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CONFORMALLY INVARIANT TRILINEAR FORMS ON
THE SPHERE

by Jean-Louis CLERC & Bent ORSTED

ABSTRACT. — To each complex number X is associated a representation 7y
of the conformal group SOg(1,n) on C>(S™~!) (spherical principal series). For
three values A1, A2, A3, we construct a trilinear form on C>®(S™~1) x C>®(S"~1) x
C*°(S™~1), which is invariant by my, ® Ty, ® mx,. The trilinear form, first defined
for (A1, A2, A3) in an open set of C3 is extended meromorphically, with simple poles
located in an explicit family of hyperplanes. For generic values of the parameters,
we prove uniqueness of trilinear invariant forms.

RESUME. — A chaque nombre complexe \ est associée une représentation 7y
du groupe conforme SOg(1,n) sur C®(S"~1) (série principale sphérique). Pour
chaque triplet (A1, A2, A3), nous construisons une forme trilinéaire sur C> (S™~1) x
C>®(Sm~1)xC>®(S™1) qui est invariante par Tr, ®Tr, @7, La forme trilinéaire,
d’abord définie dans un ouvert de C3 est étendue méromorphiquement, avec des
poles simples en une famille explicite de plans de C3. Pour les valeurs génériques
des parameétres, nous démontrons 'unicité d’une telle forme trilinéaire invariante.

Introduction

The motivation for this article came from the paper [1] by J. Bernstein
and A. Reznikov. In order to estimate automorphic coefficients, they use tri-
linear invariant forms for G = PG Ly (R). Their paper shows the importance
of three related questions of harmonic analysis on PGLs(R): Given three
representations (w1, H1), (72, Hz), (73, H3) in the principal spherical® se-
ries of the group G,

(i) construct a trilinear invariant functional on H; x Ha X Hs
(ii) prove uniqueness (up to a scalar) of such a trilinear invariant func-
tional

Keywords: Trilinear invariant forms, conformal group, meromorphic continuation.
Math. classification: 22E45, 43A85.

(1 with respect to the maximal compact subgroup K = PO(2) of G.
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(iif) compute the value of the trilinear functional on the K fixed vectors
of H1,Ha, Hs respectively.

The representations are realized on the unit circle, on which the group G
acts projectively, and indexed by a complex number. One possible gen-
eralization consists in replacing the unit circle by the n — 1 dimensional
sphere S, under the action of the conformal group G = SOq(1,n). For this
case, we present here a construction of an invariant trilinear form (item i)),
which uses an analytic continuation over three complex parameters and
discuss the uniqueness statement (item ii)) for generic values of the pa-
rameters. The computation of the normalization factor (item iii)), even for
more geometric situations, will be published elsewhere, (cf. [3]).

In Section 1, we recall elementary facts about conformal geometry of the
sphere (in particular we give a description of the orbits of G in S x S x S),
and introduce the representations which the paper is concerned with. In
Section 2, we define formally the trilinear invariant form, study the domain
of convergence of the corresponding integral and determine the analytic
continuation in the three complex parameters corresponding to the three
representations. In Section 3, we prove the uniqueness statement. The proof
relies on Bruhat’s theory, which we recall in an appendix at the end of the
paper. In Section 4, we give an alternative approach to the construction of
an invariant trilinear form, using a realization of the tensor product of two
of the representations involved, thus making connection with [12].

The present paper only deals with regular values of the parameters. The
residues at poles will yield new conformally invariant trilinear forms, sup-
ported by the singular orbits of G in S x § x S and involving differen-
tial operators akin the Yamabe operator on the sphere, worth of a fur-
ther study. Other geometric situations are potential domains for similar
results. Let P, Py, P3 be three parabolic subgroups of a semi-simple Lie
group, such that G acts on G/P; x G/P> x G/P3; with a finite number
of orbits (see [9], [11]). Take three representations induced by characters
of Py, Py, P3. Invariant trilinear forms for these three representations can
plausibly be studied along the same lines as in the present paper. The case
of three copies of the Shilov boundary S of a bounded symmetric domain
of tube type is specially appealing (see [4] for a description of the orbits
of Gin S x S x585).

Let us mention the paper by A. Deitmar [5], which has some overlap
with our results. Previous work on the subject also includes [13] and [10].

The first author thanks D. Barlet and L. Bérard Bergery for conversa-
tions on various aspects of this paper and the Mathematics Department of
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Aarhus University for welcoming him during the preparation of the present
work.

1. Conformal geometry of the sphere

Let
S:Snfl:{x:(xl,xg,...,xn), |x|2:x%+x§+~~+xi:1}

be the unit sphere in R™. We usually (and tacitly) assume n > 3, as the
case n = 2 needs a few minor changes, which are occasionally mentioned
in the text. The group K = SO(n) operates on S. Let

1t =(1,0,...,0), 1~ =(-1,0,...,0).
The stabilizer of 17 in K is the subgroup

M=~ SO(n—1) = { (é 2) ,uESO(nl)}.

With this notation, S ~ K/M is a compact Riemannian symmetric space.
Another realization of the sphere is useful. Let R1"™ be the real vector
space R"*! with the quadratic form

(1.1) q(z) = [z, z] :x(Q)*(‘T%JF‘T%JF"'Jr:Ei).
To x = (x1,22,...,%,) in S associate T = (1,21, 2, ...,2,) in RL™. The
correspondance

r +— Rz

associates to a point in S an isotropic line in RY"™. The correspondance is
easily seen to be bijective. The group G = SOg(1, n) acts naturally on the
set of isotropic lines, and hence on S. Explicitly, for z in S and ¢ in G, g(z)
is the unique point in S such that

g(x) = (92)0 g7
For z in S and ¢ in G, set

(1.2) K(g,z) = (gT)o
Let x,y be in S. The following identity holds
_ 1
(13) 59 =1~ (w9) = 5la — ol

so that for ¢g in G,
(1.4) l9(x) — g(v)| = kg, 2)? |z —y| w(g,y)?.

TOME 61 (2011), FASCICULE 5
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The infinitesimal version of (1.4) is

(1.5) |Dg(x) | = (g, ) €]

for ¢ any tangent vector to S at z, where g is in G and Dg(x) stands for
the differential at = of the map x — g(z). Hence the action of G on S is
conformal, and (g, x) is interpreted as the conformal factor of g at x.

We look at K as a subgroup of G. It is a maximal compact subgroup of G.
The stabilizer in G of the point 17 is the parabolic subgroup P = MAN,
where

cosht sinht 0 --- 0
sinht cosht 0 --- 0
A: at: O O 1 9 teR
0 0 1
and
¢ €2
R N
R £
N={neg= 1 , feR!
3 =€ '
1

sinh ¢4+ cosh ¢

T cosh t+x1 sinh ¢
2
T2 cosht+xq sinht
at = .
Ip Tn

cosht+xq sinht

Let N be the subgroup image of N by the standard Cartan involution
-1
of G (g— (¢") ):

N = ne = 1 ) fERn_l

ANNALES DE L’INSTITUT FOURIER
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The map

1-|¢?
1+[€[?

C: f — ﬁg(lJr) = 9 5
1+[€2

is a diffeomorphism from R"~! onto S~ {17 }. Its inverse is the classical
stereographic projection from the source 1~ onto the tangent space T7+.5
to S at 1. When using this chart on S, we refer to the noncompact picture.

