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VIRTUAL PULLBACKS IN K-THEORY

by Feng QU (*)

ABSTRACT. We consider virtual pullbacks in K-theory, and show that they
are bivariant classes and satisfy certain functoriality. As applications to K-theoretic
counting invariants, we include proofs of a virtual localization formula for schemes
and a degeneration formula in Donaldson—Thomas theory.

RiESUME. —  Nous considérons les tirés en arrieére virtuels en K-théorie, et
montrons qu’ils sont des classes bivariantes et satisfaisant une certaine forme de
fonctorialité. En tant qu’applications aux invariants de comptage K-théoriques,
nous incluons des preuves d’une formule de localisation virtuelle pour les schémas
et une formule de dégénérescence en théorie de Donaldson—Thomas.

Introduction

Virtual pullbacks were introduced and developed for Chow groups in [23],
we work out parallel results for Ky groups of coherent sheaves. K-theoretic
virtual pullbacks also give rise to bivariant classes (cf. [3, Definition 4.1])
and satisfy functoriality. To prove these results, we follow the arguments
in [10, 16, 23].

As localization and degeneration techniques are fundamental in curve-
counting theories, we also include proofs of a K-theoretic virtual localiza-
tion formula for schemes and a degeneration formula in Donaldson—Thomas
(DT) theory. These formulas are known and straightforward to prove given
their cycle versions. For applications to K-theoretic computations, see
e.g., [25].

We work over a field k, schemes and algebraic stacks are over k and
(locally) of finite type.

Keywords: virtual pullback, virtual localization, degeneration formula.
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The mechanism of virtual pullbacks is the same as that of Gysin pullbacks
along regular embeddings.

Given a closed immersion between schemes f: X — Y, we have a de-
formation space My. It is a scheme flat over P! and the diagram below is
cartesian

O My <OV x Al

w

{o0}¢€ P! DAL

Here C; is the normal cone of f. (See [10, Chapter 5].)
When Y is of finite type, we can define deformation to the normal cone
map
o =i o Topr*: A(Y) — A(CY)

using the diagram

A(Cy) —2 AMS) —L5 A(Y x &) — 0.

(0.2) i Tpr*

ACy) < T= — A(Y)

Here A(-) denotes the Chow group functor.
For any cartesian diagram

X! *g> y!

N

) I 7

we have a closed immersion ¢: Cy — Cy xx X’. When f is a regular
embedding, C is a vector bundle, and the map ¢ embeds Cy into a vector
bundle over X’. Now we can define the Gysin pullback

g AY) s A(C,) — A(C) xx X') — A(X).
The last map A(Cy xx X') — A(X’) is the Thom isomorphism.

Then the pullbacks {g': A(Y’) — A(X’)} define a bivariant class and
such classes further satisfy a functoriality. Recall a bivariant class ([10,
Chapter 17]) for f: X — Y is given by a collection of maps {c,: A(Y’) —
A(X xyY")} indexed by v: Y/ — Y, compatible with proper pushforwards,

ANNALES DE L’INSTITUT FOURIER



VIRTUAL PULLBACKS IN K-THEORY 1611

flat pull backs, and the functoriality is the statement that for a composition
of regular embeddings

X—tsy-1oz
we have ' o j' = (j 01d)".

It is clear that to define the bivariant class f', the ingredients are de-
formation spaces, embeddings of normal cones into vector bundles, and
a homology theory. As perfect obstruction theories induce embeddings of
normal cones into vector bundle stacks, and deformation spaces and Chow
groups are extended to Artin stacks by Kresch’s work [17, 18], the above
construction can be generalized.

More precisely, given a map f: X — Y between algebraic stacks of finite
type over k such that X — X xy X being unramified, we have an algebraic
stack M as in (0.1), with C¢ being the intrinsic normal cone ([4]) for f.

We have deformation to the normal cone map

of: A(Y) — A(Cf)

Together with a closed embedding ¢: C'ty — & of C't into a vector bundle
stack &y, the virtual pullback

JAY) = ACy) = Ay) —— A(X)
is introduced in [23].

Remark 0.1. — A closed embedding ¢: C'y — & corresponds to a perfect
obstruction theory for f.

The functoriality of virtual pullbacks depends on compatibilities between
perfect obstruction theories ([4, 23]). See Proposition 2.11 below for a pre-
cise statement.

In this note, instead of Chow groups, we work with K groups of co-
herent sheaves. In Section 1, we recall relevant definitions including DM
morphisms, perfect obstruction theories, and bivariant classes, and collect
some results on K groups of algebraic stacks and deformation spaces. Sec-
tion 2 concerns virtual pullbacks. Bivariance follows from properties of the
deformation space functor M°, while functoriality relies furthermore on [16,
Proposition 1] and requires some efforts to prove. In Section 3, a localiza-
tion formula for schemes is proved by the method of [5]. In Section 4, we
indicate how arguments in [22, 24] lead to a degeneration formula in DT
theory.

TOME 68 (2018), FASCICULE 4
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1. Preliminaries
1.1. DM morphisms

A morphism f: X — Y between algebraic stacks ([30, Tag 0260]) is
DM ([30, Tag 04YW]) if Ay: X — X xy X is unramified. Then for any
morphism Z — Y from an algebraic space Z, X xy Z is a DM stack ([30,
03YQ)]). In particular, when X is a DM stack, f is DM.

When f is DM, we can represent it as a map between groupoids (in
algebraic spaces) fo: Xo — Y, such that fo: Xg — Yp and f1: X3 - 1
are unramified. In fact, there exists a commutative diagram

X, fo Y,

L

X—Y

such that vertical arrows are smooth surjective and fy is a disjoint union
of closed immersions between affine schemes (cf. [23, Lemma 2.27]). Then
f1 = fo X¢ fo is unramified, which is easy to see using the diagram

X1:X0 ><XX04>XO XyX04>Y1:Y0><yY0.

| |

X— o Xxy X

1.2. Deformation spaces

To each DM morphism f: X — Y between algebraic stacks, we have a
deformation space M7. It is a flat family over P! whose fiber over {co} is
the intrinsic normal cone C, and over A' = P! — {co}, it is isomorphic to
the product Y x Al.

