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SPECTRAL PROJECTION, RESIDUE OF THE
SCATTERING AMPLITUDE AND SCHRODINGER
GROUP EXPANSION FOR BARRIER-TOP
RESONANCES

by Jean-Francois BONY, Setsuro FUJIIE,
Thierry RAMOND & Maher ZERZERI

ABSTRACT. — We study the spectral projection associated to a barrier-top res-
onance for the semiclassical Schrodinger operator. First, we prove a resolvent esti-
mate for complex energies close to such a resonance. Using that estimate and an
explicit representation of the resonant states, we show that the spectral projection
has a semiclassical expansion in integer powers of h, and compute its leading term.
We use this result to compute the residue of the scattering amplitude at such a res-
onance. Eventually, we give an expansion for large times of the Schrédinger group
in terms of these resonances.

RESUME. — On étudie le projecteur spectral associé aux résonances engendrées
par le sommet du potentiel d’un opérateur de Schrédinger semiclassique. On dé-
montre d’abord une estimation de la résolvante pour les énergies complexes proches
de ces résonances. A laide de cette estimation et d’une représentation explicite des
états résonants, on prouve que le projecteur spectral admet un développement
asymptotique en puissances entieres de h, dont on donne le terme principal. Ce
résultat nous permet alors de calculer le résidu de 'amplitude de diffusion en ces
résonances. Finalement, on décrit le comportement en temps grand du groupe de
Schrédinger en fonction des résonances.

1. Introduction

In this paper, we study the behavior of different physical quantities at
the resonances generated by the maximum of the potential of a semiclas-
sical Schrédinger operator P = —h?A + V on R™. In particular, we show

Keywords: Schrédinger operator, quantum resonances, semiclassical analysis, resolvent
estimate.
Math. classification: 35B34, 35B38, 35C20, 35P25, 81Q20, 81U20.
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quantitatively to what extent the presence of these resonances drives the
behavior of the scattering amplitude and of the Schrédinger group.

The resonances generated by the maximum point, supposed to be non-
degenerate, of the potential (usually called barrier-top resonances) have
been studied by Briet, Combes and Duclos [5, 6] and Sjostrand [37]. These
authors have given a precise description of the set Res(P) = {z4 = Ep —
ih Z?zl (o + 2)Aj, a € N} of resonances in any disc of size h centered
at the maximum value Ey of the potential. Here, the A;’s are the square
roots of the eigenvalues of the Hessian of —2V at the maximum point.
In particular the resonances lie at distance of order h from the real axis,
which is in very strong contrast to the case of shape resonances (the well
in the island case), with exponentially small imaginary part (see Helffer
and Sjostrand [22]). The description of resonances in larger discs of size h°,
d €]0, 1] has been obtained by Kaidi and Kerdelhué [27] under a diophantine
condition. For small discs of size one, this question has been treated in the
one dimensional case by the third author [36] by means of the complex
WKB method. In the two dimensional case, the resonances in discs of size
one have also been considered by Hitrik, Sjostrand and Vi Ngoc [23] (see
also the references in this paper). Here, we consider only the resonances
at distance h of the maximum of the potential and we recall their precise
localization in Section 2.

Resonances can be defined as the poles of the meromorphic continuation
of the cut-off resolvent (see e.g. Hunziker [24]). The generalized spectral
projection associated to a resonance is defined as the residue of the resolvent
at this pole:

1
L5 § (P-0 Mg,
2 /s,
as an operator from Lzomp to L .. The multiplicity of a resonance is the

rank of this associated spectral projection. In the case of shape resonances,
their semiclassical expansion has been computed by Helffer and Sjostrand
n [22]. In Section 4 below, we obtain the semiclassical expansion of the
generalized spectral projection for barrier-top resonances. Since the reso-
nances in the present case have a much larger imaginary part, our result
is very different from that of the shape resonance case. Using some of the
results of [2], we show that, for a simple resonance z,,

(A) Hza :Cah_la‘_%('vﬁ)fou

where the resonant state f, is a Lagrangian distribution, with a WKB
expansion near the maximum point of V' (that we may suppose to be 0) of
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the form

)
~ i+ (@)/hpa ith % ]
falz) e with ¢4 (z 3521 1

We send the reader to Theorem 4.1 for a more precise statement and the
value of c¢,.

Resonances appear also in scattering theory (they are called scattering
poles in this context). In [30], Lax and Phillips have shown that they coin-
cide with the poles of the meromorphic extension of the scattering ampli-
tude. This result, proved for the wave equation in the exterior of a compact
obstacle, was extended by Gérard and Martinez [15] to the long range case
for the Schrodinger equation (see also the references in that paper for ear-
lier works). For shape resonances, the residue of the scattering amplitude
was calculated in the semiclassical limit by Nakamura [33, 34], Lahmar-
Benbernou [28] and Lahmar-Benbernou and Martinez [29]. More generally,
upper bounds on the residues of the scattering amplitude have been ob-
tained by Stefanov [40] (in the compact support case) and Michel [32] (in
the long range case) for resonances very close to the real axis. In Section 5,
we prove a semiclassical expansion of the residues of the scattering ampli-
tude for barrier-top resonances, and we will see in particular that Stefanov’s
and Michel’s upper bounds do not hold in the present setting. Indeed, for
long range potentials and under some natural geometric assumptions, we
obtain an expansion for the scattering amplitude A(w,w’, z, h) for the in-
coming direction w’ and the outgoing direction w, of the form

(B) Residue (A(w,w’, 2, h), 2z = za) & h_‘o‘H‘%ei(sf(“/”sw“))/ha(w,w’, h),

where S~ (w’), ST(w) are classical actions along trajectories tending to the
maximum point, and « is a classical symbol in h of order 0. Again, we refer
to Theorem 5.1 below for the precise setting and results.

It is commonly believed that resonances play also a crucial role in quan-
tum dynamics. Indeed, it is sometimes possible to describe the long time
evolution of the cut-off propagator (for example, the Schrodinger or wave
group) in terms of the resonances. Such formulas should generalize the
Poisson formula, valid for operators with discrete spectrum. The resonance
expansion of the wave group was first obtained by Lax and Phillips [30]
in the exterior of a star-shaped obstacle. This result has been general-
ized, using various techniques, to different non trapping situations (see e.g.
Vainberg [43] and the references of the second edition of the book [30]).
The trapping situations have been treated by Tang and Zworski [42] and
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Burq and Zworski [7] for very large times. On the other hand, the time evo-
lution of the quasiresonant states (sorts of quasimodes) has been studied
by Gérard and Sigal [16]. A specific study of the Schrédinger group for the
shape resonances created by a well in an island has been made by Naka-
mura, Stefanov and Zworski [35]. There are also some works concerning
the situation of a hyperbolic trapped set. We refer to the work of Chris-
tiansen and Zworski [9] for the wave equation on the modular surface and
on the hyperbolic cylinder, to the work of Héfner and the first author [3]
for the wave equation on the de Sitter-Schwarzschild metric, and to the
work of Guillarmou and Naud [18] for the wave equation on convex co-
compact hyperbolic manifolds. Section 6 is devoted to the computation of
the asymptotic behavior for large time of the Schrodinger group localized
in energies close to the maximum of the potential. Provided all the reso-
nances taken into account are simple, we obtain in Theorem 6.1 below the
expansion, valid for A > 0 small enough and all ¢ > 0,

Xe*ZtP/hX,l]Z}(P) — Z ef’itza/hXHz(’X,l/)(P)
(C) Za ERes(P)ND(Eo,uh)

+O(h®) + O(e M h=CW),

where > 0, x is any function in C§°(R™) and ¢ € C§°(R) is a cut-off
function near the critical energy level Ejy. Note that the II, s appearing in
the previous expansion are those given by (A).

For the proof of these different results, we use an estimate on the distorted

1

resolvent (Py—z)~! around the resonances, polynomial with respect to h=!,

of the form

(D) 1(Po =) < 7% 11 |2 = za| 7,
zo €ERes(P)ND(Eo,2ph)

for all z € [Ey — ¢, Ey + €] + i[—ph, ph]. Indeed, such a bound allows to
apply the semiclassical microlocal calculus. This estimate is established in
Section 3. To prove it, we proceed as in [2] and use the method developed by
Martinez [31], Sjéstrand [38] and Tang and Zworski [41]. Similar bounds
around the resonances are already known in various situations (see e.g.
Gérard [14] for two strictly convex obstacles, Michel and the first author [4]
in the one dimensional case). Note that, in our setting, a limiting absorption
principle has been proved in [1].

ANNALES DE L’INSTITUT FOURIER
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2. Settings and resonances

We consider the semiclassical Schrédinger operator on R", n > 1,
(2.1) P =—h*A+V(x),

where V is a smooth real-valued function. We denote by p(x, &) = £2+V ()
the associated classical Hamiltonian. The vector field

Hp:65]?'8_1*3@0'35:2§~3£*VV(Z‘)'35,

is the Hamiltonian vector field associated to p. Integral curves t +—
exp(tHp)(z,§) of H, are called classical trajectories or bicharacteristic
curves, and p is constant along such curves. The trapped set at energy
E for P is defined as

K(E) = {(%f) € p Y(E); exp(tH,)(x,£) £ oo as t — ioo},

We shall suppose that V satisfies the following assumptions
(H1) V € C*(R™;R) extends holomorphically in the sector

S={zeC |Imz| < x)},

for some ¢ > 0. Moreover V(z) - 0 as z — oo in S.
(H2) V has a non-degenerate maximum at z = 0 and
noy2

with Ep >0and 0 < A < A2 <o < Ay

(H3) The trapped set at energy Ey is K(Ep) = {(0,0)}.
Notice that (H3) ensures that = 0 is the unique global maximum for V.
Moreover, there exists a pointed neighborhood of Ej in which all the energy
levels are non trapping. In the following, (ux)r>0 denotes the strictly in-
creasing sequence of linear combinations over N = {0,1,2,...} of the A;’s.
In particular, o =0 and py = A;.

The linearization F, at (0,0) of the Hamilton vector field H, is given by

P ( 0 2 Id)
P 1diag(M,...,A2) 0 )’
and has eigenvalues —A,,...,—A1,A1,..., An. Thus (0,0) is a hyperbolic
fixed point for H, and the stable/unstable manifold theorem gives the ex-
istence of a stable incoming Lagrangian manifold A_ and a stable outgoing
Lagrangian manifold A, characterized by

Ay = {(z,8) € T*R"; exp(tH,)(z,£) — (0,0) as t — Foo} C p~ ' (Ep).

TOME 61 (2011), FASCICULE 4
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Moreover, there exist two smooth functions ¢4, defined in a vicinity of 0,
satisfying

=3 Yet +0u)

and such that Ay = Ay, = {(2,£); £ = Vi (x)} near (0,0). Since P is a
Schrédinger operator, we have p_ = —py.

Under the previous assumptions, the operator P is self-adjoint with do-
main H?(R"), and we define the set Res(P) of resonances for P as follows
(see [24] or [39] for an alternative approach). Let Ry > 0 be a large con-
stant, and let F' : R” — R™ be a smooth vector field, such that F(x) = 0
for |x| < Rg and F(z) = z for |z| > Ro + 1. For u € R small enough, we
denote U, : L*(R") — L*(R") the unitary operator defined by

(2.2) Upp(x) = | det(1 + pdF ()| (@ + pF(x)),

for p € C§°(R™). Then the operator U, P(U,)~! is a differential operator
with analytic coefficients with respect to u, and can be analytically con-
tinued to small enough complex values of p. For 8 € R small enough, we
denote

(2.3) Py =UipP(Uig) ™"

The spectrum of Py is discrete in & = {z € C; —20 < argz < 0}, and the
resonances of P are by definition the eigenvalues of Py in &. We denote
their set by Res(P). The multiplicity of a resonance is the rank of the
spectral projection

1
0., _——74 Py — ¢)~1dc,
0 Fy(@ C) C

where « is a small enough closed path around the resonance z. The reso-

nances, as well as their multiplicity, do not depend on # and F'. As a matter

of fact, the resonances are also the poles of the meromorphic extension from

the upper complex half-plane of the resolvent (P — 2)~! : R™) —
L2, .(R") (sce e.g. [20]).

In the present setting, Sjostrand [37] has given a precise description of the
set of resonances in any disc D(Ey, Ch) of center Ey and radius Ch. This
result has also been proved simultaneously by Briet, Combes and Duclos [6]
under a slightly stronger hypothesis (a virial assumption).

Comp(

THEOREM 2.1 (Sjostrand). — Assume (H1)—-(H3). Let C' > 0 be differ-
ent from Y 7, (aj 4+ 3)X; for all « € N™. Then, for h > 0 small enough,

ANNALES DE L’INSTITUT FOURIER
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there exists a bijection b, between the sets Reso(P) N D(Ey, Ch) and
Res(P) N D(Ey, Ch) counted with their multiplicity, where

N 1 n
Reso(P) = {Zg =FEy— Zh§;<aj + §)>\j; a €N },
j=
such that by (z) — z = o(h).

In particular, the number of resonances in any disk D(FEy, Ch) is uni-
formly bounded with respect to h. For 20 € Resg(P), we denote z, =
br(2a)-

DEFINITION 2.2. — We shall say that z), € Reso(P) is simple if 2, = 2§
implies o = f3.

