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Introduction.

Gromov-Witten invariants “count” (pseudo-)holomorphic curves on
algebraic or symplectic manifolds. This amounts to intersection theory on
moduli spaces of such curves. Because in general these are non-compact,
singular and not of “expected dimension”, a rigorous mathematical defini-
tion is far from trivial. For a reasonably large class of manifolds including
Fano and Calabi-Yau manifolds this has first been done using symplectic
techniques by Ruan and Tian [Rul], [RuTil], [RuTi2]. The point in this
approach is to restrict to sufficiently “generic” almost complex structures
(tamed by the symplectic form). Then the moduli spaces are smooth of the
expected dimension. This dimension is the index of the Fredholm operator
describing the moduli space locally as map between appropriate Banach
spaces. A certain positivity condition has to be imposed on the manifolds
to assure the existence of a compactification by strata of lower dimensional
manifolds.

The treatment of the general case required new techniques that would
not rely on genericity and replace the fundamental class of the manifold
by a homology class of the expected dimension, the virtual fundamental
class. This has first been achieved in the algebraic context by Li and
Tian by constructing a (bundle of) cone(s) inside a vector bundle over a
compactified moduli space; the virtual fundamental class is then obtained
by intersection with the zero section [LiTil]. A similar approach, based
on Li and Tian’s idea of using cones inside vector bundles, but using the
cotangent complex and stack-theoretic language is due to Behrend and
Fantechi [Be], [BeFal.

The construction of virtual fundamental classes in the symplectic
category has been carried out shortly later by a number of authors [FkOn],
[LiTi2], [Ru2], [Sil]. The basic approach here is to write the moduli space
as zero locus of a section of a finite rank (orbi-) vector bundle over a finite
dimensional manifold (or rather orbifold). Locally this is not too hard. In
references [FkOn], [LiTi2] the crucial globalization is achieved by allowing
for jumps of dimension of the local models. This is still enough to construct
a homology class as intersection of the “Euler class” (of the bundle) with
the “fundamental class” (of the finite dimensional base). The other two
references use the author’s construction of a finite rank orbibundle over (a
neighbourhood in an appropriate ambient space of) the moduli space. This
leads to a global description of the moduli space as zero locus of a section
of an orbibundle in an honest finite-dimensional orbifold.
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It is natural to expect that for complex projective manifolds, to
which both approaches apply, algebraic and symplectic virtual fundamental
classes do agree (hence the Gromov-Witten invariants derived from them).
As both approaches follow rather different tracks this is, however, far from
obvious. The purpose of this paper is to confirm that the expectation is
indeed correct. We prove

THEOREM 0.1. — Let M be a complex projective manifold, R €
Hy(M;Z), g,k > 0. Let Cr g,x(M) be the moduli space of stable maps of
genus g, with k marked points and representing class R (cf. Section 1.1).

Then the homology class associated to the algebraic virtual funda-
mental class (a Chow class on Cgr g x(M)) as in [Be] and the symplectic
virtual fundamental class as in [Sil] coincide.

For being specific we refer only to the constructions in [Be] and [Sil].
The equivalence of the two algebraic constructions and the four symplectic
ones within their categories is another, fairly straightforward albeit tedious
matter, that we rather leave to a more masochistic soul. For the symplectic
case there are some comments in [Si3], §3.4.

Our proof has three central ingredients. First, we need a holomorphic
version of the construction of the ambient space (denoted Z in [Si3], §1.3,
1.4) into which Cg ¢x(M) embeds as zero locus of a section § of a finite
rank orbibundle F. This might not be possible globally, but we will gain
analyticity up to some smooth factor and this will be enough to make the
comparison work. The central point of the local construction is the fact
that spaces of holomorphic maps from a Riemann surface with non-empty
boundary (with continuous extension to the boundary) have a natural
structure of complex Banach manifold (Proposition 2.1). The rest of the
local construction, leading to “analytic Kuranishi models” for Cg 4 (M)
occupies Chapter 2.

The second part of the proof produces a cone C(§) inside F', as limit
of the graphs of ¢t - I'; as ¢ tends to infinity. We will see (Chapter 3) that
the fundamental classes of the graphs also convergence, to a well-defined
(dim Z)-dimensional homology class living on C(3) (denoted [C(3)], by
abuse of notation). Moreover, if § “splits off a trivial factor” then both C(3)
and [C(8)] split off a trivial factor too (a vector bundle with its fundamental
class). Of course, if § is holomorphic the cone is holomorphic too. It is in
fact the cone that one obtains by applying [BeFa] to an obstruction theory
naturally coming from the differential sequence associated to §. End second
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part.

Taken together this will be used in Chapter 4 to reduce the compar-
ison of algebraic and symplectic virtual fundamental classes to a compar-
ison of two morphisms of two-term complexes to the cotangent complex
of Cr,g,x(M). One is coming from the description as zero set of a section
as just mentioned, the other one is abstractly constructed in[BeFa] from
the universal family and universal morphism to M. This comparison is the
least obvious part of the proof. It requires an explicit study of the ab-
stractly defined morphism (in derived categories) using Cech cochains. It
is quite satisfying to see how the d-equation (describing ) naturally arises
by partial integration applied to fiber integrals coming from the explicit
version of relative (Serre-) duality (see the proof of Lemma 4.8).

The first Chapter serves two purposes. First, it contains an account
of the algebraic definition of virtual fundamental classes to fix notations
and to make the paper more self-contained. We follow the elementary
reformulation (avoiding Artin stacks) of [BeFa] previously given by the
author [Si2]. Second we go over from algebraic to analytic spaces, or rather
from Deligne-Mumford stacks to complex analytic orbispaces. The last
Chapter 5 provides a GAGA-type result concerning push-forwards and
relative duality in algebraic and analytic derived categories of sheaves.
The main result is Proposition 5.4 which gives an explicit description of
algebraic relative duality for algebraic families of prestable curves in terms
of analytic Cech cochains and fiber integrals.

Our proof of the comparison theorem has been sketched in some detail
in the survey [Si3], submitted in May 1997. Shortly afterwards we learned
from J. Li and G. Tian that they were able to prove the same result, using
their respective definitions of algebraic and symplectic virtual fundamental
classes [LiTi3].

1. Complex analytic GW-theory.

To compare algebraic and symplectic definitions of GW-invariants,
as a first, mostly trivial step, it is natural to translate the former into
the category of complex (analytic) spaces. This will be the purpose of this
chapter.
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1.1. Analytic orbispaces versus Deligne-Mumford stacks.

Given a smooth projective scheme M over a field k the natural
arena for GW-theory is the space C(M) of stable marked curves in M
(Kontsevich’s “stable maps”). So the k-rational points of C(M) are in one-
to-one correspondence with isomorphism classes of triples (C,x, @) with
C a reduced, connected algebraic curve, proper over k and with at most
ordinary double points, x = (z1,..., k) a tuple of k-rational points in the
regular locus Cieg C C, and ¢ : € — M a k-morphism with the property
that

Aut(C,x,9) = {Y € Aut(C) | P(x) = x,p 09 = ¢}
is finite (stability). With the obvious notion of families of stable marked
curves over (that is, parametrized by) k-schemes, C(M) (or rather the
associated fibered groupoid) has been verified to be a Deligne-Mumford
(DM-) stack [BeMa).

In the analytic category, i.e. k¥ = C and M viewed as complex
projective manifold, the DM-stack can be replaced by a notion of analytic
orbispace that we now introduce. This will be a generalization of both
complex orbifolds and complex spaces.

Local models for such spaces are tuples (q : U—-U,G, a) with

G is a finite group, viewed as zero-dimensional reduced complex space
e Uisa (not necessarily reduced, but finite-dimensional) complex space

ea:GxU—Uisa (not necessarily effective) holomorphic group
action on U

e ¢ is a quotient of U by G in the category of complex spaces (or,
equivalently, in the category of ringed spaces, cf. e.g. [KpKp], §49A.

We will often just write U = U /G for such local uniformizing system
(¢, G, @). The definition of analytic orbispaces now runs completely analo-
gous to the case of orbifolds as given in [Sa]: One first defines the notion of
morphisms, and in particular open embeddings of local uniformizing sys-
tems. An analytic orbispace structure on a Hausdorff space X is then a
covering by local uniformizing systems {U; = U;/Gi}icr (e. X = UU;)
compatible on overlaps U; N U; # 0 by open embeddings. Finally, an ana-
lytic orbispace is an equivalence class of analytic orbispace structures. By
abuse of notation we will also just write X for the analytic orbispace. Of
course there is also a notion of morphisms of analytic orbispaces making
the set of analytic orbispaces into a category, denoted 2qnOrtb.



1748 BERND SIEBERT

Similarly, we may introduce the notions of (topological or analytic)
orbibundles and of coherent orbisheaves on X by requiring the associated
linear fiber space over X (cf. e.g. [Fi], §1.4) to be analytic orbispaces over X
with local uniformizers having a well-defined linear structure on the fibers.

This all being a trivial translation of [Sil], §1.1, which treats the
case of topological Banach orbifolds, to the category of complex spaces we
merely give these indications and refer to op.cit. for more details.

We claim that C(M) has naturally the structure of an analytic
orbispace, in such a way that C(M) represents the functor

C(M) : AnOrb — Gets
{ analytic families of stable holomorphic }
T —s /

iso.
curves in M parametrized by T

Here we use the following

DEFINITION 1.1. — Let T and M be analytic orbispaces. An ana-
lytic family of stable holomorphic curves in M parametrized by T is a tuple
of morphisms

(¢: X->T)x: T XXr... X0 X,®: X > M)
of complex orbispaces with
e g is flat

o for any teT, (q'(t),x(t), ®|4-1(¢)) (with the induced analytic struc-
ture) is a stable marked holomorphic curve in M ([Sil], Def. 3.5). O

The precise result is

PROPOSITION 1.2. —  For any complex space M, €(M) is repre-
sentable by an analytic orbi-space C(M).

Proof. — To define a local uniformizing system at some stable holo-
morphic curve (C,x,¢) in M let (¢ : C — S,x) be an analytically semi-
universal deformation of (C,x), cf. e.g. [Sil], §2.2. It is well-known that
Homg(C, M), the space of morphisms from the fibers of g to M, is a com-
plex space (representing the corresponding functor) [Do], [Po]. This is al-
most the space we want, but if Aut’(C,x) is non-trivial we have to the
equivalence relation on Homg(C, M) generated by the germ of the action
of Aut®(C,x) on q. We refer to this process as “rigidification”.

To this end let y = (y1,...,:) be a tuple of points in C such that



ALGEBRAIC AND SYMPLECTIC GROMOV-WITTEN INVARIANTS 1749

e (C,%) is a (Deligne-Mumford) stable curve, where X = (z1,...,zx,
Yi,--- Y1)

« for any i, ¢ is an immersion at y; (possible by stability).