For a closed immersion between schemes, MJ? is constructed in [10, Chap-
ter 5]. In general, M3 is constructed by descent ([17, 18, 16]). First, the
construction of M° as algebraic spaces for unramified morphisms between
algebraic spaces is achieved by using étale groupoids in schemes, as unram-
ified morphisms are étale locally immersions. In general, we can represent f
as a map between groupoids fo: X, — Y,, such that fj, fi are unramified,
then M7 is the stack associated to the smooth groupoid My = Mg .

ANNALES DE L’INSTITUT FOURIER



VIRTUAL PULLBACKS IN K-THEORY 1613

LEMMA 1.1. — Given a DM morphism f: X — Y. The deformation
space My is quasi-compact, quasi-separated (qcqgs) if and only if X and Y
both are.

Proof. — We will apply results in [30, Tag 075S] implicitly numerous
times in this proof.

For the if direction, as X is quasi-compact, Y is qcgs, and we can repre-
sent f as a morphism between groupoids fo: Xe — Y, such that Xy — Yj
is a closed immersion between affine schemes. Then M3, is qcgs, and My
is quasi-compact.

As X and Y are qcgs, X and Y, are affine, we see that X; and Y; are
qcqs algebraic spaces.

Assume M7 is qcgs for the moment, as M7 is qeqs, M7 — M3 x Mg
is qcgs, it follows that M7 is quasi-separated. To show that M7 is gcgs,
represent it as an étale groupoid of immersions, and run the argument
above again.

For the only if direction, if M}’ is qcgs, then M}’ — P! is qcgs, so its fibers
Cf and Y are qcgs. As the zero section of a cone stack is qegs, X — Speck
as the composition of X — Cy and Cy — Speck is qcgs. O

PROPOSITION 1.2 (cf. [23, Theorem 2.31]). — Given a cartesian diagram
of algebraic stacks

X! _9 . vy

L,k

X ——Y

such that f is DM, there is an induced map My — Mg over Y —»Y.
Mg — My xy Y’ is an isomorphism when v is flat, and a closed immersion
in general.

Remark 1.3. — The proposition is not hard to show assuming the con-
struction of M7} is independent of groupoid presentations of f.

Presumably, the deformation space construction gives rise to a functor
M? from the (2, 1)-category of morphisms between algebraic stacks to the
(3, 1)-category of algebraic 2-stacks, and M7 is a 1-stack when f is DM. As-
suming the expected properties of M°, one can introduce virtual pullbacks
for Artin stacks involving 2-stacks. If we truncate 2-stacks to 1-stacks (i.e.,
taking 7<1.), then we have the version of virtual pullbacks in [28], which is
similar to working with obstruction sheaves instead of vector bundle stacks.
We hope to address these matters in [29].

TOME 68 (2018), FASCICULE 4
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1.3. Grothendieck groups of coherent sheaves
1.3.1.

We will use Ko(—) to denote the Grothendieck group of an abelian cate-
gory or a triangulated category. Recall the Grothendieck group of an abelian
category A is the abelian group generated by symbols [a] for each object a
in A modulo relations generated by

[a] = [a] + [a"]
for each exact sequence
0—ad —a—d —0.

The Grothendieck group of a triangulated cateogory D is defined similarly,
it is the abelian group generatored by [z] for objects z in D and relations

[z] = [2'] + [="]

for each distinguished triangle 2’ — x — 2.
Let D be a triangulated category with a t-structure. Denote Ap its heart
and D? the full subcategory of D consisting of bounded objects, i.e., € D

such that H"(z) = 0 for [n| >> 0, here H" = 7<,7>,,: D — Ap. Note
that there is an isomorphism

Ko(D") = Ko(Ap)
given by
@] = Y (1) [H ()],
If we have a triangulated functor .# : D — E such that % (D%) Cc Z(EY),

then we have an induced functor Ko(D%) — Ko(E®), or equivalently a
functor Ko(Ap) = Ko(Ag).

1.3.2.

For an algebraic stack X locally of finite type over k, denote by Ko(X) =
Ky(Coh(X)), where Coh(X) is the abelian category of coherent sheaves
on X.

Remark 1.4. — (Quasi) Coherent sheaves can be defined using the lisse-
étale site of X as in [27, Definition 6.1]. See, e.g., [14, Section 1], for a
summary of quasi-coherent sheaves on algebraic stacks.

As maps between K| groups are induced by derived functors, it is more
flexible to think of Ko(X) as Ko(D?,, (X)), here D%, (X) is the full sub-
category of the derived category of O x-modules with coherent cohomology.

ANNALES DE L’INSTITUT FOURIER



VIRTUAL PULLBACKS IN K-THEORY 1615

For a flat morphism f: X — Y, we have the pullback f*: Coh(Y) —
Coh(X), since it is exact by the flatness assumption, we have an induced
map f': Ko(Y) — Ko(X).

For a proper map f: X — Y, we have R*f,F € Coh(Y') for any coherent
sheaf F'on X and each ¢ > 0 by [26, Theorem 1.2], [8, Theorem 1]. Therefore
the map

Rf*: D;—coh(X) - D(-;coh(Y)
induces
Rf.: D¢y (X) = DEL(Y).

If Rf. satisfies

() Rfu(Don(X)) € Doy (Y),
then we can define f.: Ko(X) — Ko(Y) by

[F] = Y (~1)"[R" f.F].

Because of the condition on the pushfoward map above, we decided to
consider pushforwards only along proper DM maps for simplicity.

Remark 1.5. — It is easy to see (1) is the same as the condition

Rf.(Coh(X)) C DY, (Y).

coh

Two related notions are “of finite cohomological dimension” ([14, Def-
inition 2.3]), which requires Rf,(Qcoh(X)) C D(i’gh(Y) for some n, and
concentrated ([14, Definitino 2.4]), which is similar to being universally of
finite cohomological dimension. Obviously, a proper map of finite cohomo-
logical dimension satisfies ().

If f is proper DM, then it is concentrated, in particular, satisfies (}), this

follows from [13, Theorem 2.1], or one can employ coarse moduli spaces.

The functor Ky(—) is covariant with respect to proper DM morphisms,
contravariant with respect to flat morphisms. Proper pushfowards commute
with flat pullbacks by, e.g., [14, Lemma 1.2(4)].

Remark 1.6. — Covariance and contravariance are interpreted with re-
spect to the homotopy category of stacks, as it is easy to see that the flat
pullback f' or the proper pushforward f, only depends on the homotopy
class of f.

