and present known results more gen-
erally. Precise mathematical statements regarding our results are presented
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in Section 1.5. Among these statements, we suggest that our most interest-
ing point is represented in assertion (2) of Theorem 1.2, which relates the
kernel of a boundary map to the special value L(FE,0) of the L-function
of E.

1.1. Background and conjectures

From Grothendieck’s theory of motives, Beilinson envisioned the abelian
category of mixed motives over a base (see [35]). The existence of such a
category remains a conjecture, but we now have various constructions of
the triangulated category of (mixed) motives, which serves as the derived
category of the sought-after category. Here, motivic cohomology groups are
extension groups in the category of mixed motives, or, unconditionally, ho-
momorphism groups in the triangulated category of motives. Algebraic K-
theory also enters the picture here via the Atiyah—Hirzebruch-type spectral
sequence (AHSS) of Grayson—Suslin or Levine [19], [36], [567] (see also [14,
(1.8)], [18]), i.e.,

By = Mg (X, Z(—1) = K, (X)
or via formula [5, 9.1] (see also [18, p. 59])
K(X) 2z Q= P HY (X, Q)

K3
of Bloch. Also applicable here are the Riemann—Roch theorem for higher
K-theory and the motivic cohomology theory by Gillet [17], Levine [33],
Riou [54], and Kondo—Yasuda [31].

Arithmetic geometers are individuals who study motives (or varieties)
over number fields, over the function fields of curves C' over finite fields (de-
noted function fields for short), or over finite fields. For such a variety, the
L-function, also known as the zeta function, one of the fundamental invari-
ants in arithmetic geometry, is defined. The motivation for our work stems
from a range of conjectures that describe motivic cohomology in terms of
special values of these L-functions. Conjectures over Q were formulated by
Lichtenbaum, Beilinson, and Bloch-Kato (see [27] for a summary of these
conjectures). Using the analogy between number fields and function fields,
parts of these conjectures can be translated into conjectures over function
fields.

The case over function fields and over finite fields are related as follows.
Given a variety over a function field, take a model, i.e., a variety over the
base finite field fibered over C' whose generic fiber is the given variety. Then,
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the motivic cohomology groups and the L-functions (over finite fields, i.e.,
congruence zeta functions) are related, thus, we obtain some conjectural
statements regarding motivic cohomology groups of the model and its con-
gruence zeta function from these conjectures over function fields concerning
L-functions and vice versa. Note that Geisser [13] presents a description
of K-theory and motivic cohomology groups of varieties over finite fields
assuming both Parshin’s conjecture and Tate’s conjecture.

Finally, let us mention the finite generation conjecture of Bass [27, Con-
jecture 36], which states that the K-groups of a regular scheme of finite
type over Spec Z are finitely generated.

1.2. Known results: one-dimensional cases

Unconditionally verifying the conjectures above is difficult, as is veri-
fying the consequences of the conjectures. The key theorem here is the
Rost—Voevodsky theorem (i.e., the Bloch-Kato conjecture) and, as a con-
sequence, the Geisser—Levine theorem (i.e., a part of the Beilinson—Lichten-
baum conjecture) [16, Theorem 1.1, Corollary 1.2]. These theorems state
that the motivic cohomology with torsion coefficients and étale cohomology
are isomorphic in certain range of bidegrees.

These theorems and the aforementioned AHSS can be used as the pri-
mary ingredients for computing the K-groups and motivic cohomology
groups of the ring of integers of global fields. In these “one-dimensional”
cases, the Bass conjecture on finite generation is known to hold based on
work by Quillen [53] and Grayson—Quillen [18]. In positive characteris-
tic, these ingredients are sufficient for computing the motivic cohomology
groups, and a substantial amount of computation can also be performed in
the number field case. We refer to [62] for details on these unconditional
results.

Unfortunately, much less is known regarding higher dimensions. Our re-
sults may be regarded as the next step in determining this in that we treat
elliptic curves over a function field and elliptic surfaces over a finite field.
The theorems of Rost—Voevodsky and Geisser—Levine do indeed cover many
of the bidegrees, but there remain lower bidegrees that require additional
work.

1.3. Computing motivic cohomology groups

To compute motivic cohomology with Z-coefficient, one first divides the
problem into Q-coefficient, torsion coefficient, and the divisible part in the
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cohomology with Z-coefficient. Then, for the prime-to-the-characteristic co-
efficient, one uses the étale realization, i.e., a map to the étale cohomology.
For the p-part, one uses the map to the cohomology of de Rham-Witt
complexes. Here, the target groups are presumably easier to compute than
the motivic cohomology groups, and these realization maps are now known
to be isomorphisms in many cases, due to Rost—Voevodsky and Geisser—
Levine; however, no general method for computing the Q-coefficient and
divisible parts is known. In one-dimensional cases, we have finite gener-
ation theorems, which then imply that the divisible part is zero and the
Q-coeflicient part is finite dimensional, and the Q-coefficient part is zero
except for bidegrees (0,0), (1,1), and (2,1). For varieties over finite fields,
the divisible part is conjecturally always zero, but this has not been shown
in higher dimensions.

In this paper, we therefore study the weaker problem as to whether the
divisible part is uniquely divisible for a smooth surface X over a finite
field. In Section 2, we prove that the divisible part of motivic cohomology
groups, which may still contain torsion, is actually uniquely divisible except
for bidegree (3,2), and we explicitly compute the quotient group. Further,
by using the main result of our work in [30], we achieve a similar statement
for the exceptional bidegree when X is a model of an elliptic curve over a
function field.

When the coefficient in the motivic cohomology groups is the second Tate
twist, especially when the bidegree is (3,2), many results closely related to
the computation of the torsion coefficients were obtained in a series of
papers by Raskind, Colliot-Théléne, Sansuc, Soulé, Gros, and Suwa [8], [9],
[20]. The general strategy is described by Colliot-Théléne-Sansuc—-Soulé
in [9], in which the primary focus was on the prime-to-p part. The p-part
was treated by Gros—Suwa [20], though we need a supplementary statement
on the p-part, which we provide in the Appendix. We follow their outline
closely in Section 2 below.

We note here that the series of results above are written in terms of X-
cohomology groups and the associated realization maps. The K-cohomology
groups were used as a substitute for motivic cohomology groups and are
now known to be isomorphic to motivic cohomology groups in particu-
lar bidegrees, as shown by Bloch, Jannsen, Landsburg, Miiller—Stach, and
Rost (see [45, Bloch’s formula, Corollary 5.3, Theorem 5.4, p. 297]). Some
earlier results do imply some of the results in our paper via this com-
parison isomorphism; however we present our exposition independent of
earlier results and ensure that our work is self-contained for two reasons.
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First, if we used earlier results, in possible applications of our result, some
compatibility checks would have become necessary. For example, in earlier
papers, a certain map from C-cohomology to étale cohomology groups was
used. Conversely, we use a cycle map from higher Chow groups given by
Geisser—Levine [16]. It is nontrivial to check if these two maps are com-
patible under the comparison isomorphism. Therefore, while we do refer
to earlier papers, we use only the non-motivic statements, reproducing the
motivic statements in our paper where applicable. Second, some earlier re-
sults (e.g., those of [20]) are usually stated for projective schemes. We also
need similar results for not necessarily projective schemes, since we treat
a curve over a function field as the limit of surfaces fibered over (affine)
curves over a finite field. When we remove the condition that the scheme
considered is projective, it becomes much more difficult to show that the
divisible part of motivic cohomology is uniquely divisible.

1.4. Motivic cohomology and K-theory

In our paper, we use Chern classes to relate K-theory and motivic co-
homology. We use the Riemann—Roch theorem without denominators, and
we perform some direct computations for singular curves over finite fields.
We further explain these two independent issues below. Finally, in the last
paragraph of this subsection, we describe the application.

The first issue is the comparison isomorphism between Levine’s mo-
tivic cohomology and Bloch’s higher Chow groups, an issue we detail in
Section 3. The general problem is summarized as follows. We have vari-
ous constructions of motivic cohomology theory (or groups), i.e., Suslin—
Voevodsky-Friedlander [61], Hanamura [23], Levine [33], Bloch [5] (higher
Chow groups), Morel-Voevodsky [44], and the graded pieces of rational K-
groups. The motivic cohomology groups defined in various ways are gen-
erally known to be isomorphic, however, it is nontrivial to verify whether
the comparison isomorphisms respect other structures, such as functorial-
ity, Chern classes (characters), localization sequences, product structures,
etc. The Riemann-Roch theorem without denominators is known to hold
in the following three cases: by Gillet for cohomology theories satisfying
his axioms [17]; by Levine for his motivic cohomology theory [33]; and by
Kondo—Yasuda in the context of motivic homotopy theory of Morel and Vo-
evodsky [31]. None of these directly apply to the motivic cohomology groups
in our paper, namely the higher Chow groups of Bloch, hence we use the
comparison isomorphism between higher Chow groups and Levine’s motivic
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cohomology groups, importing the Riemann—-Roch theorem of Levine into
our setting by checking various compatibilities. The compatibility proof for
Gysin maps and localization sequences under the comparison isomorphism
are thus the focus of Section 3.

The second issue is the integral construction of Chern characters for
singular curves over finite fields, which we cover more fully in Section 4.
The Chern characters from K-theory (or G-theory) to motivic cohomology
are usually defined for nonsingular varieties and come with denominators in
higher degrees. In our paper, we focus on elliptic fibrations; singular curves
over a finite field appear naturally as fibers, and we must study their G-
theory. We do so by constructing a generalization of Chern characters in
an ad hoc manner, generalizing those in the smooth case. To be able to use
such an approach, we make substantial use of the fact that we consider only
curves (however singular) over finite fields. We use the known computation
of motivic cohomology and K-groups of nonsingular curves over finite fields,
and, as one additional ingredient, we use a result from our previous work
(Lemma 4.1). The principal result of Section 4 is Proposition 4.3 which
states that the 0-th and 1-st G-groups are integrally isomorphic via these
Chern characters to the direct sum of relevant motivic cohomology groups
with a Z-coefficient.

Finally, in Section 5, we apply results from Sections 2, 3, and 4, to com-
pute the lower K-groups of a curve over a function field in terms of motivic
cohomology groups. An additional ingredient here is the computation of
K3 of fields given by Nesterenko—Suslin [47] and Totaro [59].

1.5. Statement of results on K-groups

The aim of our paper is to explicitly compute the K; and Ky groups,
the motivic cohomology groups of an elliptic curve over a function field,
and the motivic cohomology groups of an elliptic surface over a finite field.
In this subsection, we provide the precise statements of our results (i.e.,
Theorems 1.1 and 1.2) concerning K7 and Ko groups of an elliptic curve.
We refer to Theorems 6.2, 6.3, 7.1, and 7.2 below for more detailed results
concerning motivic cohomology groups.

Let k be a global field of positive characteristic p, and let E be an elliptic
curve over Spec k. Let C' be the proper smooth irreducible curve over a
finite field whose function field is k. We regard a place p of k as a closed
point of C, and vice versa. Let k(p) denote the residue field at p of C.
Let f : &€ — C denote the minimal regular model of the elliptic curve
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FE — Spec k. This f is a proper, flat, generically smooth morphism such
that for almost all closed points p of C, the fiber £, = £ X ¢ Spec k(p) at
p is a genus one curve, and such that the generic fiber is the elliptic curve
E — Spec k.

Let us identify the K-theory and G-theory of regular Noetherian schemes.
First, there is a localization sequence of G-theory, i.e.,

Ki(€) — Ki(E) 22 @D Gi 1 (8,) — K (6),

in which p runs over all primes of k.

For a scheme X, we let X be the set of closed points of X. Let us use 0
to denote the boundary map @92, 9 : Ky(E)ed — D, cc, Go(€y) to denote
the boundary map induced by s, and 9; : K;(E)*¢ — D, cc, Go(&p) to
denote the boundary map induced by @8;. Here, for an abelian group M,
we let Mg;, denote the maximal divisible subgroup of M, and set M4 =
M/Mygiy.

In Theorems 1.1 and 1.2 below, we use the following notation. We use
subscript —g to mean — ®z Q. For a scheme X, let Irr(X) be the set of
irreducible components of X. Let F; be the field of constants of C. For a
scheme X of finite type over Spec [, and for ¢ € Z, choose a prime number
¢ # p and set

L(h'(X), s) = det(1 — Frob ¢~ *; H (X Xspec , Spec Fy, Qy)),

where F, is an algebraic closure of F, and Frob € Gal(F,/F,) is the geo-
metric Frobenius element. In all cases considered in Theorems 1.1 and 1.2,
the function L(h*(X), s) does not depend on the choice of £. Let 17,y denote
what we call the twisted Mordell-Weil group

T(ll) = @(E(k' ®Fq Fq)tors Qz Zl(l))Gal(FQ/FQ)-
L#p
We write Sy (resp. S2) for the set of primes of k at which E has split
multiplicative (resp. bad) reduction; we also regard it as a closed subscheme
of C with the reduced structure; note that the set of primes S; will be
introduced later. Further, for a set M, we denote its cardinality by |M].
Finally, we let r = |Sy|.

THEOREM 1.1 (see Theorem 6.1(1)(2) and Theorem 7.2(2)). — Suppose
that So is non-empty, or equivalently that f is not smooth.

(1) The dimension of the Q-vector space (Ko(E)™%)g is r.

TOME 68 (2018), FASCICULE 5
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(2) The cokernel of the boundary map 0 : K2(E) = @ cc, G1(Ep) is
a finite group of order
(¢ — 1’| L(h°(Irr(Es,)), — 1))
T, |- [E(RO(S5), —1)]

(3) The group Ky(E)giy is uniquely divisible, and the kernel of the
boundary map 0 : Ky(E)™d — D,cc, G1(Ep) is a finite group of
order |L(h1(C), —1)2

Let L(E, s) denote the L-function of E (see Section 6.3). We write Jac(C')
for the Jacobian of C.

THEOREM 1.2 (see Theorem 6.1(3)(4)). — Suppose that S is non-
empty, or equivalently that f is not smooth.
(1) The group K1(F)qiy is uniquely divisible.
(2) The kernel of the boundary map 0y : Ky (E)™d — D cc, Go(&p)
is a finite group of order (q — 1)2|T('1)\ -|L(E,0)|. The cokernel of
01 is a finitely generated abelian group of rank 2 + |Irr(Es, )| — |.S2|
whose torsion subgroup is isomorphic to Jac(C)(F,)®2.

1.6. Similarities with the Birch—Tate conjecture

In this subsection, we describe similarities between our statements and
the Birch—Tate conjecture [58, p. 206-207]. Although there is no direct con-
nection between them, we hope this subsection provides some justification
for the way our statements are formulated. The similarities were pointed
out by Takao Yamazaki.

Our results for K-theory are stated in terms of the boundary map in
the localization sequence. For example, in Theorem 1.2(2), in which we
describe the K7 group of an elliptic curve over a function field, we consider
the boundary map to the Go-groups of the fibers. Since the G-groups of
curves over finite fields (i.e., the fibers) are known, the statement gives a
description of the Ky group. This type of description is not directly related
to the conjectures of Lichtenbaum and Beilinson.

The Birch—Tate conjecture focuses on the K5 group of a global field in
any characteristic. They study the boundary map, which they denote A,
from the K5 group to the direct sum of the K7 group of the residue fields.
A part of their conjecture is that the order of the kernel of the boundary
map A is expressed using the special value (r(—1) and the invariant wg,
which is expressed in terms of the number of roots of unity.
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In our theorem, we consider the K; group instead of the K5 group, an
elliptic curve over a function field instead of the function field (i.e., a global
field with positive characteristic), and the Hasse-Weil L-function L(E, s)
instead of the zeta function of the global field. Note that the value [T}, in
our setting plays the role of wg.

Next, we note that there is no counterpart for the factor (¢ —1)? in their
conjecture, because there is more than one degree for which the cohomology
groups are conjecturally nonzero in our setting, in turn because the variety
is one-dimensional as opposed to zero-dimensional; the global field itself is
regarded as a zero-dimensional variety over the global field.

Finally, while it may be interesting to degenerate the elliptic curve E to
compare our results with the conjecture, we have not pursued this point.