The first property requires in particular finiteness of {¥ € Aut(C,x) |
U(y;) = y;}, so a minimal choice requires the insertion of I = dim Aut(C, x)
points. By the second property we may choose local Cartier divisors
Hy,...,H; C M and open disks U; C C with (¢|v,) " (H;) = v (v
with reduced structure). Now let (¢ : C — S,X) be an analytically
universal deformation of (C,%) with x = (z1,...,Zk,¥1,---,¥;). Extend
U, to open polycylinders (say) U; cC. By restriction to an open subspace
Z C Homg(C, M) we may assume that (1|5 ) ™' (H;) consists of exactly one
reduced point for any ¢ € Z. Evaluation at the deformation of the v-th
marked point defines k + [ morphisms

ev, :Z — M.
Set
U= (eVis1,.--,eveqr) H(Hi X ... x Hy).

We claim that the restriction of the universal curve C xg Homg(C, M) —
Homg(C, M) to U together with the universal (evaluation) morphism from
the universal curve to M, is a universal deformation of (C,x, ). So let
(X — T,x', ®’) be an analytic family of stable holomorphic curves together
with an isomorphism of the fiber over some point 0 € T with (C,x, ¢).
Since ¢ is transverse to H;, local defining equations of H; pull back
to local holomorphic functions on X that restrict to local holomorphic
coordinates for C' near p~!(H;) on the central fiber. This shows that
possibly after replacing T' by a neighbourhood of 0 € T' the Cartier divisor
®'~'(H;) is a section of X — T. We denote this section by Yy, and write
X' = (z},... ,j_;c,_g’l, .-+,y;)- By the universal property of (C — S,X) there
exists a unique morphism T — S such that (X — T,X’) is isomorphic to
the pull-back of the universal family over S. Moreover, there is a unique
such isomorphism inducing the given identification of Xy with C.

In turn the universal property of the Hom-space produces a unique
morphism T — Homg(C, M) such that ® is the composition of the
evaluation map and the product morphism from X to C xg Homg(C, M).
And if w; = 0 is a defining equation for H; then (@' o y!)*w; = 0 by
definition of y’. So the map from T' to Homg(C, M) indeed factors over
U. Given any other map from T to U with these properties, we can pull-
back the sections x to T" to see that this map coincides with the one just
constructed.
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Since Aut(C,x,p) C Aut(C,x) acts on (C — S,x) ((C — S,x)
is a semi-universal deformation of (C,x)!) the universal property now
immediately implies an action of this group on U and compatibility
of this action with open embeddings of local uniformizing systems, the
existence of which being itself provided by universality. A final remark
concerns global existence of the universal curve and universal morphism.
In fact, the universal curve is itself isomorphic to C(M), the evaluation
morphism is evaluation at the last marked point and the morphism to
C(M) is by forgetting the last marked point and stabilizing (i.e. successively
contracting all unstable components on which the map is trivial). These are
morphisms by work of Knudson [Kn)]. O

1.2. Analytic global normal space, local construction.

By the analytic analog of [BeFa] or its elementary reformulation in
[Si2] we need a (free) global normal space ([Si2], Def.3.1 and §4.1) for C(M)

relative “the Artin stack of prestable curves” 9t = [ 9, i to construct the
gk
virtual fundamental class on C(M). Recall that a global normal space for

C(M) relative 9t would be a morphism in the derived category of coherent
orbisheaves on C(M)

" F = [F = Fl — Leym
with
o F% and F~! are locally free
o ¢* induces an isomorphism in H® and an epimorphism in H~!.

Here E(':( M)/m is the analytic cotangent complex relative 90t. Invoking
existing literature ([BiKo], [F1], [I1]) for the case of analytic orbispaces (or an
appropriate analog of DM-stacks in the analytic category) relative an Artin
stack is however questionable. Instead of justifying this rather technical step
we will give our construction on the level of local uniformizing systems and
show in the next section that the corresponding quotients of cones in the
complex orbibundle H with local uniformizer F; = L(F~!) globalize. It
will be clear from the local construction of this cone that the result will
be exactly the complex space associated to the DM-stack of cones in the
stack-theoretic version of H in [BeFa].

We start with the “obstruction theory” for spaces of morphism as in
[BeFa], Ch. 6, in the relevant relative formulation. The following discussion
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is literally valid both algebraically or analytically. For (C,x,¢) € C(M) let
(g:C — S, %) be a universal deformation of a rigidification (C, %) of (C,x),
x=(x1,-..,Zk,Y1,---, Y1), as in the proof of Proposition 1.2. Over the open
subspace Z C Homg(C, M) lives the universal curve n : I':=C x5 Z — Z
with the universal morphism ® : I' — M:

C — I 2 wm

| L

S — Z

From the functorial properties of the cotangent complex [1], [F1], 1.2.17 we
obtain morphisms
Le* Ly — LT — LY,

and, by flatness of 7, an isomorphism [F1], 1.2.26, [I1], I1.2.2.3
Lﬂ*E.Z/S — C;/C

All these morphisms are to be understood in D~ (Or) the derived category
of the category of Or-modules, bounded to the right, or rather the derived
category D_, (Or) of complexes with coherent cohomology. The resulting
morphism L®* L}y, — Lw*Ly 5 is tensored (in the left-derived sense) with
wyr, the relative dualizing sheaf of 7 : I' — Z. Applying Rw, we get

L L L
R, (L®* LYy ® wr) — Rru(Lr*Lys ® wr) = L5 ® Rmwy.
Now by smoothness of M, £}, = Qu (viewed as complex concentrated in

L
degree 0), hence L®* L}, @ wy = ®*Qpy @ wy, and by relative duality [Ha],
[RaRuVe]

R (®*Qp Qwy) =~ [Rm®*Ty]Y, Rmwr, =~ Og,

where Tys = QY is the locally free sheaf of holomorphic vector fields on M.
For any complex £° of coherent sheaves, bounded to the left, we use the
notation (£*)Y = Ext(£*, O) for the dual complex in the derived sense. In
particular, 7V = Homp(F, Q) for locally free coherent sheaves. We have
thus produced a morphism (which is in fact an “obstruction theory for Z
relative S” in the notation of [BeFa)

(1.1) [Rm @ Tar]Y — L.

To represent the left-hand side by a morphism of locally free sheaves one
needs to assume M projective. Let Hps be an ample line bundle on M.
Then by stability

L= we(zy...+2;) @ O*HS
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has positive degree on each irreducible component of any fiber of 7, where
we wrote gz, for the Cartier divisor corresponding to the i-th entry of x. It
is not hard to see that choosing v large enough the natural morphism

N = 11 (®* Ty @ LO) @ LOY — &* Ty
is surjective and T,N = m.K = 0, K := ker(N — ®*7T)) (cf. [Be], Prop. 5).
Pushing forward the exact sequence
(1.2) 0—K—N—Tyy —0
by 7 in the derived sense we obtain an exact triangle
Rm.®*Ty[-1] — [0 —» R'7.K] — [0 — R*1.N] — Rm.®* Ty,
hence an isomorphism of the mapping cone of the middle morphism with
R, ®* Ty
[R'7.K — R'm N] == Rm,®*Ty;.
Note that R'm.K, R'7n,N are locally free for 7, = 7n,N = 0, The
derived dual of [R'm,K — R!m,N] may thus be taken entrywise. Write
G = (R'm.K)Y, H := (R'm.N)V, and G, H for the corresponding vector
bundles: G = O(GY), H = O(HV). Together with (1.1) we arrive at a
morphism in the derived category
¢ [H—G] = (Rm®* Tn)" — Ly)5.
This is the local version of the free global normal space F* — EE( M)/ In
fact, by [BeFa], Prop. 6.2.

PROPOSITION 1.3. — ¢® induces an isomorphism in H® and an epi-
morphism in H™!. O

1.3. Analytic global normal cone.

We now review how to produce a cone (over Z) from a global normal
space ¢* : [H — G] — LY /s- It is convenient to go over to linear fiber
spaces over Z. In a hopefully self-explanatory notation ¢® thus becomes
®* : (Lz/g)e — [G — H]. Let Z — W be an embedding of Z into a
complex space W that is smooth over S. This is possible at least locally.
Let Czw be the normal cone of Z in W, which is a closed subspace of
the normal space Nz, the linear space associated to the conormal sheaf
T/I?, T C Ow the ideal defining Z. There is a natural morphism (in the
derived sense) of linear fiber spaces over Z [I1], Cor. 3.1.3

(Twislz = Nzjw] — (Lz|s)e
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inducing isomorphism in H? and H'. We are now in position to produce
a cone C(®*) C H by pushing forward the Ty s|z-cone Czjw C Nzjw
under the composition of this morphism with ®* in the way defined in
[Si2], Ch. 2. C(®*) depends only on the map in cohomology induced by ®*®
[Si2), Thm. 3.3.

From the free global normal space for unrigidified local models of
C(M) we thus get a well-defined closed analytic cone C C H. To globalize
first note that G and H have straightforward analogs on C(M). In fact, if
(m: T — C(M), %) is the universal (marked) curve with universal morphism
®: T — M we put

L= we(Ti+...+3) @PHEE, N 1= 1" (D" Ty ® LZ%) @ LB,
K = ker(N — ®*Ty).

Then G, H are the orbibundles belonging to the orbisheaves R!m.K,
R, N. To keep the notation within limits we stay with our previous
symbols G, H, T etc. If we want to explicitely refer to uniformizing objects
over a local uniformizer U say, we will use the notation H| 5 ete.

Now let (C,x, ) € C(M). A chart U for the analytic orbispace C(M)
was given by imposing incidence conditions on an open Z C Homg(C, M),
cf. the proof of Proposition 1.2:

ﬁ = (evk+1,...,evk+1)_1(H1 X Hl)

Letting ®° be associated to the universal objects on the unrigidified chart
Z we define
e = c(a%)5,

that is, the intersection of C(®*) with H|; as closed analytic subspaces of
H (meaning the bundle over Z). Since the automorphism group of (C, x, ¢)
acts naturally on the whole construction, CH is Aut(C, x, p)-invariant.
With the identification of H|; with a local uniformizer of H we may now

view CH / Aut(C,x, ) as locally closed complex subspace of H.

PROPOSITION 1.4. — The germ of CH/ Aut(C,x,¢) C H at any
point of its support is independent of choices.

Proof. — To compare two local uniformizing systems U c2Z c
Homg: (C', M), U" C Z" C Homgn(C", M), constructed from the insertion
of I respectively I” points y;, yi into C (cf. the proof of Proposition 1.2)
we may consider (appropriate shrinkings of) Z’ and Z” as subspaces of
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a common bigger space Z” C Homg(C, M). The latter space is simply
constructed by inserting the union of {y;} and {y/'}, which is a tuple of
I <I'+1” points. The point is that for any increase of numbers of inserted
points there is a forgetful map (forgetting the additional points), and this
induces morphisms Z — Z’, Z — Z”. In fact, Z is just a product of Z’
with an open set D in C'~! that rules the deformation of the additionally
inserted points. A similar statement is true for the universal curve over
Z, and this is obviously compatible with the evaluation map. So the cone
constructed from Z is just a product of the cone constructed from Z’ with
D. Now the composition

Z""—>Z_>Z”

induces the unique isomorphisms of the corresponding universal deforma-
tions U’, U, U” of (C,x, ) and this shows the claim. |

The locally closed subcones of (the underlying complex space of) H
thus glue to a well-defined closed subcone C C H that is locally pure
dimensional of dimension rk G plus expected dimension.