Let X be an algebraic stack, quasi compact and quasi-separated™®),
locally of finite type over k, and Z a closed substack of X with complement

(1 The map X — X X X is quasi-compact and quasi-separated.

TOME 68 (2018), FASCICULE 4
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U, then we have the localization sequence

This can be proved as if X is a Noetherian scheme using [19, Proposi-
tion 15.4].

For a morphism i: X — Y that is smooth locally a regular closed im-
mersion between schemes, we have a Gysin pullback i'. Given a cartesian
diagram

|

it Ko(Y') — Ko(X') is given by

iG] = 2(71)” Tor) (G, Ox),

n

where Tor) (G,Ox) is the Tor sheaf. Note that i': Ko(Y) — Ko(X) is
given by Li*: Db (V) — Db, (X).
In particular, for the zero section of a vector bundle stack, we have a

Gysin pullback.

Remark 1.7. — For a summary of Tor sheaves, see, e.g., [3, 3.1, 3.2]. To
extend results proved for Tor sheaves on schemes to algebraic stacks, we
note that the formation of T'or in (1.1) behaves well under flat maps in X,
Y, and Y.

Gysin pullbacks commute with proper pushforwards and flat pullbacks
([3, Lemma 3.1, Lemma 3.3]).
When ¢: X — Y is represented by a regular closed immersion, we have

i'i.[F] = [F]®@ A_1(N)): Ko(X) — Ko(Y),

where N; is the normal bundle of 7.

For F a coherent sheaf on X and G a coherent sheaf on Y, denote by
FXG the sheaf pri, F®pry G on X X Y. As the projection maps pry, pry
are flat, we have an induced map

K: Ko(X) x Ko(Y) = Ko(X x Y).

ANNALES DE L’INSTITUT FOURIER
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1.4. Bivariant classes

The notion of an operational bivariant class for a representable map
between quotient stacks is introduced in [3]. It is straightforward to adapt
the definition there to algebraic stacks in general.

Let f: X — Y be a map between algebraic stacks, we have a group

opK%(X ERN Y) of bivariant classes. A bivariant class ¢ in opK%(X ER Y)

is given by a collection of maps
Cy: K()(Y,) — K()(X Xy Y/)

indexed by v: Y’ — Y. These maps should commute with proper DM
pushforwards, flat pullbacks, and Gysin pullbacks.

Remark 1.8. — Proper DM pushforwards are not too restrictive, consid-
ering pushforwards in Chow groups (with rational coefficients) are defined
only for proper DM morphisms.

1.5. Perfect obstruction theories

Given a morphism f: X — Y between algebraic stacks, denote by L, €
D(fci)h(X ) the cotangent complex of f. Here Dqcon(X) is the full subcate-
gory of the derived category of Ox-modules (on the lisse-étale site of X)
with quasi-coherent cohomology sheaves. Cotangent complexes for alge-
braic stacks behave the same as those for schemes ([2, 2.4]).

An obstruction theory for f is given by a map ¢: E®* — L in Dgeon(X)
such that h'(¢), h°(¢) are isomorphisms, h~!(¢) is surjective. If E*® is a per-
fect complex of tor amplitude [—1, 1], then it is called a perfect obstruction
theory (POT) ([28, Definition 3.1]).

When fis DM, Ly € D(i%h(X), and a perfect obstruction theory ¢: E®* —
Ly induced a closed embedding Cy — €&; between cone stacks, where
& = ht/h°(E*Y) ([4, 28]), and any such imbedding corresponds to some
POT. So a POT can be viewed either as some map in the derived category
or an embedding of the intrinsic normal cone into some vector bundle stack.
We will switch between these two viewpoints freely.

For a cartesian diagram

X! _9 . y!

R

X 1.y,

TOME 68 (2018), FASCICULE 4
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a POT E* — Ly induces a POT p*E®* — L, for g, it is given by the
composition
WE® — 'Ly — L.
The induced embedding of C, is given by the compostion
Cg ‘—)Cf XxX/‘—> (‘ff XXX/.

2. Virtual Pullbacks

In this section, all stacks are of finite type and quasi-separated over k.

2.1. Deformation to the normal cone map

Let f: X = Y be a DM morphism between algebraic stacks. As My is
qcgs by Lemma 1.1, we have a localization sequence to define the deforma-
tion to the normal cone map

of =1" oj* toprt: Ko(Y) — Ko(Cy)
using K-theoretic version of (0.2). (See [10, p. 352].)

ProroSITION 2.1. — Consider a cartesian diagram between algebraic
stacks
D
l 7 l
X ——=Y,
where f is DM. Let £: Cy — Cy be the induced map between cone stacks.
(1) if v is proper DM, then
(eoog=opove: Ko(Y') = Ko(Cy).
(2) if v is flat, then & is flat, and
ogovt = o or: Ko(Y) = Ko(Cy).
Proof. — We treat the proper pushforward case, the flat pullback case
is similar and easier.

As Y’ — Y is proper DM, so is Mg — Mg, since it is the composition
of a closed immersion M; — M3 xy+ Y by Proposition 1.2, and proper

ANNALES DE L’INSTITUT FOURIER



VIRTUAL PULLBACKS IN K-THEORY 1619
DM map MJ? Xy Y — M}’ The map Mg — M}’ induces a commutative
diagram
Ko(Cy) — Ko(Mg) — Ko(Y' x A') ——0
] |
Ko(Cf) — KO(M}’) —— Ko(Y x Ay ——0,

where horizontal arrows are localization sequences, and vertical arrows
are proper pushforwards. Using the commutativity between flat pullbacks,
proper pushforwards, and Gysin pullbacks, a diagram chase gives the result
of (1). O

2.2. Virtual pullbacks

DEFINITION 2.2 (cf. [23, Definition 3.7]). — Assume f is DM, a perfect
obstruction theory (POT) ¢: E®* — L} for f: X — Y gives rise to a closed
immersion « : Cy < &, where ¢; = h'/h°(E*"). Using this immersion,
we can define a virtual pullback

e Ko(Y) = Ko(X)
as the composition:
Ko(Y) —" Ko(Cp) — Ko(€;) —— Ko(X),

where s is the zero section of €y, s' its Gysin pullback.
The virtual structure sheaf Oy is defined as f'(Oy).