PROPOSITION 1.1. — The conformal factor £(g, z) is a smooth function
of both g and x, which satisfies the following properties:
i) VYg1,92 € G,z € S,
(1.6) K(9192, %) = K(91, 92(2)) K(g2, )
-1

ii) Vg€ G,w €S klg,g7"(2)) =rlg",2)~!
i) Vee S,k € K w(k,a) =1
iv) Ve € S,t € R, k(ay,x) = (cosht + xqsinht) 1.

Let g in G. As the dimension of the tangent space TS is n — 1, the
Jacobian of g at x is given by

(L.7) j(g,x) = k(g,2)"~".

The map c¢: R"~! — S~ {—1} is also conformal. In fact, one has the
following relation, valid for any &, € R*~1:

(18) e(€) — efn)| = —2

1+ €221+ [n[?)z
and its infinitesimal version

)

2
(1.9) |de(§) ¢| = TTeE 1q
(¢ € R*1). The corresponding integration formula reads
1.1 d AR
a0) [ f@ae@) = [ 5e©) e i

Later, we will need a description of the orbits of G in S x S x S (for the
diagonal action of G). Recall first that the group G in its diagonal action
on S x S has two orbits:

st ={(wy) eSxSaty As={@a),zes}

As base-point in S2, choose (1*,17). The stabilizer of (1*,17) in G is
the subgroup M A.

TOME 61 (2011), FASCICULE 5



1812 Jean-Louis CLERC & Bent @RSTED

PROPOSITION 1.2. — Let n > 3. There are 5 orbits of G in S x S x S,
namely

x1,%2,T3),T; # ; for i 75]}

X1,%,T) x;«éxl}

(
(
(z,22,), 0 # 22}
(
(

={
{
{
{ x,T,T3) x;éxd}

(94 = { x,x,x)}

Proof. — The five subsets of S x S x S are invariant under the diagonal
action of G. So it suffices to show that G is transitive on each of these sets.

e G is transitive on S, hence on O4. Choose (17,1%,17) as base-point.
The stabilizer of the base-point in G is the subgroup P = MAN.

e The stabilizer P of 17 is transitive on S \ {17} (the action of N is
already transitive on S\ {17}), so that G is transitive on O;, for j = 1, 2, 3.
As base-point in O3 (similar choices can be made for O; and O3) choose
(1%,1%,17). The stabilizer of (17,17,17) is the subgroup M A.

e Let x1, 72, 23 be in Oy. We may assume w.l.o.g. that z1 = 17,25 = 1~
and z3 # 1F. The stabilizer of (1*,17) in G is M A. The orthogonal
projection of x5 on the hyperplane orthogonal to (17,17) is not 0 and can
be mapped by M to ces, with 0 < ¢ < 1, so that there exists t € R such

1
that x5 is conjugate under M to the point (tanh ¢, e 0,...,0) = as(ea).
cos
Hence any triplet in O is conjugate under G to the triplet (17,17, es). Its
stabilizer in G is the compact subgroup {k € M, kes = e3} ~ SO(n—2). O

When n = 2 (S is the unit circle), then there are two open orbits in
S xS x S under the action of SOy(1,2), each characterized by the value
of the orientation index of the three points in S. It is possible to remedy
to this fact by using the slightly larger (no longer connected) group O(1,2)
instead of SOq(1,2).

Let do be the Lebesgue measure on .S and let w,_1 = fs do(x). Also set
p= "T_l Under the action of GG, the measure is do is transformed according

to

(1.11) |1 @)int@) = [ rwnte.n ot
Let A be in C. For f in C*°(S), the formula

(1.12) m™(9)f(x) = k(g™ @)™ flg ()

ANNALES DE L’INSTITUT FOURIER
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defines a representation of the group G, which will be denoted by 7. It is a
continous representation when the space C*°(S) is equipped with its natural
Fréchet topology (see [15] for a systematic study of these representations).

The representations 7y and m_y are dual in the sense that, for all ¢, €

c=(8)
(1.13) /S 7x(9)p(5)m (g)(s) ds = /S (s)(s) ds

as can be deduced from the change of variable formula (1.11). For A pure

imaginary, the representation 7 can be extended continuously to L?(S) to

yield a unitary representation of G (this is the reason for using p+ A in the

definition of 7). Observe that the action of K is independant of A and the

constant fonction Ig (equal to 1 evereywhere) is fixed by the action of K.
For « in C, let k, be the kernel on S x S defined by

ka(@,y) = |z —y| 77T

It satisfies the following transformation property under the action of an
element g of G:

(1.14) ka(9(x),9(y)) = K(g, )~

for all z,y in S.

(M)

+3

[Ne)

ko(@,y) kg, y) 5"

2. Construction of an invariant trilinear form
2.1. Formal construction

Let A1, A2, A3 be three complex numbers. Let 7 be a continuous trilinear
form from C*°(S) x C*(S) x C>°(S) into C. The functional T is said to be
invariant w.r.t. mx,, Tx,, Ty, if, for every fi, fa, f3 in C°°(S), and every g
in G,

(2.1) T (7, (9)f1, ™0, (9) f2, ™as(9) f3) = T (f1, f2, f3)-

By Schwartz’s kernel theorem, there exists a unique distribution 7" on
S x S x S, such that

(2.2) T(fr, f2,f3) =T(L ® f2® f3)
where, as usual, f1 ® fo ® f3 is the function on S x § x S defined by

(1 ® f2® f3)(x1, 02, 23) = f1(w1) f2(22) f3(23).

TOME 61 (2011), FASCICULE 5
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Let a1, a9, az be complex numbers, and set @ = (a1, g, az). Let Ky
be the kernel on S x S x S defined by

(2.3) Kao(x1,x2,23) = kay (22, 23) kay (23, 1) kag (21, 22)

For f1, f2, f3 three functions in C*°(.S), define the trilinear functional K,
by

(24) Kalfi, fo, f3) = Ko (x1, 22, 23) f1(21) fo(22) f3(x3)

SxSxS
x do(z1) do(z2) do(x3)
whenever it makes sense.

THEOREM 2.1. — Let A = (A1, A2, A3) € C3. Define a = (ay, g, a3) by
the relations

o] = 7)\14’)\24’)\3
(2.5) az=—-X+ A3+ A\

g = —>\3 —+ )\1 +)\2
Then

(2.6) Ka(ma, (9)f1, 70, (9) f2, 725 (9) f3) = Ka(f1, f2, f3),

whenever the integral on the right handside is defined.

The proof is obtained by the change of variables y; = ¢~ '(z;) (j =
1, 2, 3) in the integral defining the left hand-side, using (1.14) and (1.11).
Observe that the right-handside integral converges if, for ¢ # j, the supports
of f; and f; are disjoint, or if

/ |Ka(1'1, $2,$€3)| d(f(l‘l)dO'(ZQ)d(T(l’g) < +o00.
SxSxS

The version of the trilinear functional in the noncompact picture will be
useful. Let a = (aq, a2, a3) € C3 and set for yy,ys,y3 € R* !