1.7. Higher genus speculation

In this subsection, we speculate on higher genus cases, which in turn
points to the reason why we restrict our efforts to elliptic curves and to
where the difficulty lies in our results. More specifically, the results of Sec-
tions 2, 3, 4, and 5 are valid and proved for curves of arbitrary genus.
Only in Sections 6 and 7 do we use the fact that F is of genus 1, which
we use in two ways, one being through Theorem 1.3, the other through
Lemma 6.11. The former is more motivic, whereas the second is primarily
used in the computation of the étale cohomology of elliptic surfaces and is
not so motivic in nature.

Note that we separately treat cases j > 3 and j < 2 in Sections 7
and 6, respectively. The former case is less involved in that it does not
use Theorem 1.3. We use some consequences of Lemma 6.11 that express
the cohomology of an elliptic surface in terms of the base curve, hence our
results appear as if there are little contributions from the cohomology of £.
The second author suspects that a result analogous to Lemma 6.11 should
also hold true in higher genus cases, thus we may formulate statements
that look similar to those given in our paper.

The results of Section 6, i.e., for the j < 2 case, use the following theorem
as an additional ingredient:

THEOREM 1.3 ([30, Theorem 1.1]). — Let the notations be as in Sec-
tion 1.5. For an arbitrary set S of closed points of C, the homomorphism
induced by the boundary map 0o, i.e.,

9p
K2(E)g 2% D Gi(E,)q
peS
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is surjective.

Theorem 1.3 is a consequence of Parshin’s conjecture, hence a similar
statement is expected to hold even if we replace F by a curve of higher
genus, but the proof is not known. In [7], Chida et al. constructed curves
other than elliptic curves for which surjectivity similar to that of Theo-
rem 1.3 holds true. We might be able to draw some consequences similar
to the theorems in our present paper for those curves.

1.8. Organization

Finally, in this subsection, we provide a short explanation of the content
of each section. As seen above, the motivation and brief explanation re-
garding the results of Section 2 and Sections 3-5 are given in Sections 1.3
and 1.4, respectively. Each of these sections is fairly independent.

In Section 2, we compute the motivic cohomology groups of an arbi-
trary smooth surface X over finite fields. The difficult case is that of
HY,(X,Z(2)), which is therefore the focus of Section 2.2. In Section 3,
we prove the compatibility of Chern characters and the localization se-
quence of motivic cohomology. In Section 4, we define Chern characters for
singular curves over finite fields, though the treatment is quite ad hoc. In
Section 5, we then give the relation via the Chern class map between the
K, and K5 groups of curves over function fields and motivic cohomology
groups. We present our main result in Section 6. Then, applying results of
Sections 2, 4, and 5, and using special features of elliptic surfaces, including
Theorem 1.3, we explicitly compute the orders of certain torsion groups.
We treat the p-part separately in Appendix 7.3; see its introduction for
more technical details. In Section 7, we use the Bloch—Kato conjecture,
as proved by Rost and Voevodsky (see Theorem 2.1), and generalize our
results in Section 6.

Acknoledgements. The first author is grateful to Professor Bloch for
numerous discussions and to the University of Chicago for their hospital-
ity. He also thanks Takao Yamazaki for his interest, Masaki Hanamura for
his comments, and Ramesh Sreekantan for discussions. The second author
would like to thank Kazuya Kato for his comments regarding the logarith-
mic de Rham—Witt complex. Some work related to this paper was done
during our stay at University of Miinster; we thank Professor Schneider
who made our visit possible. We also thank the referee whose suggestions
significantly improved this paper.
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2. Motivic cohomology groups of smooth surfaces

We begin this section by referring to Section 1.3, which provides a general
overview of the contents of this section.

Aside from the uniquely divisible part, we understand the motivic co-
homology groups of smooth surfaces over finite fields fairly well. It follows
from the Bass conjecture that the divisible part is zero [27, Conjecture 37].

The main goal of this section is to prove Theorem 2.3, therefore let us
provide a brief description of the statement. Let X be a smooth surface
over a finite field. We find that HY,(X,Z(j)) is an extension of a finitely
generated abelian group by a uniquely divisible group except when (4, j) =
(3,2). Aside from cases (4,j) = (0,0),(1,1),(3,2), and (4,2), the finitely
generated abelian group is a finite group, which is either zero or is written
in terms of étale cohomology groups of X. We refer to Theorem 2.3, the
following table, and the following paragraph for further details. Note that
for a prime number ¢, we let | |, : Q¢ — Q denote the ¢-adic absolute value
normalized such that ||, = ¢

2.1. Motivic cohomology of surfaces over a finite field

Let IF, be a field of cardinal ¢ of characteristic p. For a separated scheme
X which is essentially of finite type over Spec Iy, we define the motivic
cohomology group H',(X,Z(j)) as the homology group H'%,(X,Z(j)) =
Hsj_i(27(X,e)) of Bloch’s cycle complex z7/(X,e) [5, Introduction] (see
also [16, 2.5] to remove the condition that X is quasi-projective). When X
is quasi-projective, we have H (X, Z(j)) = CHY (X, 2j—i), where the right-
hand side is the higher Chow group of Bloch [5]. We say that a scheme X is
essentially smooth over a field k if X is a localization of a smooth scheme of
finite type over k. When X is essentially smooth over Spec [y, it coincides
with the motivic cohomology group defined in [33, Part I, Chapter I, 2.2.7]
or [61] (cf. [34, Theorem 1.2], [60, Corollary 2]). For a discrete abelian group
M, we set Hi (X, M(j)) = Haj—i(27(X,®) ®z M).

We note here that this notation is inappropriate if X is not essentially
smooth, for in that case it would be a Borel-Moore homology group. A rea-
son for using this notation is that in Section 4.2, we define Chern classes for
higher Chow groups of low degrees as if higher Chow groups were forming
a cohomology theory.

First, let us recall that the groups H',(X,Z(j)) have been known for
j < 1. By definition, Hi,(X,Z(j)) = 0 for j < 0 and (i,5) # (0,0), and

TOME 68 (2018), FASCICULE 5



2016 Satoshi KONDO & Seidai YASUDA
HY,(X,Z(0)) = HY, (X,Z). We have H%,(X,Z(1)) = 0 for i # 1,2. By [5,
Theorem 6.1], we have H (X, Z(1)) = HY, (X, G,,), and H3,(X,Z(1)) =
Pic(X).

Below is a conjecture of Bloch—Kato [28, §1, Conjecture 1], which has
been proved by Rost, Voevodsky, Haesemeyer, and Weibel.

THEOREM 2.1 (Rost—Voevodsky; the Bloch-Kato conjecture). — Let
j = 1 be an integer. Then, for any finitely generated field K over F, and
any positive integer { # p, the symbol map KJM (K) — Hgt(Spec K,Z/L(j))
is surjective.

DEFINITION 2.2. — Let M be an abelian group. We say that M is finite
modulo a uniquely divisible subgroup (resp. finitely generated modulo a
uniquely divisible subgroup) if My;, is uniquely divisible and M9 is finite
(resp. Myg;, is uniquely divisible and M™% is finitely generated).

We note that if M is finite modulo a uniquely divisible subgroup, then
Miors is a finite group and M = Mgy © Miors-

Recall that for a scheme X, we let Irr(X) denote the set of irreducible
components of X. The aim of Section 2.1 is to prove the below theorem.

THEOREM 2.3. — Let X be a smooth surface over F,. Let R C Irr(X)
denote the subset of irreducible components of X that are projective over
Spec F,. For X' € Irr(X), let gxs denote the cardinality of the field of
constants of X'.

(1) Hi,(X,Z(2)) is finitely generated modulo a uniquely divisible sub-
group if i # 3 or if X is projective. More precisely,

(a) H}'\/[(X,Z(Q)) is zero for ¢ > 5.

(b) H3,(X,Z(2)) is a finitely generated abelian group of rank |R)|.

(c) Ifi < 1orif X is projective and i < 3, the group H'(X,7Z(2))
is finite modulo a uniquely divisible subgroup.

(d) H3,(X,Z(2)) is finitely generated modulo a uniquely divisible
subgroup.

(e) For i < 2, the group H,(X,Z(2))tors is canonically isomor-
phic to the direct sum €, , H!7YNX,Qu/Z¢(2)). In particular,
Hj (X, 7Z(2)) is uniquely divisible for i < 0.

(f) If X is projective, then H3,(X,Z(2))ors is isomorphic to the
direct sum of the group P, H2(X,Q¢/Z¢(2)) and a finite p-
group of order | Hom(Pic% /5 _, Gy )| - |L(h*(X),0)|,*. Here, we
let Hom(Pic%k /g, , Gyn) denote the set of morphisms Pick /5 —
Gy, of group schemes over Spec Fy.
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(2) Let j > 3 be an integer. Then, for any integer i, the group
H'(X,Z(j)) is finite modulo a uniquely divisible subgroup. More
precisely,

(a) H),(X,Z(j)) is zero for i > max(6,j + 1), is isomorphic to
Dxcn Z)(g%? = 1) for (i,§) = (5,3), (5,4), and is finite for
(i) = (4,3).

(b) H3((X,Z(j))tors Is canonmically isomorphic to the direct
sum P, Hi 7N (X,Q¢/Z(5)). In particular, Hy (X, Z(j)) is
uniquely divisible for i <0 or 6 < i < j, and H (X, Z(j))tors
is isomorphic to the direct sum €D x/ ey (x) Z/(qgf, —1).

In the table below, we summarize the description of the groups
H'(X,Z(j)) stated in Theorem 2.3. Here, we write u.d, f./u.d., f.g./u.d.,
f., and f.g. for uniquely divisible, finite modulo a uniquely divisible sub-
group, finite generated modulo a uniquely divisible subgroup, finite, and
finitely generated, respectively.

J\i[<o] 0 Jo<i<j|j0) [ j+1 |j+2][>j+3
0

0 [H(Z) - 0
1 0 ; H(G,,)| Pic(X) 0
f.g./u.d. ?
2 u.d. £./u.d. f./u.d.if projective fe. 0
3 . £./u.d. f. 0
4 u.d. f./u.d. f. 0
f./u.d.
>0 u.d. wd. if6<i<j 0

LEMMA 2.4. — Let X be a separated scheme essentially of finite type
over Spec F,. Let i and j be integers. If both H'y*(X,Q/Z(j)) and
lim H'(X,Z/m(j)) are finite, then H',(X,Z(j)) is finite modulo a
uniquely divisible subgroup and its torsion subgroup is isomorphic to
Hi ' (X, Q/Z(j))-

Proof. — Let us consider the exact sequence
(2.1) 0 — Hy (X, Z(j)) @2 Q/Z — Hj (X, Q/Z(j))
— H\ (X, Z(5))tors — O.

Since H'y,'(X,Q/Z(j)) is a finite group, all groups in the above exact
sequence are finite groups. Then, H'y'(X,Z(j)) ®z Q/Z must be zero,
since it is finite and divisible, hence we have a canonical isomorphism
Hio N (X, Q/Z(j)) — Hi(X,Z(j))tors- The finiteness of Hy(X,Z(5))tors
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implies that the divisible group H (X, Z(j))aiv is uniquely divisible and
the canonical homomorphism

Hjq (X, Z(5))"° — lim Hj( (X, Z(5)) /m

is injective. The latter group lim H',((X,Z(j))/m is canonically embed-
ded in the finite group lim H',(X,Z/m(j)), hence we conclude that
H' (X, Z(j))r is finite. This proves the claim. O

LEMMA 2.5. — Let X be a smooth projective surface over Fy. Let j be
an integer. Then, H',(X,Q/Z(j)) and Jm H'\(X,Z/m(j)) are finite if
i#2jorj>=3.

Proof. — The claim for j < 1 is clear. Suppose that j = 2. Then, the
claim for 4 > 5 holds since the groups are zero by dimension reasons. If
p 1 m, from the theorem of Geisser and Levine [16, Corollary 1.2] (see
also [16, Corollary 1.4]) and the theorem of Merkurjev and Suslin [39,
(11.5), Theorem)], it follows that the cycle class map H',(X,Z/m(2)) —
H!.(X,Z/m(2)) is an isomorphism for i < 2 and is an embedding for i = 3.
By [9, Théoréme 2] and the exact sequence [9, 2.1, (29)], for ¢ < 3, the
group hﬁ“mzﬁm Hi(X,Z/m(2)) and the group I'&Hm,ﬂm HL(X,Z/m(2))
are finite.

Let W, Q% 1, denote the logarithmic de Rham-Witt sheaf (cf. [25, Part I,
5.7]), which was introduced by Milne in [41]. There is an isomorphism
Hi (X,Z/p™(2)) & H, % (X, WnQ% 1) (cf. [15, Theorem 8.4]). In partic-
ular, we have H (X, Q,/Z,(2)) = 0 for i < 1.

By [9, §2, Théoreme 3], lig H (X, Wy Q% ) is a finite group for ¢ =
0,1. By [9, Pas n°1, p. 783], the projective system {Hg (X, W, Q% 10q) }n
satisfies the Mittag—Leffler condition. Using the same argument used in [9,
Pas n°4, p. 784], we obtain an exact sequence

0 — lim Hiy (X, W% 1og) @2 Qp/Zp — ling Hiy (X, WnQX 1o,)
— lim HE (X, WK ogtors — 0.

We then see that lim Hi (X, WnQ%lOg) is also finite for ¢ = 0,1 and is
isomorphic to h_r)nn Hé;l(X, Wnﬂ%{,log)' Since the homomorphism
Héar(X’ Wnﬂg(,log) - Hét (X7 WnQ%(,log)

induced by the change of topology ¢ : Xet — Xzar, is an isomorphism for
i = 0 and is injective for i = 1, we observe that lim H3,(X,Z/p™(2)) is
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zero and that both H3,(X,Q,/Z,(2)) and m H3,(X,Z/p™(2)) are finite
groups. This proves the claim for j = 2.

Suppose j > 3. When ¢ > 2j, since X is a surface, the cycle com-
plex defining the higher Chow groups are zero in the negative degrees,
hence the claim holds true. Since j > 3, we have H)(X,Z/p"(j)) =
H%;rj (X, Wan“Og) = 0. Using the theorem of Rost and Voevodsky (The-
orem 2.1), by the theorem of Geisser—Levine [16, Theorem 1.1], the group
H'(X,Z/m(j)) is isomorphic to Hy, (X, 7<;jRe.Z/m(j)) if p t m. Since
any affine surface over IF; has ¢-cohomological dimension three for any
¢ # p, it follows that Hj, (X,7<;Re.Z/m(j)) = HE(X,Z/m(j)) for all
i. Hence, by [9, Théoréme 2] and the exact sequence [9, §2.1, (29)], for
i < 2j — 1, the groups H',(X,Q/Z(j)) and lim H'(X,Z/m(j)) are fi-
nite. This proves the claim for j > 3. (|

LEMMA 2.6. — Let Y be a scheme of dimension d < 1 of finite type
over Spec Fy. Then H},(Y,Z(j)) is a torsion group unless 0 < j < d and
J<i<2.

Proof. — By taking a smooth affine open subscheme of Y;oq whose com-
plement is of dimension zero, and using the localization sequence of motivic
cohomology, we are reduced to the case in which Y is connected, affine, and
smooth over Spec F,. When d = 0 (resp. d = 1), the claim follows from
the results of Quillen [52, Theorem 8(i)] (resp. Harder [24, Korollar 3.2.3]
(see [18, Theorem 0.5] for the correct interpretation of his results)) on the

structure of the K-groups of Y, combined with the Riemann—Roch theorem
for higher Chow groups [5, Theorem 9.1]. O

LEMMA 2.7. — Let ¢ : M — M’ be a homomorphism of abelian groups
such that Ker ¢ is finite and (Coker ¢)qiy = 0. If Myiy or M}, is uniquely

divisible, then ¢ induces an isomorphism paiy : Maiw, — M), .

Proof. — First, we show that ¢qiy is surjective. Since (Coker ¢)qgiy = 0,
for any a € M};,, we have p(a)~! # 0. Let N be a positive integer such
that N(Ker ¢) = 0. Set My = ¢~ 1(M);,) and M; = NM,. Since ¢ induces
a surjection M7 — Méiv, it suffices to show that M is divisible. Let x € M;
and n € Zx,. Take y € My such that x = Ny; z € M};, such that
nz = ¢(y); ¥ € My such that ¢(y') = z. Set ' = Ny’ € M;. Then
o(y — ny’') = 0 implies x — na’ = Ny — nNy’ = 0. This shows that z is
divisible, hence proving the surjectivity.