Remark 2.3. — When f is smooth and DM, the identity map of Ly gives
rise to a POT, and the virtual pullback is the same as the flat pullback.

2.3. Bivariance

Consider a cartesian diagram

X —=Y'

TOME 68 (2018), FASCICULE 4
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a POT E*® — Ly induces a POT p*E® — L, for g, so we have a map
g KY')— K(X').
We will show that the collection of maps ¢' : K(Y') — K(X') for each
Y’ — Y defines a bivariant class, denoted by f' € opK°(X EN Y).

PROPOSITION 2.4 (cf. [10, Example 17.6.4]). — f' commutes with
proper DM pushforwards and flat pullbacks.
Proof. — This follows from Proposition 2.1. O
PROPOSITION 2.5 (Commutativity). — Given a cartesian diagram
X/ - o Y/
L,
X——Y

such that we have defined virtual pullback f',1', then f' o' =v'o f*.
Proof. — It is enough to show
flovt=viof' Ko(Y) = Ko(X').
Consider the cartesian diagram

h

Cf Xy C’l, g*Cu Cu

(2.1) ©*Cy x —L sy
ok, )

ol x 1.y

Unravel the definition, it is easy to see that ' o f' is the composition of o i
o¢ pushfoward along C¢ — Cy xy C), — &; xy €,, and Gysin pullback
along X' — &; xy €,.

Consider the double deformation space 7: My xy M, — P! x P!, and
principal cartier divisor D, E on My xy M,, correspondes to {oco} x P! and
P! x {oo}. Given a coherent sheaf F on Y, pullback it to 771 (A?) = Y x A2
then extends to F on M Xy M,, one can check that the pushforward of
ocoos([F]) along C¢ — C xy C,, is given by iy o'y ([F)] in K(Cf xy C,).

Now we see that proposition is a consequence of iy 0 iy =ity 0ily. O

THEOREM 2.6. — Virtual pullbacks are bivariant classes.

ANNALES DE L’INSTITUT FOURIER



VIRTUAL PULLBACKS IN K-THEORY 1621

Proof. — Since we have proved virtual pullbacks commute with proper
DM pushforwards, flat pullbacks, and Gysin pullbacks, they are bivariant
classes. O

Remark 2.7. — In fact, as a virtual pullback is determined by flat pull-
backs, proper pushforwards and Gysin pullbacks, one can show that virtual
pullbacks commute with bivariant classes. In particular, they commute with
refined Gysin maps (See e.g., [3, Section 3])

2.4. Functoriality

We will need the local description of deformation spaces. Consider
f: Spec(A/I) — Spec A, recall Mg over P' — {0} is given by the k[T]
algebra

ITL
AT P — c AT, T,
119D 3 € AT
and we see that over P! — {0} — {oo} where {oo} is the point 7' = 0, we
get the k[T, T~1] algebra A[T,T~1].

LEMMA 2.8. — Let C be a cone stack over an algebraic stack Y, and
s:Y — C' the zero section, then the deformation space Mg is given by the
associated C' bundle over P! of the principal G,, bundle over P! determined
by O(—1). Here the G,, action on C' is induced by the multiplicative action
of A' on C as a cone stack. In particular, the intrinsic normal cone C; is
isomorphism to C, and os: Ko(C) — Ko(Cs) is the identity.

Proof. — First consider the case when Y is a scheme and C is a cone.
Locally Y is given by an affine scheme Spec A and C' = Spec S,, where S,
is an A algebra generated over Sy = A by S1. As Y — C is given by the
ideal Sy = @505, M? over P! — {0} is given by

s.m@@% = @% 7).

n>0 d>=0
There is an isomorphism
S
(2.2) S.J11~ | P T [T]
d>0

functorial in S,, which maps any element z in Sy to =z, and T to T

TOME 68 (2018), FASCICULE 4
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Consider the isomorphism (2.2) over P! — {0} — {cc}, the right hand side
is isomorphic to Se[T, T~!] via

St _
S,[T] @@T—: C ST, T7Y
n>0
and (2.2) induces
S T, T~ ~ S, [T, T~

that corresponds to the isomorphism

C x A* —{0} —» C x A — {0}
that maps (a, A) to (A"ta, \). Now we see M? is the pushout

t™ )= (at™h)
B ——

Cx Al - {0} C x P! — {co}.

l(a,tl)H(tla,t)
C x P — {0}

Here t is the coordinate on P* — {0}.

The map M? — C is given by projection to C' over P! — {oc}, and
(b,t) + bt over P! — {0}.

By the functorial nature of these identifications and the descent construc-
tion of deformation spaces, we see that the lemma works for Y an algebraic
space and C' a cone over Y. In general, first choose a smooth cover of Y by
a scheme U — Y, such that C' xy U has a global presentation [D/E] as a
cone stack, then s is represented by the groupoid

UxyU——=DxgcD
U——>D,

and we are back to the case for cones over algebraic spaces.
To see that o is the identity, note that over P' — {0}, M} is given by

C x A', and the pullback to C via {t} — A! is independent of . O
Remark 2.9. — The proof also shows that given a commutative diagram
X—2=C
v,k
x L

ANNALES DE L’INSTITUT FOURIER



VIRTUAL PULLBACKS IN K-THEORY 1623

where the horizontal arrows are zero sections of cone stacks, and ¢ is equi-
variant with respect to their A action, the induced map M2 — M2, over
P! is given fiberwise by &: C' — C'.

LEMMA 2.10. — Given a map f: X — Y, a stack m: C' = Y over Y
with a section s : Y — C.

(1) The triangle
frLs ——> Loy — Ly
associated to X — Y — C is isomorphic to
J'Ls —— f"Ls &Ly —1Ly,
(2) We have an induced closed immersion
Csoy = Cp xx [Cs.

(3) Assume Ef — Ly (resp. Es — L) is a POT for f (resp. s). Then
we can construct a compatible triple

[T ———= [TE; O B} ———— Ej
fLy —> fLy ® Ly ~ Loy —> Ly,

Let €7 (€,) be h*/h°(E$Y) (h*/h°(E$Y)), then the induced closed

Immersion
Csof = €5 xx f*E,

from the middle vertical arrow is given by the composition

Csof = Cp xx f*Cs — €5 xx f €.
Proof. — (1). The diagram

X—X—>X
b
Yy —2=C—">Y

induces

Ly Lsof Ly .