The comparison with the symplectic treatment will happen on the
level of underlying spaces to which all relevant objects descend. In the
symplectic case this is the set of isomorphism classes of stable holomorphic
curves, whereas from the complex-analytic treatment it also inherits the
structure of a locally ringed space. In case M is projective it follows either
by construction or by using the universal property that the latter space
is exactly the analytic space corresponding to the coarse moduli space
underlying the DM-stack of stable curves in M (which is in fact projective
algebraic as shown in [FuPal).

Now the (associated analytic) map from local étale covers of the
stack C'(M)alg to the coarse moduli space ([BeMa)|, after Prop. 4.7) factors
(locally analytically) through a smooth map to our (even unrigidified)
charts. Moreover, the GAGA-theorems from Chapter 5 show compatibility
of the stack-theoretic global normal space and our analytic global normal
space ¢*. This proves

PrOPOSITION 1.5. —  The analytic cone C C H over the coarse
moduli space associated to the stack-theoretic cone from [Be] coincides
with the complex space underlying the complex orbispace CH. a

To obtain the analytic analog of Behrend’s virtual fundamental class
J(M) (an element in the Chow group A.(C(M))) we finally need to
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intersect the fundamental class [C] € A,(CH) with the zero section of H.
Algebraically this is done by applying a bivariant class o' € A*(C(M) —
H) ®z Q. The existence of the latter in the category of DM-stacks follows
from the work of Vistoli. It results from the compatibility of algebraic
intersection theory with homology theory ([Fu], Ch. 19) that the image of
J(M) in H,(C(M)) (that we will also denote J(M)) is nothing but

(1.3) J(M) = [CHlney € H.(C(M)),
where [C] is the fundamental class (of the underlying coarse modulis
spaces), and Oy € Hg(f (H,Q) is the Thom class of the orbibundle H

(taking into account multiplicities coming from the stabilizers of the local
groups, cf. [Sil], §1.2) (}).

2. Analytic Kuranishi models.

A Kuranishi model for C(M) is a locally closed embedding of a local
uniformizer of C(M) into some CV won from a holomorphic Fredholm map
between complex Banach spaces having C(M) as one of its fibers. Finding
Kuranishi models in our situation of an integrable complex structure on
M is easier than in the general symplectic case, because we may restrict
to holomorphic maps on a large part of the curve, notably near the
singularities. This is due to the Stein property of open Riemann surfaces.
We thus begin with a study of moduli spaces of holomorphic maps from an
open Riemann surface.

2.1. Spaces of holomorphic maps from open Riemann surfaces.

Throughout this section we fix an open Riemann surface ¥, whose
ideal boundary (denoted 9% by abuse of notation) we assume to consist
of circles only (no punctures). Denote by ¥ = ¥ U 8% the corresponding
Riemann surface with boundary. Sobolev spaces for maps or functions on
3 will be understood with respect to a Riemannian metric on ¥ extending
over a neighbourhood of the boundary.

As a preparation let us generalize the decomposition

LP(%;C) = LP(X;C) x OYP(E), OYP(X):=0()nLL(Z;C),

() We could also define J(M) as analytic Chow class, but since we want to compare

J(M) with the homologically defined GWM € H, (C(M)) we prefer to work in homology
already at this point.
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that we used implicitely in [Sil], §4.3 for plane circular domains, to
arbitrary open Riemann surfaces. To that end let K € Q1(X x ¥\ A) be
a meromorphic 1-form with a simple pole of constant residue 1 along the
diagonal A extending to a neighbourhood of the boundary and without
zeros. K exists by the Stein property of ¥. Then the singular integral
operator
1
Tv(z) := -—— lim K(z,w) Ay(w)
2mi e=0 Je\B.(2) (

is a right-inverse for d : L{(3;C) — LP(X;Qs). Moreover, for any
f € LY(%;C) it holds

f = TOf + Hf, Hf(z) = 2im,/émlr((z,w).f(w).

The proofs of these statements run as in the case ¥ = A. This establishes
the claimed decomposition of L¥(%;C).

The rest of this section is devoted to the following result.

PROPOSITION 2.1. —  The space Hom'?(X, M) of holomorphic
maps ¢ : ¥ — M of Sobolev class L% has naturally a structure of complex
Banach manifold. The evaluation map

ev:Hom'P(Z, M) x X — M, (p,2) — ¢(2)

is holomorphic with respect to this complex structure. The tangent space
at some ¢ € Hom"P(Z, M) can naturally be identified with OVP(X, o*Tyy).

Moreover, with this complex structure, Hom'? (33, M) has the follow-
ing “universal property”: Let T be a complex space and ® : T x ¥ — M be
a holomorphic map inducing a continuous map p : T — LY (X, M). Then p
factors over a unique holomorphic map T — Hom"? (%, M).

We put “universal property” in quotation marks because Homl”’(E,]\/I)
as an infinite dimensional space does not belong to the category of complex
spaces for which the property is tested (we would have to use Douady’s
more involved notion of Banach analytic spaces to remedy this).

As a first step we observe that we can build up ¥ inductively starting
from a disk by adding arbitrarily “thin” annuli or pairs of pants. We are
thus basically reduced to the case of arbitrarily thin 1- or 2-connected plane
domains by means of

LEMMA 2.2. — Let ¥ = ¥; UX, with 021 N 00Xy = 0 and
p € Homl’p(E,M). Put X150 = 1 NEe and ¢; = 9|y, Y12 = @|n.,-
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Assume the proposition is true for 3,, 3o and X5 locally around @1, o
and 2 respectively. Then the proposition is true for ¥ locally around .

Proof. — Let € be an isomorphism of a neighbourhood of @5 in
Hom"? (%12, M) with a neighbourhood of the origin in OY?(Z12; 9%, Tar)
whose differential at ¢12 we assume to be the identity. We consider the
map

=: ("/’17¢2) — 9(1/)1|212) - 0(¢2|212)

from a neighbourhood of (i1, ¢2) in Hom"?(Z;, M) x Hom"?(X,, M) to
OYP(L12; 01, Tar). The derivative of this map is nothing but the Cech-
differential on sections of ¢*T), associated to the covering ¥ = ¥; U .
We claim that the latter is a split submersion. To this end let 7! and
T? be right-inverses to d on ¢iTx and ¢3Ta as above. For simplicity we
assume the meromorphic 1-forms (on ; x 3;) involved in the definition to
be restrictions of a meromorphic 1-form K on ¥ x 3. Note that the pull-
backs of T are trivial as holomorphic vector bundles, so the definition of
a right-inverse to 0 extends to this case by use of a vector valued analog
with respect to a holomorphic trivialization of ¢*Tys (which we may take
to extend continuously to X). Let 1 = p; + p2 be a partition of unity
subordinate to ;. A splitting of the Cech-complex is given by

OMP(S12; 01, Ti) — OVP(S1;01Tar) x OMP(S1595Tar)
v (p2 - v —T" (vp2), —p1 - v+ T*(vIp1)).

In fact, letting T be the singular integral operator on ¥ belonging to K,
we obtain

p2-v =T (vdp2) + p1-v —T?*(WIp1)) = v—T(VI(p1 +p2)) = w.

In view of the holomorphic implicit function theorem this shows the state-
ment about the structure of complex Banach manifold and the description
of its tangent spaces. The “universal property” is obvious because for any
complex space T' a holomorphic map 7' x ¥ — M is equivalent to the giving
of a pair of holomorphic maps T' x ¥; — M coinciding on 7" x ¥12. a

Next we treat the case that the map ¢ is “small” compared to the
modulus of ¥, as made precise in the following lemma.

LEMMA 2.3. — Let ¢ € Hom"P(X, M) and assume there is a
covering U; of ¥ by finitely many open sets having piecewise smooth
boundary in ¥ and such that (1) there exists a smooth partition of unity
{pi} subordinate to U; (2) U;NU; NUy, = O for any three pairwise different
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indices i, j, k (3) for any i the closure of p(U;) is contained in a holomorphic
coordinate chart of M. Then the assertions of the proposition hold locally
around .

Assumption (1) means that a shrinking of {U;} is still a covering of
Y. This requires the closures of U; in ¥ to meet in one-dimensional subsets
on 0X.

Proof. — Let v; : M D W; — C™ denote holomorphic coordinates
on M with clo(U;) C W;. We consider the gluing map

HHom P(U;, W) — HHom P(U;nU;,CM),

i<j
Wi — (%o Wilu, = owslon)

Clearly, the spaces Hom' (U;, W;) are open sets in complex Banach spaces
via 7;. As in the previous lemma we want to show that the differential of
= at (¢|u,)i is a split submersion. This differential is the map

Holvp (Us; " Tu) — [[ O (Ui NU;,5C™), (vi)i — (D) (i = v;).

1<J

Note that the differential of 7; is an isomorphism for any i. The requested
splitting can thus be defined by

(Di(vig))ij (Z/’J'Uw ”Uapj))

As in the proof of the previous lemma we use a holomorphic trivialization
of ¢*Tys to construct a right-inverse T' to 0, the restriction of which to
sections with support in U; is T. The verification that this is indeed a
splitting of the differential and the “universal property” run also as above.
We conclude that Z~1(0) is a chart for Hom"?(X, M) at ¢ with tangent
space OVP(%,19*Ths) at 1. The universal property is again obvious. a

Proof of Proposition 2.1. — Locally around some ¢ € Hom"? (X, M)
we construct the complex Banach manifold structure in the way already
indicated: Write ¥ as union of open Riemann surfaces 3; with the following
properties:

(1) Each X; is either a disk, an annulus, or a pair of pants (a two-
connected plane domain).

(2) For any 4 # j the intersection 3; NY; is a union of (one or two)
annuli.
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(3) Each X; has a covering by open sets as required by Lemma 2.3
(the same holds then also true for the pairwise intersections). Applying the
two lemmata we obtain the statement of the proposition locally around ¢.

It remains to show independence of choices (in particular of the
decomposition ¥ = |JX;) and biholomorphicity of changes of coordinates.
So let V = =71(0), V' = (E')~%(0) be two such charts with VNV’ # () as
subsets of Hom"?(X, M). From the holomorphic evaluation map V' x & —
M, upon restriction to ¥;, we obtain maps

V' — Hom?(%;, M).