Next, let us prove the injectivity. Suppose My;, is uniquely divisible.
Then, since Ker ¢ is torsion, Ker ¢ N My;y = 0, and g;, is injective.
Suppose M), is uniquely divisible. Then, the torsion subgroup of My, is
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contained in Ker ¢. Since a nonzero torsion divisible group is infinite, Myj\
must be uniquely divisible, hence we are reduced to the case above and
Ydiv 1s injective. O

Proof of Theorem 2.3. — Without loss of generality, we may assume
that X is connected. We first prove the claims assuming X is projective.
It is clear that the group H'(X,Z(j)) is zero for i > min(j + 3,25 + 1).
It follows from [9, Proposition 4] that the degree map H3%,(X,Z(2)) =
CHo(X) — Z has finite kernel and cokernel, proving the claim for ¢ >
min(j + 3,25). Next, we fix j > 2. For i <2j — 1, the group H',(X,Z(j))
is finite modulo a uniquely divisible subgroup by Lemmas 2.4 and 2.5. The
claim on the identification of H%,(X,Z(j))ors With the étale cohomology
follows immediately from the argument in the proof of Lemma 2.5 except
for the p-primary part of H} (X, Z(2)), which follows from Proposition A.5.

To finish the proof, it remains to prove that H’,(X,Z(j))aiv is zero for
j=3andi=j+1,j+2. It suffices to prove that H?,(X,Z(j)) is a torsion
group for j > 3 and i > j + 1. Consider the limit

lim Hio* (Y, Z(j — 1)) — Hj (X, Z(j)) — lim Hjy (X \ Y, Z(3))
Y Y

of the localization sequence in which Y runs over the reduced closed sub-
schemes of X of pure codimension one. H'*(Y,Z(j — 1)) is torsion by
Lemma 2.6 and we have lim . H'2(X\Y,Z(j — 1)) = 0 for dimension rea-
sons, hence the claim follows. This completes the proof in the case where
X is projective.

For a general connected surface X, take an embedding X — X’ of X
into a smooth projective surface X’ over F, such that ¥ = X'\ X is of pure
codimension one in X’. We can show that such an X' exists via [46] and a
resolution of singularities [1, p. 111], [37, p. 151]. Then, the claims, except
for that of the identification of H',(X,Z(j))tors With the étale cohomology,
easily follow from Lemma 2.7 and the localization sequence

o HiP (Y205 — 1)) — Hiy (X', 2(5)) — Hijy (X, Z(5)) — -+

The claim on the identification of H (X, Z(j))tors with the étale cohomol-
ogy can be obtained using a similar approach to that used in the proof of
Lemma 2.5. This completes the proof. U
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2.2. A criterion for the finiteness of H3} (X, Z(2))tors

PROPOSITION 2.8. — Let X be a smooth surface over Fy. Let X — X’
be an open immersion such that X' is smooth projective over Fy and Y =
X'\ X is of pure codimension one in X'. Then, the following conditions
are equivalent.

(1) HY,(X,Z(2)) is finitely generated modulo a uniquely divisible sub-
group.
(2) H (X, Z(2))tors is finite.
(3) The pull-back map H3,(X',Z(2)) — H% (X, Z(2)) induces an iso-
morphism H3, (X', Z(2))aiv — H3,(X, Z(2))div-
(4) The kernel of the pull-back map H3,(X', Z(2)) — H3,(X,Z(2)) is
finite.
(5) The cokernel of the boundary map 8 : H3,(X,Z(2)) — H (Y, Z(1))
is finite.
Further, if the above equivalent conditions are satisfied, then the torsion
group H3,(X,Z(2))tors is isomorphic to the direct sum of a finite group of p-
power order and the group @, Hz (X, Qe/Zs(2))**4, and the localization
sequence induces a long exact sequence

(22) - = Hy* (Y Z(1)) — Hj (X', 2(2))" — Hjy (X, 2(2))7 — -
of finitely generated abelian groups.

Proof. — Condition (1) clearly implies condition (2). The localization
sequence shows that conditions (4) and (5) are equivalent and that con-
dition (3) implies condition (1). From the localization sequence and Lem-
ma 2.7, condition (4) implies condition (3).

We claim that condition (2) implies condition (4). We assume condi-
tion (2) and suppose that condition (4) is not satisfied. We set M =
Ker[H% (X', Z(2)) — H3,(X,Z(2))]. The localization sequence shows that
M is finitely generated. By assumption, M is not torsion. Since
H%,(X',Z(2)) is finite modulo a uniquely divisible subgroup, the inter-
section H%,(X’,Z(2))aiv N M is a nontrivial free abelian group of finite
rank, hence H,(X,Z(2)) contains a group isomorphic to H} (X', Z(2))aiv/
(H% (X', Z(2))awwNM), which contradicts condition (2), hence condition (2)
implies condition (4). This completes the proof of the equivalence of con-
ditions (1)—(5).

Suppose that conditions (1)—(5) are satisfied. The localization sequence
shows that the kernel (resp. the cokernel) of the pull-back HY, (X', Z(2)) —
H',(X,Z(2)) is a torsion group (resp. has no nontrivial divisible subgroup)
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for any ¢ € Z, hence by Lemma 2.7, H'(X,Z(2))qiv is uniquely divisible
and sequence (2.2) is exact. Condition (2) and exact sequence (2.1) for
(i,7) = (3,2) yield an isomorphism H3} (X, Z(2))tors = H3, (X, Q/Z(2))™.
Then, the claim on the structure of H3,(X,Z(2))ors follows from the the-
orem of Geisser and Levine [16, Corollary 1.2. See also Corollary 1.4] and
the theorem of Merkurjev and Suslin [39, (11.5), Theorem]. This completes
the proof. O

Let X be a smooth projective surface over ;. Suppose that X admits a
flat, surjective, and generically smooth morphism f : X — C to a connected
smooth projective curve C over F,. For each point p € C, let X, = X xcp
denote the fiber of f at .

COROLLARY 2.9. — Let the notations be as above. Let n € C' denote
the generic point. Suppose that the cokernel of the homomorphism O :
H3,(X,,Z(2)) = D,cc, H} (X, Z(1)), which is the inductive limit of the
boundary maps of the localization sequences, is a torsion group. Then, the
group H' (X, Z(2))aiv is uniquely divisible for all i € Z and the inductive
limit of localization sequences induces a long exact sequence

s @D HIGA(X,, (1) — Hig(X,Z(2))™
p€eCo
— Hiy( (X, Z(2)) — -+

Proof. — Since @ cq, Hii(Xp, Z(1)) has no nontrivial divisible sub-

0
group for all 4+ € Z and is torsion for ¢ # 1 by Lemma 2.6, the claim follows
from Lemma 2.7. O

3. The compatibility of Chern characters and the
localization sequence

We first refer the reader to the first half of Section 1.4 for a general
overview of the contents of this section.

The aim of this section is to prove Lemma 3.1. Only Lemma 3.1 and
Remark 3.4 will be used beyond this section.

In this paper, for the Chern class, we use the Chern class for motivic coho-
mology of Levine (see below) combined with the comparison isomorphism
between Levine’s motivic cohomology groups and higher Chow groups. We
also use the Riemann—Roch theorem for such Chern classes by checking
the compatibility of the localization sequences with the comparison iso-
morphisms (i.e., Lemmas 3.2 and 3.3).
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3.1. Main statement

Given an essentially smooth scheme X (see Section 2.1 for the def-
inition of “essentially smooth”) over Spec F, and integers i,5 > 0, let
cij Ki(X) — Hifl_i(X, Z(3j)) be the Chern class map. Several approaches
to constructing the map ¢; ; have been proposed, including [5, p. 293], [33,
Part I, Chapter ITI, 1.4.8. Examples, (i)], [51, Definition 5]; all of these ap-
proaches are based on Gillet’s work [17, Definition 2.22]. In this paper, we
adopt the definition of Levine [33, Part I, Chapter III, 1.4.8. Examples, (i)]
in which ¢; ; is denoted by ¢4, given in [33, Part I, Chapter I, 2.2.7].
The definition of the target H2 (X, Z(j)) = H¥Y (X, Z(j)) of ¥,
which we denote by sz_i(X7 Z(3)), is different from the definition of the
group Hifl_i(X,Z(j)); however, by combining (ii) and (iii) of [33, Part I,
Chapter 11, 3.6.6. Theorem], we obtain a canonical isomorphism

(3.1) Bl Hi(X,Z(5)) = Hi(X, Z(3))

which is compatible with the product structures. The precise definition of

our Chern class map ¢; j is the composition ¢; j = (85) 7" o K
The map ¢; ; is a group homomorphism if ¢ > 1 or (z,5) = (0,1). Let
choo : Ko(X) — HY,(X,Z(0)) = HY,.(X,Z) denote the homomorphism

that sends the class of locally free Ox-module F to the rank of F. For
i>1and a € K;(X), we put formally ch; o(a) = 0.

LEMMA 3.1. — Let X be a scheme which is a localization of a smooth
quasi-projective scheme over Spec Fy. Let Y C X be a closed subscheme
of pure codimension d, which is essentially smooth over Spec F,. Then for
i,7 = 1or (i,j) = (0,1), the diagram

@i

Ki(Y) HYT72(Y, 25 - d))

Ci,j

Ki(X) —— = HY (X, Z(5))

Ci,j

Ki(X\Y) —2= HJ(X\ Y, Z(5))

Q1,5

Koy (Y) ——% Hy 7 72N, 2. — d))
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is commutative. Here, the homomorphism o ; is defined as follows: for
a € K;(Y), the element o j(a) equals

Gaj—da(chio(a),ciq(a),... cij—ala);co1(N), ..., coj—aN)),

where Gy j_q is the universal polynomial in [4, Exposé 0, Appendice, Propo-
sition 1.5], N is the conormal sheaf of Y in X, and the left (resp. the right)
vertical sequence is the localization sequence of K-theory (resp. of higher
Chow groups established in [6, Corollary (0.2)]).

Proof. — We may assume that X is quasi-projective and smooth over
Spec F,. It follows from [33, Part I, Chapter III, 1.5.2] and the Riemann—
Roch theorem without denominators [33, Part I, Chapter III, 3.4.7. The-
orem] that diagram (3.2) is commutative if we replace the right vertical
sequence by Gysin sequence

(3.3) HY "V, Z(j — d)) — HY (X, Z()))
— HY (X \Y,Z(j)) — HZ "2y, 2 — d))

in [33, Part I, Chapter III, 2.1]. It suffices to show that Gysin sequence (3.3)
is identified with the localization sequence of higher Chow groups. Here, we
use the notations from [33, Part I, Chapter I, IT]. Let S = Spec F, and V
denote the category of schemes that is essentially smooth over Spec F,. Let
Amot (V) be the DG category defined in [33, Part I, Chapter I, 1.4.10 Defi-
nition]. For an object Z in V and a morphism f : Z’ — Z in V that admits
a smooth section, and for j € Z, we have the object Zz(j); in Amot(V).
When f = idy is the identity, we abbreviate Zz(j)ia, by Zz(j). For a closed
subset W C Z, let Zz w (j) be the object introduced in [33, Part I, Chap-
ter 1, (2.1.3.1)]; this is an object in the DG category C2 . (V) of bounded
complexes in Aot (V). The object Zz(j) s belongs to the full subcategory
Amot(V)* of Apot (V) introduced in [33, Part I, Chapter I, 3.1.5], and the ob-
ject Zzw (j) belongs to the DG category C2 . (V)* of bounded complexes
in Amot(V)*. For i € Z, we set Hy, y,(Z,Z(j)) = Hompe (1, Zzw (5)[i])
where 1 denotes the object Zgpec r, (0) and D, (V) denotes the category
introduced in [33, Part I, Chapter I, 2.1.4 Definition].

Let X, Y be as in the statement of Lemma 3.1. Let K2 (V) be the

mot
homotopy category of C% (V). Then, we have a distinguished triangle

Zxy(j) — Zx(j) — Zx\y (j)
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: b
m Kmot

(V). This distinguished triangle yields a long exact sequence

(34) - — Hpy (X, Z(j)) — Hp(X,Z(5))
— Hp(X\ Y, Z(j) — HE 3 (X Z(j) — -+

In [33, Part I, Chapter III, (2.1.2.2)], Levine constructs an isomorphism
bt Ly (j — d)[-2d] = Zxy(j) in Dpq
an isomorphism ¢, : Hi2Y(Y,Z(j — d)) N H} (X, Z(j)). This latter
isomorphism, together with long exact sequence (3.4) yields the Gysin se-
quence (3.3).

We set 21 (X, —e) = Cone(z’(X,—e) — 27(X \ Y, —e))[—1] and define
cohomology with support Hj\/lyy(X7Z(j)) = H"%(2](X,—e)). The dis-
tinguished triangle

A (X, —e) — 27 (X, —0) — 29(X \ ¥, —e) 15

(V). This isomorphism induces

in the derived category of abelian groups induces a long exact sequence

(3.5) - — Hiyy (X, 2(j)) — Hu (X, Z(5))

— Hj(X\Y,Z(5)) — Hiy (X, Z(j) — .
The push-forward map 27~%(Y, —e) — 27(X, —e) of cycles gives a homo-
morphism 27 ~4(Y, —e) — 2{.(X, —e) of complexes of abelian groups, which
is known to be a quasi-isomorphism by [6, Theorem (0.1)], hence it induces
an isomorphism ¢, : H/Q\frifzd(Y,Z(j —d) = Hiff;(X,Z(j)) Then, the
claim follows from Lemmas 3.2 and 3.3 below. |

3.2. Compatibility of localization sequences

LEMMA 3.2. — Let X and Y be as in Lemma 3.1. For each 1,j € Z,
there exists a canonical isomorphism

By + Hay (X, 2(5)) = Hpy (X, Z(5))
such that the long exact sequence (3.4) is identified with the long exact
sequence (3.5) via this isomorphism and the isomorphism (3.1).

Proof. — First, let us recall the relation between the group

Hiy((X,Z(5)) ﬁ% Hi(X,Z(j))

and the naive higher Chow group introduced by Levine [33, 2.3.1. Defini-
tion]. For an object I of C%,, (V), the naive higher Chow group CH,,q:¢ (I, p)

mot
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is by definition the cohomology group H P (Zu0t (T, *)). Here, Znot( , *) is
as in [33, Part I, Chapter II, 2.2.4. Definition], which is a DG functor
from the category C2 , (V)* to the category of complexes of abelian groups
bounded from below. Since X is a localization of a smooth quasi-projective
scheme over k, it follows from [33, 2.4.1.] that we have a natural isomor-
phism CH,ir(Zx (5)[24],25 — i) = He (X, Z(j)).