(2.7) Ja1,y2,y3) = [y1 — y2| P ya — ys| 7P yz — ya| P2

and, whenever it makes sense, let J, be the associated distribution on
R~ x R*"~1 x R"~! given by

(2.8) Jalp) = /Ja(yuyz,yg)so(y1,yz7y3)dy1 dys dys,

ANNALES DE L’INSTITUT FOURIER
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(p € C®(R" 1 x R*~! x R*~1)). Moreover, let ¥, be the function defined
on R"~! x R*"~1 x R*~! by

Ua(y1,y2,53) = (L+ )7~ F =3 1+ o) 7= 7 7

PROPOSITION 2.2. — Let f € C*°(S x S x S). Then
(2.9) Ka(f) =220V Ta((f 0 €)¥a)
whenever the left hand side is defined.

This is merely the change of variable (1.10) in the integral (2.4).

2.2. Integrability of the kernel K,

THEOREM 2.3. — The kernel K, is integrable on S x S xS if and only if
(2.10) Ro; > —p, j=1,2,3

(2.11) Ray + Ras + Rag > —p.

Proof. — It is enough to study the integral when the «’s are real, in
which case the kernel K, is positive. Let ¢ be a (small) neighborhood of
(1t,17,1%) in S x S x S. Let g be in G. As x varies in S, j(g,z) re-
mains bounded from below and from above. Thanks to the transformation
property of the kernel k, (1.14), the integrals of K, over U and over g(U)
are of the same nature. As U meets all G-orbits, a partition of unity argu-
ment shows that the integrability over S of the kernel K, is equivalent to
its integrability over . Now use the stereographic projection to see that
the integrability of K, over U is equivalent to the integrability of J, over
¢~ Y(U), which is a (small) neighborhood of (0,0,0) in R"~* x R*~! x R"~1,

Hence, we are reduced to study the convergence of the integral

I = /&Ké 61— &5l — &3]l — €41 de, dEy s,
[€2]<d
[€3]<6

where § is a small positive number. Set

==&, y2=8 -8, y3=-&E+&.

Then, after integrating with respect to yi, the integral I; is seen to be of
the same nature as the integral

I, = [Y2| 2P lys|** " Plya — ys|** 77 dyo dys.

ly2|<d
lys|<d

TOME 61 (2011), FASCICULE 5
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Let ¥ be the unit ball in R~ x R(®=D and let do be the Lebesgue
measure on . Use polar coordinates (r, (02, 03)) defined by

Yo =103, y3 =ro3, 12 =|ya>+|ys|?, |o1>+]os)? =1

to obtain that I is of the same nature as
s
I3 :/ porteetes=3pt2n=1)=1 gy ></ |02 05| 2P|y — 05| P dor.
0 b))

The first factor converges if and only if condition (2.11) is satisfied. It
remains to discuss the convergence of

1 :/ 02|37 P|o|*2 P oy — o5|* Pdor.
b
Let 6 > 0 and consider the following open subsets of 3
Sy = {(02,03),|02| <6},
S = {(02,03),|03] < 5},
21 = {(02,03),|02 — 03] < 4}

For ¢ small enough, these sets are disjoint (recall that |oa|? + |o3]? = 1).
On ¥\ (21 UX2UZX3) the function to be integrated is bounded from below.
Hence the integral I, is convergent if and only the integrals

Kj:/ 1021997 |03]92 |0y — 5|1 ~Pder
Ej

are convergent for j = 1, 2, 3. Let j = 2. On X, both |o3| and |0y — 03]
are bounded from below, so that it is equivalent to study the convergence

of the integral
/ (029" dor,
PP

We are reduced to a classical situation and K5 converges if and only if
ag —p > —(n—1). A similar study applies to K; and K3. This completes
the proof of Theorem 2.3. g

COROLLARY 2.4. — Let A1, A2, A3 be three complex numbers satisfying
the condition

0< §R(/\j) < p.
Define o by the relations (2.5). Then the kernel K, is integrable, and the
corresponding trilinear form is invariant for mx,, Tx,, Tx,-

Proof. — The conditions on A = (A1, A2, Ag) imply that R(a;) > —p
for j =1, 2, 3 and R(a; + a2 + a3) > 0. Hence « is in the domain of
integrability of K. O

ANNALES DE L’INSTITUT FOURIER
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The corollary covers all interesting cases for spherical unitary series, pro-
vided one excludes the trivial representation. In fact, the parameter A for
such a representation can be chosen either as pure imaginary (principal
series) or satisfying 0 < A < p (complementary series, excluding the trivial
representation).

2.3. Analytic continuation of C

The main result of this section concerns the analytic continuation of ICq
beyond its domain of integrability.

THEOREM 2.5. — The map o — K, originally defined for « in in the
domain described by the conditions (2.10) and (2.11), valued in D’(S x S x
S) can be extended meromorphically with at most simple poles along the
family of hyperplanes in C x C x C defined by the equations

(2.12) aj=—-p—2k j=1 2,3 keN

(213) agt+as+a3=—p—2k, keN
Proof. — Let f be in C*°(S x S x S) and consider the integral

/ Ko (z1, 22, 23) f (21, 22, 23)do(21)do(z2)do (z3).
SxSxS

to be meromorphically continued. Repeating the argument given supra
during the discussion of the integrability of the kernel K., we may as-
sume that f has its support contained in a small neigborhood of the
point (17, 1%, 17). Further, transfer the integral to the noncompact picture
(cf. (2.9)), and study the analytic continuation of

ar— ja((f o c)\Ila)

Now ¢ = focisin C(R"! x R*! x R"~1) and both a — ¥, and
o — U, ! are entire fonctions on C3, so that it is equivalent to study the
meromorphic continuation of J, as a distribution on R~ x RP—1 x R—1,

The kernel J, is invariant by translations by “diagonal vectors”. To take
advantage of this remark, make the change of variables

21 =UY1, R2=Y1—Y3, Z23=Y1 Y2

in the integral

Tal) = / [y — ol =7 ya — s PO gy — | PO

X oY1, y2,y3) dy dyo dys

TOME 61 (2011), FASCICULE 5
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to obtain
Tale) = | 20 7P 2 | 2y g (24, 24) dzp dz
R IXR" 1
where we have set
(22, 23) = / o(z1,21 — 23, 21 — 22)dz1.
Rn—1

Now observe that ¢ is in C°(R"~! x R"~!). Hence we are reduced to
studying the analytic continuation of the distribution Z, on R~ x R*~1
defined by

(214) Ia(¢)24n . 1Ia(22,23)’l/)(22,23) dZQng

for ¢ in C°(R"™! x R"~1), where we set
(215) Ia(ZQ, 2’3) = ‘22|—p+a2|23|—p+a3‘22 — 23‘_p+a1.
For 6§ > 0, consider the following open subsets of R"~! x R?~!

Uo = { (22,25), 2] < 5, |23 < 8, |22 — 23| < 6

0
th = {(z2,7), | 2] > ,|zS| >3

w
]

\
N
.
AN

&

6
= {(22,23) | 22] < |23| > , |23 — 22| >

6
Uz = {(22,23) |22] > |23| < ,|z2 — 23| >

[N N NS v
H/—’ el e

6
oo = {(2,28), o2l > 3, 1231 > 5, Joa = 201 > 3 )

The family of these five open sets form a covering of R» ' xR"*~!. Let study
the restriction of the distribution Z, to each of these five open subsets.