These are holomorphic maps of Banach manifolds and compatible on
intersections ¥; N ¥;. We thus obtain a holomorphic map of Banach
manifolds V' — V. The same reasoning with V, V' exchanged shows that
this map is invertible. ]

2.2. Localization of variations of complex structure.

As a further preliminary to the construction of analytic Kuranishi
models we want to show that any deformation ¢ : X — S of a closed
Riemann surface ¥ = X is obtained by changing the complex structure on
arbitrarily small open sets. To see this take a meromorphic function f on (a
neighbourhood of the central fiber of) X exhibiting ¥ as a (say d-sheeted)
branched covering of P! with only simple branch points. Then nearby fibers
are also simply branched coverings of P!, and the set of branch points varies
holomorphically with s. Let V. C P! be an e-neighbourhood (in any metric
on P') of the branch locus of ¥ — P!. For sufficiently small s the branch
locus of X, — P! is still contained in V.. For any such s the map f induces
an isomorphism X, \ f~!(Vz) ~ ¥\ f~}(V.). Since we are only interested
in the germ of the deformation we may take e arbitrarily small.

Let A ~ V; C V. be a connected component containing the j-th
branch point. Then for € sufficiently small f~!(V}) is the disjoint union of
d — 2 copies of § x A and a two-fold cover of an open set W; C X over
S x A branched along z = b(s). So the holomorphic function b(s) describes
the variation of the j-th branch point. Now the transformation

z — h(s) )
exhibits a biholomorphism of S x A mapping the branch locus to S x {0}.
This shows that W; is a product S x A.
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Taking into account also deformations of nodes (Z; = {(z,w) €
A x A} zw = t}) we obtain:

LEMMA 2.4. — Let p: X — S be a deformation of a prestable
curve C. Then, possibly after shrinking S there exists a decomposition

l m
X:UOUUUiUUWjWith

=1
e Uy =S x X, where X is a non-compact Riemann surface

Ui(s) = Zy,(s) for some t; € O(S) with t;(0) =0

W; ~ S x A is a product

UiﬂUi: = UiﬁWj = Wjﬁle = @ foranyi,i’,j,j’ >1,1 #il,j #jl,'
UoNU; >~ S x (A;UAL); UyNW; =~ SxA;-’ for some annuli Ai,AQ,A;’.

Moreover, the U; (i > 0) and W; can be chosen arbitrarily small. O

The essential point of this decomposition is that all the open sets
together with their intersections are constant in the family. This implies
immediate holomorphic trivializations of Banach bundles of holomorphic
sections to be used below.

2.3. Construction of analytic Kuranishi models.

We now want to make the construction of (local) Kuranishi models in
[Si1] holomorphic. At (C,x, ) € C(M) the construction worked as follows:
Let
(¢:C—8,x:5—>Cxg...xgC)

be an analytically semiuniversal deformation of (C,x), C = ¢~1(0). We
showed in op. cit. that the space of Sobolev maps (with weights at the
nodes) from the C, = ¢71(s) to M
Lic/s;m) = [ Li(CsiM)
seS
is a Banach manifold, locally isomorphic to S x V', V' C L?(C; ¢*Ta) open.
The map ¢ — Oy is locally a family of differentiable Fredholm maps
Hy=Hl|gxv, H:SxV — E:=LF(C;¢*Ty ® Q).

Choose a linear projection prg : £ — @) with finite-dimensional kernel and
with prg oD Hj surjective. The implicit function theorem with parameter
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s then shows that Z = (prg oH)~*(0) is a finite-dimensional manifold near
(0,0) € S x V. Provided (C,x) is stable, a local uniformizer of C(M) is
locally given as zero locus of «|;, kK = H —prgoH =prpoH,prp: E— F
the projection with kernel @ onto a finite dimensional subspace F' C E
with £ = F' +im DHy. So F spans the cokernel of DHy. If (C,x) is not
stable one finally has to choose a slice to the action of Aut®(C,x) on S x V.

Instead of making this construction holomorphic in each step we re-
strict to a set of maps in L?(C/S; M) that are already largely holomor-
phic. We take a decomposition of C' as provided by Lemma 2.4 applied to
q : C — S. Without loss of generality we may assume that each irreducible
component of C contains at least one W; that remains constant under the
deformation, say j € {1,...,m'}. We assume that the closure of the image
of U; (¢ > 0) and of W; under ¢ map into holomorphic coordinate charts

v:MDM;, -C" i=1,...,1+m.

So M; are open sets in M containing cl ¢(U;(0)) respectively clo(W;_;(0))
(for 4 > 1). Our ambient Banach manifold will be the subset of L} (C/S; M)
m
of maps that are holomorphic on |J U; U |J W;. So the flexibility
i>0 j=m'+1

provided by L¥-maps survives only on the part of W7, ..., W, not meeting
= Uy. The space of such maps can be described as fiber over 0 of a

holomorphic map Z : B — B’ of complex Banach manifolds. The domain

B is the fibered product over S of the spaces

S x Hom? (%, M); Homl’p(Ui,M.) i=1,...,1;
SxLY(W;(0); Myy;),5 =1,...,m'; Homs (WJ,MH]) j=m'+1,.

(we use Proposition 2.1) and B’ will be

HHom P(A; U A, CM) x HL{(A;';«:") x J[ Hom'P(a},C).

j=m'+1
Here we wrote Homy (U,,M) for U Hom!?(U;(s), M;) that in view of

the identification of holomorphic funct1on spaces on deformation spaces
of nodes given in [Sil], §4.2 is an open set in the product of S with a
complex Banach space via ;. By the product structure of W; we also have

a trivialization of Homls”’(Wj, M,y;) = 11 Hom"?(W;(s), M;+;). The map
sES
= is the obvious nonlinear version of the first Cech differential. It sends

(wo,%‘ﬂﬁ;’) to
(i 0 i — i 0 0,75 0 ¥ — 75 0 o),
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and this is clearly a holomorphic map.

PROPOSITION 2.5. —  In a neighbourhood of (C, %, ¢), B := Z71(0)
is a complex Banach manifold lying smoothly over S.

Proof. — In view of the implicit function theorem we have to show
that the differential D= is a split submersion, where = is the restriction
of = to s = 0. With the natural identification of the tangent space relative
S of B at ¢ with

m’

OVP(S;0*Thy) X Ho P (U, 0*Tar) X HLP (0); 0% Tar)

=1 j=1
X H OMP(W;(0), 9" Tar)
j=m/+1

the differential is isomorphic to the linear Cech differential, mapping
(vo, 3, V) to (vi — vo, v} — vo), as element in

1 m’
[T o" (AU A0 To) x T LR (A5 0" Tar) x H OVP(AY, *Tyy).
i j=1 j=m'+1

To define the splitting let T' be a right-inverse to the d-operator on ¢*Ts
restricted to C° = CJ, where

l m
=Jusu J wis)
=0 j=m/41
constructed as singular integral operator via a holomorphic trivialization as
in the last section. Let T be the restriction of T to U;(0) (for i =0,...,1)
and to Wy, 4;—1(0) respectively (for i =1+ 1,...,14+m —m'). For brevity
we put H® =id —T% 0 d. For j = 1,...,m’ we also need a (complex linear)
extension map
¥+ LY (Uo(0) NW;(0); 0" Tar) — LY(W;(0); ™ Tnr),

that is, a right-inverse to the corresponding restriction map. The existence
of O is a standard fact of Sobolev theory. Finally let p;, p; be a partition

of unity on C subordinate to our covering. A right inverse to D= is now
given by sending (w;, w}) to (vo, v, v}) with

Vo =_H0<szwz+ Z pjw )

i=1 j=m’+1

Vg =H’(p0wi) 1= ,...,l

V) =QJ(w}+(volA9/)) j=1...,m

v = HH () jem+lm
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The verification that this is indeed a splitting is straightforward (as in
the proofs of the lemmata in the previous section). An application of the
implicit function theorem completes the proof. a

In the sequel we identify (10,v:,%;) € B with the induced L¥-map
¥ : Cs — M that is holomorphic on C?. Choosing a biholomorphism
zj it A~ A for the complement A7 of cl A in W;(0) (j =1,...,m/), the
(non-linear) d-equation ¢ — Jdy can now be viewed as holomorphic map

’

m
» 0
. PIAI.CP . )
0:8— j_l:llL (AT;C™), (o, i, ) — (azj v o%)j:lwm,.

PROPOSITION 2.6. —  There is a natural map from the differential
at (C,x,p) of © relative S to

d: LX(C;9*Ta) — LP(C;0* T @ Q)

inducing isomorphisms of kernels and cokernels. In particular © is Fredholm
at (C,x,p).

Proof. — Let us write ©g for the restriction of © to the central fiber
By of B over 0 € S. From the proof of the last proposition the tangent
space of By at ¢ : Cs — M can be identified with

V= {ve L{(C;9*Tn) | vlco € O(C% ¢ Tu)}-

Thus
. Io}
Dey: V. — [ a5, v — (Dy(52) .
. azj J
j<m’
Multiplying the components on the right-hand side by dZ; and extending
trivially by zero as section of p*Ty ® Q) we obtain a commutative square
1% D, ] rr(AdCn

js<m/

(2.4) l l

(G Tw) —2— LP(C;9"Tw @ Q)
that we claim to induce isomorphisms of kernels and cokernels of the
horizontal arrows. The diagram certainly gives rise to isomorphisms on
the kernels, both being equal to H°(C;¢*Ty). To prove injectivity on

cokernels let v € [[ LP(A7,C™) and assume that its trivial extension ¥
j<m/

can be written as Ov with v € L¥(C; ¢*Tas). Then 0v = 0 away from |J AJ
andsov € V.
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As for surjectivity, the soft resolution of OVP(p*Ts|co) by sheaves
of Sobolev sections (restriction of [Sil], Prop. 4.5 to C°)

0 — OVP(p"Ths|co) — L2(¢" Taleo) -2+ £7(p*Taglco) — 0
together with H(C?;¢*Tys) = 0 (CP is Stein!) shows the surjectivity of
0: LX(C%p*Ty) — LP(CO 0Ty @ Q).
So for any y € LP (C% p*Tar ® Q) there is a solution to the equation
Ovp = 7|co.

Let v € LE(C;¢*Ta) be an extension of vy to all of C. Then v — dv has

support in |J AJ, hence is in the image of the right-hand vertical map of
j<m’

(2.4). This shows surjectivity of (2.4) on cokernels. O

By the proposition, ©~1(0) is thus given as the fiber of a holomorphic
Fredholm map between complex Banach manifolds, hence has naturally the
structure of a (finite dimensional) complex space.

THEOREM 2.7. — The germs of ©71(0) and of Homg(C; M) at
(C,x, ) are canonically isomorphic.

Proof. — We have to check the universal property of the hom-functor
for ©71(0). So let T — S be a morphism of complex spaces mapping a
distinguished point 0 € T to 0 € S and write Cr = T x gC. To any morphism
® : Cr — M inducing ¢ on the central fiber we claim the existence of a
unique (germ of) morphism A : T — ©71(0) such that ® factors over the
evaluation morphism ©71(0) xg C — M via A x idc.