Observe that the functor 2y, [33, Part I, Chapter I, (3.3.1.2)] from the
category C% . (V) to the category of bounded complexes of abelian groups
is compatible with taking cones, hence the DG functor Z,,¢( ,*) is also
compatible with taking cones. Since Znot(Zx (j)idy,*) is canonically iso-
morphic to the cycle complex 27 (X, —e), the complex Zyot(Zx .y (§)idyx » *)
is canonically isomorphic to 23, (X, —e). For an object T' in C%,,(V)*, let
CH(T,p) be the higher Chow group defined in [33, Part I, Chapter II,
2.5.2. Definition]. From the definition of CH(T',p), we obtain canonical
homomorphisms Hy, (X, Z(j)) — CH(Zx(5),4), H (X \ Y, Z(j)) —
CH(Zx\y(j),4), and H3, (X, Z(j)) — CH(Zx v (j),i) such that the dia-
gram

Hij v (X,Z())

CH(Zx,y(j),1)

HYH(X,2(5))

CH(Zx(j),1)
(3.6)

HYT (XY, Z(j)) — CH(Zx\y (4), 1)

H?\Zt,_i“(x’ Z(j)) —= CH(Zx y(j),i—1)

is commutative.
Recall the definition of the cycle class map cl(T') : CH(T') = CH(T,0) —
Hompy  (1y(1,T) [33, p. 76] for an object I' € Cb . (V)*. Also recall that
CH(T) = lim H(Zot(Tot Tz, %))

I'—»I'~
u

where I' — FJ runs over the hyper-resolutions of ' [33, Part I, Chapter II,
1.4.1. Definition] and Tot : C*(C%,(V)*) — Cb.(V)* denotes the total

mot mot

complex functor in [33, Part I, Chapter 11, 1.3.2]. The homomorphism cl(T")
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is defined as the inductive limit of the composition

Clhaif (Tot I';;) : HY(Z 0 (Tot I, %)) — Hompy ) (1, Tot I';7)

i HOme (V) (1, F) .

ot

For an object I' in C% _,(V)*, the homomorphism cl,.i¢(I') is, by defini-

mot

tion [33, Part I, Chapter II, (2.3.6.1)], equal to the composition

o

HO(Zimot (T, %)) <= HO(Zmot (SN (D)[N]))
& Homger (e ® 1,5V (D)[N])
— HomDﬁm(v)(e@a ® 1,5 (I)[N])

IR

— HOme t(V)(l, F)

for sufficiently large integers N, a > 0. Here, X% is the suspension functor
in [33, Part I, Chapter II, 2.2.2. Definition], and ¢ is the object in [33, Part I,
Chapter I, 1.4.5] that we regard as an object in Aot (V). Let T — T be a
morphism in C% (V) and set I = Cone(I' — I)[—1]. Since the functor

mot
¥V is compatible with taking cones, the diagram

(I [—1i
e, i) — Y Homp, ) (1,T7[-i))

ot

cl(I'[—2
CH(T, i) Sl

Homp, vy (1,T[-i))
(3.7)

(T [—4
e, i) —C | Homg,

mot

o (L, T[=i])

(T [—i+1
e, i 1) S Homp, ) (1,7 4+ 1])

mo

is commutative. o
The homomorphism % : Hj,(X,Z(j)) — HY 7' (X,Z(5)) is, by defini-
tion, equal to the composition

Hj (X, Z(j)) — CH(Zx(5),2j — 1)

AEXDI2D, Hompys (L Zx ()[i]) = Hi (X, Z(j)-
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We define 85, : Hy v (X, Z(5)) — HZ{;i(X,Z(j)) to be the composition

Hiyy (X, Z(j)) — CH(Zx .y (§), 2] — 1)
cl(Zx,y (5)[i—25]) N i .
S Hompy ) (1 Zx v (5)[i]) = Hi y (X, Z(7)).

ot

By (3.6) and (3.7), we have a commutative diagram

2j—i
ﬁY,j

HY (X, Z(5))

HY Y (X, Z(5))

2j—i

HY T (X, 2()) ——— HY (X, Z(j))

2j—i

HIZH(X\ Y, 2(7)) % HY (X \Y,Z(j))

pRi—itl

HYy P (X 2G) ——— H X Z(),

where the right vertical arrow is the long exact sequence (3.4), hence 5}2};1
is an isomorphism and the claim follows.

3.3. Compatibility of Gysin maps

LEMMA 3.3. — The diagram

HYT Y, 2(5 - d)) — H 3 (X, 2(5))

2j—i—2d 244
Fitd i: By llg

HP =2 (Y, 2(j - d)) — HPy (X, 2(3))
is commutative.

Proof. — Recall the construction of the upper horizontal isomorphism ¢,
in [33, Part I, Chapter III, (2.1.2.2)]. Let Z be the blow-up of X Xgpec F, Alqu
along Y Xgpec v, {0}. Let W be the proper transform of ¥ Xgpec r, A]%-q to
Z. Then, W is canonically isomorphic to ¥ Xgpec F, A]}q. Let P be the
inverse image of Y Xgpec F, {0} under the map Z — X Xgpec F, A%q and let
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Q=PxzW.Weset Z/ = ZI (X Xgpecr, {1}) I P and let f: 2" = Z
denote the canonical morphism. We then have canonical morphisms

ZpQ(j) + Lzw (1) f — LxX xgpec 5, {1},Y x5pee 5, {1} (F) = Zx,v ()
in C% . (V)*, which become isomorphisms in the category D% (V).

Let g: P — Y Xgpec 7, {0} =Y be the canonical morphism. The restric-
tion of g to Q C P is an isomorphism, hence giving a section s : ¥ — P
to g. The cycle class cldP’Q(Q) € Héd(P,Z(d)) in [33, Part I, Chapter I,
(3.5.2.7)] comes from the map [Q]g : ¢ ® 1 — Zp(d)[2d] in C’ . (V), as
defined in [33, Part I, Chapter I, (2.1.3.3)]. We then have morphisms

e Zp(] — d)[—Qd] — ZP,Q<d) ®Zp<] — d)
(3.8) — ZPXspcu Fq P,Q@ X spec qu(j)

. Af .
— ZPXSpec FqP7Q><Spec ]qu(j)f, —P> ZPvQ(-])

in C%.(V). Here, ~ is the map induced from the external products, i.e.,
Xpp 1 Zp(d) ® Zp(j — d) = Zpxgyeer,p(J) and Mo p 1 Zg(d) ® Zp(j —
d) = Zgxspe. =, P(J); further, Ap : P — P Xgpec 7, P denotes the diagonal

embedding and f’ is the morphism
f’ = ideSpec ¥, P OAp: P X Spec F, POP—P X Spec F, P.

The morphisms in (3.8) above induce morphism 6: Zp(j—d)[—2d]— Zp,o(j)
in D2 (V). The composite morphism Zy (j —d)[—2d] <= Zp(j—d)[—2d] KN
Zpo(j) induces a homomorphism 4, : Hx 24V, Z(j — d)) — HAQ(P, Z(3))
for each i € Z.

From the construction of J,, we observe that the diagram

Hig*™ (Y, Z(j — d) —— Hiy o(P.Z(5))

o=l |25,

HiZ* (Y, 2(j — d)) ——> Hi o(P,Z()))

is commutative. Here, the upper horizontal arrow s, is the homomor-
phism that sends the class of a cycle V' € 2974(Y,2j — i) to the class in
Hj o(P,7Z(j)) of the cycle s(V'), which belongs to the kernel of 27 (P, 2j —

i) — 27 (P\ Q,2j —1). Next, the isomorphism ¢, : sz_i_M(Y, Z(j—d)) =
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H?;l(X ,Z(j)) equals the composition

f—g— . O j—1 . j—i 1
HY 7Y, 2(5 — d)) 2> HZQ:JQ (P.Z(j))  Hw (Z,2()))

- Hz{;isr)ec Fq{l}(X X Spec Fq {1}’2(])) = HZJ’;Z(X, Z(]))
We can easily verify that the isomorphism ¢, : Hiﬂfifzd(y,z(j —d)) =
H?\ﬁt_; (X,Z(j)) equals the composition

HY™ 72,20 - d) 25 HYG(PLLG)) « HY w0 (Z,2())

— B o iy (X Xspee v, {1L20) = HIY (X, 205)).

Given this, the claim follows. O

Remark 3.4. — For j = d, we have a; 4 = (—1)?71(d — 1)! - ch; . For
i>1and j =d+1, we have a; 441 = (—1)dd! - Cin.

Suppose that d = 1 and NV = Oy. Then, we have o1 = ch;p and
a; j(a) = (-1)77'Q;-1(ci1(a), ..., cij—1(a)) for i = 0, j > 2, where Q;_1
denotes the (j — 1)-st Newton polynomial, which expresses the (j — 1)-st
power sum polynomial in terms of the elementary symmetric polynomials.
In particular, we have a; 2 = —¢; 1 for ¢ > 0 and «; ; = —(j — 1)¢; j—1 for
i>1,j>2

4. Motivic Chern characters for singular curves over finite
fields

Before embarking on this section, we refer to the latter half of Section 1.4
for a general overview. Note that the output of this section consists of
Lemma 4.1 and Proposition 4.3.

In this section, we construct Chern characters of low degrees for singu-
lar curves over finite fields with values in the higher Chow groups in an
ad hoc manner. Bloch defines Chern characters with values in the higher
Chow groups tensored with Q in [5, (7.4)]. We restrict ourselves to one-
dimensional varieties over finite fields, but the target group lies with coef-
ficients in Z.

4.1. A lemma on a curve over a finite field

Below, we first state a lemma to be used in this section and later in
Lemma 5.4. For a scheme X, we let O(X) = H°(X,Ox) denote the coor-
dinate ring of X.
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LEMMA 4.1. — Let X be a connected scheme of pure dimension one,
separated and of finite type over Spec IF,. Then, the push-forward map

ax : H3(X,Z(2)) — Hj,(Spec O(X),Z(1))

is an isomorphism if X is proper, and H3,(X,Z(2)) is zero if X is not
proper.

Proof. — This follows from Theorem 1.1 of [32]. O

4.2. Integral Chern characters in low degrees

Let Z be a scheme over Spec F, of pure dimension one, separated and of
finite type over Spec F,. We construct a canonical homomorphism ch;j :
Gi(Z) — HY ' (Z,Z(5)) for (i,5) = (0,0), (0,1), (1,1), and (1,2). Next,
we show in Proposition 4.3 that the homomorphism

(4.1) (chj;,chl )« Gi(Z) — Hiy(Z,Z(i)) & H*(Z,Z(i + 1))

1,19

is an isomorphism for ¢ = 0, 1. Since the G-theory of Z and the G-theory
of Z,eq are isomorphic, and the same holds for the motivic cohomology, it
suffices to treat the case where Z is reduced.

Consider a dense affine open smooth subscheme Z ) C Z, and let Z(;) =
Z\ Z ) be the complement of Z gy with the reduced scheme structure. We
define chgﬁo to be the composition

chg,o

Go(Z) — Ko(Z0)) —= H34(Z(0), Z(0)) = HY(Z,Z(0)).
We then use the following lemma.
LEMMA 4.2. — Fori =0 (resp. i = 1), the diagram
Ki1(Zg) ——— Ki(Z())
Ci+1,i+1l ichg,o (resp. ¢1.1)
Hi4 (Z(0), 2(i + 1)) ——= Hi(Z(), Z(1)),

where each horizontal arrow is a part of the localization sequence, is com-
mutative.
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Proof. — Let Z denote the normalization of Z. We write Z(O) = Z) Xz
Z(% Z (o)) and Z(l) =(Z1) Xz Z)red- Comparing diagrams

Ki11(Z0)) —= Ki(Zgy) HifMZ0y, 2(i + 1)) —= Hi(Zqry, Z(i))
l l and l l
Kiv1(Z0)) —= Ki(Z()) H3 N Z0y, Z(i + 1)) —= Hi\((Z1), Z(i))

reduces us to proving the same claim for Z(O) and Z(l). This then follows
from Lemma 3.1. O

We define ch) ; to be the opposite of the composition

Gl(Z) — Ker[Kl(Z(O)) — KO(Z(l))]
U Ker[Hay(Zioy Z1)) — Hi(Z01), Z(0))) = Hif(Z,2(1)).

Next, we define ch’1,2 when Z is connected. If Z is not proper, then
H3,(Z,7Z(2)) is zero by Lemma 4.1. We set ch , = 0 in this case. If Z is
proper, then the push-forward map

H3,(Z,7(2)) — H,(Spec H*(Z,04),2Z(1)) = K,(Spec H(Z,0y))

is an isomorphism by Lemma 4.1. We define ch’m to be (—1)-times the
composition

G1(Z) — K1(Spec H*(Z,02)) = H,(Z,Z(2)).

Next, we define ch} , for non-connected Z to be the direct sum of ch , for
each connected component of Z.
Observe that the group Go(Z) is generated by the two subgroups

M, = Im[Ko(Z(l)) — Go(Z)] and Ms = Im[K()(Z) — Go(Z)}

Using Lemma 4.2 and the localization sequences, the isomorphism chg g :
Ko(Zy) =, HR/,(Z(I),Z(O)) induces a homomorphism chf)’1 My —

H2,(Z,Z(1)). The kernel of Ko(Z) — Go(Z) is contained in the image
of Ko(Z(1)) = Ko(Z). It can then be easily verified that the composition

Ko(Zuy) — Ko(Z) =% Hi,(Z,2(1)) — H3(Z,Z(1))

equals the composition

chy
Ko(Zy) — Ko(Z1y) — My —= H3,(Z,Z(1)).
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Given the above, the homomorphism ¢ ; : Ko(Z) — HJQM(Z, Z(1)) induces
a homomorphism chg ; : My — H3,(Z,Z(1)) such that the two homomor-
phisms chg ; : M; — H3,(Z,Z(1)), i = 1,2, coincide on My N My. Thus,
we obtain a homomorphism chy ; : Go(Z) — H3,(Z, Z(1)).

Next, we observe that the four homomorphisms (:h6707 chf)’l, ch/lyl, and
ch’m do not depend on the choice of Zg).

PROPOSITION 4.3. — The homomorphism (4.1) for i = 0,1 is an iso-
morphism.

Proof. — Tt follows from [2, Corollary 4.3] that the Chern class map
c11: Ki(Zy) = Hj(Z0),Z(1)) is an isomorphism, hence by construc-
tion, ch'm is surjective and its kernel equals the image of Ki(Z»)) —
G1(Z). Tt follows from the vanishing of Ky groups of finite fields that the
homomorphism ¢35 : Ka2(Z(0)) = Hi,(Z(0),Z(2)) is an isomorphism. We
then have isomorphisms

Im[Kl(Z(l)) — Gl(Z)}
= Tm[Hy(Z), Z(1) — H3,(2,Z(2))] = H34(2,Z(2)),
the first of which is by Lemma 4.2, the second by [2, Corollary 4.3]. There-

fore, the composition Ker ch} ; < G1(Z) iz, H3,(Z,7Z(2)) is an isomor-
phism. This proves the claim for G1(Z).

By the construction of cth, the image of Ch671 contains the image of
HY(Z(1y, Z(0)) — H3,(Z,Z(1)), and the composition

chy 1
Ko(2) — Go(Z) —= Hi(Z,Z(1)) — H3((Z(0), Z(1))
equals the composition
Ko(Z) — Ko(Z(0)) = Ko(Z(0) = Hia(Z(0), Z(1)).
The above implies that chéy1 is surjective and the homomorphism

Ker chy; — Ker[Ko(Z()) — H3((Z(0), Z(1))]

is an isomorphism. This proves the claim for Go(Z). O

5. K-groups and motivic cohomology of curves over a
function field

Please note that the last paragraph of Section 1.4 presents an overview
of the contents of this section.
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In this section, we focus on the following setup. Let C' be a smooth pro-
jective geometrically connected curve over a finite field F,. Let k denote
the function field of C. Let X be a smooth projective geometrically con-
nected curve over k. Let X be a regular model of X, which is proper and
flat over C.

From the computations of the motivic cohomology of a surface with a
fibration (e.g., X or X with some fibers removed), we deduce some results
concerning the K-groups of low degrees of the generic fiber X. We relate
the two using the Chern class maps and by taking the limit.

LEMMA 5.1. — The map
Ko (X) S px o g3 (X, 7(2))

is an isomorphism. The group H4,(X,Z(3)) is a torsion group and there
exists a canonical short exact sequence

0 — H (X, Z(3)) 5 Ka(X) =5 Hi, (X, Z(2) — 0,
such that the composition c3 3 o 8 equals the multiplication-by-2 map.

Proof. — Let X denote the set of closed points of X . Let x(x) denote the
residue field at x € Xy. We construct a commutative diagram by connecting
the localization sequence

P Ka(k(z)) — Ka(X) — K(k(X))
ze€Xy
— P Ki(s(z) — Ki(X) — Ki(k(X)) — ) Kol)
zeXo z€Xo

with the localization sequence

P H(Spec k(x), Z(1)) — Hy, (X, Z(2)) — Ha(Spec k(X),Z(2))
reXo

— P H(Spec k() Z(1)) — H (X, Z(2)) — H4(Spec k(X), Z(2)),
zeXo

using the Chern class maps. Since HS,(Spec £(z),Z(1)) = 0 and the K-
groups and motivic cohomology groups of fields agree in low degrees, the
claim for K;(X) follows from diagram chasing.