Remark 2.3. — 1If 20 € Reso(P) is simple, the corresponding resonance
Zq 1s simple for h small enough and Proposition 0.3 of [37] proves that z,
has a complete asymptotic expansion in powers of h.

Remark 2.4. — The analyticity of V' in a full neighborhood of R" is
used only for the localization of the resonances. Indeed, if the conclusions
of Theorem 2.1 and Remark 2.3 hold for V' smooth and analytic outside of
a compact set, then the results of this paper still apply under this weaker
assumption.

The semiclassical pseudodifferential calculus is a tool used throughout
this paper, and we fix here some notations. We refer to [13] for more details.
For m(xz,£,h) > 0 an order function and § > 0, we say that a function
a(x,&,h) € C®(T*R™) is a symbol of class S (m) when, for all o € N?",

|05 calx, &, h)| S R0 (x, &, ).

If a € S (m), the semiclassical pseudodifferential operator Op(a) with sym-
bol a is defined by

(Op(a)p)(w) = ﬁ / / g (T2Y 6 ) p(y) dy e,

for all p € C§°(R™). We denote by W2 (m) the space of operators Op(S2 (m)).

The rest of this paper is organized as follows. In Section 3, we prove
a resolvent estimate in the complex plane that we use in all the paper.
Then, in Section 4, we compute the spectral projection associated to a res-
onance. In section 5, we give the asymptotic expansion of the residue of the
scattering amplitude at a simple resonance for long range potentials. Sec-
tion 6 is devoted to the computation of the asymptotic behavior for large
t of the Schrodinger group e~ *#F/" | where the spectral projection appears

TOME 61 (2011), FASCICULE 4



1358 Jean-Francois BONY, Setsuro FUJIIE, Thierry RAMOND & Maher ZERZERI

naturally. At last, we have placed in Appendix A some geometrical con-
siderations about Hamiltonian curves in a neighborhood of the hyperbolic
fixed point, that we need in Section 4.

3. Resolvent estimate

In this section, we prove a polynomial estimate for the resolvent of the
distorted operator Py around the resonances. This estimate is used through-
out the paper to control remainder terms. More precisely, we prove the
following result.

THEOREM 3.1 (Resolvent estimate). — Assume (H1)—(H3). There ex-
ists € > 0 such that, for all C > 0 and h small enough,
i) The operator P has no resonances in
[Eo — ¢, Eg + €] +i[—Ch,0] ~ D(Eqy,2Ch).
ii) Assume 6 = vh|Inh| with v > 0. Then, there exists K > 0 such that
31 @) sa 11 |z = za| ™,
zo ERes(P)ND(Eq,2Ch)
for all z € [Ey — ¢, Eg + €] + i[-Ch, Ch].

In particular, the previous theorem states that all the resonances in
[Eo —¢, Eg+¢]+1i[—Ch, 0] are those given by Theorem 2.1. The rest of this
section is devoted to the proof of Theorem 3.1. We follow the approach of
Tang and Zworski [41] and we use the constructions of [2, Section 4] (see
also Christianson [10] for hyperbolic orbits), where the propagation of sin-

gularities through a hyperbolic fixed point is studied, and of [1, Section 3],
where a sharp estimate for the weighted resolvent for real energies is given.

3.1. Definition of a weighted operator @,

The distorted operator Py defined in (2.3) is a differential operator of
order 2 whose symbol py € S5 (1) satisfies

(32) pe(xv g’ h’) = pe,o(xa g) + hp9,1(‘ra 5) + h2p9,2($, 5)7
with pp.e € SY((£)?) and

po.o(z,&) = p(z + i0F (x), (1 +i0"(dF (z)))~'¢).

ANNALES DE L’INSTITUT FOURIER
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We write the Taylor expansion of pg o(x,&) with respect to 6 as
Poo(x,€) = p(x,€) — ibq(w, &) + 0°r(x,€,6),
q(z,8) = {p(z,£), F(z) - £},
for some r € S ((£)?) which vanishes in |z| < Ro. Notice that
q(x,§) = 2dF(x)¢ - £ = VV(z) - F(x),
so that for € > 0 small enough, there exists R; > Ry + 1 such that
(3.4) q(z,§) = Eo,

for all (x,€) € p~*([Eo — 2¢, Ep + 2¢]) with |z| > R;.
We want to gain as much ellipticity as we can near (0,0). As in [2, Sec-

(3.3)

tion 4], we shall work with a weighted operator, and we start by defining the
Welghts Let ﬁ('ra 5) = p(l‘, g) - EO and 5&9 ('Ta 57 h’) = Do (.13, 57 h) - EO- There
exists a symplectic map « defined near B(0,e2) = {(x,&) € T*R"; |(,&)| <
g2}, with 0 < g9 < ¢, such that, setting (y,n) = k(z,§),

(3.5) p(z,€) = B(y,n)y - n.

Here (y,n) — B(y,n) is a C* map from x(B(0,e2)) to the space M, (R)
of n X n matrices with real entries such that

B(0,0) = diag(A1, ..., Apn)-

Let U be a unitary Fourier integral operator microlocally defined near
B(0,¢e2) and associated to the canonical transformation x. Then

(3.6) P=U(P-E)U™,
is a pseudodifferential operator in U9 (1) with a real (modulo S (h>))
symbol p(y,n) = 3,50 P;j(y,n)h’, such that

Po(y,n) = B(y,m)y - 1.

Let 0 < &1 < &9. Since the trapped set at energy Ey for p is {0}, we recall
from [17, Appendix] that, for the compact set K = B(0,2R1) ~ B(0,&1) N
p 1 ([Eo — 4e, Eg + 4¢]) C T*R™, there exist 0 < g9 < &1 and a bounded
function g € C*°(T*R"™) such that H,g has compact support and

g(x,&) =0, if (x,&) € B(0,¢ep),
(3.7) Hpg(x,€) >0, if (z,§) € T*R",
Hyg(x,6) > 1, if (2,6) € K.
As in [31], we set, for R > R; to be chosen later,

(3.8) 90(x,€) = x0 (5 ) Yo bz, )g(w, | A,

TOME 61 (2011), FASCICULE 4
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where xo € C§°(R"™;[0,1]) with xo = 1 on B(0,1) and ¢y € C§°(R; [0, 1])
with supp 19 C [Eg —4¢, Eg+4e] and ¢y = 1 in a neighborhood of [Ey — 3¢,
E() + 36]

We also define functions on the (y,n) side. We set

Giy,n) = (* — )i (y,m)|Inhl,

Baln) = ({7 )~ (g )) 2w,

Here M > 1 is a parameter that will be chosen later on. Since we consider
the semiclassical regime, we will assume that hM < 1. Moreover, 5. =
de 0 k™1, where ¢ € C§°(B(0,e2)) is such that ¢; = 1 near B(0,e;) and
¢2 € C3°(B(0,20)) is such that ¢o = 1 near 0 in T*R™. At last, we choose
four cut-off functions x1, X2, X3, xa € C§°(B(0,£2)) such that, setting again
Xe = Xe 0 K1, we have

Tioy < d2 <1 < X1 < X2 < X3 < X4

The notation f < g means that g = 1 near the support of f. We define the
operators

Gio = Op (e*0%), G4; = Op (eitjgj) and G+; = Op ()?jeitjgj),

for j = 1,2. Notice that G1 is acting on functions of (z,&), whereas the
other operators are acting on functions of (y,n). The t,’s are real constants
that will be fixed below. Then,

Gio € WY (hN0), Giy € UY (WM, Gap € U/ % (RN2),
(3.9) G € WY (AN (n)=°) and Gio € W)/ (N2 () =),

for some N, € R.
We define the operator

Q. = (U—l(é,gé,1 — Op())U + Id)G,O(Pe ~2)
(3.10) Gro (U*1 (G11G 42 — Op(R1))U + Id).
Splitting Py — z = Op(fyxa) + Op(Fa(1 — xa)) — (2 — Eo), we write
Q:=Q1+ Q2 — (2 — Eo)Qs,

and we compute the symbols of the operators Qo separately.

ANNALES DE L’INSTITUT FOURIER
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3.2. Computation of @,

The goal of this part is to prove the following identity.
LEMMA 3.2. — Let @, be the operator defined in (3.10). Then,

Q- = Op(pe) + Op(ihto{go, pe}) + U~ Op (iht1{g1,Po}
+ ith{./q\z,]/?\Q})U —z+ O(hM_l)
(3.11) +O(h*M~2|Inh|?) + O(|z — Eg|M~?).

Remark 3.3. — We will show in the proof of Lemma 3.2 (more precisely
in (3.28)) that the operators (U1 (G_-2G_1 — Op(x1))U + Id)G_¢ and
G1o(U Y (G4+1G42—Op(X1))U +1d) are invertible on L?(R™) and H?(R")
for M~! and h small enough. Moreover, their inverses are polynomially

bounded in A~!. In particular, the resonances of P are the poles of Q!
and to estimate (Py — 2)~1, it is enough to estimate Q;'.

The rest of this section is devoted to the proof of Lemma 3.2. In fact,
(3.11) is close to the equation (4.44) of [2] and we will use some identities
from [2] when possible.

Proof.
e First we consider @;. Since we can assume that Ry > €5, we have
Op(Pox4)G+o = Op(Px4)G+o = Op(a1),
with a; € SP(h~No) given, for any ko € N, by
ko

_ L ih : ke togo(y.n) ‘
a1(x,§) _;)k'<( 2U(D$7D65DyaDn)) pX4($a€)e ) y:z,nZE
(3.12) + hRo=Nog9(1),
Then again
(3.13) G0 Op(Pox4)G+o = G- Op(ar) = Op(az),
with ay € SP(h~No) given, for any k; € N, by
M1 ik k
— —((=o(D,, D¢: D,, D —togo(z,€) ’
a2($,§) ;) k' (( 2 U( 9 67 Y 77)) € al(l/ﬂ?)) y:fc,nzi
(3.14) + hF=NogY(7),

The k-th term in (3.14) is easily seen to be O(h¥), so that choosing k; large
enough, we conclude that as € 52(1). Moreover supp as C supp x4 modulo
S9(h>°), and

(3.15) az = pxa + ihto{go, Pxa} + S (h*|Inh|*) = pxa + as,

TOME 61 (2011), FASCICULE 4
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for some ag € S} (h|In h|) with supp az C supp x4Nsupp go modulo S5 (h>°).
By Egorov’s theorem,

(3.16) U Op(px4)U " = Op(as) and U Op(aa)U ™" = Op(as),

where dy,a5 € S5 (1) verify suppa4,suppas C supp X4 modulo S5 (h>).
Moreover, from (3.15), we have

(3.17) Q5 = a4 + ihto{G0, pX4} + Sp(h?|In h|?) = G4 + Tg,

with go = go o k~! and a symbol ag € S§(h|Inh|) satisfying suppds C
supp Y4 Nsupp go modulo SP(h*°). Since ¢1, p2 < X1 < X2, we have g1, g2 <
X1 and we get by pseudodifferential calculus

(3.18) G12Gi1 — Op(X1) +1d = G42Gyq + O(R™).
Then, using (3.13), (3.16), (3.17) and (3.18), we obtain
Q1= U_l(éaéq — Op(X1) +1d)U Op(az)
U (G41Gy2 — Op(R1) +1d)U + O(h™)
= U 'G_2G_1 Op(as)G11G12U + U~ G_2G_1 Op(ag)
(3.19) G11G U + O(h™).

The first term in the right hand side of (3.19) has already been computed
in the equations (4.15)—(4.41) of [2] (the reader should notice however that
the symbol p there has to be replaced by px4 here). We have

G_2G_1 0p(d4)G41G12 =Op (a4 + iht1{g1, poXa} + iht2{g2, PoXa})
(3.20) +OMM ™)+ O(h? M2 |Inh|?).

On the other hand, since supp ¢2 C B(0,¢0), g2 = 0 near the support of
go and ag. Thus,

G_2G_10p(a6)G4+1G2 = G_1 Op(ag)G11 + O(h™).

And then, working as in (3.12)—(3.15), we obtain
(3:21)  G-2G-10p(as)G11G2 = Op (ihto{go, PXa}) + O(h*|In h[?).

Using (3.16) and collecting (3.20) and (3.21), the identity (3.19) gives

Q1 = Op(px4) + Op(ihto{go, Px1}) + U " Op (iht1{g1,Po}

(3.22) + ihto{Ga, Do} )U + O(RM~Y) + O(h% M~ 2| In h?).

o Now we consider Q5. As in (3.12)~(3.15), we have

G0 Op(Po(1 — x4))G+o = Op(b1),
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for some b; € S (h=No(£)?). Moreover suppb; C supp(l — x4) modulo
S9(h>) and
(3.23) b1 = Po(1l — x4) + ihto{go. Po(1 — x4)} + Sp(R*|In h|?).