First we observe that the morphism ® from Cr to M is equivalent
to the giving of a tuple of S-morphisms from T to the following spaces:
S x Hom"P(, M), Homg? (U;, M;) (i = 1,...,1), HomgP(W;, Mi4;) (j =
1,...,m), such that the composition with the analog =, of Z from the
product By, (“h” for “holomorphic”) of these spaces to

l m
B}, = H Hom'P(4; U A,C") x H Hom'”(A},C")

i=1 Jj=1
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is the zero morphism. Recall that the term “S-morphism” means compati-
bility with the morphisms to S that the relevant spaces do possess (includ-
ing T'). Now consider the following diagram of complex Banach manifolds:

B En, B,
| ) |
B — B = B’

o s s

m’ . m’ m’

[ r@sey — [lrwexey — [ ragen

j= j= j=

The right-hand horizontal maps are all split submersions, the left-hand
horizontal and upper vertical maps are closed embeddings (the kernels of
the following maps) and the lower vertical maps are given by 0-operators.
What we have just said about families amounts to saying that the fiber over
0 (as ringed space) of the non-linear Fredholm map By, — Bj, represents
the Hom-functor under consideration. Now a morphism to this fiber is
equivalent to a morphism to B which composed with each of the maps
to B’ and to [[ LP(W;(0);C") is the zero morphism. So this is nothing
but a morphism to B whose composition with © to [] LP(A7;C") is zero,
which in turn is the same as a morphism to the fiber of © over 0. All these
morphisms are to be understood in the category of ringed spaces. This
shows the universal property of the hom-functor for ©=1(0). O

We do not bother about explicit local analytic Kuranishi models or
analytic rigidification here, because we will never need this. The former can
be easily established by the usual procedure of choosing a finite-dimensional
complex linear subspace in [| LP(A7;C") spanning coker DOy; a holo-

j<m/’
morphic rigidification on thej ‘other hand can be provided by requiring in-
cidence of additional marked points with local analytic divisors in M as in
Proposition 1.2. Instead we will show in Section 4.1 how to incorporate the

local construction given here in the global construction of [Sil].

3. Limit cones.

3.1. Cone classes.

This section deals with a purely topological question in finite di-
mensions. Let N be a finite dimensional, oriented, topological orbifold,
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q: F — N an orbibundle and s a continuous section of F' (?). For any [ > 0
let p; : N x R! — N be the projection and let s; € I'(N x (R \ {0}),p} F)
be defined by

si(@,0) = o] - s(a).

For any v € R’ \ {0} the restriction of the graph I', of 5; to N x {v} is
F|v|—1~3‘

DEFINITION 3.1. — Let T, be the closure of I', in p} F. The cone
C(s) C F associated to s is defined by
C(s) := T, N(F x {0}). o

C(s) is independent of [ and lies over the zero locus of s:

PROPOSITION 3.2.

1) C(s) = tlim T':.s in the sense of Hausdorff convergence of closed
—00
sets (hence C(s) is independent of 1)

2) q(C(s)) = Z(s)-

Proof.

1) Recall that convergence I't.q 2% C(s) means two things:
« C(s) = ncl( U rt.s).
to t>to
« For any compactum K C F and any neighbourhood U of C(s) C F
there exists a tg with

I'isNK CU forany t>tp.

Both properties follow easily from the corresponding facts for T;: Since for
any to > O the restriction of the projection P, : pfF = F x R! — F to
F x Btgl (0) is proper and F is locally compact we have

clp ( U Fm) =h [ClFle (s, N (F % Bto—l(o))]

t>to

= BT A (F x B+ (0))],

(2) More generally, we may take N to be an oriented, Q-homology manifold and F — N
a not necessarily locally trivial cone over S, i.e. F' have a continuous, fiber-preserving
action of the multiplicative semigroup R>o that is proper away from the zero section
0-F~N.



ALGEBRAIC AND SYMPLECTIC GROMOV-WITTEN INVARIANTS 1767

where we indicated with subscripts in which spaces closures are being taken.
The intersection of these sets over all ¢y yields

Net (UTes) = B(Tan(Fx{0}) = C(s).

to t>to
For the second point let K,U C F be as stated in the hypothesis. Consider
the other projection Q; : F xR’ — R!. The restriction of Q; to F_s,ﬂPl_l(K )
is proper, and for the fiber over 0 € R the following inclusion holds:

T 0 (K x {0}) € Br(U).
Then the same inclusion holds for Ty, N (K x {v}), v € By (0), for some
to > 0. But this means
s NKCU Vt>to.
2) One inclusion follows from T, D Z(s) x (R*\ {0}). Conversely, let f € F,
and s(z) # 0. Let K be a compact neighbourhood of f in F such that s
has no zeros on ¢(K). Then
A = {(t,y) eR>ox N |t-s(y) € K}
is compact. Choosing ¢ > 0 with pr;(A) C [0, c] we obtain
In.sNK = 0 foranyt>c.

Hence f & C(s). O

The reason for introducing the factor R with [ > 1 is the long exact
sequence of homology groups (of the second kind, that is with locally finite
singular chains)

Hn11(C(5)) — Hps1(Ts,) — Hn1a(Ts,) — Hpy1-1(C(5)).
Provided n +1—1 > dim C(s) (e.g. I > dim F' — n + 1) the groups on the
left and right vanish by the general vanishing theorem of homology, cf. e.g.
[Iv], IX.1, Prop. 1.6. So the (orbifold!) fundamental class

[Ts] = (s)«[N xR’]

extends uniquely to an (n +[)-dimensional homology class on T, that will
be conveniently denoted [T's,] (slight abuse of notation). Here we assumed
(without loss of generality) N to be pure n-dimensional and we chose an
orientation of R! that will finally drop out. We are now in position to define
the limit of [[';,] as t tends to co.

DEFINITION 3.3. — Let § € Hy,, (R') be Poincaré-dual to {0} C R’

with respect to the chosen orientation. Let Q; : p; F — R! be the projection.
Noticing that C(s) = T's, N Q; *(0) we define

[C(s)] = L] NQréo € Hn(C(5))- 0
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Implicit in the notation is the first statement in

PROPOSITION 3.4. — [C(s)] is independent of | and homologous to
[Ty.s] for any t # 0 as class on F.

Proof. — We identify R! with a linear subspace in R+, Let n €
Hulzl (R'*1) be the corresponding cohomology class with supports. We write
6% for the integral generator of H fo}(]Rk) (previously denoted &). Then

[Fsz] = [Fsz+1] an+177a 6l+1 = UU5I,
hence
Tl N1Q; 6! = ([Coa) 0 Qam) N Q58
= [Fsl+1] n Q7+1(77 U 6l) = [FSH-I] N Q;+15l+1'

And for ¢t > 0 the Poincaré-dual é; to {t} C R! is cohomologous to &' as
class on R'. Thus

Fes] = Ma]N@Qrée = M 1NQr6 = [[]NQI6" = [C(s)]
in H,(F). O

In a holomorphic situation we retrieve the following familiar picture
[Fu], §14.1: Let F be a holomorphic vector bundle over a complex manifold
N, and let Z be the zero locus of a holomorphic section s of F. The
differential of s induces a closed embedding ¢ of the normal bundle Nz |y
of Z in N into F. Ngzy is the linear fiber space over Z associated to the
conormal sheaf Z/Z?2, T the ideal sheaf of Z in N. The normal cone Cz|N
(the analytic analog of Spec; ®4>0Z%/Z%T!) is a closed subspace of N y.
Thus +(Cz|n) is a closed subcone of F'.

PROPOSITION 3.5. — C(s) = 1(Czn) and [C(s)] = t.[Czn] =
[t(CzN)] (where [Czn], [((Czn)] are the fundamental classes of the
correponding complex spaces).

Proof. — Our construction of C(s) and [C(s)] is nothing but (a real
version of) the “deformation to the normal cone”, which in this case states
that «(Cz|n) can be obtained as analytic limit of T's.;, t € C, [t| — oo [Fu],
Rem. 5.1.1. From this the compatibility of the two limits can be easily
deduced. O

It should be clear that the same conclusions hold in the category of
analytic orbifolds, but we will not need this.
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For later reference we also observe here two simple lemmatas:

LEMMA 3.6. — Let q : Fy = U x R" /Ci): F|y be a local
uniformizing trivialization of a topological orbibundle F over a local
uniformizing system U = U /G of the base orbifold N, and let s be a
section of F' uniformized by Sy : U— f‘U. Let b be the generic covering
degree of q. Then

Ce) = aCE), [06) = JalCE)

Proof. — This follows immediately by the corresponding identities
for Ft‘s and Ft.g. O

3.2. Local decomposition of cone classes.

Returning to GW-theory we will choose in Section 4.1 a morphism
7 : F — £ such that locally there is complex subbundle F* C F with
7P = 7|pn (essentially) holomorphically spanning the cokernel of the
linearization of s = s, cf. Proposition 4.2. We obtain two finite-dimensional
oriented orbifolds Z ¢ F and Z" C F™ as zero loci of 5 = ¢*s + 7 and
3" = (¢")*s + 7" respectively, ¢ : F — C(M,p), ¢" : F* — C(M,p) the
projections. The tautological sections Scan and s?,, of ¢* F and (¢")* F both
have zero locus C(M). The associated cones and cone classes defined in the
last section will be written

C(7) = C(scan) C Flz, [C(7)]
C(t") = C(sgan) C F"z, [C(T")].

For a decomposition F' = F* @ F and homology classes «, 3 supported on
closed subsets A C F*, B C F let us write

a®fB = (axB)N(¢" x§)*éa
for their direct sum, where ¢ x §: F* x F — N x N is the product of the

bundle projections and §a € HX(N x N) is Poincaré-dual to the diagonal
ACN xN.

The object of this section is to show that C(7) is already determined
by C(h).

PROPOSITION 3.7. — Let F = F" @ F be a decomposition into
complex orbibundles in such a way that
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o’Th

:= T|pr is injective and spans the cokernel of the linearization
o relative a local, finite dimensional parameter space along C(M) = Z(s)

and has the regularity properties of T (cf. [Sil], Def. 1.15)

o 7 := 7|y maps to imo along C(M). Then C(1) = C(v") ® F and
[C(m)] =[C(r™)] @ [F].

Before turning to the proof three remarks are in order: First, while
s = sz is not in general globally differentiable, locally it is so relative
to a parameter space S of a semiuniversal deformation of the curve. The
corresponding relative differential is nothing but the linear G-operator from
L2(C,¢*Tar) to LP(C, ¢*Tay ®Q) (restricted to a complement of the kernel
in case (C,x) is not stable). Second, it will be crucial that differentiability
properties are imposed only on 7*. F will indeed only be constructed as
topological subbundle. And third, the proposition together with Proposi-
tion 3.5 shows that, locally, C(7) is the product of an analytic cone over
C(M), pure-dimensional of dimension equal to expected dimension (index
of relative differential plus dim S minus dim Aut(C,x)) plus rk F*, and a
complex vector space of dimension rk F'.