It also follows from diagram chasing that

Ks( — P Kalsl(x) — Ka(X) =2 H3(X,Z(2)) — 0
zeXo
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is exact. By [47, Theorem 4.9] and [59, Theorem 1], the groups
H3,(Spec k(X),Z(3)) and H3,(Spec k(z),Z(2)) for each x € X, are iso-
morphic to the Milnor K-groups K3 (k(X)) and K3 (k(z)), respectively.
From the definition of these isomorphisms in [59], the boundary map
HY,(k(X),Z(3)) — H%,(Spec r(x),Z(2)) is identified under these isomor-
phisms with the boundary map K2/ (k(X)) — K3¥(k(z)). Given the above,
by [40, Proposition 11.11], we obtain the first of the two isomorphisms

Coker[K3(k(X)) — @D, x, Ka(r(z))]
= Coker[H%,(k(X), Z(3)) —> D.c x, Has(Spec k(x), Z(2))]
= Hi (X, Z(3)).
This gives us the desired short exact sequence. The identity ca 30 3 = 2
follows from Remark 3.4. Since H3,(Spec £(x),Z(2)) is a torsion group

for each = € X, the group H4%,(X,Z(3)) is also a torsion group. This
completes the proof. O

LEMMA 5.2. — Let U C C be a non-empty open subscheme. We use XY
to denote the complement X \ X X U with the reduced scheme structure.
Then, for (i,5) = (0,0), (0,1) or (1,1), the diagram

Ki1(X) Gi(xY)
(5.1) Ci+1,j+1l i(_l)%h;’j
HY T (X, 2(5 + 1)) — Hy (XY, 2(5)),

where each horizontal arrow is a part of the localization sequence, is com-
mutative.

Proof. — Let XY, € XY denote the smooth locus. The commutativity
of diagram (5.1) for (4,j) = (1,1) (resp. for (¢,7) = (0,0)) follows from the
commutativity, which follows from Lemma 3.1, of the diagram

Kin(X) —————— Ki(X5)

Cit1,5+1 e
o (resp. chg,0)

Hiifwl(X,Z(j +1)) — sz\fri(XU 7(3))

sm’

and the injectivity of Hy, (XY, Z(5)) — H (XY, Z(5)).
By Lemma 5.1, the group K;(X) is generated by the image of the
push-forward @, x, K1(x(r)) — K1(X) and the image of the pull-back
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Ki(k) — Ki1(X). Then, the commutativity of diagram (5.1) for (i,j) =
(0,1) follows from the commutativity of the diagram
Ko(Y) Go(xY)

cho,gl iCh()’l

HR,(Y, 2(0)) —— Hi, (X7, (1))

for any reduced closed subscheme ¥ C XY of dimension zero, where the

horizontal arrows are the push-forward maps by closed immersion, and the
U chy

fact that the composition Ko(C \ U) EAEN Go(XY) —5 H3,(xY,7Z(1))

is zero. Here, fU : XY — O\ U denotes the morphism induced by the

morphism X — C. g

LEMMA 5.3. — The diagram
(5.2)

0 —— Hy (X, Z(3)) K3 (X) HE (X, 2(2)) —0

| | |

—ch’L1
0— @H/%A(sza)) - @Gl(xp) - @HXA(XQ,Z(D) — 0,
peCo ©€eCo peCo

C2,2

where the first row is as in Lemma 5.1, the second row is obtained from
Proposition 4.3, and the vertical maps are the boundary maps in the local-
ization sequences, is commutative.

Proof. — It follows from Lemma 5.2 that the right square is commuta-
tive. For each closed point z € Xy, let D, denote the closure of z in X and
write Dy , = D, X ¢ Spec k(p) for p € Cy. Then, the commutativity of the
left square in (5.2) follows from the commutativity of the diagram

Hyy (X, Z(3)) <— Hjy(Spec £(x),Z(2)) = Ka(r(z)) —= K>(X)

| |

@H/%A(Xpazm))e @H/%/((Dw,mz(l)) = GBGYl(D:Jv,@)9 @GI(XW)~

peCo peCo peCoh peCo

Here, each vertical map is a boundary map, the middle horizontal arrows
are Chern classes, and the left and right horizontal arrows are the push-
forward maps by the closed immersion. (|
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LEMMA 5.4. — Let U be an open subscheme of C' such that U # C. Let
0 HY(X xc U, Z(3)) = H3,(Xy,Z(2)) denote the boundary map of the
localization sequence. Then, the following composition is an isomorphism:

a : Coker @ — Hy,(X,Z(3)) — H ), (Spec Fg,Z(1)) = F*.

Here the first map is induced by the push-forward map by the closed im-
mersion, and the second map is the push-forward map by the structure
morphism.

Proof. — For each closed point x € Xy, let D, denote the closure of x
in X. We set D, y = D, xc U. Let DY denote the complement D, \ D, u
with the reduced scheme structure. Let ¢, : D, — X, 1, v : Dy — Xy,
U DY <5 XU denote the canonical inclusions. Let us consider the
commutative diagram

H2((Dy1r, 2(2) —> HY,(DY, Z(1)) — > H3,(D,, Z(2))

L(E,U*\L LTU*\L

H (X x¢ U, Z(3)) —2= H3, (XY, Z(2)) ——> Coker 9

0,

where the first row is the localization sequence. Since X is geometrically
connected, it follows from [21, Corollaire (4.3.12)] that each fiber of ¥ — C
is connected. In particular, D, intersects every connected component of
XY, which implies that the homomorphism (Y in the above diagram is
surjective, hence we have a surjective homomorphism Im g — Coker 9.
Let F(z) denote the finite field H°(D,,Op,). Then, the isomorphism
H3,(D,,Z(2)) — H},(Spec F(z),Z(1)) 2 F(z)* (see Lemma 4.1) gives an
isomorphism Im 3 = F(x)*. Hence |Coker d| divides ged, ¢y, (|F(z)*]) =
q — 1, where the equality follows from [56, 1.5.3 Lemme 1]. We can easily
verify that the composition

F(z)* = Im 3 — Coker d = F

equals the norm map F(z)* — F, which implies [Coker 9| > ¢ — 1, hence
|Coker 9| = ¢ — 1 and the homomorphism « is an isomorphism. The claim
is proved. O

6. Main results for j < 2

The reader is referred to Sections 1.6 and 1.7 for some remarks concerning
the contents of this section.

TOME 68 (2018), FASCICULE 5



2038 Satoshi KONDO & Seidai YASUDA

The objective is to prove Theorems 6.1, 6.2, and 6.3. The statements give
some information on the structures of K-groups and motivic cohomology
groups of elliptic curves over global fields and of the (open) complements of
some fibers of an elliptic surface over finite fields. We compute the orders
of some torsion groups, in terms of the special values of L-functions, the
torsion subgroup of (twisted) Mordell-Weil groups, and some invariants of
the base curve. We remark that Milne [42] expresses the special values of
zeta functions in terms of the order of arithmetic étale cohomology groups.
Our result is similar in spirit.

Let us give the ingredients of the proof. Using Theorem 1.3, we deduce
that the torsion subgroups we are interested in are actually finite. Then the
theorem of Geisser and Levine and the theorem of Merkurjev and Suslin
relate the motivic cohomology groups modulo their uniquely divisible parts
to the étale cohomology and cohomology of de Rham—Witt complexes. We
use the arguments that appear in [41], [9], and [20] to compute such coho-
mology groups (see Section 1.3 in which we explain our general strategy).
The computation of the exact orders of torsion may be new.

One geometric property of an elliptic surface that makes this explicit
calculation possible is that the abelian fundamental group is isomorphic to
that of the base curve. This follows from a theorem in [55] for the prime-to-p
part.

We also use class field theory of Kato and Saito for surfaces over finite
fields [29]. We combine their results and Lemma 6.11 to show that the
groups of zero-cycles on the elliptic surface and on the base curve are
isomorphic.

Let us give a brief outline. Recall in Section 6.3 that the main part of the
zeta function of £ is the L-function of E. Note that there are contributions
from the L-function of the base curve C and also of the singular fibers of
& (Lemma 6.9, Corollary 6.16). We relate the G-groups of these singular
fibers to the motivic cohomology groups, then they are in turn related to
the values of the L-function (Lemmas 6.20 and 6.21). The technical input
for these lemmas originate from our results in [32] and the classification of
the singular fibers of an elliptic fibration.

6.1. Notation
Let k, E, Sy, So, r, C, and & be as defined in Section 1. We also let

S1 denote the set of primes of k& at which F has multiplicative reduction,
thus we have Sy C S; C Ss. Let p denote the characteristic of k. The
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closure of the origin of E in £ gives a section to & — C, which we denote
by ¢ : ¢ — &. Throughout this section, we assume that the structure
morphism f : & — C' is not smooth, which in particular implies that it is
not isotrivial. For any scheme X over C, let £x denote the base change
€ x¢ X. For any non-empty open subscheme U C C, we use £V to denote
the complement € \ &y with the reduced scheme structure.

Let Fy denote the field of constants of C. We take an algebraic closure
F, of F,. Let Frob € Gy, = Gal(F,/F,) denote the geometric Frobenius.
For a scheme X over Spec F,, we use X to denote its base change X =
X Xspec F, Spec F, to F,. We often regard the set Irr(X) of irreducible
components of X as a finite étale scheme over Spec F, corresponding to

the G, -set Irr(X).

6.2. Results

We set T = E(k ®r, Fg)tors- For each integer j € Z, we let T(’j) =
DBy (T @2 ().

THEOREM 6.1. — Let the notations and assumptions be as above. Let
L(E, s) denote the L-function of the elliptic curve E over global field k (see
Section 6.3).

(1) The Q-vector space (K2(E)*%)q is of dimension 7.
(2) The cokernel of the boundary map 0 : K2(E) = @ cc, G1(Ep) is
a finite group of order

(g = DL (Irr(Es,)), ~1)|
[Ty |- IL(00(S2), ~1)]

(3) The group K1(F)qiv is uniquely divisible.

(4) The kernel of the boundary map 0y : Ky (E)™? — D cc, Go(&p)
is a finite group of order (q — 1)2|T(’1)\ -|L(E,0)|. The cokernel of
01 is a finitely generated abelian group of rank 2 + |Irr(€s,)| —
|Sa| whose torsion subgroup is isomorphic to Jac(C)(F,)®?, where
Jac(C) denotes the Jacobian of C (when the genus of C is 0, we
understand it to be a point).

Let X be a scheme of finite type over Spec [F;. For an integer ¢ € Z and
a prime number ¢ # p, we set L(h*(X), s) = det(1—Frob-q—*%; H:, (X, Qy)).
In all cases considered in our paper, L(h*(X),s) does not depend on the
choice of ¢.
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For each non-empty open subscheme U C C| let Ty denote the tor-
sion subgroup of the group Div(£y)/~alg of divisors on £y modulo alge-
braic equivalence. For each integer j € Z, we set T[’],( 5= D, 7ép(TU Rz,
Z4(5))¢*a. We deduce from [55, Theorem 1.3] that the canonical homomor-
phism ligU, Ty — T, where the limit is taken over the open subschemes of
C, is an isomorphism. We easily verify that the canonical homomorphism
Ty — li_H>1U/ Ty is injective and is an isomorphism if &y — U is smooth. In
particular, we have an injection TI’]) G) = T(’j)7 which is an isomorphism if
Eu — U is smooth.

In Section 6.7, we deduce Theorem 6.1 from the following two theorems.

THEOREM 6.2. — Let the notations and assumptions be as above. Let
Oy H(B,Z(5)! = D e, H'(* (€, Z(j — 1)) denote the homomor-
phism induced by the boundary map of the localization sequence estab-
lished in [6, Corollary (0.2)].

(1) For any i € Z, the group H'(E,Z(2))aiv is uniquely divisible.

(2) Fori <0, the cohomology group H',(E,Z(2)) is uniquely divisible.
H},(E,Z(2)) is finite modulo a uniquely divisible subgroup and
H}((E,Z(2))tors is cyclic of order ¢* — 1.

(3) The kernel (resp. cokernel) of the homomorphism (“)12\472 is a finite
group of order |L(h'(C),—1)| (resp. of order

(4~ DIL(R (I (Es, ), 1)
17, [ [L(h(S2),—D] "

(4) The kernel (resp. cokernel) of the homomorphism 83, is a finite
group of order (q— 1)\T(’1) |-|L(E,0)| (resp. is isomorphic to Pic(C)).

(5) For i > 4, the group H},(E,Z(2)) is zero.

(6) Hi,(E,Z(3)) is a torsion group, and the cokernel of the homomor-
phism 93 5 is a finite cyclic group of order ¢ — 1.

THEOREM 6.3. — Let U C C be a non-empty open subscheme. Then,
we have the following.

(1) For any i € Z, the group H},(Ev,Z(2)) is finitely generated modulo
a uniquely divisible subgroup.

(2) For i < 0, the cohomology group H'(Ey,Z(2)) is uniquely divis-
ible, H},(Ev,Z(2)) is finite modulo a uniquely divisible subgroup
and H},(Eu,Z(2))tors is cyclic of order ¢* — 1.

(3) The rank of H3,(Ev,Z(2))*d is |So \ U|. If U = C (resp. U # C),
the torsion subgroup of H3,(Ey, Z(2))™? is of order |L(h'(C), —1)|
(resp. of order |Ty; ()] - |L(RY(C), —1)L(R°(C\ U),-1)|/(q — 1)).
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(4) If U = C (resp. U # C'), the cokernel of the boundary homomor-
phism H3%(Ev,Z(2)) — H3,(EY,Z(1)) is zero (resp. is finite of
order

(¢ = DIL(A° (e (£Y)), *1)|)
T, IO\ ), — 1))

(5) The rank of HY(Ev, Z(2))™d is max(|C\U|—1,0). If U = C (resp.
U # C), the torsion subgroup H%,(Eu,Z(2))tors is finite of order
|L(h2(E),0)| (resp. of order

| ILOP(E), 0L (), OLUSC\ V), 1)
(¢ = DIL(RO(Irr(£Y)), =1 '

Here,
L*(h(€Y),0) = lim (s log )~ 15\VIL(h! (), 5)
s—

is the leading coefficient of L(h'(EY),s) at s = 0.
(6) H%(Eu,7Z(2)) is canonically isomorphic to Pic(U). For i > 5, the
group H'(Ey,Z(2)) is zero.

6.3. Relation between L(F,s) and the congruence zeta function
of £.

Let ¢ # p be a prime number. Take an open subset j : U — C such that
the restriction fy : &y — U is (proper) smooth.
By the Grothendieck—Lefschetz trace formula, we have

2
L(E,s) = H det(1 — Frob-¢—%; H,(C, j*leU*Qg))(_l)%l.
i=0
Note that by the adjunction id — j.j*, we have a canonical morphism

R'£.Qr — j.j* R £, Qo = j. R f1r.Qy.

We will prove the following lemma.
LEMMA 6.4. — The map above is an isomorphism.

Proof. — Let g be a closed point of C, and let S be strict henselization
of C at p. Let s be the closed point of S and let 7 denote the spectrum of
a separable closure of the function field of S.

We have the specialization map H'(Es, Q) — H' (&7, Q). This is identi-
fied with H'(71(&5), Qr) — H'(m1(E5), Q¢), and is injective, since 71 (E5) —
m1(&5) is surjective ([22, Exp. X, Corollaire 2.4]).
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Set V. = H'(&7,Qy). For surjectivity, we prove that the image of the
specialization map is equal to the invariant part V’s under the action of
the inertia group I, at s. It suffices to show that H'(£,,Q,) and Vs have
the same dimension.

We use the Kodaira-Néron-Tate classification of bad fibers (cf. [38,
10.2.1]) to compute that H'(&s, Q) is of dimension 2, 1, 0 if E has good
reduction, semistable bad reduction, and additive reduction at g, respec-
tively. It is well known that V’s is of dimension 2 if and only if E has
good reduction at p. If E has semistable bad reduction, then the action of
I, on V is nontrivial and unipotent. Hence Vs is of dimension 1 in this
case. Suppose that E has additive reduction and V’s # 0. Then V' is of
dimension one. Poincare duality implies that I, acts trivially on V/Vs,
hence the action of Iy on V' is unipotent. Therefore, £ must have either
good or semistable reduction, which leads to a contradiction. O

COROLLARY 6.5. — We have
2
L(E,s) = ] [ det(1 = Frob % Hi, (C, B 1.Qe) ™V
=0

Below, we will work with this expression.

LEMMA 6.6. — Let D be a scheme of dimension < 1 that is proper over
Spec F,. Let £ # p be an integer. Then, the group HZ (D,Z) is torsion
free for any i € Z and is zero for i # 0,1,2. The group H! (D, Q) is pure
of weight ¢ for i # 1 and is mixed of weight {0,1} for i« = 1. The group
HL (D, Q) is pure of weight one (resp. pure of weight zero) if D is smooth
(resp. every irreducible component of D is rational).