Since {1 < Y3, the pseudodifferential calculus gives G_1 = G_; Op(Xs) +
U9 (h>°(n)~°°). Furthermore, using Egorov’s theorem, we obtain

Uil (6_26_1 — Op()’{l))U
= U~ (G_2G_1 — Op(X1)) Op(X3)U + T (h>(£) =)
(3.24) = U™ (G_2G_1 — Op(X1))U Op(bs) + W) (h>(£) ),

where by € SP((€)7°°) and supp by C supp x3 modulo S} (h>(£)~>°). Using
X3 < X4, the supports of b; and by are disjoint and

(3.25) Qs = Op(by) + O(h™).

e It remains to study Q3. Working as in (3.12)—(3.15), we get G_oG4¢ =
Id + Op(c1) with ¢; € Sp(h?|Inh|?) and supp ¢; C supp go modulo S (h>°).
As in (3.16), we have

UOp((1 +c1)xa)U™" = Op(@2),
where ¢ € SP(1). Now (3.18) and (3.24) yield
Qs = (U1 (G oGy = Op(x1))U +1d ) (Op((1 + e1)xa)
+0p((1+e)(1 = xa))) (U7 (G1Glyz = OD(R1)U +1d )

(3.26) =U"'G_2G_1 Op(G2)G11G 12U+ Op((1 + ¢1)(1 — xa))+O(h™),
Working as in the equation (4.43) of [2], we get

G_9G_1 Op(€2)G11G 12 = Op(éz) + O(M~2) + O(h*|n h|?).
Combining (3.26) with the last identity, we finally obtain

Qs = U~' Op(&)U+ Op((1+¢1)(1-x4))+O(M~*)+O(h*| In h|?)
(327)  =1d+O0(M~?)+ O(h*|Inhl?).

e The same way, one can prove

(Uﬁl(éfzéq - Op()?l))U + Id) (Uﬁl(éﬂéw — Op()?l))U + Id)
=1d+0(M~?) + O(h*|Inh|?),
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and the same kind of estimate holds for the product the other way round.
On the other hand,

G_oGio =Id+O(h?|Inh|?) and G4oG_¢ = Id +O(h?|In h|?).

Then the two operators (U~1(G_oG_1 — Op(¥1))U + Id)G_, and
G1o(U 1 (G41G42 — Op(X1))U + 1d) are invertible on L?*(R™) for M1
and h small enough and they satisfy

(- o) |-on

H (G+0 (Uﬁl(éﬂéw - Op(x1))U + Id)) H -

for some C' > 0. The same thing can be done on H?(R") since the opera-
tors we consider differ from Id by compactly supported pseudodifferential
operators. This shows Remark 3.3.

(3.28)

e Adding (3.22), (3.25) and (3.27), we get Lemma 3.2 O

3.3. Estimates on the inverse of Q.

Let € C§°(T*R™; [0, 1]) be such that @ = 1 near 0. We define

(3.29) K =U"'RU with K =C;0p (@(\/%, \/%))

for some large constant C7 > 1 fixed in the following.

LEMMA 3.4. — Assume that § > 0, Cy > 1 and 6 = vh|Inh| withv > 0.
Denote r = max(|z — Ep|, h). Choose M = u\/% and fix ty, Cp,t1,t0, R, p
large enough in this order. Then, we have, for h small enough,

i) For z € [Ey—e¢, Eg+¢]+i[—2Coh, 2Coh] and Im z > dh, the operator
Q. : H*(R™) — L*(R") is invertible and

(3.30) Q-1 =0om™.

ii) For z € [Ey — ¢, Eo + €] 4 i[-2Coh, 2Coh], the operator Q. — ihK :
H?(R") — L*(R") is invertible and

(3.31) 1(Q. —ihK)~Y|| = O(h™Y).

This lemma is similar to Proposition 4.1 of [2]. We will only give the proof
of part ii) since the first part can be proved the same way (using (3.34)
instead of (3.35)).
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Proof. — Let wy,...,ws € C§°(T*R™;[0,1]) be such that
(3.32) ]l{o} < Wy < Wy < Pg < 13(0’51) < w3 <wyg <P <ws < 13(0’52).

As usual, we denote Wy = we 0k~ 1. We now recall some ellipticity estimates
proved in [2] by means of Garding’s inequality and Calderon-Vaillancourt’s
theorem. From the equations (4.50), (4.51), (4.54), (4.55) and (4.64) of [2],
we have

(Op(—h{ga, Po}(1-@2))u,u) = —Ch|In ||| Op(@s—1 )ul|”

(3.33) + O(h%) [Julf?,
(334) (Op(—h{ﬁg,ﬁo}ﬁg)u,u) Z _ChM71||u||2a
(Op(—htg{ﬁg,ﬁo}ag + Clh@)u,u) > (5min(t2,Cl)h| Op(c?;g)uH2
(3.35) + O(M ™Y |Ju)?,
(Op(~h{Gr. o} (1-52))u, u) = —Ch|nhl|| Op(@s—s)ul|”
(3.36) + O(h)Jull?,
(Op(~h{G1,50}3)u,u) = 8h| I h|||Op(@s — &1 )ul|®
(3.37) + O(h2[In b)) |Jul)?,

for some &, C' > 0 which do not depend on h, M and the t,’s.
From (3.3) and since 6 = vh|Inh|,

Op(ps) + Op (ihto{go,pe}) = Op(p — iq + ihto{go, p})
(3.38) + W5 (A2 In h|*(€)?).

Let wg € C§°(T*R™;[0,1]) be such that
(3.39)  1B(0,R)np—1([Eo—2e,Bo+2¢]) = W6 < LB(0,2R,)"p—1 ([EBo—3e, Eo+3¢]) -
From the definition (3.8) of go, we have

{002} = x0( 5 )¥o(p) Hpgl I bl + 2 - (2rx0) (35 ) Yool ©)gl n .
Using Garding’s inequality, (3.7) implies

(Op(—hto{go, p}wg)u,u) = toh|In hl||Op(ws — UJ3)’LLH2

t
(3.40) - CE?M In A[||Op(1 — ws)u|* + O(A?| I k) |Jul?.
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Let ¢ € C§°([Eo — 2¢, Ep + 2¢];[0,1]) with ¢ = 1 near [Ey — ¢, Ey + €].
Using the functional calculus for pseudodifferential operators, we can write

(Op(q)u,u) = (Op(q)(P)u,u) + (Op(q)(1 — 1(P))u,u)
= (Op(gy(p))u, u) + (Op(q)(P + i)~ (P + i) (1 — 9(P))u, u)
+ O(h)ul®.

Note that the operator Op(q)(P + i)' is uniformly bounded on L?(R™).
Garding’s inequality together with (3.4) give

(Op(q)u, u) = 6] Op(w(p) (1 — we))u||* = C||(P + i) (1 — »(P))ul |[ul
(3.41) — C|| Op(ws — wa)u||* + OR) |[ul>.

Adding (3.33), (3.35), (3.36) and (3.37) and using Garding’s inequality,
we obtain

—TIm((U* Op(iht1{Gi, Bo} + ihta{Ga, o})U — ihK)u, u)
> §t1h| In h|||Op(ws — w1 )u||” + 6 min(ts, C1 )h||Op(ws)ul|
— Ct1h|Inh|||Op(ws — ws)u||* — Ctah|Inh|[|Op(ws — wi)ul)?
(3.42) + O(hM~Y)||ull* + O (h?| In Al) ||ul|>.

Combining the formulas (3.11) and (3.38) and the estimates (3.40), (3.41)
and (3.42), we get

—Im (Q.—ihK )u,u)
> dmin(ty, C1)h|| Op(wg)uH2 + 6t1h|Inhl|| Op(w4—w1)uH2
+ toh| In h]|| Op(ws—ws)u||” + dvh|In Al || Op(¥(p) (1—we))ul|’
— Ctoh| In h|| Op(ws—wr Jul|* ~Ctyh| In h|| Op(ws —ws)ul|?
t
- Cﬁh\ In A|| Op(l—wg)uHQ—CuM In h|| Op(wG—W4)u‘|2
— Cvh|Inhl||(P + i) (1= (P))ul|lu] + Im z|u|/?
(343)  + O M * AP ||ul*+O(hM ) |jul*+O(|z—Eo|M~2)Ju*
Now, assume that Im z € [-2Cyh, 2Cyh] and Re z — Ej is small. We choose
the parameters, in this order, min(ts, C1) > Cy, t1 > ta, tg > max(t1,v)
then R > 1 and finally M = ,u\/% with p > 1. Then, for h small enough,
Garding’s inequality implies
Q- — zhf()u””u” > —1Im ((Q. — zhf()u,u)

(3.44) > Bl(PYull® + O(h| n h)|| (P +8)(1 — w(P))ul|*.
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On the other hand, from (3.11), we have
Q. —ihK = P — 2 + ) (h|In h|(€)?) + O(h|In h)).

Then,
1(Q= — ihK ul| > ||(1 = %(P))(Q= — ihK ul|
> [|(1 = ¢(P))(P — 2)u|| + O(h|In h])||(P + i)ul|
2 |[(P+i)(1 = (P))ul| + O(h|Inh|)||(P + i)ul|
(3.45) 2 |(P+14)(1 — »(P))ul| + Ok In k) || (P)ul|,

for all h small enough.
Adding (3.44) and Cyh|1ln k| times the square of (3.45), we obtain

Q= — ihEK)ul|||ull + Coh| I h||[(Q — iR K u|” 2 hll(P + i)ul?,

for Cy fixed large enough. Then, using [|(Q. — ihK)ull|[u| < Sh|ul? +
S 1(Q= — ihK)ul|* with 0 < § < 1, we finally obtain

(3.46) 1(Q. — ihK)ul| = B||(P +i)u|.

Since we can obtain the same way the same estimate for the adjoint (Q, —
thK)*, we get the lemma. O

To prove the part i) of Theorem 3.1 (the resonance free zone), we will
use in addition the following lemma.

LEMMA 3.5. — Assume |z — Eg| > h. Under the assumptions of Lem-
ma 3.4, we have

IKQ.ul| = |2 — Eol|| Kul| + O(h? |2 — Eo|?)||ul.
Proof. — Since ||K|| <1, (3.11) gives
KQ. = K Op(py) + K Op(ihto{go, pe}) + KU Op (iht1{g1, o}
+ihta{G2, Po})U — (2 — Eg)K + O(hRM ™)
(3.47) +O(h2 M~ 2| Inh|?) + O(|z — Eo|M~?).

Since the support of gy does not intersect the support of the symbol of K ,
we obtain

(3.48) R Op(ihto{go, po}) = O(h).
Moreover, working as in (3.24),
K Op(po) = U~'KU Op(pxa) + O(h™)
= U 'K Op(p)U + O(h™).

TOME 61 (2011), FASCICULE 4



1368 Jean-Francois BONY, Setsuro FUJIIE, Thierry RAMOND & Maher ZERZERI

We now rescale the variables as in [8] and in the equation (4.18) of [2]. We
define a unitary transformation V on L?(R") by

(VH)(y) = (hM)~% f((hM) " %y).
If a(y, n) is a symbol, then
V="' Opy(aly,n))V = Op. (a((hM)?Y, (hM)? H)).

If possible, we will identify in the following an operator with its conjugation
by V. As in [2, (4.24)], we define the class of symbols a € S1 (m), for an
order function m(Y, H), by

la| 181

02050y, )| S (V)5 (H) =5 m(y, H).
We refer to the appendix of [2] for the pseudodifferential calculus in S. S
From [2, (4.23)], we have that p € 5‘% (hM{((Y; H))?). Since ¢ € C§°(T*R™),
we also have (Y, H) € gﬁ ({((Y, H))~*°). Then, the pseudodifferential cal-
culus in S1. implies

M

(3.49) K Op(py) = O(hM).
The same way, [2, Equation (4.38)] gives

iht1{G1,Po} € Sy, (h M?|Inh[((Y, H))).
So,

KU~ Op(iht1{g1, po})U = UK Op(iht:{g1, po})U + O(h™)
(3.50) =O(h*M3|Ilnh|).
Working in S}ll/ 27 we get
KU~ Op(iht2{ga, o})U = UK Op(iht2{ga, o}@2)U + O(h™).

Since @y < oo, [2, Equation (4.48)] yields that ihts{ga, pot@2 € SY (h).
M
Using Calderon-Vaillancourt’s theorem for this operator, we finally obtain

(3.51) KUY Op(iht2{g2, ho})U = O(h).