Proof. — Let 3.y be the tautological section of ¢*F. Consider the
section 8 of ¢*F x R x R — Z x Rl x R over F x (R {0}) x (R \ {0})
defined by

0(z,v,u) = i (S?an + u - Scan)-

This should be viewed as a two-parameter family of sections of ¢*F
interpolating between (Scan); = [v|™! * Scan (u = 1) and (sh,,); ®0 (u = 0).
Write 6, for the restriction of 6 to ¢*F x R! x {u} and Qp, Q;, Q for
the projections from ¢*F x R! x R to the three factors. We denote by
6% € Hio,(R") and & € H{,,(R) the Poincaré duals to {0} C R', {u} C R.
By definition L l

[C(r)] = To,]NQ}65
as classes supported on C(7) x {0} x {1} C ¢*F x {0} x {1}. [T4,] is the
unique class extending the fundamental class of the oriented orbifold I'y, .
In the construction of local uniformizers for I'y we may take u as parameter
in the application of the implicit function theorem, cf. the proof of [Sil],
Thm. 1.21. This shows

[Te,] = [To] N Q6T
as classes supported on I'g,. Since by Lemma 3.8 below Ty, = Ty N Q! (u)
(the disjoint union of 'y, and C(7) x {0} x {u}), we get at u =1

Ay = (OO x {0} x {1} = [To] N (Qux Q)" (& x oF).
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And by the same lemma
A, = TN (QxQ) (6% x68), ueR

is a family of classes on C(7) x {0} x R, and these are mutually homologic
because the 6% are cohomologous classes on R.

Together with Tp, N Q;'(0) = (C(7) ® F) x {0} x {0} we obtain
[C(7)] = (QF)A1 = (QF).A = [C(TM)] & [F).
The set-theoretic part of the claim is also proved in the lemma below. 0O

We still owe the set-theoretic part of the lemma:

LEMMA 3.8.
1) Ton(¢*F x {0} x R) = C(r) x {0} x R.
2) C(1) = C(t") @ F (set-theoretically).
Proof. — We will show the inclusions
TonQ;H0)c (C(TM @ F) x {0} xR, C(v") @ F c C(7).

The lemma will then be finished with C(7) = Ty, NQ; *(0) (hence (2)) and
C(t") @ F = Ty, N Q;(0), together with the observation that rescaling
(f* frv,u) = (f*u- f,v,1) gives

o0 (q'F x {0} x R\ {0})) = (C(-") & F) x {0} x (R \{0}).

In view of Proposition 3.2 we have to prove the following: Let ¢, € R,
u, € R, f, € F;, be sequences with

(3.5) sa(@) = o (A (1) = 72, (£) =0

(cf. the definition of # together with that of Z C F as zero locus of ¢*s5—17)
and

t, —0, wu, —u, f,—Ff

As before we use superscript “h” and a bar to denote components in F
and F respectively and 7, (etc.) to denote the restriction of 7 to F}, . Any
(f,0,u) € Ty N Q;*(0) is of this form. We claim f* € C(7").

To this end we want to work on adapted charts. Recall that at
z = (C,x, ), s5 was locally uniformized by

85: SxV —s Ey,
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S the parameter space of deformations of the domain of the curve, V C
LX(C;¢*Tar) (an open set in a linear subspace) of finite codimension and
Ey = LP(C; ¢* Ty ®Q) uniformizing £,. This map was differentiable relative
S (i-e., for fixed s € S) with relative differential Dy §5 uniformly continuous
at the center (0,0) € S x V. Write 0 = Dy3§5(0,0). By the regularity
properties of 7" and since 77 is injective and spans coker ¢ we may change
the trivialization of £ in such a way that F" is identified via 7 with its
image C on the central fiber Ej.

Choose a complementary subspace P C V to K := kero, set
Q = o(P), and write prq : Eg — Q, pr¢ : Eg — C for the projections with
kernel C' respectively Q). We can now apply the implicit function theorem
to pryoss 1 S x K x P — @ with parameter space W = S x K. We can
thus change coordinates on S x V in such a way that

85(w,p) = (p,k(w,p)) € AxC
%(w,p)(fh) = (01 fh)
72—(w,p)(f) = (prQ 7A_—(w,p) (f), Prec 7%(w,p) (f))
with kK : W x P — C differentiable relative W, Dpk(0,0) = 0, Dpk
uniformly continuous at (0,0), and prg o0 = 0 (im7( C imo by
hypothesis).

Since the structure map S x V' — C(M;p) is locally proper, it suffices
to prove the claim about the limit on local uniformizers. For readabilities
sake we will drop the hats that usually indicate local uniformizers. Write
z, = (w,,p,) € W x P, z = (0,0). Equation 3.5 now splits into the two
equations (in Q and C respectively)

Py — tyu, Prg f(wu,pu)(fu) =0
K(wy,py) — if,,f,fL — tyUy Pro T(w, p,) (fv) = 0.
We claim that 1
fll/ = (t_n(wll’ 0)7 fl/)

has the same limit (f", f) as f,. From the first equation we see that (¢, # 0)

Pv _ _
e —>U'PrQ7'(o,o)(f) = U'T(o,o)(f)-

14

By uniform continuity of Dpx and because Dpr(0,0) =0
! Pbv
il ) = w0 < 1emla, 0 7] — o
v v
Together with

1 ~ _
t_ﬁ(w,,,p,,) = f,il-l—uu'pI’CT(w,,,p,,)(f,,) — fh
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(which is where the assumption im 7 C im o comes in) this establishes the
claim and hence the first inclusion, for (f,,t,) are in T'g,.

Turning to the second inclusion C(7") @ F C C(7) we replace F
by a subbundle F’ C F with Fjj = Fy and such that ¥ = 7|z has the
regularity properties of 7. To f* € C (") choose sequences 0 # ¢, — 0,
ny=(w.,,0) S f,’,l — fh with

k(w,,0) —t, fr" = 0.
For any f € Fy = F) we want to find f* — fh with
Py —ty, Prg 7_'(/w,,,p,,)(f—) =0
1 _ —
Kl(wl/’pl/) - tl/flil - tl/ prC T(Iwu,pu)(f) = O
To the first equation we may apply the implicit function theorem with
parameters t,,w, to conclude unique existence of p, — 0 for v large from
the solution p = 0, t = 0, w = 0 in the limit ¥ — oco. The second equation

in turn forces
h/ ]_ —

v = t_K(wV)pV) — PI¢ /T—(,w,,,p,,)(f)‘
v
Since as above
R _ ¢k 1
fV —fu = —(K(wuvpv) _K(wlﬂo)) — 0
ty
we deduce f,fl — f" as claimed. O

4. Comparison of algebraic and limit cone.

4.1. Choice of Kuranishi structure.

Let (M,w) be a Kéhler manifold. Recall the construction of [Sil]
applied to (M,w) viewed as symplectic manifold with almost complex

structure the integrable one: The space C(M;p) = |J Crgx(M;p) of
R,g,k

stable marked complex curves in M of Sobolev class L} is a Banach
orbifold. The map (C,x, @) — Oy is a section sz of the Banach orbibundle
& with fibers ¢ x,p) = LP(C;¢0*Tar ® Q¢). Local uniformizing systems
at (C,x,p) are of the form S x V with S the base of an analytically
semiuniversal deformation of (C,x) and V an open subset of a linear
subspace of L} (C; ¢*Ths) of codimension equal to dim Aut(C, x). In such a
chart §j5 is differentiable relative S, with differential o relative S a family
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of Fredholm operators that is uniformly continuous at (0,0) € S x V.
By spanning the cokernel of o along some compact part of C(M), say
Crg k(M) = C(M) N Cr,gk(M;p), by sections of ¢*Ty ® Q¢ supported
away from the singularities of C, parallel transport by local trivializations
of £ and multiplication with a bump function in a neighbourhood of
Cr,g,k(M;p) in C(M; p) we constructed a morphism ( “Kuranishi structure”)

T:F — &

from a finite rank complex orbibundle F' living on a neighbourhood of
Cr,g.k(M;p) in C(M;p) with the following properties:

o 7 has the same differentiability properties as sz

« 7 spans the cokernel of the linearization of s3 along Z(sj), i.e. for any
(C,x,¢) € C(M)

M 7(c,x,0) +IMO(Cx,0) = ECx,0)-

The section § := ¢*s — 7, ¢ : F — C(M;p) the bundle projection, is then
a transverse (locally relative S) section of the Banach orbibundle ¢*£ over
the total space of F. Z = Z(3) C F is thus an oriented, finite-dimensional
orbifold. Let O € H{:](‘Ifj;;p)(F ) be the Thom class of F' (C(M;p) identified
with the zero section of F'). The virtual fundamental class of Cg g x(M)
was defined by

GWY k== [Z]NOF.

Note that the restriction of O to Z can also be written s%, 0O, r, so this
definition is essentially finite dimensional.

To compare with the complex analytic definition of virtual funda-
mental classes, as a first try one might want to make the whole symplectic
construction Banach analytic. This seems to be hard if not impossible. It
is however easy to gain enough analyticity locally to make the comparison
with the analytic treatment given in the first chapter work.

At holomorphic (C,x, ) let © : B— [[ LP(A7;C") be a holomor-

j<m/
phic Kuranishi model as constructed in Section 2.3. Let 7 : I':=BxgC be
the universal curve over B and ® : I' — M be the evaluation map (generally
we will use the accent “for objects on B). We will write Uy C I" for the union
of the open sets formerly denoted ¥, U; and W for j > m/, and U; for W;,
i=1,...,m'. So {U;} is an open covering of I" that is Stein relative B. Let
7 be the tangent bundle of B relative S and & := Bx [] LP(A7;C"). The

j<m!
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former has fiber L} (C’; ¢ *Tar) N OYP(Uy; *Tag) at (C',x',¢') € B while
the latter should be viewed as a version of the Banach bundle £ | C(M;p)
on B. Note that while 7 and & parametrize non-holomorphic objects they
are holomorphic Banach bundles over B. The Fredholm map © exhibiting
Homg(C, M) as fiber over 0 can now be viewed as holomorphic section of £.

Similarly, while the evaluation map is not holomorphic (along the
fibers of 7) d* Ty is a holomorphic vector bundle over I, local holomorphic
trivializations being given by pull-back of a frame of local holomorphic
vector fields on M.