Proof. — We may assume that D is reduced. Let D’ be the normalization
of D. Let m : D' — D denote the canonical morphism. Let F,, denote the
cokernel of the homomorphism Z/¢" — m.(Z/¢"™) of étale sheaves. The
sheaf F,, is supported on the singular locus Dgine of D and is isomorphic
to i, (Coker[Z/f™ — Tging«(Z/L™)]), where i : Dging < D is the canonical
inclusion and mging : D' xp Dging — Dging is the base change of 7. Then,
the claim follows from the long exact sequence

o — HL.(D,z)t") — H'\.(D',Z2)t") — H'.(D,Fp) — -+-. 0O
LEMMA 6.7. — Ifi # 1, then H, (C, R' f.Q;) = 0.

Proof. — For any point = € C(F,) lying over a closed point p € C, the
canonical homomorphism HS (C, R f.Q,) — HX (€., Qy) is injective since
Hgtﬁc(é\ {z}, R'f.Qy) = 0. By Lemma 6.6, the module HZ, (€., Q) is pure
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of weight one (resp. of weight zero) if £, is smooth (resp. is not smooth).
Since we have assumed that f : £ — C' is not smooth, H), (C, R* f,Qy) = 0.

Consider a non-empty open subscheme U C C such that fy : &g - U
is smooth. The group HZ(C, R' f,.Q,) = HZ (U, R fy.Qy) is the dual of
HS (U, R! f7.Qu(1)) by Poincaré duality. Next, assume HS (U, R* fr7.Q¢(1))
is not null. Let Ty(E) denote the f-adic Tate module of E. The étale
fundamental group m(U) acts on Tp(E). By the given assumption, the
71 (U)-invariant part V = (Ty(E) ® Q)™(Y) is nonzero. Since f is not
smooth, V' is one-dimensional, hence we have a nonzero homomorphism
m1(U)* — Hom(Ty(E) ® Q¢/V,V) of Gg,-modules. By the weight argu-
ment, we observe that this is impossible, hence H% (C, R' f.Q(1)) = 0. O

As an immediate consequence, we obtain the following corollary.
COROLLARY 6.8. — The spectral sequence
By’ = H(C, R f.Qu) = He (€,Qu)
is F>-degenerate.

LEMMA 6.9. — Let U C C be a non-empty open subscheme such that
fu : &b — U is smooth. Let Irr®(EV) < Trr(€Y) denote the subset of
irreducible components of EV that do not intersect 1(C'). We regard Irr® (EV)
as a closed subscheme of Trr(EY) (recall the convention in Section 6.1 on
Irr(EY)). Then,

(1—q*), ifi =0,
L(R'(C), s), ifi=1,
L(R'(E),8) = ¢ (1 — ¢ =%)2L(E, s)L(hO(Irr° (EV)), s — 1), ifi=2,
L(h(C),s — 1), ifi =3,
(1—¢>), ifi = 4.

Proof. — We prove the lemma for ¢ = 2; the other cases are straightfor-
ward. Since R?fr.Qp = Qq(—1), there exists an exact sequence

0— Hgt(éa R2f*@2) — Hgt(ET’ Qf) - Helt,c(U7 Qf(il))
The map HZ (EV, Q) — H,

et,c

(U, Q¢(—1)) decomposes as
HSt(ST7 Qf) — Heot(é\U7 QZ(_I)) — Helt,c(U7 Qf(_l))

Given the above, HS (C, R%f,Qy) is isomorphic to the inverse image of the
image of the homomorphism HY (C,Q,(—1)) — HS(C\ U,Q¢(—1)) under
the surjective homomorphism H2(EU,Q,) — HY(C \ U,Q(—1)). This
proves the claim. (|
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6.4. The fundamental group of £

LEMMA 6.10. — For i = 0,1, the pull-back H (C,0¢) — H'(E,O¢) is
an isomorphism.

Proof. — The claim for ¢ = 0 is clear, thus we prove the claim for i = 1.
Let us write £ = R!f.Og. It suffices to prove H°(C, L) = 0. We note that
L is an invertible Oc-module since the morphism £ — C has no multiple
fiber. The Leray spectral sequence Ey’ = H'(C, R f,0¢) = HtI(E, Of)
shows that the Euler—Poincaré characteristic x(Og¢) equals x(O¢) —x (L) =
—deg £. By the well-known inequality x(Og) > 0 (cf. [49], [12], or [50,
Theorem 2]), we obtain deg £ < 0, which proves H°(C, L) = 0. O

LEMMA 6.11.

(1) The canonical homomorphism w3 (€) — m3P(C) between the abelian
(étale) fundamental groups is an isomorphism.

(2) The canonical morphism Pic¢p, — Picgp  between the identity
components of the Picard schemes is an isomorphism.

Proof. — The homomorphism Pic¢ JE, PicZ JF,red 1S an isomorphism
by [55, Theorem 4.1]. This, combined with the cohomology long exact se-
quence of the Kummer sequence, implies that if p t m, then HZ (C,Z/m) —
HL.(E,7/m) is an isomorphism, hence to prove (1), we are reduced to show-
ing that HY (C,Z/p™) — HXL(E,Z/p") is an isomorphism for all n > 1. For
any scheme X that is proper over Spec [Fy, there exists an exact sequence

0— Z/p"Z — W,Ox — W,0x — 0

of étale sheaves, where W,,Ox is the sheaf of Witt vectors and o : W,,0x —
W,Ox is the Frobenius endomorphism. This gives rise to the following
commutative diagram with exact rows

22 HY(C, W, O0) —= HY(C,Z/p") —= HY(C, W, Op) —> - .-

| l l

22 HO(E, W, 0) —= HL(E,Z/p") —> HL(E, W, 0f) —%--- .
By Lemma 6.10 and induction on n, we observe that the homomorphism
HY(C,W,0¢) — H(E,W,O¢) is an isomorphism for i = 0, 1, thus the map
HL(C,Z/p") — HL(E,Z/p") is an isomorphism. This proves claim (1).

For (2), it suffices to prove that homomorphism Lie Picg /r, — Lie Picg p,
between the tangent spaces is an isomorphism. Since this homomorphism is
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identified with homomorphism H'(C,O¢) — H(€,Og), claim (2) follows
from Lemma 6.10. O

Remark 6.12. — Using Lemma 6.11 (1), we can prove that the homomor-
phism 71(€) — 71 (C) is an isomorphism. Since it is not used in this paper,
we only sketch the proof below.

Let  — C be a geometric point. Since the morphism f : £ — C has
a section, fiber £, of f at x has a reduced irreducible component. This,
together with the regularity of £ and C', shows that the canonical ring ho-
momorphism H°(x,0,) — H°(Y, Oy) is an isomorphism for any connected
finite étale covering Y of &, hence by the same argument as in the proof
of [22, Exp. X, Proposition 1.2, Théoréme 1.3], we have an exact sequence

ﬂl(gm) — 71'1(5) — 71'1(0) — 1.

In particular here, the kernel of 71 (£) — m1(C) is abelian. Applying Lem-
ma 6.11(1) to & x¢ €’ — C’ for each finite connected étale cover C' — C,
we obtain the bijectivity of m(€) — 71 (C).

More generally, the statements in Lemma 6.11 and the statement above
that the fundamental groups are isomorphic are also valid if £ is a regular
minimal elliptic fibration that is proper flat non-smooth over C with a
section, where C' is a proper smooth curve over an arbitrary perfect base
field.

COROLLARY 6.13. — For any prime number ¢ # p and for any i € 7Z,
the group H.,(E,Qq/7Zy) is divisible.

Proof. — The claim for i # 1,2 is obvious. By Lemma 6.11, we have
He(E,Qu/Ze) = HY(C,Qe/Ze), hence HY(E,Qe/Z) is divisible. The
group HZ(E,Q¢/Zy) is divisible since HZ(E,Q¢/Z¢)™? is isomorphic to
the Pontryagin dual of HY (€, Q/Z(2)) 4. O

COROLLARY 6.14. — For i € Z, we set M} = @, Ho (€, Qu/Z(j)).
For a rational number a, we write |a|®) = |a| - |al,.

(1) Fori < —1 ori> 6, the group Mj is zero.

(2) For j # 2 (resp. j = 2), the group Mj5 is zero (resp. is isomorphic
to @Z;ﬁp Qe/Zy).

(3) For j # 0, the group M]Q is cyclic of order ¢! — 1. The group MY
is isomorphic to @, Qe/Zs.

(4) For j # 0, the group Mj is finite of order |L(h*(C),1 — 7)|@".

(5) For j # 1, the group M]2 is finite of order |L(h?(E),2 — j)|®").

(6) For j # 1, group M3 is finite of order |L(h'(C),2 — 7))@,
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(7) For j # 2, the group Mj is cyclic of order ¢1?>771 —1. The group M}
is isomorphic to @#p Qe/Zy.
Proof. — By Corollary 6.13, if i # 2j + 1 and ¢ # p, the group
HY(E,Qu/Z4(5)) is isomorphic to HY (€, Qy/Ze(5)) " . Then, we have
[He(€,Qe/Ze(j))] = [L(h*T(E),2 = )l

by Poincaré duality for ¢ # 25,27 + 1, hence the claim follows from Lem-
ma 6.9. g

6.5. Torsion in the étale cohomology of open elliptic surfaces

We first fix a non-empty open subscheme U C C.

LEMMA 6.15. — Let £ # p be a prime number. For i € Z, let v; denote
the pull-back ~y; : H. (€, 7¢) — H (EV,Zy).
(1) Fori # 0,2, the homomorphism -y; is zero.
(2) The cokernel (Coker 72)q, is isomorphic to the kernel of HS,(C \

U, Q¢(—1)) — Hg(Spec Fyg, Q(—1)).
(3) There exists a canonical isomorphism

Homy,(Ty,Qe/Ze(—1)) = (Coker v2)tors-

Proof. — By Lemma 6.11, the pull-back HY (C,Zs) — HL(E,Z,) is an
isomorphism, hence the homomorphism HY (€,7Z,) — H}, (57, Zy) is zero.
Claim (1) follows.

Let NS(E) = Picg/r, (Fq)/ Picg JF, (F,) denote the Néron—Severi group of
£. For a prime number ¢, we set T,M = Hom(Qy/Z¢, M).

We have the following exact sequence from Kummer theory:

0 — NS(E) @z Z¢ 25 H2(E,74(1)) — TyHZ(E,Gpn) — 0.

We note that Ty H2 (€, G,,) is torsion free. For D € Irr(EV), let [D] € NS(E)

denote the class of the Weil divisor Dyeq on €. By [10, Cycle, Defini-

tion 2.3.2], the D-component of the homomorphism 72 : H2(E,Z¢) —

HZ2(EY,Z¢) =2 Map(Irr(EY), Zy(—1)) is identified with the homomorphism
HE(E,20) “C20 H (€, 24(1)) = Z(-1).

Let M C NS(&) denote the subgroup generated by {[D] | D € Irr(€Y)}.

By Corollary 6.13, the cup-product

HE (€, Ze(1)) x HZ(E,Ze(1)) — Hy (€, Z4(2)) = Zy
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is a perfect pairing, hence the image of v, is identified with the image of
the composition

Homgz, (HZ2 (€, 7Z4(1)), Ze(—1)) = Homgz (M, Ze(—1))
Es Map(Ire (€0, Zo(—1)) = HZ(EU, Zy),
where a* is the homomorphism induced by the restriction a : M ®yz Zy, —
HZ2(£,Z4(1)) of the cycle class map cly to M, and the homomorphism 3*
is induced by the canonical surjection f3 : @Dehr(ﬁ) Z — M. Since f3 is
surjective, the homomorphism £* is injective and we have an exact sequence

0 — Coker a* — Coker 9 — Coker §* — 0.

Since « is a homomorphism of finitely generated Z,-modules that is in-
jective, the cokernel Coker a* is a finite group. Further, the group M is
a free abelian group with basis Irr’(€U) U {D’}, where D’ is an arbitrary
element in Irr(E0) \ Irr?(EV), hence Coker #* is isomorphic to the group
Homy(Ker 3,Zy(—1)). This proves (2).

The torsion part of Coker v, is identified with the group Coker a*. The
homomorphism a* is the composition of the two homomorphisms

Homg, (Hz, (€, Ze(1)), Ze(—1))
L, Homz(NS(E), Ze(~1)) 5 Homy (M, Ze(—1)),

where the first (resp. second) homomorphism is that induced by the cycle
class map cly : NS(€)®7Z¢ — H2(E,Z¢(1)) (resp. the inclusion M @77, <

NS(€)). Since Coker cl; is torsion free, as noted above, the homomorphism
cl; is surjective, hence we have isomorphisms

Coker o 2 Coker +* 2 Exty,(NS(E)/M, Z(—1))
=~ Homy (NS(E)/M, Q¢/Z¢(—1)) = Homz(Div(Ey) /~aig: Qe /Ze(—1)).
Given the above, we have claim (3). O

COROLLARY 6.16. — For i # 3, the group H! ..(€u,Zs) is torsion free

c,et
and the group Hict(EU,Zg)wrs is canonically isomorphic to the group

Homy, (T, Qe/Ze(—1)). We set

L(hl. ,(Ev),s) = det(1 — Frob-q*; H, . (Eu, Qy)).
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Then if U # C, we have

1, ifi<0Qori>=5,
L(h'(C),s) L(h°(C\U),s) e
i L(h2(& 12‘1;}35[1 L(R°(C\U 1 o=t
L(hL ,(Ev), s) = (z1< >,s(>1_<q155%L>(a;>2(§U)fs)\ ool =2,
L(h (C),sfll)_z(lfis(C\U),sfl) ifi =3,
1—¢?>®, ifi = 4.

Proof. — The above follows from Lemmas 6.9 and 6.15, as well as the
long exact sequence

o — HY (Eu,Zy) — HL(E,2y) — HL(EV, Zy) — - . O

et,c

Remark 6.17. — Corollary 6.16 in particular shows that the function
L(h;e(EU), s) is independent of £ # p. We can show the ¢-independence of
L(hi,e(X)v s) = det(1 — Frob-q~*; H! ,,(X,Qy)) for any normal surface X
over F, which is not necessarily proper. Since we will not need this further,
we only show a sketch here. There is a proper smooth surface X’ and a
closed subset D C X’ of pure codimension one such that X = X'\ D. We
can express the cokernel and kernel of the restriction map H} (Y/, Q) —
HY.(D,Q) in terms of Picx/ g, and the Jacobian of the normalization of
each irreducible component of D. Then, we apply the same method as
above to obtain the result.

COROLLARY 6.18. — Suppose that U # C. Then, we have the following.
(1) HY(EuyQu/Z4(5)) is zero for i < —1 ori > 5.
(2) Forj # 0, the group HS, (€, Qe/Z¢(5)) is isomorphic to Ze/ (¢’ —1),
and HS (Ev,Qu/Z4(0)) = Q¢ /Zs.
(3) For j # 0,1, the group HL (€, Qu/Ze(5)) is finite of order
T ople - L), 1 = HL(O(C\U), 1= )|
e .

The group H} (Ey,Qe/Ze(0)) is isomorphic to the direct sum of
Q¢/Z; and a finite group of order

I TE et IE(RN(C). DL(AO(C\ U), D)l

lg—1[;
(4) For j # 1,2, the cohomology group H2(€y.Qe/Ze(j)) is finite of
order
Th ool IL(E).2 = DL (EY), 2~ HLE(C\U),1 - )|

(7=t = D)L(h2(EY),2 = )l
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(5) For j # 1,2, the group H3 (Euv,Qu/Ze(5)) is finite of order
|L((C),2 = HLH(C\U), 2= j)l; "
72 = 1! '
The cohomology group H3 (£, Qu/Ze(1)) is isomorphic to the di-
rect sum of (Qy/Z¢)®I“\VI=1 and a finite group of order
[L(h'(C), HL(A(C\ V), 1)[;
1 .
lg — 1,

(6) For j # 2 (resp. j = 2), the group HZ (Eu,Qe/Z(j)) is zero (resp.
is isomorphic to (Qq/Z)®IC\VI-1),

Proof. — The cohomology group H¢ (r,Q¢/Ze(j)) is the Pontryagin
dual of the group H> (v, Z¢(2—7)). The claims follow from Corollary 6.16

et,c
and the short exact sequence

0 — He ol (€. Ze(2 = ), — Higl (Eu,Ze(2 - )

c,et c,et
— HPH(Eu, 72 — §))%Fa — 0. O

c,et

LEMMA 6.19. — Suppose that U # C. Then, H2 (Ey,Q¢/Z¢(2))™¢ is
finite of order

T}, yle - [L(R2(€),0)L* (W' (EYV), 0)L(R°(C\ U), =1)[;*
[(q = DL(RO (Irx(€Y)), ~1) |7
Proof. — We note that the group HZ (Eu,Qr/Z(2))™" is canonically

isomorphic to the group HZ, (v, Z(2))sors- Let us consider the long exact
sequence

= Hiv o (€,Z0(2)) = H(E,Ze(2)) — Hiy(Eu,Ze(2)) — -+ .