The lemma follows from (3.47), the choice of M in Lemma 3.4 and the
estimates (3.48), (3.49), (3.50) and (3.51). O
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3.4. Proof of Theorem 3.1

We first prove that (3.1) holds for
A [EO — Ah, Ey + Ah] + i[—COh, Ooh]

Here, A > 0 is any fixed constant. We use a method due to Tang and
Zworski [41]. For z € [Ey — 2Ah, Eg 4+ 2Ah] +i[—2Cyh, 2Coh], the quantity
M can always be replaced by g > 1 in Lemma 3.4 (see (3.43)—(3.44)).
Then, z — Q. is holomorphic in this set and |[K|ly, = O(1). As usual
(see Section 4 of [2] for instance), we can find an operator K such that
| K|l < 1, rank K = O(1) and such that (3.31) holds with K replaced by K.
Furthermore, thanks to Remark 3.3, the resonances coincide with the poles
of Q7! (with the same multiplicity). Mimicking the proof of Proposition
4.2 of [2] or Lemma 6.5 of [4] (which are adaptations of Lemma 1 of [41]),
the estimates (3.30) and (3.31) imply

lez" s v 11 |z = zal 7,
zo €ERes(P)ND(Ey,2Coh)
for some K7 > 0 and any z € [Eg — Ah, Ey + Ah] + i[—Coh, Coh]. On the
other hand, Remark 3.3 gives
[(Po = 2) | S n= |,

for some K5 > 0. This proves (3.1) for z € [Ey—Ah, Eg+Ah]+i[—Coh, Coh].
Thanks to Theorem 2.1 which describes all the resonances in any neigh-

borhood of size h of Ej, it remains to prove that P has no resonance in
(352) ([EO —e, Fg+ E] N [EO — Ah, Ey + Ah]) + i[—COh, Coh],

for one A > 0 and that the resolvent satisfies in this region an upper
bound polynomial with respect to h~!. In particular, we can assume that
|z — Ep| = h. Using Lemma 3.4, Lemma 3.5 and | KQ u| < ||Q-ull, we get

1Q.ul| = Sh||(P +i)ul| — h||Kul|,
1Q.ull = 8]z — Eo|||Kul| + O(h% |z — Eo|%)|ul,

for some § > 0. Then, summing the first identity with hd=!|z — Eg|~! times
the second one, we obtain

|Q:ull 2 All(P + i)ull + O(h?|z = Eo|~#) ul,
since hé 1|z — Ep|~! < 1. If now we assume that |z — Eg| > Ah, we get
1Qzull Z hl[(P + d)ull + ORA™2) [ull Z hl[(P + i)ul],

for A large enough. Thanks to Remark 3.3, this implies that P has no
resonance in the region given in (3.52) and that (3.1) holds in this set.
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4. Spectral projection

The purpose of this part is to give the asymptotic expansion of the
generalized spectral projection II,  associated to an isolated resonance z,
in some D(Eo, Ch). We recall that IT., is the operator from L2, (R") to
L2 _(R™) defined by

loc

1
IL,, = 77,%(1372)*151@
Y

2

where v is a simple loop in the complex plane, oriented counterclockwise,
such that z, is the only resonance in the bounded domain delimited by ~.

THEOREM 4.1 (Asymptotic expansion for the spectral projection). —
Assume (H1)—(H3). Let o € N be such that 20 is simple. Then, as opera-

tors from L2, (R") to L{ (R™),
(41) Hza :C('7?)fa
where
Z(lal+3)
_ plel-3 €2
(4.2) c(h) = h a, L H RALH

and the function f(x,h) satisfies the following properties:
i) It is locally uniformly in L?(R™): for all p € C§°(R™),

lefllzz@ny S 1.
ii) It satisfies the Schrédinger equation:
(P—2zq)f =0.
iii) It is outgoing: there exists R > 0 such that
f = 0 microlocally near each (x,£) with |x| > R, cos(z,§) < —1/2.
iv) Finally, locally near 0, we have
f=d(z, ]«L)eiw+(ﬁr¢)/h7

where d(z,h) € Sj)(1) is a classical symbol satisfying

d(z,h) ~ > di(x)h  and  do(z) = 2* + O(z!*!F1),
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We prove this result the following way. Using [2], we compute (P —
2)~ 1o for some well prepared WKB function v and z on a loop around
the resonance z,. Integrating with respect to z, we get II, v and thus the
resonant state f. To finish the proof, we obtain the constant ¢ computing

(v, f) by a stationary phase argument.

Remark 4.2.

i) Since f is not necessarily in &’'(R"), saying “f = 0 microlocally near
po” means that there exists ¢ € C§°(R?"™) with ¢(pg) # 0 such that, for
every x € C§°(R"), Op(¢)(xf) = O(h>) in L*(R").

ii) The properties i)-iv) of Theorem 4.1 characterize uniquely the reso-
nant state f(z,h) modulo O(h*). In particular, the usual propagation of
singularities implies that this function is a classical Lagrangian distribution
of order 0 with Lagrangian manifold A .

For the punctual well in the island situation, the generalized spectral
projection has been computed by Helffer and Sjostrand [22]. In particular,
they have proved that this operator is almost orthogonal. Indeed, if the
resonance z is isolated and the cut-off x € C§°(R™) is equal to 1 near the
well, then xII, x is exponentially close to the spectral projection associated
to the Dirichlet problem in the well and |[xIL. x| = 1 + O(e~%/") for some
0 > 0. The situation is very different in the present setting since, for y # 0,
XTI, x|| is of order h=IoI=%.

From the previous discussion, the polynomial upper bound on the resol-
vent proved in Theorem 3.1 occurs effectively. More precisely, in every disc
D(zq,€h), with e > 0, the cut-off resolvent can not be bounded by anything
smaller than % for some C, > 0. Moreover, since Co > |a| + 5, this
constant can not be taken uniformly with respect to z.

One may perhaps prove Theorem 4.1 with other methods than the one
we use here. In the one dimensional case, the resolvent can be written in
term of a basis of solutions of (P — z)u = 0 and of their Wronskian. Thus,
it must be possible to use the results of [36] in which the scattering ampli-
tude, which can be expressed through the Wronskians of the Jost solutions,
has been computed. In any dimension, another approach is perhaps also
possible. One may first try to calculate the resonant state f with various
methods (using, for example, the works of Briet, Combes and Duclos [5],
Sjostrand [37] or Hassell, Melrose and Vasy [19]). It then remains to cal-
culate the constant c¢. This question is equivalent to the calculation of the
scalar product (f, f) = [ f2. If we neglect the problems of integration at
infinity, this calculation is reduced to a problem of stationary phase at
point 0. But, since f2 vanishes to order 2|a|, the knowledge of dy is not
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enough and we must explicitly know the |« first terms in the expansion of
f in powers of h. In this computation, the situation becomes, in a sense,
similar to that of the eigenvectors of the harmonic oscillator for which the

“good variable” is % However, this is not the case in Theorem 4.1 since

the factor e*#+(*)/" in f has modulus 1.

It may be possible to obtain some results when 20 is not simple. In
that case, various situations may occur: several resonances can be very
close to each other, the resonances can have a non-trivial multiplicity and
they can be multiple poles of the resolvent. We refer to [37, Section 4]
where such phenomena are shown. In the remainder of this discussion, we
consider the simplest case where a double resonance can appear. We assume
that \; = Ay < A3 and that Z = bn(2(1,0,...)) = br(2(0,1,0,...)) is a double
resonance. Then, near z, the resolvent can be written

-1 11y T,
(Z—P) —m‘i‘ﬁ—FH(Z),

where H is holomorphic near z. In that case, rank IIs < 1 and rank II; = 2.
It seems possible to calculate IT; with a proof similar to that of Theorem 4.1.
Using Proposition A.3, we can construct two initial data vy, vo such that the
microsupport of v; and A_ intersect along a Hamiltonian curve which goes
to 0 along the j-th vector basis. Then, computing the residue of (z—P)~!v;,
we obtain that IT; (v;+(P—72)0,v;) is of the form f; = z;e?#+@)/" modulo a
constant. In the following, we can neglect (P —2)0,v; as it gives lower order
terms. Since f; and fo can not be collinear, {f1, f2} (resp. {f1, fo}) forms a
basis of Im IT; (resp. Im II7}). To finish the computation of I1;, it is sufficient
to calculate (v, fx). The scalar products (vj, fj) can be calculated as in
the proof of Theorem 4.1. But, according to the choice of the v;’s and to
the form of the fi’s, (vj7ﬁ) appears to be smaller when j # k. Eventually,
in the {f1, f2} and {f1, fo} bases, the operator II; seems to be a 2 x 2-
matrix whose diagonal coefficients are given by (4.2) at the first order and
whose off-diagonal coefficients are of lower order. One can probably also say
something about II;. But, one may need to calculate several lower order
terms in the semiclassical expansions (for the resonance for example). This
operator seems to have a smaller norm.

4.1. Construction of “test functions”

To prove the theorem, it is enough to show that

(4.3) XL, x = c(- x)x/S,
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for x € Cg°(R™). Let I, ¢ be the spectral projection of Py at the resonance
Zo. It is the operator on L?(R™) defined by

(4.4) My =5 (- 2)
We now assume that the distortion occurs outside of the support of x. In
particular, xII, x = xII._ ¢X. Let J be the anti-linear operator on L?(R™)
defined by

g {LZ(R”) —  L2(R")

u u.

Since P is a Schrodinger operator with a real potential, JP = PJ and a
direct calculation gives (Py —2) ™' = J((Py — z)’l)*J. Thus, II,_ ¢ can be
written IL,_ o = (-,98)ge with go € L?*(R™). The same way, II., = (-,9)g
for some g € L% _(R™). Moreover, from [39, Proof of Lemma 3.5], we can
always assume that go = Upg. In particular, xgs = xg.

Since 20 is simple, for all j € {1} Usupp a (where suppa = {j € N; a; #
0}), A\; = A - B with § € N" implies || = 1. Then, from Lemma A.1 and
Proposition A.3, there exists a Hamiltonian curve v~ = (z(t),£(¢)) C A_
such that, for all j € {1} U supp a, we have Ya; = Va0 #0.

We now construct the “test functions”, supported microlocally near the
“test curve” v, on which we will evaluate the spectral projection. Let
u(x, z, h) be a function defined in a vicinity of 0 but not at 0. We assume
that u is a WKB solution of (P — z)u = 0. More precisely, near the z-
projection of v~ ~\ {0}, we have

(4.5) w(x, z, h) = bz, z, h)eP@/h,

Here 1 is a C*° function solving the eikonal equation |V|? + V (z) = Ej.
We assume that Ay = {(z, Vi)(z))} intersects transversely A_ along v~ .
Note that the construction of such a phase, whose associated Lagrangian
manifold projects nicely on the z-space in a vicinity of v, can always be
done thanks to [1, Proposition C.1]. The symbol b(z, z, h) is classical: for
all N € N,

N
b(x, 2, h) Zb] xz, 2)l7 + Sp(hN T,
=0
uniformly for z € D(FEy, Coh). Moreover, b and the b;’s are C* with respect
to z and analytic with respect to z € D(Ey, Coh). Finally, we assume that
u satisfies

(P —2)u=0O(h™),
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and bg(z, z) # 0 near the z-projection of v~ . For that, it is enough to solve
the usual transport equations. Finally, we suppose that u = 0 outside a
neighborhood of the spacial projection of v~. Then, we set

(4.6) v =[P, 7]u,
where 7 € C§°(R™) with supp 7 close to 0 and 7 = 1 near 0. We consider
(4.7 w = (Py—2z)"tv.

In all the proof of Theorem 4.1, we will work with z in a ring Ry, =
D(22,C3h) \ D(22,C1h) such that 20 is the unique element of Reso(P)
in D(z,C2h). Note that Theorem 3.1 implies that [|wl|gzgrn) < A~ uni-
formly for z € Ry, for some C > 0.

4.2. Calculation of w before the critical point

We begin the proof by showing that w is 0 in the incoming region. More
precisely, we have

LEMMA 4.3. — Let p € R?™ be such that p ¢ A4 and exp(]—o0,01H,)(p)
does not meet the microsupport of v. Then, w = 0 microlocally near p,
uniformly in z € Ry,.

Proof. — This lemma can be proved as Theorem 2 of [4]. First, assume
p & p~1(Ep). Using the elliptic equation (Pp — z)w = v, the norm estimates
lloll, [lw| < h=C and the condition p ¢ MS(v), the standard pseudodiffer-
ential calculus implies that p ¢ MS(w). More precisely, for all f € C§°(R)
with f = 1 near Ey, we have

(4.8) (1= F(P))w = O(h™),

uniformly in z € Ry,

Assume now that p € p~1(Ep). From the hypotheses, the half-curve
exp(tHp)(p), t < 0, does not meet MS(v) and goes to co as t — —o0.
Then, one can find a symbol w € SP(1) such that w = 1 near p, Hyw < 0,
exp(] — 00, 0] H, ) (suppw) does not meet MS(v) and exp(—TH,)(suppw) C
I'“(R,d,o) for some T,R > 1, d > 0 and o < 0. Here, I'"(R,d,0) =
{(z,¢) € T*R™; |z| > R, d7! < |¢] < dand cos(z,§) < o}. Then,
mimicking the proof of [4, Theorem 2|, we get Op(w)w = O(h*), uni-
formly in z € Rj. The unique difference with its proof is that the 0 in
the left hand side of [4, (3.4)] is replaced by O(h>) (here, we use that
suppw N MS(v) = ). O
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We will now calculate w on A_ near 0. First, using MS(v) NA_ C vy,
the previous lemma implies the following consequence.

Remark 4.4. — We have w = 0 microlocally near each point of A_~~~.

On the other hand, near v~ , we have the following lemma. Note that the
results of this lemma and of Remark 4.4 are uniform for z € Ry,.

LEMMA 4.5. — Let p € v~ be a point close enough to 0. Then, w = u
microlocally near p.

Figure 4.1. The geometrical setting of Lemma 4.5.

Proof. — We define

. T
(4.9) w = 1/ e~ P /M P Tl dt,

h Jo
where T' > 0 is chosen such that exp(T'H),)(MS(v))Nexp(]—oo, 0] Hp)(p) = 0
(see Figure 4.1). Then, microlocally near each point of v, we have

(Pp—z)w=(P-2z2)w

=[P T]u— eiiT(P*Z)/h[P7 T]u.
For the first equality, we have used that P = Py near the spacial projection
of MS(w) Ny~ C exp([0, +o0[H,)(MS(v)). Thus, microlocally near v~ , we
have

(Py — 2)(w— @) = e TE=2/MP ]u.