While Uy might now have singularities a straightforward modification
of the arguments in [Si1], §4.2 shows that the spaces of relative holomorphic
Cech cochains #.)®* T, are still holomorphlc Banach bundles over B (and
the same holds true by replacing T by any finite rank holomorphic
vector bundle over I'). Recall also from op.cit. that (the restrictions to
B C C(M;p)) of the tangent bundle of C(M;p) relative S and the Banach
bundle £ can be written

T = &, 9Ty, & = #2(® Ty ®c O )-
We will also need to extend the holomorphic bundles G and H from
Section 1.2 to B. The sheaf of sections of H was R! 7T*N where N =

T (* Ty @LY)RLE™Y, L = w(wy +...+1k) @P*HSS, fits into an exact
sequence of locally free sheaves

0—K 5N 25 0*Ty — 0.
Now ®*T)s and L extend naturally holomorphically to I" and so do A and
K and the above sequence. Let N and K denote these extensions. We thus

obtain a commutative diagram of holomorphic Banach bundles over B with
exact rows and columns

0 0
0 — frﬁo)lé Lmi-» 7VT£O)J\V/’ —ﬂ—» 7?(0)<I>*TM — 0

L

46) o — W = O 22, #WeT, — 0

£
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where we define G and H as cokernels of the first two columns. These are
holomorphic extensions of G and H to a neighbourhood of (C, x, ¢) in B.

Recall that we called a commu@yative square of Banach bundles

FE — G
[ s
F 2 m

a quasi-isomorphism (between a and 8, and between 7 and §) iff the
sequence

0—EArec™ H—0

is exact [Sil], Def. 4.8. Equivalently, («, 3) induces fiberwise isomorphisms
between kernels and cokernels of v and é (or the other way around). In
op.cit. we also required this sequence to be split in the case of which
the square is not only cartesian (F ~ F &g G) but also cocartesian
(H ~ (F @ G)/E, as Banach bundles!). All our quasi-isomorphisms will
in fact be split but since we will never need this property we will not verify
it.

Now a diagram like (4.6) above always induces a quasi-isomorphism
between [ — H] and [frﬁo)'i*’f M — 7“r,(,1)<f*TM] (unique up to homotopy)
locally as follows: Let n and 6 be (local) holomorphic right-inverses to gx
and qy. Then

g (00 Rtk — kWon) = 0,
so the term in the bracket lifts (uniquely) to a map
¢: ¢ — 7w
Define
o = @ o¢, o = vWog.
Recall also the morphisms [Sil], §4.3
#0Ty — T, (vi) — > Piv;
7

#Ne Ty — & (vij) +— 52 vij - Ops.

i,
Here p; is a partition of unity subordinate to U;, so these maps indeed
factor over the inclusions 7 — 7 and £ — €.

LEMMA 4.1. — The squares in the following diagram are quasi-
isomorphisms:
é o o (0) %4 5(0) o
— 1Ty — T — T
I I L L=
. ) N ®
g #Wén, S & — ¢
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Proof. — The claim for the first square follows from chasing Dia-
gram 4.6. That the last square induces isomorphisms on kernels and coker-
nels of the vertical maps has been proven in Proposition 2.6. The compo-
sition of the right two squares is a quasi-isomorphism essentially by [Si1],
Cor. 4.11, observing that there is a (family of) right-inverses T to the 0-
operator on Uy (cf. Section 2.1). This shows that also the middle square is
a quasi-isomorphism. O

Notice that F' extends naturally as finite rank orbibundle to a
neighbourhood of Cg g (M) in C(M;p). In fact, the finite rank orbibundle
in [Sil], §6.4 was a direct sum of bundles of this form. Locally we may
thus take for 7 an extension of 31 o a(!) to a local uniformizing system of
C(M;p), multiplied by a bump function, as specified in [Sil], §6.5.

PROPOSITION 4.2. — For any R € Ho(M;Z), g,k > 0, the
Kuranishi structure 7 : F — £ for s5 may be chosen in such a way that

!
o F= @ F, with each F, restricting to the orbibundle H along Z

v=1
o for any (C,x,¢) € Crg,x(M) there exists an open neighbourhood
U c C(M;p) and av with T, = 7|, an extension of 3V oa(!). In particular,

7, = Z(g s +1) C F,

is a complex orbifold at (C,x, ¢).

Proof. — Z, is the set of pairs ((C,x,9), f € F,(cx,p)) Obeying
5‘9 = TV(f)-

By construction, 7, has support away from Uy. So ¢ is holomorphic on Uy(s)
and the above equation can actually be viewed on a local uniformizer as
map
d-+:BxFy — [] LP(A,CM),
j<m!

B a complex Banach manifold of the form given in Section 2.3. This map is
holomorphic with differential relative S an epimorphism with finite dimen-
sional kernel. An application of the holomorphic implicit function theorem
with parameter space S shows that Z, is locally uniformized by a complex
manifold. If (C,x) is not stable we also have to take the quotient by the
germ of the action of Aut®(C,x). In [Si1], §5.3 this has been achieved by im-
posing an averaged version (involving integrals over bump functions in M)
of the rigidification procedure given in Proposition 1.2. The reason was that
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transversality is not on open condition in L-spaces over two-dimensional
domains. On the subspace B C S x Lﬁ’ (C; ¢*Thpr) we can however use
rigidification by incidence conditions with local transversal divisors as in
Proposition 1.2, as long as the intersection is on the holomorphic part of .
The proof that this is in fact a quotient is a simple application of the im-
plicit function theorem, parallel to the discussion in [Sil], §5.3. Obviously,
this slice by incidence with transversal divisors is holomorphic, hence a
complex manifold. And the unrigidified Z(¢}s5 + 7,) is just a product of
the slice and an open set in C!, [ = dim Aut(C, x). O

4.2. Reduction to local, holomorphic situation.

From the Kuranishi structure 7 : F' — £ (Proposition 4.2) we obtain
a cone CF' C F supporting a class [CF] of dimension d + rk F' as cone and
class associated to the tautological section of ¢*F|;, d = d(M, R, g, k) the
expected dimension of Cg g x(M), ¢ : F — C(M;p) the bundle projection,
Z = Z(q*s + 7). Recall that the restriction of F' to Z decomposes into a
direct sum of copies of H. We define

p: H— F|z
to be the diagonal embedding. Let ©p,y be the Thom class of the
orbibundle F/u(H). Pulling back to F yields a class © € Hiyx =% H(F| ).

Then [CF]NO € Hyyrx #(CF N H) is the intersection of [CH] with H. The
comparison theorem will readily follow from

ProposITION 4.3. — CH = CFnH, [CH] = [CF]NnO in
Hd+rkH(CFﬂH).

The proof of this proposition occupies the rest of this chapter.
Notice that since CH is a complex space of pure dimension d + rk H, the
homological statement concerns classes of top dimension and can thus be
checked locally together with the set-theoretic part of the claim.

By Lemma 3.6 and the definition of C¥ it suffices to check the
claims of the proposition on the level of local uniformizers. Since the
local uniformizers in the complex analytic (Proposition 1.2) and in the
complex Banach manifold treatment (Proposition 4.2) can be obtained
by incidence conditions with the same set of divisors Hi,..., H;, and all
objects are just trivial products of the restriction to the slice with an -
dimensional smooth space, it even suffices to work on unrigidified charts.
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For (C,x,¢) € Cr,g,x(M) let 7, be as in Proposition 4.2. As usual we mark
liftings to the local uniformizing systems under study by a hat and with
subscript 0 the restriction to the center of a local uniformizing system.

LEMMA 4.4. — Possibly after shrinking U to a smaller neighbour-
hood of (C,x, ) there exists a topological decomposition
F =FoF,

with 7(F) C im0 and such that
C* = FeC", [CF] = [Fle[C"),
where C", [C"] are the cone and cone class obtained from 7,,.
Proof. — By invoking Proposition 3.7 we just have to define F. By

the Fredholm property of ¢ = 9 and since 7 spans the cokernel of & the
family (over S) of linear maps

S x (Fo@ LY(C3¢"Tw)) — LP(Ci¢"Tu), (s, ,0) — Fo(f) = v
consists of split eplmorphlsms An apphcatlon of the implicit function
theorem thus shows that T =F EBAT is a topological vector bundle
on U of rank tk F + d. It fits into a quasi-isomorphism

T, — T

f|

F - £

&

—

Therefore py 1(F,) is a linear subspace of T\,. o of dimension rk F, + d. Let
pPc T, be a subbundle restricting to a complementary subspace to Po (ﬁ,,)
in Tﬂo Then, possibly after going over to a smaller local uniformizing
system, we may set F' := p(P). O

LEMMA 4.5. —  With the identification H = F,, it holds
g icer) = ¢t [cflne = [C.

Proof. — Consider the family of morphisms
gy = (t-id,...,t-id,id,t-id,...,t-id) : H — F = ®\F)
with “id” at the v-th entry. By the previous lemma the claim holds with
[ replacing fi. Since fi; is a proper homotopy between i and i = fi; we

just have to show

u H(CF) =
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for any t. To verify this on the fiber over some 2 € U let RF ¢ ﬁ,,,,; map
isomorphically to R := coker ;. Another application of Proposition 3.7
with a larger complementary space F' shows

CrnF; = ¢ L (CP),
for some cone CF C R where ¢ : R¥ — R is the quotient map. Letting
¢ : H; — RH be the cokernel of G5 — H; and fi; : R¥ — R be the map
induced by p;, we obtain
p(CF) = (¢") ' H(CP).
b e = At - ip for some \; € Ry, for the maps from R¥ to coker(d :
— &;) induced by any of the 7, all coincide. Hence

wH(CF) = (@)7'BNCR) = pt(CT) = O O

]?\u
e

To prove Proposition 4.3 it remains to compare C" and CH , which
will be the concern of the next section.

4.3. Comparison of holomorphic normal spaces.

We consider the following situation: Let ¢ : C — S be a prestable curve
over a smooth parameter space S (this will be applied to an analytically
semiuniversal deformation of (C,x)), Z = Homg(C, M) with universal
curve and universal morphism

. I'—2, &:T - M.

We embed Z into a complex manifold Z as in Proposition 4.2 (where
the present Z is denoted Z,,). Explicitely, possibly after shrinking S, we
work on the complex Banach orbifold B of L¥-maps from fibers C; of ¢
to M, holomorphic away from a union of small disks |J A7, as constructed
in Section 2.3. According to Theorem 2.7, Z is the fiber over 0 of the
holomorphic Fredholm map

0: B— H LP(AY2,C™) = &', o — (5¢|A;’),
j<m’
in appropriate holomorphic coordinates on M and U;. Z on the other hand

is obtained from a holomorphic morphism 7 : B x C" — £’ spanning the
cokernel of G at any z € Z, as fiber over 0 of

O: BxC' — &, (¥,a) — 1y(a) + G(¥).
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Let 7 : I' — Z be the universal curve over Z (this is holomorphic) and
® : I' - M the (usually non-holomorphic) evaluation map. The maps
defined so far fit into the following diagram:

r 4. %2, m
ﬂl | lﬁ
zZ < Z

Z can also be viewed as zero locus of the tautological section Scan, of
the (trivial) bundle F = Z x C" | Z C B x C” (in the notation of
Proposition 4.2, F' corresponds to ¢} F,, q, : Z, — B the projection);
or, using the given trivialization, as fiber over 0 of the projection

pry: ZCBxCr — C.