The group Ker py is isomorphic to the Pontryagin dual of the cokernel
of the homomorphism HX (€,Q¢/Z¢) — HL(EY,Q/Zs). By Lemma 6.11,
this homomorphism factors through HL (C'\ U, Qq/Z¢) — HL(EY,Qu/Zs).
In particular, the group (Ker fi4)tors is isomorphic to the Pontryagin dual of
(HL(EV,Qq /7)) e, By the weight argument, we observe that Coker sz
is a finite group. It then follows that

[ HE (€ Ze(2))rors| = |L* (R (EY),0)] - |Coker p].
Let u/ denote the homomorphism HSTI (E,Z4(2)) — HZ(E,74(2)). We

et
have an exact sequence

(6.1) Ker puz — HST, (& Z4(2))%"a — (Coker 1),
— Coker puz — 0.
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Since Ker puz = Coker[H%(£,Z¢(2)) — HZ(Eu,Ze(2))], the cokernel of

Ker pg — HETT t(?, Z¢(2))%"a is isomorphic to the cokernel of the homo-
e
morphism

v H2(Ey, 2e(2))%a — H2_  (E,7,4(2))%".

EU et

Consider the following diagram with exact rows

0 ——= Coker jf' ——= H2,(Eu, Z0(2)) —= HS(E,74(2))

1—Frob i 1—Frob L I_FrObl

0 —— Coker :u/ H}Ith(?U7Z€(2)) $H3 (3725(2))

Since (Coker )% € H3 (E,74(2))%"a = 0, Coker v/ is isomorphic to the
kernel of (Coker y/')g,, — Hgt(EU,ZE(2))G[Fq7 hence by (6.1), |Coker us|
equals the order of

M" = Im[(Coker y/')g,, — H%(Ey, Z6(2))Gs, ]
= Im[HZ(E,Z6(2))ae, — H(Ev,Ze(2)) ey, |-

Next, we set M’ = Im[HZ2 (E,Z¢(2)) — H%(Ev, Z(2))]. From the commu-
tative diagram with exact rows
(6.2)

0 —— NS(€) ®z Zy —— H%A(E,Z4(1)) —= TyHZ(E,G,,) —=0

| | |
0 — (Div(Ev)/~alg) @z Ze — HE(Ev, Zo(1)) — TeHE (Ev, Grn) — 0
and the exact sequence
0 — HZ(E,Gp) — HA(Ev,Gn) — HY(EV,Q/Z),
we obtain an exact sequence
0— M — HZ(Ev,Zo(2)) — ToHL(EV,Qu/Zo(1)).

By the weight argument, we obtain (TyH} (EV,Q¢/Z¢(1)))%*« = 0, hence
the canonical surjection Mg, ~— M" is an isomorphism. From (6.2), we
q

have an exact sequence

0 — (Div(Ey)/~alg) @z Ze(1) — M' — TyHZ(E,Gy) (1) — 0.
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By the weight argument, we yield (T, HZ(£,G,,)(1))" = 0, hence
0 — ((Div(Ev)/~aig) ®z Ze(1)) Gz, — Mg,
— (T@H«gt(§7 Gm)(l))awq —0
is exact. Therefore, |Coker y3| = | Mg, | equals
(Ty ®z Z(1))g, | - |det(1 — Frob; HZ(E,Qe(2)))l;"
|det(1 — Frob; Ker[NS(E) — Div(Ey)/~aig] ®z Qe(1))[;
This proves the claim. O

6.6. Cohomology of the fibers

Fix a non-empty open subscheme U C C. Let fV : &Y — C'\ U denote
the structure morphism and let (Y : €'\ U — £V denote the morphism
induced from ¢ : C' — &.

LEMMA 6.20. — The homomorphism
(chiy, £7) : GrEY) — Hu(E7,2(1) & Ky (C\ D)
is an isomorphism.
Proof. — The morphism fY : &Y — C \ U has connected fibers, hence

the claim follows from Proposition 4.3 and the construction of ch} ,. O

LEMMA 6.21. — The group H3,(EY,Z(1)) is finitely generated of rank
|C'\ U|. Moreover, H3,(EY,Z(1))tors is of order |L*(h*(EY),0)|.

Proof. — It suffices to prove the following claim: if E has good reduction
(resp. non-split multiplicative reduction, resp. split multiplicative or addi-
tive reduction) at p € Cy, then H3, (€, Z(1)) is a finitely generated abelian
group of rank one, and |H3%(E, Z(1))tors| equals |, (k(g))] (resp. rank two,
resp. rank one). We set &, (o) = (Epred)sm \ t(p) and &, (1) = EV \ &, (0)-
We then have an exact sequence

H(Ep 0), Z(1)) — Ha((Ep 1), Z(0))
— H34(Ep, Z(1)) — Pic(€, (o)) — 0.

First, suppose that E does not have non-split multiplicative reduction at g
or that F has non-split multiplicative reduction at o and &, ®) F, has
an even number of irreducible components. Then, using the classification
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of Kodaira, Néron, and Tate (cf. [38, 10.2.1]) of singular fibers of £ — C,
we can verify the equality

T H (€, (1) Z(0)) — Hiq(Ep, Z(D))]
— Imfe, : HY(Spec x(p), Z(0)) — Hi((Ep Z(1))].

This shows that the group H3,(€p,Z(1)) is isomorphic to the direct sum
of Picard group Pic(&, o)) and HS,(Spec k(gp),Z(0)) = Z. In particular,
we have H3,(Ey, Z(1))tors = Pic(€, (o)), from which we easily deduce the
claim.

Next, suppose that F has non-split multiplicative reduction at g and
Eo Dr(p) Fq has an odd number of irreducible components. In this case, we
can directly verify that the image of HY (&, (1), Z(0)) — H3,(Ey. Z(1))
is isomorphic to Z @© Z/2 and Pic(&, o)) = 0. The claim in this case
follows. O

LEMMA 6.22. — The diagram

K\(E) —— Go(EY)

Ki(k) —— Ko(C\U)
is commutative.

Proof. — The group K;(FE) is generated by the image of f* : Ki(k) —
K1(E) and the image of P,y Ki1(k(z)) — Ki(£). The claim follows
from the fact that the localization sequence in G-theory commutes with
flat pull-backs and finite push-forwards. O

6.7. Proofs of Theorems 6.1, 6.2, and 6.3

LEMMA 6.23. — For any non-empty open subscheme U C C, the
cokernel of the boundary map Oy : H3,(Eu,Z(2)) — H(EY,Z(1)) is
finite.

Proof. — 1If suffices to prove the claim for sufficiently small U, hence we
assume that &y — U is smooth. Since K5(Ey)g — Ka2(F)g is an isomor-
phism in this case, the claim follows from Theorem 1.3 and Lemma 5.2. O
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Proof of Theorem 6.3. — Claims (1) and (2) follow from Theorem 2.3,
Proposition 2.8, and Lemma 6.23. Proposition 2.8 gives an exact sequence

0 — H3(E,2(2))tors — Hi((Ev, Z(2))™?
62
—U> H.k/l (ng Z(l)) — H.?\/l (5’ Z(2))t0rs — H?\A((C:Uv Z(Q))md
3
0y 12,(EV, Z(1)) — CHy(E) — CHo(Ey) — 0.
From Lemma 6.23, it follows that Coker 9% is a finite group, which im-
plies that the group H3,(Ey, Z(2))™ is of rank |Sy \ U|. By Theorem 2.3,
|H2((Eus Z(2))tors| €quals

11 12 (€, Qe/Z4(2))].

tFp
By Corollaries 6.14 and 6.18, this equals

70, 1)| - IL(RH(C), =)L (C\ U, ~1) /(g — 1)

The above proves claim (3).

As noted in the proof of Theorem 2.3 (1), the group CHy (&) is a finitely
generated abelian group of rank one and CHy(&y) is finite if U # C. By
Lemma 6.21, H3,(EY,Z(1)) is a finitely generated abelian group of rank
|C'\ U], hence the rank of H},(Ev,Z(2))*? equals max(|C'\ U| — 1,0).

From the class field theory of varieties over finite fields [29, Theorem 1]
(see also [8, p. 283-284]) and Lemma 6.11, it follows that the push-forward
map CHy(£) — Pic(C) is an isomorphism, hence the homomorphism
H3,(EY,Z(1)) — CHo(€) = Pic(C) factors through the push-forward map
YV H3,(EY,Z(1)) — HY,(C\U,Z(0)). By the surjectivity of fU, we have
isomorphisms

CHy(EY) = Coker[HY(C \ U, Z(0)) — Pic(C)] = Pic(U),
which proves claim (6). Since the group HS,(C \ U, Z(0)) is torsion free,

the image of H%((EY,Z(1))sors in CHo(E) is zero, thus we have an exact
sequence

0 — Coker 07 — H3,(E,7(2))tors
— H34(Eu, Z(2) Jtors — Hayg(EY, Z(1))rors — 0.

By Proposition 2.8 and Lemma 6.19, the group H3,(Ev,Z(2))tors is finite

of order
P T oyl - [L(RP(E),0)L* (RM(EY),0)L(RO(C\ U), —1)]|

(¢ = DIL(AO(Irr(EY)), 1))

!
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for some m € Z. By Lemma 6.21, the group H3,(EY,Z(1))ors is finite
of order |L*(h'(€Y),0)|. By Lemma 6.11, the Picard scheme Picg g, is
an abelian variety and, in particular, Hom(Picg /anG’m) = 0, hence by
Theorem 2.3 and Corollary 6.14, the group H3,(E,7Z(2))tors is of order
|L(h2(€),0)|. Therefore,

‘Hj?)\/l(gvz(Q))torS| ) |H,%\/[(5U7Z(1))tor8‘
[H3 (€U, Z(2) )tors |

_ P ™(g = DIL(RO(Irr(EY)), —1)]

Ty, - IL(R(C\U), = 1)

|Coker 07| =

wl
Since |Coker 97| is prime to p, we have m = 0. This proves claims (4)
and (5) and completes the proof. O

Proof of Theorem 6.2. — Claim (5) is clear. Claim (1) follows from
Corollary 2.9 and Theorem 1.3. We easily verify that H%,(EY,Z(1)) is
zero for ¢ < 0. By the localization sequence of higher Chow groups (cf. [6,
Corollary (0.2)]), we have H},(€,Z(2)) = Hi,(Ev,Z(2)) for i < 1. Taking
the inductive limit with respect to U, we obtain claim (2).

By Corollary 2.9, we have an exact sequence

(6.3) 0 — H3(E,Z(2))ors — HA(E,Z(2))"

%4 5
2 P Hju(Ep, Z(1)) — Hi((E,2(2))ors —> Hitq(E, Z(2))"
p€eCo
%y o
2 @ Hiu(Eo, 2(1)) — Pic(C) — 0.
pelCo

Hence by Theorem 2.3 and Corollary 6.14, the group Ker 3%,1,2 is finite of
order |L(h'(C),—1)|. For a non-empty open subscheme U C C, consider
the group Coker 97 in the proof of Theorem 6.3. For two non-empty open
subschemes U’,U C C with U’ C U, the homomorphism Coker 93 —
Coker 02, is injective since both Coker 8% and Coker 9%, canonically inject
into H3,(€,Z(2))tors- Claim (3) follows from claim (4) of Theorem 6.3 by
taking the inductive limit. Claim (4) follows from exact sequence (6.3) and
Lemma 6.9.

From the localization sequence, it follows that the push-forward ho-
momorphism P, H3,(Spec k(z),Z(2)) — Hi,(E,Z(3)) is surjective,
hence H},(E,Z(3)) is a torsion group and claim (6) follows from Lem-
ma 5.4. This completes the proof. O

Proof of Theorem 6.1. — Consider the restriction v : Kercyz —
H3,(E,Z(2)) of c22 to Ker ¢z 3. By Lemma 5.1, both Ker v and Coker v
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are annihilated by the multiplication-by-2 map, which implies that the im-
age of v contains H3,(FE,Z(2))aiv and that Exty(H3,(E,Z(2))aiv, Ker 7)
is zero. From this, it follows that the homomorphism - induces an iso-
morphism (Ker ¢z 3)aiv =, H3,(E,Z(2))aiv, which shows that the homo-
morphism Ky (E)™! — HZ,(E,Z(2))*! induced by ¢y is surjective with
torsion kernel, thus claim (1) follows from Theorem 6.2(3).

Claim (3) follows from Theorem 6.2(1) and Lemma 5.1.

For p € Cy, let ¢, : Spec k(p) — &, denote the reduction at p of the
morphism ¢ : C' — £. Diagram (5.2) gives an exact sequence

Coker 8;1\,1’3 — Coker 93 — Coker 6%,1,2 — 0.

By Lemma 5.4, we have an isomorphism Coker 8j1\,1’3 = F. By the con-
struction of this isomorphism, we see that the composition

F = Coker 9}, 3 — Coker 9y — K1(€) — Ki(Spec Fy) = F

equals the identity, hence the map Coker 83\,1’3 — Coker 0y is injective.
Then, claim (2) follows from Theorem 6.2 (3).

From Proposition 4.3 and Lemmas 5.1, 5.2, and 6.22, it follows that
the homomorphism 9 : Ki(E)*d — D,cc, Go(€p) is identified with the
direct sum of the map

9k = @D H(Spec v(p), Z(0)) — €D H (€, 2(0))
peCo &

and the map

Dha  Hi (B, Z(2))7° — €D Hi(Ep, Z(1)).
)
We then have isomorphisms

Ker 9y =FY, Coker 9; = Pic(C) ® @ Ztr (o)l -1,
©

Ker 0% 5 = H3((E,7(2))tors/ Coker 93,5, Coker 87, = Pic(C).
Claim (4) follows, which completes the proof of Theorem 6.1. O

7. Results for j > 3

In this section, we obtain results for j > 3, generalizing the theorems
of Section 6. The proofs here are simpler than those of Section 6 in that
we do not use tools such as the class field theory of Kato—Saito [29] or
Theorem 1.3. We also refer the reader to Section 1.7 for remarks concerning
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the contents of this section. Finally, we note that the notation we use is as
in Section 6.

7.1. Statements

For integers 1, j, consider the boundary map

Oy - Hiy (B, Z(j)™ — P Hiy (£, Z(j — 1)).

©€Co
THEOREM 7.1. — Let 5 > 3 be an integer.
(1) For any i € Z, both Ker 8}@1’]. and Coker 8}@1’]. are finite groups.
(2) We have

T,y [L(R*(€),2 = §)L(RH(EY), 2 = j)L(h(C'\ U), 1 — j)]

1, ifi<0ori>5,
¢ -1, ifi=1,

[Ker 9l ;| = ¢ [L(W(C), 1= j)], ifi =2,
\T(j_1>\J_jL_@i(ls),z—j)\’ ifi=3,
|L(RY(C),2 — §)|, ifi = 4.

Further, the group Ker 6}\4, ; Is cyclic of order ¢ -1
We have

1, ifi<1,i=3 ori>5,
, i-1_ e
|Coker Yy, ;| = ‘qT(,Jil ifi =2,

‘7
—1)
Fg 21 ifi=4
Let U C C be a non-empty open subscheme. Then, the group
H',(Ey,Z(j)) is finite modulo a uniquely divisible subgroup for
any i € Z. The group H',(Ey,Z(j)) is zero if i > max(6, j) and is
H'(Eu,Z(j)) is uniquely divisible for i < 0 or 6 < i < j, and
H3(Eu,Z(j))sors is cyclic of order ¢7 — 1.
Suppose that U = C (resp. U # C). The group H3,(Ev, Z(j))tors
is of order |L(h*(C),1 — j)| (resp. of order
1T, | IL(R(C), 1 = HE(RO(C\ U, 1 - j)]

¢=t—1 )

The group H3,(Eu,Z(j))tors is of order |L(h*(E),2 — j)| (resp. of

order

(¢~ = DIL(RO(Irr(EV)), 1 = 5
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The group H},(Eu,Z(j))tors is of order |L(h'(C),2 — j)| (resp. of

order ' .
|L(h'(C),2 = j)L(h*(C\U),2 — J)l)
P2-1 '
The group H3,(Eu,Z(j))tors is cyclic of order ¢?~2 — 1 (resp. is
Z€ro).
THEOREM 7.2. — The following statements hold.