If Supp(v)) C Ueo, then the Zo (1)) extends as an entire function, because
I, has no singularity on Us,. Next assume that Supp(¢) C Us. Set

Gor(22) = / |2 P9 2y — 2| P (2, 25)dz,
Rnfl
so that
(2.16) Ta() = / 2] P2 G (20)
Rn—l

As |z3] and |25 — z3| are bounded from below on Us, the function ¢, is
in C°(R"!) and @@ — ¢4 is an entire function on C3 . On R"~!, the
distribution-valued function s — |22]° extends meromorphically on C,

ANNALES DE L’INSTITUT FOURIER
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with simple poles at s = —(n — 1) — 2k, k € N (see [6]), so that the in-
tegral (2.16) extends meromorphically to C3 with simple poles along the
hyperplanes as = —p — 2k. A similar analysis can be done over U; and Us.

To sum up what we have already proved, introduce the family M of
meromorphic functions on C? having at most simple poles along the hy-
perplanes {o; = —p — 2k}, j =1, 2, 3, k € N. Notice that they are the
hyperplanes corresponding to the conditions (2.12).

PROPOSITION 2.6. — Let ¢ be in C°(R"~! x R"~!) and assume that
Supp(¢) # (0,0) . Then the function o — Zn (1)) belongs to the class M.

Proof. — In fact, choose ¢ small enough so that Supp(¢) NUy = 0. Use
a partition of unity to write ¢ as

Y =11+ Y2 + Y3+ Voo

where ¢; € C°(R"™ x R"™1) and Supp(¢;) C U;,j =1, 2, 3, oo. The
previous analysis shows that o — Zo(1);) extends meromorphically on
C? with at most simple poles along the hyperplanes a; = —p — 2k, k € N
for j =1, 2, 3, whereas Z, (%) is an entire function of c. O

Now we use a priori the existence of the meromorphic continuation of
such integrals (see [14]). Moreover, the poles are located on a locally fi-
nite family of affine hyperplanes (of a rather specific type, but we won’t
need this result). Let H be such an hyperplane (to be determined), but
not included in the family of hyperplanes given by conditions (2.12). Let
a’ = (a¥,a3,a9) be a regular point in H, (i.e. not contained in any other
hyperplane of poles). The Laurent coefficients at a® are distributions on
R"! x R"~!, and, by Lemma 2.6, their supports have to be contained
in {0,0}, hence they are derivatives of the Dirac measure 69 gy. So, if Za
does have a pole at a, there exists a smooth function p on R*~! x R*~!
with compact support and identically equal to 1 in a neigbourhood of
(0,0), and a polynomial P on R"~! x R"~! homogeneous of degree k
such that Zn(pP) does not extend holomorphically at a. For t € R*, let
pi(22, z3) = p(tz2,tz3). Use the change of variables (z3 — tza, 23 — t23) to
get @ | for o # g

Ia(ptp) — / |22‘*P+a3‘23|*l7+a2|22 _ ZS|*P+0¢1
Rnfl XR”’71
X p(tze,tz3)P(22, z3) dzo dzs

= e R T (pP).

(&) Following a traditional way, we write Za (@) as an integral. What is really used here
is merely the homogeneity of Zq.
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Hence
(2.07) (L= [t P )T (pP) = Ta((p — po)P).

Now observe that the support of (p — p;)P does not contain (0,0), and
hence, a — Zo ((p — p)P) belongs to M. The assumption that Za (pP)
does have a pole at o forces the condition

VteR*, 1—[t|e8-3-d=ppk —
In turn, this condition amounts to
ke2N, aY+ad+al=—p—k.
Moreover, (2.17) shows that Z, has at most a simple pole along the corre-

sponding hyperplane. This achieves the proof of Theorem 2.5. g
As the invariance condition remains true by analytic continuation, Theo-
rem 2.5 can be reformulated for trilinear invariant functionals (cf. Theo-
rem 2.1).
THEOREM 2.7. — Let XA = (A1, A2, A3) in C3. Assume that
“At+ X+ N3¢ —p—2N
A1 — A2+ A3 ¢ —p—2N
A+ A2 — A3 ¢ —p—2N
A+ Ao+ A3 ¢ —p—2N.
Set o = (a1, iz, avg) where (cf. (2.5))
o =—-AM+X+ A3
g = =Xy + A3+ A
az = —A3+ A1+ Ao
Then (f1, fa2, f3) — Ta(f1, f2, f3) = Ka(f1 ® f2® f3) is a well defined non

trivial trilinear invariant functional w.r.t. the representations (mx,, Tx,,
7T,\3).

(2.18)

The next result was obtained some time ago by the present authors, and
has been generalized to other geometric situations in a collaboration with
T. Kobayashi and M. Pevzner (see [3]). To state the result, consider the
evaluation of the functional Iy against the function Ig ® g ® Ig, where Ig
is the function which is identically 1 on S. Let

I(/\)ZK(G)=/S/S/Sk‘al(wg,ms)kaz(xs,xl)k%(xl,xz)
X do(x1) do(x2) do(z3)
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where a and X are related by the relations (2.5).

PROPOSITION 2.8. — Let A = (A1, A2, A3) in C® and assume that the
conditions (2.18) are satisfied. Then

3(n—1)
(2.19) I(A) = (?) ISRECRET

. F(>\1+)\22+>\3+/))F(—)\1+>\§+)\3+,0)F()\1—>\22-‘r>\3+l))r</\1+>\22—)\3+p)
L(p+A)T(p+ A2)T(p + A3)
Remark. — Both sides of the formula are meromorphic functions on
C3, and they are equal where defined. Notice that I(A) = K () has simple
poles exactly as prescribed by Theorem 2.5.

This result allows to strengthen the previous theorem. Define

Ko = Ko
o I\(>\1+>\22+)\3+P)1"<—>\1+)\§+>\3+P)1"(>\1—>\22+)\3+P)1"(>\1+>\22—>\3+P) :

THEOREM 2.9. — The distribution-valued function o > Iga extends as
an entire holomorphic function on C3. The trilinear functional Ty defined by

Ta(f1, f2, f3) = Ka(f1 @ f2 @ f3)
on C*(S) x C*(S) x C=(Y)) is invariant with respect to (Tx,, Ty, Trs),
where (A1, A2, A3) are related to (ay,as,as) by the relations (2.5). The
trilinear form 7~3\ is not identically 0 provided the two following conditions
are not simultaneously realized
©3,1<j<3, XNe—p-N
e (at least) one of the conditions (2.18) is satisfied .

Proof. — The function @ —» Ko extends holomorphically near any reg-
ular point of the hyperplanes defined by conditions (2.12) and (2.13), so is
holmomorphic outside of the set where ar least two hyperplanes of poles
meet. But this set is of codimension 2 and hence a —— /Ea extends as
a holomorphic function to all of C3. If none of the conditions (2.18) is
satisfied, then Ko is a multiple (# 0) of Ko which is different from 0 on
QIfN ¢ —p+Nforj=1, 2, 3, then I(\) # 0 and hence K4 is not
identically O. g

3. Uniqueness of the invariant trilinear form
3.1. Induced representations and line bundles

For this part, it is useful to realize the representation 7, as acting on
smooth sections of a line bundle over S.
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Recall that the stabilizer of 17 in G is the parabolic subgroup P = MAN.
The left invariant Haar measure on P is

(3.1) /Pf(p)dpz/M/A/Nf(man)dmdadn.