In particular, the choice of 7" and the Egorov theorem imply (Py — z)(w —

w) = 0 microlocally near exp(]—oo, 0]H,)(p). On the other hand, combining
Lemma 4.3 (for w) and the Egorov theorem (for w), we obtain w — @ = 0
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microlocally near exp(—SH,)(p), for all S large enough. Using moreover
that ||w — w|| < h~C, the propagation of singularities implies that

(4.10) w = w microlocally near p.

Then, microlocally near p, we have
i (T,
w = f/ e MP=2)/M P Tl dt
h Jo

s
_ / efit(sz)/h((P — 2)Tu — 7(P — 2)u)dt
0

h
i (T .
(4.11) = 7 / e MP=2A/MPp _ Nrudt = —e TP/ My 4oy =,
0
which proves the lemma. g

In fact, one can prove more directly Lemma 4.3 and Lemma 4.5 by ap-
plying the proof of Theorem 2 of [4] to the function w — w.

4.3. Representation of w at the critical point

We will use the variable o = (2 — Ey)/h, the notation 00 = (20 — Ey)/h
and the set R = D(0%,C3) \ D(c%,C4). Note that 02 and R does not
depend on h and Ry = Ey + hR. Since 7 = 1 near 0, we have

(4.12) (P—z2)w=(Py—2)w=[P,1lu=0,

in a neighborhood of 0. On the other hand, let p € A_ N {|z| = §} with
0 > 0 small enough. From Remark 4.4 and Lemma 4.5, we have

be' /P ifpery™
w =
0 fpdq,

microlocally near p. Moreover |[w| < h~C. Then, we are in position to

(4.13)

apply Theorem 2.1 and Theorem 2.5 of [2] which give a representation of
w microlocally near (0,0). More precisely, Theorem 5.1 of [2] states that,
microlocally near (0, 0),

9 @/hibO/h 4 (4 5 p)
L1
(27h)z

w =

(27h)=

—+oo
(4.14) / e Pt A (¢ @ 0, h) dt.
—1
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Concerning the symbol A, we will only use that o — A is a holomorphic
function of o € D(0, Cy) which decays uniformly exponentially in ¢ (see [2,
Proposition 5.11]). The constant v (0) is defined by

(4.15) $(0) = lim 9(x(t)) = P(@(s)) — - ((5)),

for all s > 0.

The symbol A_(z,0,h) € SP(h~=C), holomorphic for ¢ € R, is con-
structed the following way. There exists an expandible symbol a(t, z, o, h) €
S9(1) of the form

a(t,z,o,h) Zajt;vo

where the a;’s satisfy

i(t,x,0) Za]% (t,x,0)e (SHuet

and

M puy,

o (0, 0) = E:a]#hxo

We refer to Helffer and Sjéstrand [21] for the definition of expandible func-
tions. Here, S is defined by

The symbols aj, a; ., , @j u,.¢ are holomorphic for o € D(0,Cy). Moreover,
as in [2, (6.26)], ag,0 does not depend on ¢ (and o) and

3 Y e g;s s
(416)  a0o(0) = |g5 M eiFem o AUEEODIINZ Ay ()

with 9, = =72 (7y ) 7, being the spatial projection. Let ¢4 (t,z) = ¢(t, ) —
(o4 (z) +¥(0)) be the expandible function

400
x) ~ Zcpuk(t,x)eﬂ"“t and ¢, (t, ) Z@uk, ,

constructed in [2, Section 5]. Recall that ¢ (¢, z) satlsﬁes the eikonal equa-
tion

(4.17) Arp + (000) + V(z) = Ey.
We consider the expandible symbol (see (5.77) of [2])

(4.18) =y 2 (“Z*)qN +§ i(t,z, 0)h

J=1-Q1
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for some 1 € N fixed large enough

i(t,x,0) Zaj (b, 3, )™ (STt

and

M, g,

z
aj (t, 2, 0) E Aj 0,0

Then, A_(z,0,h) is a symbol, hOlOInOI‘pth with respect to o € R, such
that

Ky Mj
(4.19) A_(z,0,h) Z Y Sﬂ%éH Qo (T, 0),
j=1-Q1 k=0 £=0
for some K; € N large enough.

In the following, we will need some informations on the ¢,,. Let j €
{1,...,n} be such that a; # 0 or j = 1. Since 20 is simple, \; can not
be written as a non-trivial combination of the Ax’s (i.e. A\; = A - 3 implies
Br = d; k). Therefore, calculating the term in e=*i* of (4.17), we obtain

—XNjox, + Opon, + 20,04 - Opipr, = 0.

Working as in Section 6.1 of [1] (see also (5.59) of [2] for j = 1), one can
prove that ¢y, does not depend on t (i.e. Ny; = 0), that

(4.20) 2054 - Oxipr; — Ajor, =0,
and that
(4.21) DA (z) = f)\jg;j:rj + O(J}2).

Since 9x, is collinear to the j-th vector of basis, we also denote this j-th

component of the vector 9, by In,

4.4. Integration with respect to z

Let v be a fixed simple loop in R around 0 oriented counterclockwise
and v, = Fp + hy C Ry. We integrate w on the loop ~;. First, since z, is
a simple resonance for i small and since v is a holomorphic function with
respect to z € D(Ey, Coh), the equations (4.4) and (4.7) give

1 h
(4.22) I, ov(z, 2o) = ~ 5 : w(z,z)dz = % 4 w(x, o) do.
On the other hand, we can also calculate this quantity microlocally near

(0,0) with the help of (4.14). Since o — A (o) is holomorphic in D(0, Cy),
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the second term in the right hand side of (4.14) gives no contribution to this
integral. Moreover, for u; # A - a, the function (S + ux)~! is holomorphic
for 0 € D(02, Cy). This implies that only the terms of (4.19) with ux = -«
give a non-zero contribution to the integral over o.

We now look for the terms with gy = A-a in (4.18). Among these terms,
the one which gives the higher possible power of h~!, is given by ¢ = ||

and is equal to
N\ laf n
ao(x) (1" [af! a
(h) [T (on, @)™

! !
la]! al -1

Here, we have used the fact that 20 is simple. Note that, since ap,0 and
©x;, with a; # 0, does not depend on ¢ (see the discussion before (4.20)),
this term does not depend on t. Then, A_ satisfies, as h — 0,
—+o0
A_(x,0,h) ~ Zaj_(:z:,cr)hf‘alﬂ + H(x,0,h),
§=0

where the a;’s are holomorphic with respect to o € R and C'*° with respect
to x near 0. The function o + H is holomorphic in D(c2, Cy). Moreover,

iled
_ o 2 0,00 a;
aO(m’U)_(Z)\/Q—i—)\ a—wa'H 2 ’

Using the previous discussion, together with (4.14) and (4.22), we obtain
that

1
I, ov(z, 2o) = ~ % ’Yw(ac,z) dz
(4.23) ~ e+ (@)/h it (0)/h Jioaj (2)h3~lol4d,
7=0
microlocally near (0,0). Moreover,
- jlal+1 n o
(4.24) ap(x) = *mao,o(x)g (SDAJ» (I)) :

To be more precise, in the C* case, Theorem 2.1 of [2] gives only
uniqueness for z outside of a set I'(h), which is finite uniformly with
respect to h. Then, to prove (4.22), we integrate first on a loop 7 €
Ry ~ (I'(h) + D(0,eh)) of length of order h and which may depend on
h in a non trivial way. But, since the function w is holomorphic in Ry, we
can deform the contour 7y, to v, and thus justify (4.22).
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4.5. Construction and properties of f

We define the functions fand fg by
(4.25) f(:v,h) = ¢ ', v(z,2,) and f;(aj,h) =C ML, gv(2, 2a),

n

where, using the notation (¢~)% = szl(g;j)‘”‘j7

(4.26) e(h) = —ﬂao 0(0)(—=Ag™)hz~lal v (@/h,

(2m)za!l
As usual, we have sz xfg if the distortion holds outside of the support
of x € C§°. From (4.25), f (resp. fg) is in the image of IT, (resp. II,_ o).
Moreover, using (4.16) (which gives that ag o(0) # 0), (4.21), (4.23), (4.24),
(4.25) and (4.26), we have, microlocally near (0,0),

f= {j(x? h)eie+ @)/

where d(z,h) € Sg(l) is a classical symbol satisfying
iy +m —~ . ~
(4.27) d(z,h) ~ Zdj(x)h‘] and  dy(z) = 2% + Oz,
j=0

In particular, fis not identically zero. Then, I, can be written as

(4.28) L., =¢(-, f)f

and f satisfies iv) of Theorem 4.1. Furthermore, using Lemma 4.3, in-
tegrating over z and coming back to the definition of f (see (4.25)), we
immediately obtain the point iii) of Theorem 4.1. Since f is in the image of
IT,, which is the spectral projection at a simple resonance, the point ii) of
Theorem 4.1 is clear. Combining iii), iv), (4.8), which gives a uniform bound
outside of the energy level, together with “the transport equation” ii), we
get the point i) by a standard argument of propagation of singularities.

4.6. Calculation of (v(z), f )

Here we calculate the scalar product between v(z, zo) and f (). From
(4.5) and (4.6), the function v is supported near suppd;7 and micro-
supported near {(z,£) € R*"; z € suppd,7 and (x,§) € Ay}. Then, if
supp 7 is close enough to 0, the previous section and (4.5) imply that

(v(2a), F ) = ([P, 7]be™ /", deio+/7) + O(h™).
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A direct calculus gives

(4.29) [P, 7] (be™/") = b(x, h)e¥@)/h,
with
(4.30) Zb )R and  bo(z) = —2i0,T - Oythbo(a).

Then, using that o, = —p_, we get
(4.31) (v(2a), F ) = /g(m)h)g(x)h)ei(Q/J(x)—SO—(x))/hdl‘_’_O(hoo).

The critical points of the phase ¥ — ¢_ (i.e. the points = such that
Vi(x) = Vp_(z)) are the points in the spatial projection of Ay,NA_ =
Moreover, since this intersection is transversal, the phase function ¢ — ¢_
is non degenerate in the directions that are transverse to 7.y~ (7, being
the spatial projection). Then, applying the method of the stationary phase
in the orthogonal directions of 7,7~ (written (7,7~ )") and parameterizing

the curve m,v~ by «(¢), (4.31) gives
@32 ). T) = [ e Oy 0h)

with 7(t, h) ~ +f8 r;(t)h"5+ and

i Sgn(w7¢>—){'<n .

(4.33) ro(t) = (2m) "% ez () [bo ((2) ) do (1))

SIS

‘detw w_ )‘(7rw "

From (4.15), we have (x(t)) — o_(z(t)) = ¥(0) for all t € R. In particu-
lar, (4.32) can be written

(4.34) (0(za), J ) = €O/ Rs(h),

with
+oo .

(4.35) s(h) ~ ZsjhnT“ and sp = /To(t) dt.
=0

From (4.24) and (4.26), we have

(4.36) do(z) = 200l f[(

aOO jg)\

Using (4.20), we have the transport equation
Deox, (x(t)) = Opar(t) - Ouipr, (x(t)) = 28(t) - Duipa, (2(1))
= =202+ (x(1)) - oa, (1)) = —Aje0n, (x(1)),
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which gives

(4.37) pa, (@(t)) = e, (2(0)).

On the other hand, since @y, (x) is C* and x(t) is expandible, the function
t = @y, (x(t)) is expandible. Moreover, since A; can not be written as a non-
trivial combination of the A’s, the Taylor expansion (4.21) of ¢y, shows
that the term in e~ in the expansion of @y, (z(t)) is —/\j(g;j)ze’A-ft.
Since (4.37) gives another asymptotic expansion, the uniqueness of the
expansion implies that

x, (2(1) = = Xj(gy,)%e "
Then, combining with (4.36), we obtain
(4.38) do((t)) = (g7)%e > (1+ O(e™).
Note here that the curve 4~ has been chosen in Section 4.1 such that
(g7)* #0.
From the construction of  in (4.5) and since z, is a classical symbol (see

Remark 2.3) with z, = 20 + O(h?) = Eg —ih(A-a+ Y \;/2) + O(h?), the
function by satisfies the usual transport equation

20,1 - by + (Aw “Na- ij/z)bo —0.
Mimicking the proof of (4.37), we get
(4.39) bo(a(t)) = e~ Jo AUEE(En/2exa) doy ).
Therefore, (4.30) gives
bo(x(t)) = —ibo((t))pr(x(1))
(4.40) — —iem o AVEE NN sy 4 (0))0,7 (1)),
From Proposition C.1 of [1] and since g; # 0, we have

0
A2
(¥ —p)"(x(t) = . +0(e™),

An

Using z(t) = gy e Mt + O(e= M+t we get

Nl
=

aw faew-eoy, Lo - (

(=L

)\j) + (’)(e_Et).
=2

J
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and

(4.42) sen( — ) (@(t) =n—1,

lmgy— L
for t large enough.
Finally, using the expansion of z(t), we have

(4.43) 0 (t)] = lgx, |Ae M (1 4+ O(e™")).