TOME 68 (2018), FASCICULE 4
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It is then easy to check the following two triangles are isomorphic:

'Ly — f'Ly® Ly —— 1Ly

]

Ly ——> Loy ——> L.

(2). The isomorphism Lgo¢ >~ f*L,®L; induces an isomorphism between
intrinsic normal sheaves

Nsof ~ Nf Xx f*NS.

The map Csor — C¢ X x f*Cj is determined by Csor — Cr and Cyop —
f*Cs, they are induced by

- X

rol

HY

Q<7><

and

X#

Thus we have a commutative diagram

Q<—-x=

C ——

Csof *>Cf Xx [*Cs

i l

Nsof 4>Nf Xx f*Ns.

As vertical arrows are closed immersions and the bottom arrow is an iso-
morphism, the top arrow is a closed immersion.

(3) follows from (2). O

PROPOSITION 2.11 (Functoriality). — Let f,g be DM morphisms, de-
note their composition by h:

XxL-v-—tes
h
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Assume we have a compatible triple between POTs

"By — Ep —— E%

L

fLg ——Lyn — Ly,

i.e., vertical arrows are PO'Ts, and horizontal arrows are distinguished tri-
angles, then

W= flog
Proof. — Denote by € the vector bundle stack h'/h°(E$"), similarly
we have &g, €.

Step 1. — Tt is enough to show h' = f'og': Ko(S) — Ko(X), since the
situation is identical under base change. Consider the map s : X xP' — M, P
over P! and the cartesian diagram

X x {oo} —= X x P! < X x {0}

ST
Cy My S x {0}
R
{0} P! {0}.

In the proof of Theorem 1 in [16], a virtual pullback s is constructed
such that
» = (sof) =hh

Here the virtual pullback (sof)" is defined by Lemma 2.10 using the POT of
f and s, the POT for s corresponds to the closed immersion Cs ~ Cy; — &,.
Construction of s is recalled in the remark below.

Then argue as in the proof of Theorem 6.5 in [10], we see h' = f' o g’
follows from

flos' = (SOf)!Z Ky (Cy) = K(X),

or the functoriality for the map X N y 2> Cy . More precisely, for
any element .7 € Ko(S), we can find "~ € Ko(M) such that its restric-
tion to S x A® equals the pullback of .# to S x Al, then

i(FY) =T, io(FT) = 04(F).
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Here i} and i, are Gysin pullbacks, and o,: K(S) — K(C,) is the map
defined by deformatlon to the normal cone. As ¢'(F) = s'(0,(F)), if we
assume f'os' = (so f)', then

F@(F) = [os(0g(F)) = (s0 ) it (F) =ik 05 (F7).
Thus
W(F) = h'(ih(F™)) = iglo 5 (F™) =i’ o 5 (F™).

Here we used i} : Ko(X x P') — Ky(X) is independent of ¢. This follows

from i = (pry ). © (ir)s 01 = (pry)s 0 1(Op1 (1)).
As we have a cartesian square

Y —C,

|

Y — ¢,

where the horizontal arrows are zero sections, we only need to prove func-
toriality for X — Y — €&, where the POT for Y — &, is given by the
identification of its intrinsic normal cone with &g, and the induced virtual
pullback is the Gysin pullback.

Step 2. — Abusing notation, we use s: X — &, to denote the zero
section of &,. Consider the cartesian diagram

X =% fre, X
yol
Yy ——=¢, Y.

As f'os' = s’ o F' by the commutativities of virtual pullbacks, the identity
flos' = (sof) is equivalent to sy o ' = (F osx)', or the functoriality
for x X fre, LA ¢, - Here s'y, F' are induced from s, f by base

change, and we need to check there is a compatible triple

B} ———= B} & ['B} —— [*E}

| i |

sx*Lp H—Lf & f*Lg :'Lsof HLSX,
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which follows from the commutativity of the diagram
Ly —— Ly & f*'Ly — f*Ls

R

sx*Lp ——— Lsof —— L.

Step 3. — By the arguments in Step 1, we see that sy o F' = (F osx)'
follows from the functoriality for the map

X f e, (92

here €p ~ f*E&; x x €; by our construction. Now functoriality means the
Gysin pullback along X — f*&, x x &; is the composition of Gysin pull-
backs along f*€; — f*€; xx € and X — f*€&,, and this is known. [

Remark 2.12. — We recall the construction of ', which is determined
by a closed embedding of Ny yp: My S into some vector bundle stack.
Consider the following map between distinguished triangles over X x P!:

J"E; @ Op1(—1) — I"Ey ® Ep —— c(v)

l .

FLg ® Opi (—1) ——= f*Ly & Ly — c(n),

where ¢(u), c(v) are the mapping cones of u,v resp. p is defined as the

composition
(T,U)
f*Lg ® O[p:l (71) —_— f*]Lg ® (OIPl @ Opl) ~ f*]Lg @ f*]Lg
(id,can)
S f*Ly ® L.

Here T and U are homogeneous coordinates on P!, can is the canonical
map f*Lg — Lj. The map v is defined similarly.

Tt is easy to check ¢(v) is a two term complex of vector bundles as there
is a distinguished triangle

[TEy @ Op1(1) = c(v) — EY.
Here Op1(1) comes from the exact sequence
(T,U)

O[p:l(—l) —— Op1 & Op1 ——> O]pl(l).
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Note that ¢(v) — ¢(u) is 1-connective, or its cone sits in degree < —2,
therefore we have a closed immersion:

(23) B ROe)) — B RO (e(w)Y).
Recall [16, Proposition 1] says that
ht /R0 (e(n)”) = Nxxpr M-S,
so (2.3) embeds Ny xp1 My S into a vector bundle stack h'/h%(c(v)V).

Remark 2.13. — When X — Y — § are regular closed embeddings, we
obtained functoriality for Gysin pullbacks.

2.5. Excess intersection formula

Assume f is a closed imbedding and consider a POT E® — L for f.
Since h°(E*) = h%(ILy) = 0, we can assume E® = E[1], where E is locally
free sheave.