For X\ € C, denot by x the character of P defined by

Xx(magn) = e,

The modular function of P is given by §p(man) = e=2P1°84) = y_, (p)
(see e.g. [18] Lemma 5.5.1.1), so that, for any ¢ in P

(3.2) /P F(pa) dp = xap(@) /P £(p) dp.

Let &) be the space of functions f in C°*°(G) which, for all g in G, p in
P satisfy

(3.3) f(gp) = X=(p+2 (P)f(9)-
Then G acts on €y by
(3.4) () f(7) = flg™ ).

To any function f in &£,, associate the function f~ defined on S by the
formula

(3.5) [~ (s) = f(k)

where k is any element in K satisfying k1 = s. As f(km) = f(m) for any
m in M, the right handside of (3.5) does not depend on m, but merely on
k1t =s.

Now, let g bein G, let s bein S, and let k be in K such that k1T =s € S.
Let

g 'k =k(g7'k)alg k) n
be the Iwasawa decomposition of g~ 'k. Then
k(g_lk)1+ = (g_lk)(1+) = g_l(s)
and
kg~ s) = k(g™ 'k, 1%) = x—1(a(g™ k).

Hence,

~

(TA(9)f) " (s) = flg7 k) = f(k(g~"k) alg~ k) n)
= k(g1 8) T (g7 1(s))

so that f +— f~ is an intertwining operator for Il and ).
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Let x be a character of A. Denote by C,, the representation of P on C

given by
man-z = x(a)z.

Form the line bundle L = L, = G xp C over S, and let £ = L5° be the
space of C* sections of L. Then G acts naturally on £ by left translations.
As sections of L can be identified with functions on G transforming by !
under the right action of P, the representation of G on L is equivalent to
7 A X = Xpta-

Now take three characters X1 = Xp+i1s X2 = Xp+A2s X3 = Xp+rs Of A, set
A = (A1, A2, Ag) and form the “exterior” product bundle Ly = L,, K L,, X
L., as a line bundle over S x S x S. Let L be the space of C* sections
of this bundle. Let the group G acts naturally on this space by diagonal
action. Then a trilinear invariant functional on C*(S) x C*(S) x C>°(S)
for mx,, mx,, mr, corresponds to an invariant linear form on Ly.

In turn, such an invariant linear functional on £ can be viewed as an
invariant distribution density for the dual bundle L} (see Appendix).

The main tool to study these invariant distributions is Bruhat’s theory,
which is presented in the Appendix. We use heavily the description of orbits
of Gin S x S x S (cf. Proposition 1.2).

THEOREM 3.1. — Let A = (A1, A2, \3) be three complex numbers, let
a = (a1, a2,a3) be defined as in (2.5) and assume that they satisfy the
following generic conditions

i) aj¢ —p—2Nforj=1, 2,3

ii) oq +as+ag ¢ —p —2N.
Then any trilinear invariant form for my,,my,, T, is proportional to the
form Ty.

Proof. — Denote by T' = T’ the distribution density on S x S x S for the
bundle L3 corresponding to an invariant trilinear form for my,,mx,, Tx,.

Step 1: Contribution of O

We use freely of the notation presented in the appendix. Consider the
restriction 7" of T to the open orbit Og. Then Oy is a homogeneous space
under G, the stabilizer H of the base point (17,17, es) is compact. There
is an invariant measure on G/H, the group H acts trivially on the fiber
of L}, so there exists exactly one (up to constant) invariant distribution
given by a smooth density. But we already know that K, has the right
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transformation property. Hence on Oy, after multiplication by a constant,
we may assume that 7" coincides with the restriction of Ip to Op. But
the assumptions on A guarantee that K, can be extended (by analytic
continuation) as an invariant distribution on S x S x S. Hence, in order to
prove that T is a multiple of K4, (i.e. to prove the uniqueness statement)
we need only to prove that an invariant distribution which vanishes on O
is identically 0. In other words, we may (and hence do) assume that

Supp(T) C Uig;<40;-
and proceed further to prove that T'= 0.
Let us mention that the argument given here should be modified for the
case of the circle (i.e. as n = 2), because there are two orbits for SOy(1,2)

in § xS x S. To restore uniqueness, one can also consider the full group
O(1,2) instead. The rest of the proof is unchanged.

Step 2: Contribution of O;, O, O3

We now show that
Supp(T) N O3 = 0.
Observe that for 1 < j <3
0;=0;U0,
so that (O1 U Oz U Oy) is a closed subset of S x S x S. Let
X=8x5x5\(0;U0;UO0y).

Then X is an open submanifold of S x § x S, acted by G, and O3 is
a closed orbit of G in X. Let T"” be the restriction of T to X, so that
Supp(T”) € O3. Now apply Bruhat’s theory.

The normal space at the base point (17,17 17) is identified (via the
Riemannian metric on S x S x S) with

N, = {(53 7530)7 5 € Tls} = Rnil-

The stabilizer of the base point is H = AM, and there is an invariant
measure on Oz, so that xyo = 1. The group M acts on Ny by its natural
action. As M modules, Ny and its dual are equivalent, so that the spaces
S*(Np) and Py (Np) are equivalent M-modules. The space of M-invariants
in Py(No) is 0 if k is odd (and one-dimensional, generated by [£[* if k is
even, but we won’t need this fact). On the other hand, an element a; of A
acts on Ny by dilation by e~*, so that it acts on S¥(Ny) by multiplication
by e *. The element a; acts on the fiber Lo of Ly, y,.s at (1F,1F,17)
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by elptritrtA2=p=23)t Hence the element a; acts on S*(Ny) ® L by mul-
tiplication by
e(TE=p=(Ai+A2—A3))t

The assumptions on A (more precisely ag = A1 + Ao — A3 ¢ —p — 2N)
guarantee that

(Sk(NO) ®LE® cxal)H =0

for any k € N. Hence, by Corollary A.4, there is no non-trivial invariant
distribution supported in Os.

Repeating the argument for Oy and Oy, we may (and hence do) assume
now that

Supp(T) C O4.

Third step: Contribution of O,

Here we take X = S x S x S, as Oy is closed. The stabilizer of the
base-point (17,17,1%) is P = MAN. The character xq is given by

Xo(mayn) = e~ 2",

The normal space at (17,17,1%) can be identified with
No={(&, &, &), & €TLS, & +&+& =03 ~R" TR

The group M acts on Ny by its natural action on each factor. Again, as M
modules, the space S*(Np) is isomorphic to Py (Np). The algebra of SO(n—
1) invariant polynomials on R"~! @ R"~! is generated (as an algebra) by
€12, In|%, (€, ). Hence S*(Ng)M = {0} if k is odd. On the other hand, an
element a; of A acts on Ny by multiplication by e, hence on Si(Ny) by
multiplication by e~¥¢. It acts on the fiber Ly by e(PtA1+ptr2+p+23)t Hence
at acts on S¥(Ny) @ L} ® C -1 by

o(—E=p— (A Aa+2s)it

The assumptions on A (namely A\; + Ay + A3 ¢ —p — 2N) guarantee that

(SN0 @ Li @ «:Xgl)H — {0}

for any k € N. Hence, by Corollary A.4, there is no non-trivial invariant
distribution supported in Q4. The uniqueness statement follows. 0
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4. Another construction of a trilinear invariant form

In this section we present a different construction of the invariant trilinear
form 7. Trilinear forms are connected with tensor products of representa-
tions. Roughly speaking, a trilinear form on H; X Hs X Hs can be realized
as an invariant bilinear pairing between H; ® Ho and Hsz. Although this
point of view breaks the (sort of) symmetry between the three factors,
it produces interesting relations with questions about tensor products of
representations (cf. [12], which was the main source of inspiration for this
section). Our presentation of the construction is formal and we don’t work
out the estimates and analytical aspects of the construction, which would
follow along similar lines as in previous sections.