Combining the definitions of so (4.35) and of ¢ (4.33) with the rela-
tions (4.38), (4.40), (4.41), (4.42) and (4.43), the constant so does not
vanish if d;7(x(t)) > 0 and the support of 9y7(x(t)) is sufficiently small
near T large enough.

4.7. End of the proof of Theorem 4.1

From (4.25) and (4.28), we have

of =e(v(za) F) T
In particular, using (4.26) and (4.34), we get

- ¢ ilo+t

) T —AgT)*hE el
C (U(Za)vf) (2W)%a!s(h)a0’0(0)( Ag™)%h
+oo
(4.44) ~ Y gl
=0
with

B i|a\+1a0’0(0)(_)\g—)a

(2m)2 alsg

(4.45) % =

At this point, the function fand the constant ¢ may depend on v. Nev-
ertheless, since IT, = ¢( -, f~’ )f and dj (the first term in the expansion of j~’
given in (4.27)) do not depend on v, the constant ¢y also does not depend
on v.

We choose a sequence of functions 7 (say ), with 9,7n5(x(t)) > 0, such
that 07y (x(t)) converges to the Dirac mass J; for some fixed ¢ > 0. Then,
from the definition of sq (4.35) and of bo (4.40), we get

=

_ i\a|+1a0’0(0)(_)\g—)a ‘ det(z/) _ QD*)// ’

_ gy =)L

Co = n ~ T sen(h—o_ )
i(2m) % |9y (1) [bo (x(t))do (w(t))al - ST W=
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Combining (4.16), (4.38), (4.39), (4.41), (4.42) and (4.43), we obtain

+

ilale=iF o= Jo T AvEE) (0 A /2-M) B (_ape

Co = n
0 (2m) 3 e Jo AED (N2 ds

BSIVEEON

ei(nfl)%

N

(1+0(=)).

Then, letting ¢ going to +oo and using that ¢y does not depend on ¢, it
follows

=

(=0 (T2 )

4.46 ¢ = I
(4.46) “ (2m)ze™ial

We now consider a fixed v as in the beginning of this subsection. With
c(h) as in (4.2), (4.46) gives that ¢ = ¢¢ where

—+oo
¢~ E Ejhj and 50 =1.
J=0

Now, we define f := é%f. Then, (4.28) gives (4.1) and the properties of f
given in Theorem 4.1 follow from the properties of f given in Section 4.5
and ¢y = 1.

5. Residue of the scattering amplitude

In this section, we give the semiclassical expansion of the residue of
the scattering amplitude at an isolated resonance. To define the scattering
matrix, we assume that the potential is long range:

(H4) For some p > 0, we have |V (z)| < (x)? for all x € S.

Using the constructions of Isozaki and Kitada (see [25] and [26]), the as-
sumption (H4) allows to define the scattering matrix S(z, h), z €]0, +o0|
related to the pair Py = —h2A and P as a unitary operator

S(z,h): L2(S"1) — L*(S"71).

In the short range case (i.e. p > 1), this operator coincides with the usual
scattering matrix. Next, introduce the operator 7 (z,h) defined by

S(z,h) =1d —2inT (2, h).
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Its kernel 7 (w,w’, z, h) is smooth away from the diagonal of S*~1 x S*—1
(see [26]). Here, w (resp. w') is called the outgoing (resp. incoming) direc-
tion. Finally, the scattering amplitude is defined for w # w’ by

A(w, o', 2,h) = c(2, W) T (w,w’, 2, h),
with

c(2,h) = —(2m)2~ T (2mh) T e~ T

In [15], Gérard and Martinez have shown that for w # w’ fixed, the scat-
tering amplitude has a meromorphic continuation to a neighborhood of
10, +00[, whose poles are the resonances of P. Moreover, the multiplicity of
each pole is less or equal to the multiplicity of the resonance. Notice that,
since the kernel of the residue of the scattering matrix is not singular at
w = w' (see Theorem 1.1 (iii) of [15]), we drop the assumption w # w’ in
the sequel.

We will now make some hypotheses on the behavior of the classical
curves. Let (x(t),£(t)) = exp(tH,)(z, £) be a Hamiltonian curve in p~1 (Ep).
Under the hypotheses (H1)—(H4), there are only two possible behaviors for
x(t) as t — too: either it escapes to oo, or it goes to 0. From the long range
assumption (H4), if z(t) escapes to oo, then £(¢) has a limit in /EoS™ 1.
Moreover the set of points with asymptotic direction w and w’,

A7 = {(@.& ep™ (Bo)s £(t) — VEw ast— —oc ),

Al = {(m §) e p~H(Ey); £(t) — v Eow ast%—i—oo}
are Lagrangian submanifolds of T*R™ (see [12]). We suppose that

(H5) A_, and A_ (resp. A} and A} ) intersect in a finite number N_ (resp.
N.) of bicharacteristic curves, with each intersection transverse.

We denote these curves, respectively,

Tp it r () = @ (0,67 (1), 1<k< N,
and

vt () = (e (0,6 (1), 1<L< N,
Note that, from Proposition 2.5 of [1], the intersections A, NA_ and Af N

A, are never empty (i.e. N_ > 1 and N4 > 1). From [21, Equation (2.7)],
the curve v with x = k, ¢ satisfies

M* ,E
) ~ Zg;’ji(t)ei’”t with gZﬁ, Z 9, £ ™ ast — Foo.
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From Lemma A.1, if \; satisfies A - &« = A\; = |a| = 1, then M;Ji = 0.
Moreover, there always exists a u; such that g/*;i # 0. We define

J
A = minfyn; gt # 0}

We know that Af is one of the \;’s and that M;Ji = 0 (see [1, (2.18)]).
We shall denote

+oo T;r
S, = / 2, (8)0,V(zy (s))ds and S = / zf ()0, V (z] (s))ds,

k — 00

for some TF large enough which is equal to +o0o in the short range case
p>1

Moreover, in the short range case, the bicharacteristic curves in AZ,
o € S 1 are the bicharacteristic curves

’Y:I:(ta 2 a) - (:L':I:(ta 2 Oé), §+ (t7 2, Oé))
for which there exists a z € at ~ R"! such that

tl}gloo ‘xi(t, z,a) — 2y/ Epat — z} =0,

tiirinoo |€4(t, 2, a) — /Eoar| = 0.

These trajectories are smooth with respect to t, z, . We denote by zF the
impact parameter of the curve v. Let

!
D: = lim ,detw| | e
t—+00 a(t,z) =%
DF — lim WM‘ L] eEn-adhe,
£ t——o00 8(1&7 Z) 2=z,

be the Maslov determinants for 4+ which exist and satisfy 0 < DF < 400
(see [1]). We shall also denote by vF the Maslov index of the curve 7.

THEOREM 5.1 (Residue of the scattering amplitude). — Assume (H1)-
(H5). Let a € N™ be such that 2% is simple. Then, the residue of the
scattering amplitude satisfies

z
z

.
Residue (A(w,w’, 2, h), 2 = 24) = ak’ghflaH%ei(Sk_Jrsz)/h+(’)(h°°),
1

B
I
-
~
I

where

+oo
are(h) = by (Wb (h) and  bE(h) ~ > bFH.
j=0
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Moreover, bit,o = 0 if and only if (¢**)® = 0. Finally, in the short range
case p > 1, we have

_ + e_i%(‘o‘ _%) n4—1
k,obz,oz \/%Oz! E,
—tv, T 711/ T _1 _

xe e /2(D D)7z (g" ) (g )" \gA- ||9A |

ASAf %H/\aj g

In the last formula (g**)® is a shorthand for H?zl(g;;i)aa‘ where gf\’ji is
identified with its j-th coordinate. To prove the theorem, we first obtain a
representation formula for the scattering amplitude involving the resolvent.
Then we apply Theorem 4.1 to express the residue of the scattering ampli-
tude with the help of the resonant state f. Finally, the result follows from
the computation of two scalar products which are done with the stationary
phase method.

Remark 5.2. — Stefanov [40] (in the compact support case) and
Michel [32] (in the long range case) have given a priori estimates for the
residue of the scattering amplitude. For the resonances zy very close to the
real axis (more precisely | Im zg| < h%) and under a separation condition,
they have proved that the residue satisfies

| Residue (A(w,w’, 2,h),z = 2z0)| S h™ |Imzo|

In the present situation, these results do not apply since the resonances are
“too far” from the real axis. Furthermore, the previous estimate does not
hold. Indeed, the imaginary part of z, behaves like —|a|h but the residue
is typically of order h=lol+32.

In the one dimensional case, Theorem 5.1 can probably be deduced from
the computation of the scattering amplitude obtained by the third author
in [36].

For a point-well in the island case and under some geometrical assump-
tions, the asymptotic of the residue of the scattering amplitude has been
computed by Nakamura [33, 34], Lahmar-Benbernou [28] and Lahmar-
Benbernou and Martinez [29].

It is possible to compare Theorem 5.1 with the semiclassical expansion of
the scattering amplitude for real energy obtained in [1]. Assume for simplic-
ity that the \;’s are non-resonant (Z-independent for example), A, < 21,
N_ =Ny =1, Ny, =0 and g/\’; # 0 for all j € {1,...,n}. In particular,
we have k = € =1. Let J € {1,...,n} be the first j with g}\j # 0 (thus,
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As = AT). In that case, Theorem 2.6 (a) of [1] gives
M(E (B) 1 . o
(5.1)  Aw,o, Eh) = (f(E)F(i—)) —l—o(l))hz*f B iST+STI/h,
J

for E real with E — Eg = O(h). Here,

and f(F) is an explicit function, analytic near Ey. Thus, the main term
in (5.1), defined in [1] for E real, has a meromorphic extension in a fix neigh-
borhood of Ey. Moreover, its poles are exactly the pseudo-resonances 20 €
Resg(P) with o = (0,...,0,a,0,...,0) and the corresponding residue co-
incides with that given in Theorem 5.1. In particular, this principal term
does not contribute to the residue at the other (pseudo)-resonances. The
cases (b) and (c) in Theorem 2.6 of [1] only appear for resonant \;’s and the
corresponding main terms in the semiclassical expansion of the scattering
amplitude have poles at some z0 € Reso(P) which are not simple.

5.1. Representation formula for the scattering amplitude

In this section, we recall a representation formula of the scattering ampli-
tude for complex energies due to Gérard and Martinez [15]. Their approach
consists in extending the formula of Isozaki and Kitada [26] to complex
energies. For this purpose, they show that the phases and the symbols in-
volved in that formula can be chosen to be analytic in a suitable complex
neighborhood of R?™. We only recall what will be useful in the following
and refer to [15] for the details.

For R > 0 large enough, d > 0, ¢ > 0 and o €]0, 1[, we denote

IE(R,d,e,0) = {(x,f) € C?; |Rex| > R, d~! <|Re¢|<d,
|Imz| < e(Rex), [Im¢| <e(Ref)
and =+ cos(Rez,Re&) > :i:a},
I%(R,d,0) =TE(R,d,e,0) NR?™.

Let e >0,d>1 -1<o0; <of <0<o0, <o0f <1and Ry >
0 be sufficiently large. For k = 1,2, we denote I'* = I‘é(thﬁ,az) U
I'c(Ry,d,e,0, ). In [15], Gérard and Martinez construct some phases ¢j, €
C*>(R?*";R) and some symbols t; € C>(R?")NSY(1) satisfying the general
assumptions of Isozaki and Kitada [25] and the following properties.
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The phases ¢, have a holomorphic extension to I'* and satisfy
(Vaopr(@,€)* + V(z) = €,

{maﬁ (er(@, ) =z - &) = O((w)!~P71o),

uniformly in T'*. Moreover, Aoy = 1@, 0vpr (2, VEwW))} C AL U
+

= There exist two symbols ag(x, £, h) € C(R?", C) supported inside I'* N

R?", with

(5.2)

k(z, & h) ~ Zammﬁ

such that

020 ar (2,6, 0)| S (@) 711 and 0507 ak 5 (x,&)] S ()71,
Moreover, for some 6 > 0 with —1 <o, —0 < a,j +§ < 1, we have
(5.3) |a?a§(ak,o($>§) - 1)} < (z)meled,

for (z,€) € TH(2R1,d/2,0/ + 0) UL~ (2Ry,d/2,0;, — §). Finally, they
extend holomorphically with respect to X = |z| and E = [{] for X in
{ReX > 3R;, |ImX]| < ¢(ReX)} and = in a complex neighborhood of
V' Ey. Furthermore, their extensions continue to satisfy estimates analogous
to the previous ones.

The symbols t; are then defined by

(54)  tr(w. & h) = T EONP — ) (ap(-, € e PO,
and satisfy, for some £ > 0,
(5.5) 020 (&, )| = O(e=2m),
uniformly with respect to A and
(z,€) € TE(2R1,d/2,e,07 +6) UT¢ (2R, d/2,e,0;, — ).