(1) The group Ks(E)qgiv is uniquely divisible and ¢z 2 induces an iso-
morphism K(E)aiy = H3((E, Z(2))div-

(2) The kernel of the boundary map 0 : Ko(E)™d — D, cc, G1(Ep) is
a finite group of order |L(h'(C), —1)[2.

7.2. Lemmas

LEMMA 7.3. — Let X be a smooth projective geometrically connected
curve over a global field k'. Let k'(X) denote the function field of X. Then,
the Milnor K-group KM (k'(X)) is torsion for n > 2 + gon(X), and is
of exponent two (resp. zero) for n > 3 + gon(X) if char(k’) = 0 (resp.
char(k’) > 0). Here, gon(X) denotes the gonality of X, i.e., the minimal
degree of morphisms from X to P},.

Proof. — The field ¥'(X) is an extension of degree gon(X) of a subfield
K of the form K = k’(t). From the split exact sequence

0 — KM (k) — KM(K) — @ E) (K[t]/P) — 0
P
in [43, Theorem 2.3], where P runs over the irreducible monic polynomials
in k'[t], and using [3, Chapter II, (2.1)], we observe that KM (K) is torsion
for n > 3 and is of exponent two (resp. zero) for n > 4 if char(k’) = 0 (resp.
char(k’) > 0).

Next, consider a flag K = Vi3 C Vo C -+ C Von(x) = K (X) of K-
subspaces of k'(X) with dimg V; = i. For each 4, we set V;* = V; \ {0}.
Suppose 7 > 2 and consider two elements «, 5 € V; \ V;_1. Then, there
exist a,b € K* such that v = aa+ b5 € V;_1. If v = 0 (resp. v # 0),
then {ac,bB} = 0 (resp. {aa/v,b8/v} = 0) in K} (K'(X)). Expanding
this equality, we obtain an expression for {a, 3}. We observe that {8, ~}
belongs to the subgroup of K2!(k'(X)) generated by {V;*,V;*;}, hence
for n > gon(X) — 1, the group KM (k'(X)) is generated by the image of
{Vaon(xyr - Vot x Kg{gon(X)H(K). This proves the claim. O

on
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LEMMA 7.4. — The push-forward homomorphism H3,(EY,Z(j —1)) —
H3Y,(E,Z(5)) is zero.

Proof. — Consider the composition
2 U . 4 N 2 .
Hj(E%,Z(5 — 1)) — Hj(E,Z(j)) — Hp(C,Z(5 — 1))

of push-forwards. This is the zero map since this factors through the group
HY,(C\U,Z(j—2)), which is zero by the theorem presented by Geisser and
Levine [16, Corollary 1.2]. By Lemma 2.6, the group H3,(EY,
Z(j — 1)) is torsion, hence it suffices to show that the homomorphism
fetors + HA(E,Z(5))tors — HA(C,Z(j — 1))tors induced by f, is an iso-
morphism. Next, consider the commutative diagram

.f*,t:ors

H (€, 7(5))tors H3(CyZ(5 —1))tors

| ]

H3,(£,Q/Z(j)) Hi,(C,Q/Z(j — 1))

P HE(E,Qu/Z4() 7" s — P H&(C, Qu/Zo(j — 1)) %
L#p L#£p

Here, the horizontal arrows are push-forward maps, the upper vertical ar-
rows are boundary maps obtained from the exact sequence 0 - Z — Q —
Q/Z — 0, and the lower vertical arrows are those obtained from Theo-
rem 2.3(2)(b) (the same argument also applies to curves) further using the
weight argument. The homomorphism at the bottom is an isomorphism by
Lemma 6.11, hence f, tors is an isomorphism, as desired. O

7.3. Proofs of theorems

Proof of Theorem 7.1. — From Theorem 2.3(2) and Lemma 7.3,
claims (4) and (5) follow. Claim (6) follows from Theorem 2.3(2) and
Corollary 6.18. Using an approach similar to that of the proof of Corol-
lary 2.9, we are able to show that the pull-back map induces an isomorphism
HY(E,Z(5))aiv & Hio((E,Z(j))aiv for all i € Z, and that the localization
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sequence induces a long exact sequence

(71) - — P H (E 2 - 1))
peCo

— H.f\/l<g7Z(j)>torS — Hj\/l<E7Z(j))tors — .,

Using the theorem introduced by Rost and Voevodsky (i.e., Theorem 2.1
above), we observe that for any p € Cp, even if &, is singular, the group
H'(£,,Z(j —1)) is finite for all 7, is zero for ¢ < 0 or ¢ > 4, and is cyclic of
order ¢/' — 1, where g, = |k(p)| is the cardinality of the residue field at
p, for i = 1. From the exact sequence (7.1) and Lemma 7.4, we can deduce
claims (1), (2), and (3) from claims (4), (5), and (6), thus completing the
proof. O

Proof of Theorem 7.2. — Let U # C. Then, by Lemmas 5.4 and 7.4,
the following sequence is exact:

0 — Hi(E,2(3) — Hi(Eu,Z(3)) & HY (€Y, Z(2)) & F) — 1.

Here, 0 and « are as in Lemma 5.4, and the second map is the pull-back.
By taking the inductive limit, we obtain an exact sequence

(7.2) 0 — H\(E,Z(3)) — H\(E,Z(3))

84
=2 P HU(Ep, Z(2)) — Fy — 1.
peCo
By Theorem 2.3 and Corollary 2.9, the group H},(E,Z(3))aiv is zero,
hence using Lemma 5.1, we obtain Ko(E)q4;y C Ker ¢z 3. From the proof of

Theorem 6.1, we saw that map ¢z 2 induces an isomorphism (Ker ¢z 3)aiv =,
H3,(E,Z(2))aiv, hence cy5 induces an isomorphism Ko(E)gw =
H3,(E,Z(2))aiv, which proves claim (1). Claim (2) follows from Theo-
rems 6.1 and 6.2, the commutative diagram (5.2), and exact sequence (7.2).

This completes the proof. O

Appendix. A proposition on the p-part

The aim of this Appendix is to provide a proof of Proposition A.5 below,
which we used in the proof of Theorem 2.3. Nothing in this Appendix is
new except for the definition of the Frobenius map on the inductive limit
(not on the inverse limit) given in Section A.3. A similar presentation has
already been provided in the work of Milne [41] and Nygaard [48].
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PROPOSITION A.5. — Let X be a smooth projective geometrically con-
nected surface over a finite field Fy of cardinal q of characteristic p. Let
WanX)lOg denote the logarithmic de Rham-Witt sheaf (cf. [25, I, 5.7]).
Then, the inductive limit ling HY (X, W Q% 1) With respect to multipli-
cation-by-p is finite of order | Hom(Pic%k /g , G|, |L(R?(X),0)|, . Here,
Hom(Pick /g, , Gr) denotes the set of homomorphisms Pick/p, — Gm
of F,-group schemes, and L(h?(X),s) is the (Hasse-Weil) L-function of
h?(X).

A.1. The de Rham—Witt complex

In this Appendix, let k be a perfect field of characteristic p. Let X be a
scheme of dimension J that is proper over Spec k. For i,n € Z, let W,,Q%
denote the de Rham-Witt complex (cf. [25, I, 1.12]) of the ringed topos
of schemes over X with Zariski topology. We let R : W,,Q% — W,,_1Q%,
F WanX — Wn,lﬁg(, and V : WnQZX — Wn+1Q§( denote the restriction,
the Frobenius, and the Verschiebung, respectively. For each i € Z, the sheaf
Wanx has a canonical structure of coherent W, ,O x-module, which enables
us to regard W, Q% as an étale sheaf. Therefore, in this Appendix, we focus
on the category of étale sheaves on schemes over X.

A.2. Logarithmic de Rham—Witt sheaves

Forn € Z, let WnQ&,log C W,9Q% denote the logarithmic de Rham-Witt
sheaf (cf. [25, I, 5.7]).

LEMMA A.6. — The homomorphism V WnQ’X — Wm_lQiX sends
Wan(’log into W’H‘ng(,log'

Proof. — Let = € WnQé{,log be an étale local section. By the definition
of Wan(,log, there exists an étale local section y € Wn+1Q§mOg such that
xr = Ry. We observe that Ry = Fy, hence Vo = VRy = VFy = py €
Wn+1QZX,log' O

Let CWQ% denote the inductive limit CWQ% = %nannQ% with
respect to V. The above lemma enables us to define the inductive limit
C’VVQZX,log = hgn, v WnQS(,log'
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A.3. Modified Frobenius operator

In this subsection we define an operator I/ : CWQL — CWQY such
that the sequence

(A.3) 0 — CW Qi — CW =5 cwal — 0

is exact.

For n > 0, let WnQ’X denote the cokernel of the homomorphism V™ :
QL = Wi Q% — W1 Q. The homomorphisms R, F and V on W1 Q%
induce homomorphisms on W, %, which we denote using the same no-
tation. If n > 1, the homomorphisms R, F' : WnHQg( — Wanx fac-
tor through the canonical surjection WnHQg( — WnWX We let E,ﬁ :
W, Q% — W, Q% denote the induced homomorphisms. Then, both R and
F commute with R, F and V. For n > 0, we let /WHQQ log denote the image
of W11 QX (,log by the canonical burjectlon W,H_lQ — WnQ . The restric-
tion of R : W QL — W,0% to W QL log 8ives a surjective homomorphism

Riog : Wi 10p = W 10,

LEMMA A.7. — The homomorphisms ]~% f%log induce isomorphisms
lim W, Q% = CWQy,  lim W, o, = CWQ 1oy
n>0,V n207 \%

Proof. — Surjectivity here is clear. From [25, I, Proposition 3.2], it fol-

lows that the kernel of R equals the image of the composition W1Q% avr,

Wot1Q% — W, Q%. Since Vd = pdV, we have V (Ker R) = 0. This proves

the injectivity. O
We observe that Wnﬂgmog is contained in the kernel of R— F : WHQ’X —

W, , hence

(A.4) 0 — WnQ% 10 — Wl 0 W, Q% — 0

is a complex.

LEMMA A.8. — The inductive limit
0 — lim W o — ling W, Q% — CWQy — 0
n=>0,V n>0,V
of (A.4) with respect to V is exact.
Proof. — The argument in the proof of [25, I, Théoréme 5.7.2] shows that

the kernel of R — F : W,,11Q% — W,Q% is contained in WnHQgﬂog +
Ker R, hence the claim follows from Lemma A.7. O
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The inductive limit of F : /WHWX — Wm—l Q% gives the endomorphism
F': CWQi, = lim W,Q% — CWQi. By Lemmas A.7 and A.8, we
have a canonical exact sequence (A.3).

A.4. The duality

Let H* (X, W, Q%) denote the cohomology groups of W, Q% with respect
to the Zariski topology.

The trace map Tr : H(X, W, Q%) = W, (F,) is defined in [26, 4.1.3].
This commutes with homomorphisms R, F' and V. For 0 < 4,5 < J, the
product m : W, Q% x Wangi — W,Q% gives a W, (k)-bilinear paring

() HI(X, W, Q) x HO (X, W,Q5") — HY (X, W,Q%) = W (k).

By [26, Corollary 4.2.2], this pairing is perfect.
Since mo (id®V) =V omo (F ® id), the diagram

W1 Qs X W1 Q5" —= Wyp1 (k)

Fl VT VT
W x W,Q% " ——— W, (k)

is commutative, hence this induces an isomorphism

(A5)  HP7I(X,CWQL) = limy Homyy, () (H7 (X, W Qi ), Wi (K)),

where the transition map in the inductive limit of the right hand side is
given by f + Vo f o F. We endow each H7(X, W, Q%) with the discrete
topology. We set H? (X, W'Q%.) = @n » HI(X,W,0%) and endow it with
the induced topology. Next, we turn H’ (X, W’Q%) into a W (k)-module by
letting a - (b,) = (67 "(a)by,) for a € W(k), b, € HI(X,W,Q%). We set
D= h_rr;n v W, (k) and endow it with the discrete topology. We turn D into
a W(k)-module by letting a - ¢, = 07 "(a)c, for a € W(k), ¢, € W, (k).
Then, the right hand side of (A.5) equals Homyy (k) cont (H? (X, W'Q% ), D).
The homomorphism R : HI(X,W,Q%) — H(X,W,_1Q%) induces an
endomorphism R’ : HI(X, W'Q%) — H¥(X,W’'Q%). The Frobenius endo-
morphism o : W, (k) — W, (k) induces an endomorphism o : D — D.

LEMMA A.9. — Under the isomorphism (A.5), the endomorphism
F' 2 HO (X, 0WQ ") — HO 79 (X,0WQ% ")
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is identified with the endomorphism of Homyy () cont(H? (X, W'QY), D),
that sends a homomorphism f : H (X, W'Q% ) — D to the homomorphism
ocofoR.

Proof. — The proof here is immediate from the definition of the isomor-
phism (A.5) and the module D. O

A.5. The degree zero case

We are primarily concerned with the case in which ¢ = 0. We denote
HI(X,W'Q%) by HI(X,W'Ox). Recall that F : W,Q% — W,_,Q%
equals the composition W, Ox Z W,0x E) W,—10x. From [25, 11,
Proposition 2.1], it follows that H’ (X, WQ%.) — @n,RHj(X’ W, Q%) is
an isomorphism, hence H’ (X, W’'Ox) is isomorphic to the projective limit

H(X,WOx) = lim[--- & H/(X,WOx) & H (X, WOx)].
The endomorphism o : H/(X,WOx) — H’(X,W0Ox) induces an auto-
morphism o : H/ (X, WOx) N HI(X,WOx). We observe here that the
endomorphism R’ on H’ (X, W’Ox) corresponds to the endomorphism o1
on Hi(X, WOx).

Let K = Frac W(k) denote the field of fractions of W (k). The homo-
morphism o™ /p" : Wy, (k) — K/W (k) for each n > 1 induces a canonical
isomorphism D = K/W (k) of W (k)-modules that commutes with the ac-
tion of o.

A.6. Proof of Proposition A.5

Suppose that k = F,. Then by Lemma A.9, H*(X, CW Q%) is isomorphic
to the Pontryagin dual of H®(X, WOx), hence the group

HO(X, CW % 1o,) = Ker[HO(X, CWQ%) =55 HO(X, CWQY)]

is isomorphic to the Pontryagin dual of the cokernel of 1 — o~ on

HS(X,WOx).

ProproSITION A.10. — Let k = F, be a finite field and X be a scheme
of dimension § that is smooth and projective over Spec k. Suppose that the
V-torsion part T of H*(X,WOx) is finite. Then, H°(X, CW Q%) is a finite
group of order |T?|-|L(h°(X),0)|,*. Here, T” denotes the o-invariant part
of T.
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Proof. — By the argument above, the order of H°(X,CWQ% ) equals
the order of the cokernel of 1 — ¢ on H(X,WOx) if it is finite. The
torsion subgroup of H®(X, W) is finite since it injects into 7. By [25,
I1, Corollaire 3.5], H (X, WOx)®z,Q, is isomorphic to the slope-zero part

of H., (X/W (k)) ®z, Qp, hence the claim follows. O
Proof of Proposition A.5. — Let the notation be as above and suppose

that 6 = 2. Then, by [25, II, Remarque 6.4], the module T in the above
proposition is canonically isomorphic to the group

Homyy (r,) (M (Pick/p, / Pick/p, rea): K/W(Fy)),

where M( ) denotes the contravariant Dieudonné module functor. In par-
ticular, T is a finite group. Let T, denote the o-coinvariants of T'. Then,
by Dieudonné theory (cf. [11]), Homy (r,)(Ts, K/W(F,)) is canonically
isomorphic to Hom(Pic%k /g, , Gyn), hence the claim follows from Proposi-
tion A.10. |
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