PROPOSITION 2.14. — Assume f is a closed imbedding, E[1] — Ly
a POT, where E is a locally free sheaf. We have an excess intersection
formula,

Ffe=A(E)
Proof. — Consider the cartesian diagram
X —X

L, b

X ——=Y.

Use the fact that virtual pullbacks and push forwards commute. O
2.6. Remarks

2.6.1.

To define a virtual pullback on f: X — Y, we have assumed Y is qcgs,
When Y is only quasi-separated(® , but f is a composition of a map f: X —
Z with Z being of finite type and quasi-separated over k, and an étale map

(2) This is usually built into the definition of algebraic stacks in the literature.
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Ji 1 Z =Y, then we can still define the map o o't Ko(Y) — Ko(Cy).
Note that C'; ~ Cy follows from [4, Proposition 3.14].

Using functoriality, it is easy to check that the map o 7oJ "is independant
of the factorization f = j o f, thus by abusing notation we denote the
resulting pullback by o.

Then one can define a pullback f' as before using o¢, as oy is the com-
position of an étale pullback and a virtual pullback, it is straightforward
to extended results in this section to this slightly more general situation.

2.6.2.

Twisted virtual structure sheaves correspond to twisted virtual pullbacks
of the form
id% of!
where P* is a perfect complex on X, id%" € opK®(X 2%, X) the bivariant
class induced by derived tensoring with P*®. Properties of twisted virtual
pullbacks follow from those of virtual pullbacks.

3. A Virtual Localization Formula

The proof of the virtual localization formula in [11] can be streamlined
using virtual pullbacks, and an optimal form is obtained in [5]. The ar-
guments in [5, Section 3] can be used to prove the K-theoretic virtual
localization formula conjectured in [9, Conjecture 7.2], the keypoint is that
a modified POT of the fixed substack is compatibile with the POT of the
ambient stack, then the functoriality of virtual pullbacks gives the virtual
localization formula.

Remark 3.1. — The localization formula [6, Theorem 5.3.1] for dg-schemes
is also proved by constructing a virtual pullback ()"

3.1. Notation and Conventions

We will use T to denote the torus C*.
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3.1.1.

A T-stack X is an algebraic stack X with a T action, a T-map f: X - Y
between T-stacks is a map that respects the T action on X and Y. We will
denote X7 the quotient stack [X/T], and mx the quotient map X — Xr.
For a T-map f, we have an induced map fr : X7 — Y between X and
YT-

Remark 3.2. — There is an equivalence between the 2-category of T-
stacks and the 2-category of stacks over BT.

3.1.2.

For a T-stack X, 7% induces an equivalence between the category of
coherent sheaves on X7 and the category of T' equivariant coherent sheaves
on X. A T-equivariant coherent sheaf F' on X corresponds to a coherent
sheaf Fr on Xr such that F = 7% (Fr).

Denote by KI'(X) the K group of equivariant coherent sheaves on X,
with Q coefficients. Via 7%, K (X) is canonically isomorphic to Ko(Xr).

It is easy to show K{ (SpecC) ~ Q[t*!], and K{(X) is a K (SpecC)
module as Xt is a stack over BT.

Recall A_q1: Ko(X) — Ko(X) is given by [V] — > .(=1)/[A'V]. Its
equivariant version AT;: KT(X) — KT (X) is simply defined as A_; :
Ko(XT) — Ko(XT)

3.1.3.

Given a T-map f: X — Y, a T-equivariant POT ¢: E®* — Ly for f
can be identified with a POT for fr given by ¢7: B — L§ . The virtual
structure sheaves O, € KT (X) and Oy, € Ko(Xr) are related by Oy =
7% (O, ), and therefore can be identified via 7% : Ko(X7) — K{ (X).

3.1.4.

Let X be T stack, DM and of finite type over C, X7 its fixed substack,
we will use i: X7 — X to denote the inclusion of X7 as a substack.
Let ¢: E®* — L% be a T-equivariant POT for X. We have a decomposi-
tion
i*E® = (i*E.)ﬁx @ (i*E.)mOV
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of *E* into its fixed and moving parts, which come from T-eigensheaves
of i* E* with zero and nonzero weights respectively.
We have an induced (T-equivariant) POT for X7:

o1 (FE*)™ o ("Lx)* = Lyr.

(See [11, Proposition 1] and [5, Lemma 3.2].)

3.2. A Virtual Localization Formula

THEOREM 3.3. — Assume X is a scheme of finite type over C with a T
action, and
it XT = X
the inclusion of the T fixed loci. Let ¢: E* — L% be a T-equivariant POT.
Assume NVir" = (i* E®)™°V has a global resolution N~' — N° by locally
free sheaves on X 7.
Under these assumptions, we have

. OVi%
Ovir — iT* X i
* (ATl([NV”V])>

in Kg (X) ®qjr,t-1) Q(t)-
Here O¥F := Oy, O%% := Oyr, [NV*'] = [N°] — [N~ in KT (XT).
Proof. — If we modify the POT for X7 to
o7 (iI"E*)* @ N7U[1] = (i*E*)™ = Ly,
then we have a compatible triple between POTs
i*E® —— (i*E®)™* @ N71[1] —— NO[1]

| | |

*Lx Lyr L;,

here the first row is the direct sum of (i*E®)% — (#*E*)%* — 0 and
(i* E*)moY — N=1[1] — NO[1],
Let i be the virtual pullback induced by N°[1] — L;.
By Proposition 2.11, we have
1

Since
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as a map between K (Spec C) module becomes an isomorphism after ten-
soring with Q(t) by, e.g., [7, Theorem 3.3 (a)], we see that

inverse to i, by Proposition 2.14.
By Lemma 3.6 below,

AT s an
AT (NO)

O;}f == ATI(N_I) . O¢T

Combine the results above, we see that

it O
Op =ip, | L2 )
e (AZ(NO)

()

and this is the same as

. OVh}
oY =ir, R, Si— O
X (AT1<[NWVJ>>

Remark 3.4. — For a T scheme X, if L is a line bundle over X7 of
nonzero weight k, then AT (L) = 1 — t*L is invertible in K(X7T) ®q Q(t).
As1—tFL =1—t" — (L —1)t*, 1 —t* is invertible, and L — 1 is nilpotent.