Under the assumption (H4), Gérard and Martinez [15] have proved that
the scattering amplitude can be written

(5'6) A(w7 w/’ Z7 h) = E(Z7 h)g(w7 wl? Z? h) + f(w7 w’? Z? h)7

where f(w,w’, z, h) has a holomorphic extension in a (fixed) neighborhood
of Eo,

g(w7w/7 Z, h’) = ((P9 - Z)ilUiB (eitpz(IVﬁw,)/th(x7 \/gwlv h‘))a

Uﬁ(eis@l(z,ﬁw)/htl (CL‘, ﬁw7 h))) ,
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and
n—3 _ (n—3)m
1

(5.7) (z,h) = W(?ﬁh)_nTﬂzTe E

By assumption, the resonance z, is simple for A small enough. Moreover,
Theorem 3.1 implies that 1T, 5 = O(h™™) for § = vh|lnh| and some
M > 0. Then Lemma 5.4 of [4] (see also Proposition 5.1 of [28] in the case
of a well in the island) states that

R :=Residue (A(w,w’, 2, h), z = za)
= — (2, ) (HzmeXUig (ewz(’”’m“’l)/htg(x, Vzaw' h)),

XUE(eiVJl(ZE, Zw)/ht1($, \/iw, h))) + O(hoo),

where x € C§°(R") satisfies 1|j<2r, < X < Ljzj<sr, With Rg > R;. In
particular, there is no distortion (i.e. F = 0) on the support of x and
Theorem 4.1 implies

B EIE

(5.8) x (e evEmD s (o, o 1), ) + O(h),
where ¢ = —¢(zq, h)e(h) with ¢(h) given by (4.2).

5.2. Computation of (f, e/ yt;)

We will calculate the scalar product (f, e/ hxt1) by the stationary
phase method. First, we will prove that this quantity has an asymptotic
expansion in power of h and then calculate the first term using a limit at
the origin. We will use arguments close to the ones developed in Section 4.6
or [1, Section 7].

Denote

u =@V /b (1 \/Zaw,h) and v = e“"l($’\/i“’)/ht1(:c, VZaw, h).
From Theorem 4.1 ii) and (5.4), we have
(f.xv) = (f,x(P = Za)u) = (P = za).f. xu) + (. [x, Plu)
(5.9) =—(f, [P, x]u).
From (5.5) and the choice of x, (P — Zy)u = 0 microlocally near I' (2R;,

d/2, af + d). Moreover, since z, has an asymptotic expansion in power of
h, we can write, microlocally near T't(2R;,d/2, 0] + 0),

u = a(z, h)e' (x’mw)/h,
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X=0_ — ~ %o X=0 -

supp(Vx)

o/  swp(VY)

x=1 =1

Figure 5.1. The functions x and Y.

where @ has an asymptotic expansion in power of h. Note that (supp Vi x
RY)NU, v, € TH(2R1,d/2,07 +6). Using Maslov’s theory, we can extend
the function u near §, a small neighborhood of | J, v, N (B(0,3Ry) x R™),
such that w is still a solution of (P — Z5)u = 0 microlocally in €. Let
X(x,€) € C°°(T*R™) be such that Y(z,£) = x(z) out of Q (see Figure 5.1).
In particular, (P —Z4)u = 0 microlocally near the support of x —X. So, we
have

(f,xv) == (f, [P, Op(X)]u) — ((P — za) f, Op(x — X)u)
+ (f,Op(x — X)(P — Za)u)
(5.10) =— (f,[P,Op(X)]u) + O(h™).

On the other hand, since Z; = Ey+O(h), the microsupport of [P, Op(X)]u
satisfies

MS ([R Op(%)]u) C Aw(n\/ETw) N supp Vx
C (A, NI~ (R1,d, 07 /2)) U (AS NQ).

Moreover, Theorem 4.1 gives MS(f) C Ay. Then, modulo O(h*), the non-
zero contributions to (f, [P, Op(X)]u) comes from the values of the functions
f and [P, Op(X)]u microlocally on the set [ J,,” (which is the intersection
of the two microsupports). Let g, be C5°(T*R™) functions with support
in a small enough neighborhood of v, N (B(0,3R,) x R") such that g/ = 1
in a similar neighborhood. Then, (5.10) becomes

Ny

(5.11) (f.xv) ==Y (f:Op(g/)[P,Op(X)]u) + O(h™).

(=1
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We now compute Op(g;)[P, Op(X)]u. From Proposition C.1 of [1], the
Lagrangian manifold A} has a nice projection with respect to z in a neigh-
borhood of any point of ’y?' close to (0,0). Then, Maslov’s theory implies
that v can be written as

u(z) = a?(m, h)ewﬂ”’)/h7

microlocally in such a neighborhood. From the construction of [25] and [15],
we see that

T
(5.12) ww%m=@wgm—[ ()0, V (aF ()) ds,

for some T, > 0 large enough (equal to +oo in the short range case).
The symbol a; has an asymptotic expansion a/ (z, h) ~ > az i (x)h? with
aZO(mZ(t)) # 0. Moreover, in the short range case, Equation (7.12) of [1]
gives

.+ 11 1
(5.13) azo(xZ(t)) = e 7T/22§E(j1 (DZ(t))_ﬁe_t(z Ae/2HX)

where VZ is the Maslov index of the curve 'y; and D; (t) is the Maslov’s
determinant

0z (t,z,w)
Djf (t) = | det —— ==/ :
4 ( ) € 8(t,z) |z:z2’
Moreover, from Section 6 of [1], we know that
. _ +
(5.14) Df = lim_Df (t)et(z =] )
exists and satisfies 0 < DZ‘ < +o0. So,
(5.15) Op(g) [P, Op(R)]u = af (, e /™,
with
+oo )
af(w,h) ~ Y@ (@),
3=0
and
(5.16) afo(x) = =i{p, X397 (=, 02 (x))af ().

Since the support of g/ (z,£)9,¢X (7, &) is close enough to (0,0), Theo-
rem 4.1 iv) and (5.11) imply that

Ny
(5.17)  (fixv) == / d(w, h)aj (w, h)e'#+ D=V DMy 4+ O(h).
=1

We proceed now as in (4.32). In the support of the symbol Zizr, the crit-
ical points of the phase function ¢ — w; (i.e. the points x such that
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Oy (z) = 9,9 (z)) are the points in the spacial projection of v, . Since
this intersection A; N A} = 7, is transverse from the assumption (H5),
the phase ¢4 — wj is non degenerate in the directions transverse to ﬂ'x'y;.
Therefore, performing the method of the stationary phase in the orthog-
onal directions of m,7; (as in (4.32)) and parameterizing the curve m,7;
by z (t), (5.17) gives

(5.18)  (f,xv) Z/zﬁ (t, h)e e+ W)= @ ) /hgy 1 O(p).

n+1

with b (£,h) ~ 32,50 b, (A"

+3 and

i senior )]
ko

1 e ac'vzr)L -
bio(t) = (2m) "= - r |0y (8)|do (a7 (1))a o (a7 (1))
| det((er - W )|<7r ’Y+)J_ |

Since 7,7 € Ar NAY, ¢4 (zf (t)) and ¢ (] (¢)) have the same derivative
(with respect to t), and (5.12) gives

T
ol (0) = v af (0) = [ af (0. (5)) ds = 55

— 00

for all ¢ > 0. Then, combining with (5.16), we get
(5.19) (f.xv) Ze’sé /R T bf (h),

Witthr( h)~3 500 h and

i3 sgn(o—v; )|

- V)L

bi = —i(2m) T ¢ ‘ — |0t () |do (] (¢

fo = —i2n)* | ator o e
(5.20 < afo(of (OO (1), (1)

From (5.10), (f, xv) does not depend on ¥, modulo O(h*). In particular,
changing Y in a neighborhood of a fixed curve 7?, we obtain that each bZO
does not depend on . From Proposition C.1 of [1], we have, up to a linear
change of variables in R",

((,D+ — wj)”(:v(t)) = diag()\h ey )\j([),l, 0, )‘j(€)+1= ey ) + O( _Et)
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N . + +
where j(¢) is such that A;,) = Af. Since z} (t) = gf\’;e)‘f tp oW ot
as expandible symbol (see [2, Definition 5.2]), this implies

621 [dettor -~ v, e ( I » ) Lo,
J#5(£)
(5.22) sgn(er —v)) (@ (6) =n—1,
m’YZ
(5.23) Gr (D] = gy F AT (14 O(™)),

as t — —oo. On the other hand, (4.38) gives
(5.24) do(aF (8)) = (9" (1 + O(e).

We first consider the long range case (p > 0). If (¢“*)* = 0, then (5. 20)
and (5.24) imply that bZO = 0. We will now prove that bZo # 0if (g"F)2#
Let T' > 0 be sufficiently large such that the quantities in (5.21), (5.22)
and (5.24) do not vanish and (5.23) holds at ¢t = —T. Then, if Y(z; (¢))
satisfies 9, (x (t)) < 0 and has its support close enough to 7', the previous
discussion, aZO(xg (T)) # 0 and (5.20) imply that b, # 0.

Let us now consider the short range case (p > 1). Assume that the
support of 8y X (x (t)) is sufficiently negative. Then, the formula (5.20) and
the estimates (5.13), (5.14), (5.21), (5.22), (5.23) and (5.24) give

1 . s
=~ . a1 221D F —ivjr 1 1
by = —i(2m) = 1 |9A+|)\+( SH)re TP ES(DF) e

(Hjj )‘j)
o < [ et ®)1+ ov)

where the o(1) does not depend on X. Now, we take a sequence of functions
X such that the support of 9;Y(z; (t)) goes to —oo and 9, x(z; (t)) < 0 (see

Figure 5.1). Since bZO does not depend on X, the previous expression gives
I 2%€i(n—1)§

~ ) no1 vt 1 _1
(5:25) bty = i(am) "7 gt () e 2 (DF) .
(I X))

5.3. End of the proof of Theorem 5.1

Following the approach of Section 5.2, one can prove that

N_
(5.26) (eW( 2Dyt (2, Zaw s ), ) S eI d (),
k=1
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with di (h) ~ 32,50 d; ;17 and d; ; = 0 if and only if (g")* = 0. More-
over, in the short range case, we have

I Q%ei(n—l)%

(5.27) dj o =i(2m)"

k,2—1y— - —iv, i —\—1
gk A (R e R (D)
(Tj500 Ai)

Then, combining the representation of the residue given in (5.8) with the
constants given in (4.2) and (5.7), and the scalar products (5.19) and (5.26),

we obtain
N_ N,

Residue (A(w,w', z,h),z = za) = plolts Z Zak’g(h)ei(sk_+5;)/h,
k=1 =1
with age(h) ~ 37,50 ai,zhj and af , = 0 if and only if (g% ~)*(¢%")* = 0.
Moreover, in the short range case, (5.25) and (5.27) imply

671%(‘a|7%) n—1 n

0 1 —y+)\ 2 O‘j*%
g =——=—Ey " (AgA)? H A
V2mal! =1
—iv, T —ivtm — —1 —\« al k,— £,
(5.28) x e T2 T 2D D) (g8 T) (9" ) gy g

6. Large time behavior of the Schrodinger group

In this section, we prove a resonance expansion for the cut-off Schrédinger
propagator. The proof relies on the resolvent estimate in Theorem 3.1 and
on standard arguments.

THEOREM 6.1 (Schrodinger group expansion). — Assume (H1)—(H3).
Let i > 0 be different from Z?Zl(aj—i—%)/\j foralla € N". Let x € C§°(R™)
and ¢ € C°([Ey — €, Eg + €]) for some € > 0 small enough. Then, there
exists K = K(u) > 0 such that

xe M ixyp(P)
= Z —x Residue (ef“z/h(P —2)7 2= za)x¥(P)
2o €Res(P)ND(Eo,uh) +O(h™) + O(eHth~K),
for all t > 0. In particular, if all the 20 in D(Ey, uh) are simple, we have
xe 1 yap(P) = Z e /PNIL, X (P)
2 €Res(P)ND(Eq,uh) +O®) + O(e—#hK),

for all't > 0. Here, 11, is the generalized spectral projection associated to
2o and described in Theorem 4.1.
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Remark 6.2. — Note that the previous expansions make sense only for
t> 2 nnl.

One might think that the resonance expansion holds for shorter times.
But, in fact, it is not possible to do much better. This follows from the
paper of De Biévre and Robert [11] which is stated with slightly different
hypotheses. In the one dimensional case, they have proved that the coherent
states propagate through a maximum of the potential for times of order
/\%\ Inh| and that they stay at (0,0) before. On the other hand, the sum
of the generalized spectral projections over the resonances appearing in
Theorem 6.1 can not be microlocalized only at (0, 0) thanks to Theorem 4.1.
Thus, if the resonance expansion with a small error holds at time ¢ > 0,
we have necessarily ¢ > )\%| Inh| in the one dimensional case. If we only
want to prove that ¢ — 400 as h — 0, we can more simply apply the
standard propagation of singularities with an initial data microlocalized in
A_~{(0,0)}.

There is also a simplest way to justify this phenomena. Let p be such that
DoA/2 << A+ Aj/2. Then, 2 is the unique resonance in D(Ey, uh)
for h small enough and z) is always simple. Assume that, for some ¢ > 0,
we can write

(6.1) xe Iy (P) = e 20/MIL, o (P) + R,

where R is small. The left hand side is of order 1 since the propagator is
unitary. On the other hand, from Theorem 2.1 and Theorem 4.1, the right
hand side is of order e~*2-%/2p=%. Then, (6.1) implies ¢ > Z‘”X [In Al
Remark that this critical time coincides with the one obtained by DeJBiévre
and Robert in the one dimensional case.