4.1. The space 52 as a symmetric space

Recall that S2 = {(z,y) € S x S,z # y} is the orbit of (17,17) under
G. The stabilizer in G of (17,17) is the subgroup H = M A.

~10 00
0 =10 - 0
Let J = (_)(_)1 O |. Then J* = J= = J. The map g —> JgJ is

o 00
an involutive automorphism of G. The set of fixed points of this involution
is the subgroup H = H LU H—,

cosht —sinht 0
H = {h— sinht —cosht 0|, teR, ke O(n—1), detk = 1}.
0 0 k
So H is the neutral component of the fixed points of an involutive auto-
morphism of G. In other words, 52 can be realized as the symmetric space
G/H via
G/H > g (9(17),9(17)).

There exists a unique (up to a positive real number) G-invariant measure

on S2, namely

. 00 = [ [ 10007

Another description of G/H is as follows. Let X be the set of all 2-
dimensional oriented subspaces IT in RY™ such that the restriction of g
to II is of signature (1,1). The space X is an open set in the Grassman-
nian G(2,n + 1) of oriented 2-dimensional subspaces in RY™. The group
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G operates transitively on X. To the couple (s,t) in S%, associate the 2-
dimensional space II(s,t) = RS @ R¢, with the orientation for which (s,t)
is a direct basis.

PROPOSITION 4.1. — The mapping 11 is a diffeomorphism from S%
onto X.

Proof. — Let s,t be in S%. Then II(s, t) cannot be totally isotropic for g,
because the maximally isotropic subspaces are of dimension 1. As TI(s,t)
contains two independant isotropic vectors ($ and ~), the signature of ¢ on
II(s,t) has to be (1,1). Hence II(s,t) belongs to X. On the other hand,
let IT be in X. Then the isotropic cone in IT decomposes as the union of
two distinct isotropic lines, say D U A. The line D (resp. A) intersects the

hyperplane {xg = 1} at a point § (resp. t) with s (resp. ¢) in S. Permuting

D and A if needed, we may assume that the basis (5, t) corresponds to the
orientation of II. Then clearly II(s,¢) = II. Thus IT is a 1—1 correspondance.
The fact that it is a diffeomorphism is standard and left to the reader. [

4.2. An equivariant realization of 7, ® 7,

The group H is connected, isomorphic to R x SO(n — 1). For ¢ any
complex number, the function v on H defined by

cosht sinht 0
ve | sinht  cosht 0] =e'
0 0 k

(t eR, k€ M) is a character of H.
Form the line bundle L, = G xy C; over G/H. A section of L; can be
viewed as a C*° function F': G — C which satisfies

(4.2) F(gh) = vc(h)"'F(g).

Denote by L the space of smooth sections of L over G/H. The natural
action of G acts on L¢ by left translation is denoted by I:

(Ic(y)F)(g) =F(v'g).

When ( is pure imaginary, the character v is unitary. If F' is in £, then
|F'(gh)| = |F(g)| for any h in H. Hence the expression

(43) FP? = /G VP
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is well-defined (maybe +o00) and is finite if (say) F has compact support
modulo H. The representation I; extends as a unitary representation for
this inner product.

Let 0,7 be two complex numbers, and consider the representations 7,
and 7. As C°(9) is a Fréchet space, the projective and inductive topolo-
gies on the tensor product C(S) ® C(S) coincide, and the (completed)
tensor product is realized as C°°(S x .S). Hence the tensor product 7, @ .
is naturally realized on C*°(S x S). Explicitly,

(4.4)

To @77 (9)f(x1,20) = k(g™ 1) Th(g ™ 22)P T (g7 (1), 97 (22))
forge G, f €C>®(Sx9S),x1,22 € S.

For f in C*(S x §), let P, ,f be the function on G defined by

45)  (Porf)(9) = K(g:17)"7k(g,17)" 7 f(9(17),9(17)).
PROPOSITION 4.2. — P, ; f satisfies the relation
(4.6) (Porf)(gh) = vor(h) " (Porr ) (9),
for g in G and h in H.
Proof. — Recall that the elements of H fix both 1+ and 1~. Moreover,
(4.7) r(ag, 1) =¥, teR.

Now (4.6) follows (1.6). O

The map P, , will be regarded as a map from C*°(S x S) into L,_-.
Let o and 7 be pure imaginary. Observe that

9(17) — g(17)] = 2(g, 1%) ¥ k(g,17)7,

Nl

so that

ds dt
2 _ 5-2(n—1) ~ 412(n—1) 2 _ 9—2(n—1)| 7|2
Prf P = 27200 [ o a0 s 0 Sy = 2
and P, extends as an isometry (up to a constant) from L?(S x S) onto the
space of square-integrable elements of L, _, for the inner product associated

to (4.3).

PROPOSITION 4.3. — P, . intertwines the representation m, ® 7, and
the representation I,_,, i.e. for any g in G
(4.8) Py ro(me @mr)(9) = Io—7(9) 0 Por
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Proof. — Let f be in C*°(S x S). For ~ in G,

Py o ((mo @ ) (1) F) (9) = 59, 1%)" 7 h(g,17)" T k(71 g (1))
k(v g f (v (g(1h), g(17))).
On the other hand,

Lo+ () Psrf(g9) = k(v g, 11)PT k(7 g, 17)PF7
(N e(1h), g7 (17))).

The two expressions are easily seen to be equal by using (1.6). O

4.3. Construction of a (H,v.) covariant function for

The next step consists in finding in the representation space for 7 an
element Oy ¢ which transforms under the action of H by the character v¢. In
general, it will be a distribution on S (a commun fact in harmonic analysis
on semisimple symmetric space (cf. [16]). We use a geometric approach
through the realization of G/H as X (see Proposition 4.1).