Remark 3.5. — Let U be the complement of X7 in X. To extend the
formula to DM stacks, what we need is K{ (U) ®gp+1] Q(t) = 0. (Or some
other ring in place of Q(¢).) This is certainly true with enough hypotheses.
For example, if Riemann—Roch holds for [U/T], giving an isomorphism
between K{I'(U) and A,(I[U/T)), the Chow group of the inertia stack of
[U/T], then 1 — ¢ is nilpotent on K (U), as the Chern character of 1 —¢ is
nilpotent on A, (I[U/T)).

LEMMA 3.6 (cf. [11, Lemma 1]). — Given a POT ¢ : F* — Ly for
a DM morphism f: X — Y and a locally free sheaf E over X, the map
Y': F* @ E[l1] - F* — Ly induces a POT for f, here F* @ E[1] — F*
is projection onto the first factor. The two virtual structure sheaves are
related by

Ow/ = A,1(E) : Ow.

Proof. — Let C be the intrinsic normal cone of X, C(E) = Spec Sym E
the cone associated with E, and § the vector bundle stack h'/h°(F*Y)
associate to F'*. Then the closed imbedding Cy — § xx C(FE) induced
by ¢’ is the composition of the closed imbedding C; — § induced by v
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and the closed embedding § — § xx C(FE) induced by the zero section
X — C(F). Consider the cartesian diagram

x 2. o)

lox lo%
/

§ 2. 5 xx C(E)

By definition, we have Oy = 05(O¢,) and Oy = (05 0 0g)'(0%)+(Oc;).
Here O!S and (03 00g)" are Gysin pullbacks along the zero section of X — §
and Oz 0 0p: X — § xx C(E) respectively. As

(03 00g)" = (0p)" 0 0%, and 0%, o (0)« = (0x). o 0%,
we see that

Oy = (0g) 00%,0(0)+(Oc,) = (05)'0(0g).005(Oc,) = A_1(E)-Oy. O

4. A Degeneration formula in DT theory

In this section, the base field k is C, the field of complex numbers.

It is straightforward to adapt the arguments in [22, 24] to write down a
degeneration formula in DT theory. The difference between the K-theoretic
version and the Chow version comes from formal group laws, and this is
the content of [20, Lemma 3].

4.1. Setup

We recall the setup in [22].

4.1.1. Simple degenerations

Let m: X — C be a projective morphism from a smooth variety X to
a smooth pointed curve (C,0) such that fibers outside 0 are smooth, and
the fiber over 0, Xy, is a pushout Yy [[,Y_, where Y,Y_ are smooth
varieties, and D is a connected smooth divisor in both Y and Y_. We will
denote D by D, or D_ when it is viewed as a divisor in Y} or Y_.

Let Ny be the normal bundle of Dy in Y, and A = Pp (N4 ®0O). Denote
the zero and infinity section of A by D, and D_ respectively, so that the
normal bundle Np /A = Ny.
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Remark 4.1. — Let N_ be the normal bundle of D_ in Y_, then N} ®

_ ~ Op. In order to define A the choice of N} or N_ doesn’t matter.
In fact, it is enough to start with X, as a pushout Y, [[, Y_ assuming
ZVD/YJr ®ND/Y, ~ Op.

4.1.2. Expanded degenerations

Expanded degenerations are introduced in [21], see [12, Section 2.5] for
non-rigid expansions or rubbers. An extensive discussion can be found in [1].

We recall expanded degenerations associated to X — C, relative pairs
(Yy, Dy), and non-rigid expansions of (D, N, ), which will be denoted by
X-¢,9)=>T,®4+,94+) > T,and (D4,9-,9_) — T.. Expan-
sions of X is given by Xy — €y, the fiber of X — € over 0 € C.

Remark 4.2. — T, T. are the same as those in [12, 1]. Note that &g is
independent of €, it is the same as Tp in [1].

We have the universal family X — € of expanded degenerations associ-
ated to the family 7: X — C, its singular fibers are expansions of X of
the form Xj[n], where

Xl =Y_ J] & JT a0 JI v
D_=D, D_=Dy D_=D,
and A; are copies of A. There is a commutative diagram

X—X

-

¢c——=C

that is an isomorphism on smooth fibers and on singular fibers contracts
the A; in Xg[n].

For the relative pair (Y_,D_) and (Yy, D), the universal families of
expanded degenerations are denoted (9_,0_) — T and (D4+,9+) = T
respectively. Recall an expansion of (Y_, D_) is of the form

Voo, D_[n)=v_ J[ a1 J] A

D_=D, D_=Dy,

where D_[n] is D_ in A,,. We have commutative diagrams

D+,9+) — (Y4,D4),

|
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where ©4 ~ T x D4 over T, fiberwise A; are contracted.

Remark 4.3. — Notationwise, 2 in [22] is T x T, so (Y4, D+) defined
here differ from those defined in [22] by a factor of 7.

We also need the family (94,9~,9_) — T~ of nonrigid expanded de-
generation associated to the pair (D, N.), fibers are of the form

(D, Al Do)y=Ar JT - ] 2w
D_=D, D_=D,
where Dy, D_ in Aln]. comes from Ay, A, respectively. The commutative
diagram
(94+,9~,9-) —=D

|

T~
is given fiberwise by projections A; — D.

Remark 4.4. — The stacks 7, 7., and €, the fiber of € — C over 0,
are algebraic stacks, having quasi-compact, separated diagonals, locally of
finite type over k.

4.1.3. Moduli spaces of admissible ideal sheaves

Let H be a m-ample line bundle on X. We will consider moduli spaces of
admissible ideal sheaves®) with finite automorphism groups on expanded
degenerations, denoted in the form Mﬁ, where superscripts record Hilbert
polynomials, and the subscript indicates the family over which the moduli
space is considered.

Remark 4.5. — See [22, Section 3] for discussions on admissibility.

For the family X — €, as it is representable by a projective morphism,
we know the Hilbert scheme of this family with Hilbert Polynomial P (with
respect to the pullback of H to X) is an algebraic stack projective over €,
the intersection of its maximal open DM substack and its open substack of
admissible ideal sheaves is denoted by MF.

Similarly, we have M, MFE, MP all these stacks are proper by [22,
Theorem 4.14, 4.15].

The fiber of M¥ over 0 € C is denote by M}, it is the moduli space of
admissible ideal sheaves on Xo/€y with finite automorphism groups.