The situation is different for the well in the island case which was treated
by Nakamura, Stefanov and Zworski [35]. In that setting, the cut-off
Schrédinger group is well approximated by the resonance expansion af-

ter a fix time. This is in agreement with the geometrical interpretation
since a fixed amount of time is enough to dispel the part of the initial data
which is not localized in the well.

Nevertheless, Gérard and Sigal [16] have proved that the Schrodinger
group when acting on a quasiresonant state (sort of a quasimode) associated
to a quasiresonance zj, is well approximated by e~*#»/" for all time ¢ > 0.

Remark 6.3. — When t/|Inh| — 400 as h — 0, the sum over the reson-
ances is negligible and Theorem 6.1 simply yields ye ~*F/" x4 (P) = O(h>).

The remainder terms O(h>°) in Theorem 6.1 come from the C*° pseudo-
differential calculus. Thus, if the cut-off functions y, ¥ are in some Gevrey
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class, it is perhaps possible to replace these remainder terms by O(e‘hié)
for some § > 0. In that case, the sum over the resonances will dominate
the remainders until ¢ is of order h~°.

Burq and Zworski [7] (see also Tang and Zworski [42]) have obtained
a long time expansion of semiclassical propagators in terms of resonances
close to the real axis. Their result in the present situation gives
xe P hyah(P) = O(h*®) for all t > h~F for some L > 0.

Proof. — Let f € C§°([Eo — 3¢, Ep + 3¢]) be such that f = 1 near
[Eo — 2¢, Ey + 2¢]. Then, from the pseudodifferential calculus, we get

I i=xe "I xp(P) = xe ™I f(P)xip(P) + O(h™)
= [ e B (P) + 00,
R
where dF,, the spectral projection, is given by the Stone formula

dE, = L(R+(z) — R_(2)) dz,

27
and R4 (z) = (P — z)~! is analytic for £Im z > 0. Then,
1 —itz 0o
I= i e~ /hf(Z)X(R+(Z) - R—(Z))X7/’(P) dz + O(h™),
R
Making a change of contour, we obtain
I= Z —x Residue (e "*/" R (2), 2 = 24 ) x)(P)
zo €ERes(P)ND(Eq,uh)
(6.2) + L+ 1L+ I3+ 1+ Is + O(h™),
where
1 ,
L= 5 [ X (R ()R () x(P) = for j=1,5
(6.3) . i
L= | e (Ry(2)=R(2))xt(P) dz for j =2,3,4,
™ Jp

and I'y =] — o0, By —2¢], 'y = Ey—2e +14[0, —ph], I's = [Ey — 2¢, By +2¢] —
iph, Ty = Eg+2¢+i[—ph,0] and T's = [Ey + 2¢, +00] (see Figure 6.1). The
theorem will follow from the estimates on the I;’s given below.

e Estimates on I; and I5. Using that I'; Nsupp® = 0, there exists g €
C§°(R) such that g = 1 near supp f NI’y and g = 0 near supp ¢. Then, by
pseudodifferential calculus, g(P)xy(P) = O(h*). Therefore, (6.3) yields

I = xe "M p (P) f(P)x(P)

= xe ""P/"1p, (P)f(P)g(P)xt(P)
(6.4) — O(h™).

TOME 61 (2011), FASCICULE 4



1398 Jean-Francois BONY, Setsuro FUJIIE, Thierry RAMOND & Maher ZERZERI

Iy <28>‘ I's
| o
uhoi | T, Iy
@ Iy

Figure 6.1. The contours I';.

The same way, we get Is = O(h™).
e Estimates on I3. Using Theorem 3.1 for R, we obtain

©5) RIS [ e/ [x(Re ) - R (@) d = O )

e Estimates on I and Iy. Let § = vh|lnh| be as in Theorem 3.1
and assume that the distortion occurs outside of the support of x. Then,
YRy (2)x = x(Py — 2)"x and YR_(2)x = x(P_s — 2)~!x. In particular,
we can write

(6.6) b:% e (P = 2) 7 = (Pap = )7 )x(P) d

Let k € C§°(R) be such that k = 1 near Ey — 2¢ and k = 0 near supp ¢
(see Figure 6.2). Then, for z € T'y,

(Prg —2)7" = (Prg — 2) 'k(P) + (Pyg — 2) "' (1 — k)(P)
=(Peo—2) 'k(P)+ (P —2) (1 - k)(P)
+ (Prg — 2) (P — Pro)(P — 2) (1 — k)(P).

Therefore (6.6) becomes

(6.7) L=JF—Jr+Jf = J5,
where
1 .
Ji = i e "M\ (Prg — 2) " k(P)xt(P) dz
e s
1 ,
Ji _ = —itz/h Pio—2"YP=-P
2 2mi Jp, ‘ X =) )

(P —2)7 (1= k) (P)xt(P) dz.
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E()*3€ E072€ Eofé' E()

Figure 6.2. The cut-off functions f, k and 1.

Since k and v have disjoint supports, the pseudodifferential calculus gives
kE(P)xy¥(P) = O(h*). Thus, Theorem 3.1 implies

68)  |JE S / (Pso — 2) Y| R(P)xeb ()] 1d=] = O(h),

since Im z < 0 for z € T's.

On the other hand, P — Py € ¥9(0(£)?) and (P — 2)~Y(1 — k)(P) €
U9 ((€)~2) uniformly in z € I'y. Moreover, P — Py is a differential operator
whose coefficients are supported outside of the support of x. Then, the
microlocal analysis gives

[(P = Pro)(P = 2)7'(1 = k)(P)x[| = O(h™),

uniformly in z € T'y. Combining this estimate with Theorem 3.1, we get

(6.9) JE = Oh™).
Using (6.8) and (6.9) to estimate (6.7), we conclude Iy = O(h*>). The
same way, we have I, = O(h™). O

Appendix A. Construction of test curves

In this section, we construct Hamiltonian curves in A_ with a prescribed
asymptotic expansion at infinity. They are used in Section 4, where test
functions for the projection are built in a microlocal neighborhood of these
curves. We will work on A_, but the same work can be done in A.

Let v~ (¢) be a Hamiltonian curve in A_. From [21, Section 3], the curve
~~ satisfies, in the sense of expandible functions,

+oo

(A1) o Z’yuk e Mt with Yy (E Z%tm

k=1
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The spectrum of F, is o(Fp,) = {—An,...,—A1,A1,..., A, }. We denote
by II,, the spectral projection on the eigenspace of Fj, associated to —pu.
Remark that

(A.2) Ker(F, + p) @ Im(F, + p) = R*™.

LEMMA A.1. — Let v~ (t) be a Hamiltonian curve in A_. Assume that
Aj is such that \; = a- A\, o € N implies || = 1. Then, My, = 0 and
Va0 € Ker(F, + \)).

Proof. — We have 0y~ (t) = Hp(y~ (t)). Taking the Taylor expansion of
H, at 0, we get
(A3) Oy (t) = Ep(v (1) +Ga2(y (t))+-- '+GK('y*(t))+O(e’(’\J’+5)t),

where Gy, is a polynomial of order k¥ and K > A;/A;. Since A; can not be
written as the sum of at least two terms g, the cross products Gy in the
previous formula provide no term of the form e~*it. Then,

M)‘j M’\j
(A.4) S A ™ s, Wt = S By, )t
m=0 m=0

which can be written
(A5) { (Fp + Aj)%ij’m =0 ) for m = My,
(Fp + Aj)%\,-,m =(m+ 1)%\]_7erl for 0 <m < My,.

If My, > 1, the previous equation, together with (A.2), gives a contradic-
tion. Thus, My, = 0 and v, , € Ker(F}, + A;) from (A.5). O
We begin the construction with the following formal result.

LEMMA A.2. — If7y € Ker(F, + ;) for all j € {1,...,n}, then there
exists a formal Hamiltonian curve v~ of the form (A.1) such that

(A.6) vje{l,...,n}, HAJ'('V;,O) :5/\;0.

Proof. — We construct the coefficients v, inductively. Using the Taylor
expansion of H, at 0 as in (A.3), one can see that it is enough to find YVirs
k > 0, such that

My, My, Ny,
(A7) D =Yt ™ MYt ™ =Y By (V)" + Y Ryeomt™,
m=0 m=0 m=0

where the R, ,, depend only on the v, for £ < k. Assume that the v,,
have been chosen to satisfy (A.7) for all 1y < pi, and (A.6) for all X\j < pu.
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If i & {M,..., A}, then it is enough to take M,, = N,,,

- -1
Ty, My, = —(Fp + 1) Ry, o, s

and, for 0 <m < M, ,

'Y;Ikm@ = (Fp + :uk)_l ((m + 1)7;;,771—&-1 - Ruk,m)-

If py, = A; for some j, then we take M,, = N,, + 1 and

- _ -1
Pyp‘k7M[1,k - M#k HAJ‘ R#hM;Lk*l

1= (M, — 1)71H>\J R, M

M

Voo My, — 2 — Ky, (1 = 1IIy,) Ryy o, —1

'Y;k,o = ﬁ);‘,o - K/\j(l - H/\j)R/“mO'

Here, K, is the inverse of the map Fj, + \; : Im(F}, + \;) — Im(F}, + ;).
With these choices, (A.6) and (A.7) are always verified. O

PROPOSITION A.3. — Ify, , € Ker(F,+A;) forall j € {1,...,n}, then
there exists a Hamiltonian curve v~ € A_ such that
Vied{l,....on}, IIN,(0y0) =Wy, 00
Proof. — Let
M,,
PO = 2. D Yt
<N m=0

where the v, ., are given by Lemma A.2 and N will be fixed below.
Since (A.7) is verified for all ur < N, we have

Oup(t) = Hy(p(t)) + R(2),
with R(t) = O(e~ NV +9)t). We seek a solution of the form v~ (t) = p(t)+r(t).
Then, r must satisfies

(A.8) O = Hy(p+1) — Hy(p) - R.

Let Ty > 0 be such that |R(t)] < et and |p(t)] < 1 for all t > Ty. We
define r;(t) by induction as
To (t) =0

A9 +00
(49 UH@:_K (Hp(p+1;) — Hy(p) — R)(s) ds.
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LEMMA A.4. — For N large enough, the functions (r;);>o exist on
[T, +oo[ and
(A.10) rs(8)] < e,

forallt > Ty.

Proof of Lemma A.4. — Define
(A.11) Cy = sup |dHp(u)].

lul<2
We will prove the lemma inductively. First, ro satisfies (A.10). Assume now
that r;_; exists on [Ty, +-o00[ and verifies (A.10). In particular, [r;_1(¢)| < 1
for t > Tn. Then, (A.9) gives
+oo
1< [ (Hylot r30) ~ Ho)| + | ds
¢

+o0 +oo
< / (01|T'j_1| + ‘R|)d$ < / (Cl + 1)67N3d5
t t

(A.12) < Cl; 1e*Nf,
for t > Tn. Therefore, if N > Cy + 1, r; satisfies (A.10) and the lemma
follows. 0
LEMMA A.5. — For N large enough, we have
o~ Nt
(A.13) |rja () = r5(t)] < TR

forj>0andt>Ty.

Proof of Lemma A.5. — For j = 0 and N large enough, Lemma A.4
gives |ri(t) — ro(t)| = |r1(t)] < e V. Assume that (A.13) holds for some
j—12>0. Using (A.9), we get

“+o0
a0 =1 < [ [Hyloot 1) = Hlp+ry-)] ds
t

+oo +oo est
g 01/ |’I“j — T‘j_1| ds g 01/ - ds
t t

271
201 €_Nt
Al4 £ —=—.
Then, for N > 2Cy, (A.13) holds and the lemma follows. O

LEMMA A.6. — For N large enough, there exists r € C*([Ty,+o0[)
such that

i) fort > Ty, we have |r(t)] < e V¢,
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ii) forall j >0,

[N (r; — ,

7’)HLoo([TN,+oo[) <27

iii) the curve v~ = p + r satisfies Oyy~ = H,(y7).
Proof of Lemma A.6. — Using standard arguments, Lemma A.5 pro-

vides us with a function r € C%([Tn,+o0|) satisfying ii). Then, part i)
follows directly from Lemma A.4. On the other hand,

+oo
‘/t (Hp(p+1j) — Hy(p) — R) — (Hy(p+ 1) — Hy(p) — R)ds‘

“+oo
< [ o 1) = Hylp s
t
+oo
g/ C1|7"j7?”|d8
t

. [t el .
< 0121—3/ e Neds < =277 — 0,
. N
as j — +o0o. Then, taking the limit j — +oo in (A.9), we obtain

+o0
r(t) = —/t (Hp(P + 1) — Hy(p) — R)(s) ds.

Thus, r € C®([Tn,+o0]) and v~ = p + r satisfies Oy~ = Hp(y™). O

To finish the proof of Proposition A.3, we impose in addition that \,, <N.
Then, the function v~ of Lemma A.6 is a Hamiltonian curve in A_ and,
since r(t) = o(e”*»'), Lemma A.2 assures that IIj, (1,0 = Yx, .0 for all
jed{l,...,n}. O
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