Let II be an element of X and s be in S. Observe that IT+ is a an (n—1)-
dimensional space, complementary to II, and the restriction of ¢ to It is
negative-definite. Define

1
(4.9) U(I, 5) = 2( — q(projy- 9)) 2

PROPOSITION 4.4. — Let (s1,82) be in S%. Then, for any s3 in S,
(4.10) W(I(s1, 50), 85) = 2151 =53lls2 = 53l

|s1 — 2|

Proof. — Let 03 = projp. s3. Then there exist real numbers a; and as
such that 03 = 53 — @151 — @52. The numbers a; and ay are determined
by the conditions

[0’3,§1] = [0’3,;2} =0.
Hence,
1-— 83.59 — 011(1 — 81.82) = [§37§2] — a1[§17§2] = [0'3 + Oéggg,gg] =0
so that

2
1—52.83 (|32—83|)
al = =
1—81.82 |81—82|
2
1 —s3.51 (81 —33|>
Qg = = .
1—51.82 ‘81—32|
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Now
—q(o3) = — [53 — 181 — (282,83 — 181 — 04252]

= 2011 [51, 83] + 202 [52, S3] — 20102 [51, 32
_ <|81 — 3|82 — S3|>2
|s1 — 2 '

PRrROPOSITION 4.5. — Let g be in G. Then, for any Il in X and s in S,
(4.11) (g(II), g(s)) = r(g,s)¥(m,s).

Proof. — As g preserves the form ¢ and hence the orthogonality relative
to ¢, for any IT in X

O

g © ProjL = projg(H)L og.
Hence
q(projyam+ 9(s)) = (95)5 *a(proj,me 93) = (95)0) q(projr. s)

so that
U(g(ID),9(s)) = (95)g ' W(IL, 5) = (g, 5)¥(m,s).

Let Iy =TI(17,17) = {E = (x0,21,0,...,0), 29,21 € R}, and let
(4.12) Wo(s) = U(Ily,s) = [1T—s| 17 —s| =2(22 + -+ + 22)3.

As a consequence of the previous proposition, the function ¥y has a nice
transformation law under the action of H.

cosht sinht 0
LEMMA 4.6. — Let h = | sinht¢ cosht 0|, wheret isin R, and k is
0 0 k
in SO(n —1). For any s in S

(4.13) Uo(h(s)) = k(h,s)To(s).
Let A and ¢ be two complex numbers. For s in S define

1t — s (¢
(4.14) Ox¢(s) = ‘I’O(S)_p_/\‘l,is =" - 8|_p_>‘+<|1_—s|_f’—>‘—<.
—5

PROPOSITION 4.7. — The function ©) ¢ satisfies
(4.15) mA(h)Ox ¢ = v (h)Ox ¢
for all h in H.
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Proof. — Let h be in H. Then
TA(R)Ox ()
= Ii(hil, S)er)\ O, C(hil(s))

s

1t —h=1(s) ¢
_ —1 _\p+A -1 —p-A
() o)
— < +
— -1 p+A -1 —p—A —p—A H(h 151+) 31T —s|¢
KR, 8)P X k(Y 5) P2 () ‘ﬁ(h—l,r) —
1T —s¢
= Wo(s) () | 2| = (W) Orc(s)
by using (4.7). O

4.4. The duality between I and )

Now define the corresponding Fourier transform Fy ¢: For F' a smooth
section of L, with compact support modulo H, define F¢ »F' by

W16 BEE) = [ o) m@or) dulgh),
H

Observe that, thanks to (4.15) the integrand is a function on G/H, so that
the integral makes sense, the result being in general a distribution on S.

PrOPOSITION 4.8. — For any g in G
(4.17) Facle(g) = ma(g9)Fac.

Proof. — Set © = © ¢, F = Fy ¢, let F be in L with compact support
modulo H and let v be in G. Then

Fol(y)F(s) = o F(y'g) k(g™ s)"™ ©(g7"(5)) du(gH).

Set v~ 'g = [ and use the invariance of the measure dyu to obtain

Fol(7)F(s)
= [ PO 6 ) duli)
G/H
— Ry 5Pt / Fr(™ 4 1(5) 01 (v () du(1H)
G/H
— (L [ FOm0)O( (s)du(lH)

G/H
= k(y )P TAFF(v ! (s) = (ma(0) FF)(s).
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4.5. Application to trilinear forms

THEOREM 4.9. — Let A1, A2, A3 be three complex numbers. For f1, fa, f3
three functions in C*°(S), let T'(f1, fo, f3) be defined by

(4.18) T(f1, fo; f3) = (]:—As,xl—xszl,xz(ﬁ ® f2), f3).
Then, for any g € G,

T(mx, (9) f1, 70, (9) f2, 25 (9) f3) = T (f1, f2, f3),
whenever the right hand side is well defined.

Proof. — Let g be in G and let f1, fa, f3 be three functions in C*°(.S).
Then

T(FAl(g)fh 7r,\2(g)f2, 7T/\3(g)f3)
= (Forereni P (M0 (91 © Taa(9) ), ma(9) )

= ('7:*>\3,>\1*>\2I)\1*)\2 (g>P>\1,>\2 (fl ® f2)7 T3 (g)fd’») (use (48))

= (W—As(9)(]"—A3,A1—A2PA1,A2(f1 ®f2)),7n3(9)f3) (use (4.17))

=T(f1, fa, f3) (use (1.13)).
g
Making explicit the right handside of (4.18) shows that it coincides (up

to a constant) with the former expression of Ty where A = (A1, Aa, A3) (see
Theorem 2.1).

Appendix A. Invariant distributions supported by a
submanifold

Here is a presentation of the main results in Bruhat’s theory [2], but
written in terms of vector bundles and distribution densities (in the sense
of [7] ch. VI). We sketch the main steps of the proof, following [18]. See
also [8] for more results on this topic.

A.1. Distribution densities for a vector bundle over a manifold
First recall the composition of a distribution with a diffeomorphism. Let

X, and X, be two open sets of RY and let ®: X; — X5 be a C* diffeomor-
phism. Then there is a unique continous linear map ®*: D’'(X5) — D'(X7)
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which extends the composition of functions, i.e. such that ®*f = f o ® for
fec(Xy).

A distribution density on a manifold X is by definition a continuous
linear form on C°(X). Let u be a distribution density on X. Let (X, &)
be a local chart, i.e. x is a diffeomorphism of an open set X, of X onto an
open set )Z',.i of RY. Then the formula

(A1) ux(p) = u(p oK)

for ¢ € C* ()ZK) defines a distribution u, on )Zm called the local expres-
sion of u in the chart (X, ) . Further, let (X4, x) and (X, ,~’) be two
overlapping charts, and let u, and u,s the corresponding local expressions
of u. Let

O: K (XN Xr) = k(XN Xyr)
be the change of coordinates (equal to x o £’~1). Then
(A.2) e = |det d®| ®*u,, in K'(X,NXy).

Conversely, suppose we have an atlas F of charts (X, ) covering the
manifold M and suppose that for each k we are given a distribution u, €
D’ ()N(N) Assume further that for any two overlapping charts (X, k) and
(X,s, '), the condition (A.2) is satisfied. Then the system ((uy),x € F)
defines a unique distribution density uw on X such that, for x in F and
¢ € C°(X,) condition (A.1) is satisfied.

The space of distribution densities on X is denoted by D'(X). A smooth
density is a density the local expressions of which are C*° functions. The
smooth densities are C* sections of a line bundle called the density bundle
Q(X). It is very similar to the bundle of differential forms of maximal
degree on X, in the sense that their transition functions just differ by an
absolute value.