(3) Rank 1 torsion free sheaves with trivial determinants.
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From now on we will be only interested in the case when deg P = 1.
Restricting to the divisor ®_ of (P_,D_) induces an evaluation map

ev_: MF = Hilbp.

Here Hilbp = [, HilbY, is the Hilbert scheme of points on D.
Similarly, we have

evy: /\/li — Hilbp
and

(evy,ev™): M. — Hilbp x Hilbp.

Given a degree zero polynomial ()_, denote by MP9 the preimage of
Hilbg’ under ev_, where Hilbg’ is the open and closed scheme of Hilbp,
parametrizing ideal sheaves with Hilbert polynomial ¢)_. Similarly, we have
MG MmO,

Let My = Hdeg p1 ME be the disjoint union, and similarly we have
M Mo, My

4.1.4. Perfect obstruction theories

Now we need to assume 7: X — C is a family of 3-folds to ensure higher
obstruction groups vanish so that we have perfect obstruction theories.

Consider the family X — €, we have the moduli space M — € of admis-
sible ideal sheaves. Denote by Z C Opaqx.x its universal ideal sheaf. The
dual of the perfect obstruction theory is given by

TM/E — R py RHOH’I(I, I)O[l]

which is induced by the Atiyah class of Z, where Ty/e = LY, Je 18 the
tangent complex of M — € and w4 is the projection M x¢s X — M.
(See [15, Section 4], [22, Proposition 6.1].)

POTs for Mo, M_, M., M are defined in the same way. We will use
oW, O%i_, 0%, O}’&,{Jr to denote their corresponding virtual structure
sheaves.

Remark 4.6. — The tangent-obstruction complex is given at an ideal
sheaf I by RHom(I, I)o[1]. On the smooth scheme Hilbp, RHom(I, I)o[1]
is quasi-isomorphic to the tangent space of I in Hilbp ([22, p. 912]).
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4.1.5. Decomposition of ME

There is a natural map

TxT =€
that pointwise corresponds to gluing Y_[n] and Y, [m] to
Xo[n+m] ~Y_[n] H Yy [m].

D_[n]=Dy[m]
Similarly, we have maps
gl : TXTL X X TLxT = €&
—_——

k factors
that glue expansions of Yy and nonrigid expansions of (D, N, ) to expan-

sions of Xj.

Remark 4.7. — Smooth locally, &, is given by the simple normal crossing
divisor U, D; in A™ = Speck[z1,xa,...,Zy,], where D; is the smooth
divisor (z;). The map gl,, is then given by

H ijJDj — UD; C A™.
J|J|=k+1

In particular, the maps gl;, k > 0 are representable and finite.

It follows from the definition of fiber product that the diagram

Lk
M Xuibp, Mo Xuibp -+ Mo Xaib, My —— M

| |

TxTox--xXTLxT &

gly,

is cartesian. For example, when k = 1, the fiber product is given by the
fiber product

My

leV+

M L Hilbp

\Lev+

M_ = Hilbp.

For ease of notation, we abbreviate T x 7L x - -+ x T x T to €y[k] and

M Xwib, Mo XHilby, - - - M XHilb, My to Mo[k].
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If we use M¥ in place of My, then the fiber product is the disjoint union
of

Po,Qo Qo,P1,Q1 U AMQr—1,Pr,Qk Qi Poo
MZ X i Q0 Mz X Qs Mz X M7

Q@
Hllka

over all (Py, Py,...Px,,Qo,--.,Qk, Px) such that Zf:opi — E?:o Q; +
P =P.
For a tuple § = (P, Py, ... Pi,,Qo, .., Qk, Px), let
k(d) =k,

and i i
P@)=> Pi—=) Qj+Pu.
i=0 j=0

We denote the module space

MI_DO»QO ™ Mgo,Pl-,Ql % _.Mgk—l’Pkak X

Hilb 20 Hilb! Hilb 2 M
by My and and the gluing map
Ms — M.
by ¢s.
Remark 4.8. — Given P there are only finitely many § such that §(P) =

0 and M is nonempty.

4.2. A Degeneration Formula

Consider the diagram

Molk] ——= M_ X M x - Mo xMy
—_———

l k factors
aor !

Hilb}* — 2~ (Hilbp x Hilbp)**.

Recall

Molk)= T Ms,
8,k(6)=k
denote the component of the Gysin pullback

(AgﬁbD)! (o moys w08 ®o,)
on M; by (’)j\i/fa_.
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Consider the diagram

Molk] ——= My

.

&olk] —— &y,

where k£ > 0. The POT of My — &; induces a virtual pullback, and Oj\i/fo
is obtained by pulling back Og,.
The degeneration formula is

THEOREM 4.9. — Let X — C be a simple degeneration of 3 folds,
P a degree 1 polynomial, For any 6 = (Py, P1,...Pg,,Qo,...,Qk, Pxo)
satisfiying 6(P) = P and M; nonempty, let OY € Ko(M;) be

|
xk ’ i i i i
(AHilbD) (Oj\l/iPOvQO X O}t{gml’l&h X OXZQk—LPk'Qk X OVM”fkvPOO)ﬂ
then we have

Yo D (FDw).0%, = 0%
k=0 9

T P@)=P
k(5)=k

in Ko(ME). Note that by the boundedness of ME, the left hand side is a
finite sum.

Proof. — It follows from the arguments in [22, Proposition 6.5], [24, 3.9]
and the functoriality of virtual pullbacks that O}’\ijo[k] = [1O%, can be
identified with the virtual pullback of Og, -

By [20, Lemma 3], we have

oo

Z(_l)k(glk‘)*oeo[k] = O¢0'

k=0
Then by commutativity between virtual pullbacks and proper pushfor-
wards, the theorem is proved. O

Remark 4.10. — We have deformation invariance for the family Me.
Denote by i. the regular imbedding of the closed point ¢ to C, and form a
cartesian diagram as follows:

Mf—>664>c

T

MP——C¢——C.
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Then

1 Avi i
’L;:O_XZP = O}l\l,fp .

For ¢ # 0, €, is a point, and MZF is the DT moduli space of ideal sheaves

vir

on the smooth 3 fold X, with virtual structure sheaf O/,.

Remark 4.11. — As €y is not quasi-compact, we need to use virtual pull-
backs explained in Subsubsection 2.6.1. This is possible because ME is
bounded.
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