This definition can be extended to the case of vector bundles. Let 7: L —
X be a C*™ vector bundle over M, with model fiber Ey. Let (X;) be a
family of open subsets of X such that over each X; the bundle can be
trivialized. Let ¥;: 77 1(X;) — X; x Ep and ¥;: 7 1(X;) — X; x Ey be
two trivializations of the bundle over two overlapping subsets X; and Xj.
Then the map ¥, o \I/j_l over (X; NX;) x Lo — (X; N X;) x Ly is of the
form

(z,0) = (2, 9i(z) v)

where g;;(x) is in GL(Lo) and the map (transition functions of the bundle)
9ij: X; N Xj (S gij(ac) S GL(E())

TOME 61 (2011), FASCICULE 5



1834 Jean-Louis CLERC & Bent @RSTED

is C*°. A distribution density for the bundle L is a system (u;) of distribu-
tion densities on X; with values in Ly such that

u; = giju; in X; N X;.
Denote by D’'(X, L) the space of distribution densities for the bundle L.
Let £2° be the space of C* sections with compact support of the bun-
dle L. Then the dual of £ is identified with the space D'(X, L*). The

smooth elements in the dual (those given locally by integration against a
smooth function) are the C* sections of the bundle Q(X) ® L*.

A.2. Invariant distribution: The case of a homogeneous vector
bundle

Let G be a Lie group acting transitively on a manifold X. Let o be a
base-point in X, and H = G° be its stabilizer in G, so that X ~ G/H.
An element h of H acts on X and fixes o, so that by differentiation, it
acts on its tangent plane by (say) 7o(h). The tangent space ToX can be
identified with g/h. The element h acts on g by the adjoint action Adg(h),
and preserves the subalgebra h on which it acts by Ady h. Hence its acts
on g/h, and this action coincides with 79(h). This action satisfies
_ det(Adgh)
~ det(Ady h)’

The modular function d¢ of a Lie group G is defined by

dc(g) = |det Ad(g™ )|

(A.3) det To(h)

so that
_ du(h)
oc:(h)
A homogeneous vector bundle L over X is a vector bundle L together
with an action of the group G on L by bundle isomorphisms. If g is in G
and x in X, then g maps the fiber L, into L) by a linear isomorphism.
In particular, H acts on L, by a representation (say) 7. Conversely, given a
representation 7 of H in a vector space F, then one constructs the bundle
G %x; E as G x E/ ~, where ~ is the equivalence relation defined by the
right action of H on G x E

(g,v) ~ (gh™*,7(h)v) for some h € H,

(A4) | det 70(h)| == xo(h)

g in G and v € E. Any homogeneous vector bundle over X is of that sort,
in the sense that the bundle L is isomorphic to G %, Lo (see [17]).
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A section s: X — L can be realized as a Lg-valued function f; on G
which satisfies

(A.5) fs(gh) =71 (R) fs(9)

and, conversely, such a function f gives raise to a section of L. Let £2° be
the space of smooth sections of L with compact support. The space £ is
G-equivariantly isomorphic to C°(G, H, 7), the space of C* functions on
G which satisfy (A.5) and have compact support modulo H. The group G
acts by left translations on £3°, and this action is equivariant with the left
action of G on C* (G, H, 7).

The tangent bundle T'X of X is an example of such a homogeneous bun-
dle. The action of H on the fiber Ty X is 79. Another important homoge-
nous bundle is the bundle Q(X) of densities over X. It is a line bundle,
corresponding to the character of H given by |det ((7(h)™")")| = xo(h)
(cf. (A.4)), so that, in this context, we denote the fiber at o of the bundle
Q(X) by (CXO—I.

THEOREM A.l1. — There exists a non trivial invariant continous linear
forms on L£2° if and only if there exists a non trivial linear form & on E
such that, for all h € H

(A.6) T(h™1)"€ = xo(h)E.
More precisely,
(A7) (£ =D/, L)% ~ (Ly o C, )",

Sketch of proof. — An element of the dual of £ is a distribution density
for the bundle L*. If it is invariant by G, then the corresponding distribution
density turns out to be smooth. Hence we are looking for a G-invariant
smooth section of the bundle L* ® Q(X). But this is equivalent to an H
invariant element in the fiber at o. |

A.3. Invariant distribution supported in a submanifold

Let X be a manifold and G a Lie group acting on X. Let @ be an orbit
of G in X and assume that @ is closed. Let L be a homogeneous vector
bundle over X. Let N be the normal bundle of @ (i.e. the quotient bundle
TXg/TQ). Fix a base-point o in Q, let G, = H be the stabilizer of o.
Then H acts on the tangent space T, X, preserving the subspace T,Q, and
hence acts on the normal space N, = T,X/T,Q at o.
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Let T be a distribution on . Then the map
C(X)3o— (T piq)

defines a distribution on X, which we still denote by T'.

Let £ be the space of smooth sections of L with compact support.
Let T be a continuous linear form on £3° supported in . Choose a local
coordinate system on X

(Ugy. ..y Usy V1yenny V)

such that v; = 0, 1 < j < r are local equations for Q. The (u;)i<igs
form a coordinate system of ) near o. On the other hand let N be the
normal bundle of ). The family (%)1@-@ gives a local trivialization of
the normal bundle N. Choose a local trivialization of the bundle L, and
denote by e7,...,e; the corresponding coordinates on the fiber.

By Schwarz’s local structure theorem for distributions supported in a
vector subspace, there exists an integer k € N (the local transversal order
of the distribution), and for each j,1 < j <[ and each multidiindex o =
(a1,...,q,) with |a] = a1+ - -+, < k uniquely determined distributions
T on (some open subset of) R® C R® x R” such that

T=> > (-1)DT] e;

1< ol <k

Let us consider the “top terms” subcollection (T4, |a| = k,1 < j < ).
This collection can be interpreted as the local expression of a distribution
density for the bundle S*(N) ® Ly on Q. This is obtained by checking the
way the collection transforms under

e change of local trivialization of the bundle L (change the €;’s)

e change of local trivialization of the normal bundle (change the v;’s)

e change of the local coordinate system on @ (change the u;’s).

Denote by o®) (T') the section of the bundle S*(N) ®Lj, associated to T

Denote by D;.(Q, L) the space of continuous linear forms on £2° which
are supported on ) and of transversal order < k on any local chart of X .

THEOREM A.2. — The map T +— ¥ (T) is a linear map from D},(Q, L)
inD'(Q,S*(N)® LTQ), with kernel Dj,_,(Q, L). Moreover, if ® is a bundle
diffeomorphism of the bundle L, which maps @ into Q, then

o™ (®*T) = &* o™ (T),
where ®* denotes the action naturally induced by ® on D'(Q, L) or of the

restriction of ®|r, , on D'(Q, SkE(N) ® Liy)-
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Assume now that T is invariant by G. Observe that invariance insures
that the local transversal degree of T is the same for all charts of Q.

Denote by D, (Q, L)“ the space of G-invariant elements of D}, (Q, L). The
conjonction of Theorem A.1 and Theorem A.2 gives some estimate of its
dimension.

THEOREM A.3. — For any k € N,

dim (D}(Q, L)%/ D_,(Q, L)) < dim(Sy(No) ® Ly @ C, )"

The theorem is mostly used through the following corollary.

COROLLARY A.4. — Assume that for any k € N

(Sk(No) ® L @ €, 1) " = {0},

Then there exists no non trivial continuous G-invariant linear form on L£2°
such that Supp(T) C Q.
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