To such a description belongs a global normal space for Z as follows: let
F = O(FV). Evaluation at sca, yields an epimorphism

F — 7

to the ideal sheaf of Z in Z. We define ¢! to be the composition with the
map Z — Z/Z? to the conormal sheaf. Put for ¢° the identity morphism
on Qz/glz and d: I/7% — 5|z the differential. Then

° doyp~ ! d °
P [F > QZ|s|Z] — /77 —’QZ/S/Z]:7_21£Z|S

is a global normal space for Z relative S. The corresponding cone C(¢°*) C
F is by definition the image of the normal cone C' > of Z in Z under the
embedding N ; — F. By Proposition 3.5

C(¥*) = C(scan), [C(®°)] = [C(scan)];

set-theoretically and in homology respectively. Note that in the notation of
the previous section C(Scan) and [C(Scan)] are (non-rigidified versions of)
C" and [CH].

On the other hand we have the global normal space
¢ H—>G] — Ly

constructed from 7, ® (Section 1.2). By construction H = F and C(p®) is
the non-rigidified version of CH. To prove Proposition 4.3 (non-rigidified)
we have to show C(p*) = C(¢*). Since global normal spaces depend only
on the (ray of) map induced in cohomology [Si2], Thm. 3.3 this will follow
from
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LEMMA 4.6. — Locally, there exists an invertible holomorphic
function x and an isomorphism

A" [H—=G] — [H—Qz4l2]
with A\™! = id and H'(¢* 0 A*) = x - H'(¢*), i = —1,0.
The proof will occupy the rest of this section. The maps in the lemma

fit into the following diagram, which is claimed to commute in cohomology
up to multiplication by x:

(H— Q3,52
w.
»] (/7% = Q2]
/‘W.
[H — g]
DEFINITION OF ). — To define \° we observe that since Z is

solution to the equation dp = 7,(C,x,)(h) the tangent bundle Tz,s is
canonically isomorphic to H ©g T. By Lemma 4.1, this fibered product
is in turn canonically isomorphic to G. We define \° as the dual of the
composition

TZ/SIZ ~ H@g’j' ~ G.

It is clear from the construction that A* : [H — G] — [H — Q3 5[z] is a
commutative square.

REPLACING [H — G] BY A CECH cOMPLEX. — To begin with we
simplify the problem by dropping a common part from the definition of
A® and ¢° as follows. First note that [H — G| represents [Rm.®*7T]" in
the derived sense. Derived objects such as [Rm.®*Tp]V are unique up to
unique isomorphism in the derived category and the existence of such an
isomorphism is what we mean by “represent”. But the last steps in the
construction of ¢* consisted of the composition of this isomorphism with
duality

[H— G] ~ [Rm®* Ty]Y ~ Rm (®*Qn Qw),

so we may as well drop this composition and work with R, (®*Qp ® w)
directly. The latter in turn can be represented by the Cech complex

[7(@*Qu @ w) - 7 (@ QU B w)),

and this gives an explicit identification of the cohomology of H — G with
Rim (®*Qpy Qw), i =0, 1.
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Similarly we may factor A®* over the morphism of complexes of
holomorphic Banach bundles representing relative duality (Proposition 5.4)

W’EO)(@*QM ®w)——+(7r£1)q>*7’M)v (e;)—> (('Uij) — ZfF/Z (E‘L';_ai)(vij) A 5/)1)
%,

! l

(@ @ ) — (1O Ti)Y  (as5) — ((vk) SO (#) A 5/%')-
i3

In fact, this duality morphism is the composition of the (topological) dual
of

v v

B9, 807 (70 Ty — 70 Ty — [T — €]
from Lemma 4.1 (restricted to Z) and

wy(ﬁo)(@QM Quw) — (é)v () — (7 — Zfr/z PiCL; /\7)

| |

W&l)(Q)*QM ®w) — ('j’)\/ (Oéij) — (v — Zfl"/Z Olij('U) A 5,01)

To verify this one needs a little computation. The composition of the two
upper horizontal arrows applied to a local holomorphic section (a;) of
7r£0)(<I>*QM ® w) and evaluated at a section (v;i) of ﬂil) ®* Ty leads to

the fiber integral
1 / =
5 pic;(vjr0p;).
32 [ pestendn)

5,4,k
This indeed agrees with the upper horizontal arrow of the duality morphism
by noting that a partial integration computation shows

/ ;i (vi;0pi) = 2/01‘%‘(%‘3'5%'-
r/2

Similarly for the lower horizontal arrows.

We may therefore draw a commutative diagram

v

HV<—(7£1><IJ*TM)V+— 7r,(,0)(<I>*QM®w) SN (5)\/ ., HVY

Lo | |

(4.7) Gv(——(ﬂ’(*O)q)*TM)v‘_ 7T»(*l)(‘l’*QMQ@w) — (T)V —>T%//S|Z

! I

0 .
Rm@Qyow 2% a0,
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The first three squares are compatible with the dual of [G — H] — [T —
£&]. It thus suffices to prove the claim with A® replaced by the composition
of the right-hand squares in Diagram 4.7.

COMPUTATION OF HO(1)® o A*) = HO(X\*). — To describe HO()\*)
we now follow the bold printed part of the diagram. Let (ay;) €
7T£1)(’~I’*Q M ® w) be a holomorphic family of Cech cochains representing
a local holomorphic section o of R, (®*Q ® w). The associated local
holomorphic section of (7)Y is

(4.8) LY (C;0" Ta)NO(0* Tarluy) = Ticixyp) S0 / i (v)ADp;.
~Jr/z
The restriction of this section to Z C B is H*(A*)(«).

COMPARISON WITH H(p®). — On the zeroth cohomology ¢*® is
described by the following diagram:

7r5<1)(<I’*QM®W) — (Qr/c®w) —=— (7r Qz/5 Qw)

|

R, (®*Qp @ w) Qz/s

The first horizontal arrow is by pull-back with ®* : ®*Q, — Qr composed
with the quotient Qr — Qr/¢; the second horizontal arrow is by the
isomorphism Qr,c ~ 7*Qz,5; and the right-hand vertical arrow is by
projection formula composed with the trace morphism Rlm,.w ~ Og.
Explicitely, the map is (up to multiplication by an invertible holomorphic
function x that we suppress here and in the sequel)

(4.9) (cij) H"Z / ®*ayj) A Opi,

interpreted as section of 2z, (that is, @* taken as pull-back of differential
forms). Again we used the explicit version of relative duality given in
Proposition 5.4.

LEMMA 4.7. —  HO(p*) = HO(\*).

Proof. — We evaluate H%(¢®)(a) at a local holomorphic section v
of 7. Since suppdp; C |J A7 we may restrict attention to o with only
j<m/
non-zero component o;;. With local holomorphic coordinates ¢t on A, s on
S and w* on M we may write
Qg = Zau(t,s,cp)dw” Rdt, v= Zv”(t,s,cp)@wu
7 p
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for the relevant local parts. We obtain

O(p* = *aij A 9p;
HO(4*)(0) (v) = (/F/Z@ ABp) (v)
— [ S auts. ot 0)dt ndp
Ay

= / aij (v)9p;
A
— HY(A*)(0)(0). o
COMPUTATION OF H~1(3* o A*) = H~!(3*). — For holomorphic

sections of HY coming from (£)V (cf. Diagram 4.7), pairing with the
tautological section of H is nothing but pairing with the section $5 of
£. Given a local holomorphic section o of 7, (®*Q ®w) let (&) be a local
holomorphic section of 7?,(‘0)(&)*9 M ® w) extending «|y,. Then as map to
the ideal sheaf Z of Z in Z,

H W) ) = 3 / pia(3) = (B3 (s,0) = 3 /F . pidi(0))| .

The induced section of Z/Z2? depends only on «, not on the choice of
extension (&;).

COMPUTATION OF H~!(p®). — This step is a little harder and
the most interesting part of the proof. It will show that the J-operator
naturally turns up by an integration by parts. Recall that ¢® was defined
in Section 1.2 by Rm.(. ® w) of

(4.10) Lo Ly, L. ~ Lrvcy)s.

All this is compatible with truncation 7>_,. Let Z C O; and J C Of be the
ideal sheaves defining Z C Z and I C T respectively. The following parts
of the truncation of the previous sequence of complexes are immediate:

LY Ly, = [@*Q]  (one term in degree zero)
T>1Lp = [T/T% = Qelr] = >1L8 0 = [T/ T? = Qg clr]
TZ—I‘C’.Z/S =[7/1% - QZ/s|Z]
T L Ly = [1°(Z/1%) — 1 Q6] = [T/T* = Qpelr,

the last line by flatness of 7. To work out L®* we decompose ® as a closed
embedding into a smooth space followed by a projection

(L,(I)) s p
P: T —TI'xM — M.
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Let J be the ideal sheaf of I' in T' x M. Writing 7>_, £ = [J/J? —
Qg prlrl;

T>_1L®* 1 [0 — @' Quy] — [T/T? — Qplr ® &* Q]
is nothing but the inclusion on the degree zero term. To go further we need
the explicit quasi-isomorphism between the two representations of 7> _1 L}
obtained from the embeddings into I' and I" x M respectively: It is given
by the natural inclusion

[j/jz — Qplr] — [j/j2 — Qplr ® 2" Q).

The truncation of sequence (4.10) can thus explicitely be written

0 — J)IJ? — JT? = J/T?*~ 7 (T/1?)

2" Qy — Qr® " Oy — Qv — Qpjelr = (03 /6l2)
To write down R, (. ® w) of this diagram we abbreviate
Ev:=®Qy, J:=J/J% J:=J/7%
and, for a sheaf F on T’
FO) = 2N F @ w).
We also omit restrictions to I'. For example,
Qe @BV = 7 ((Qp)clr @ 2° Q) O w).

A minor technical point arises when F is not locally free. Then F*) is not
a holomorphic Banach bundle over Z. Rather there will be a holomorphic
Banach bundle E and a closed (ringed) subspace F(*) C E given by finitely
many holomorphic functions that are linear in the fiber directions (i.e. F(*)
is a Banach version of a linear fiber space over Z in complex analysis), and
F®) is the sheaf of germs of holomorphic morphisms to the trivial fiber
space Z x C. For our purposes the knowledge of what a (holomorphic)
section of F*) is together with the fact that kernel and cokernel of the
Cech differential F(© — F(1) are the coherent sheaves m,(F ® w) and
R'7, (F ® w) will suffice.

With these conventions the truncation of Rm.(- ® w) applied to
sequence (4.10) is

(B0 — (OO0 O (@, 05— 1/

| | | !

(EV)(l)—> ( f“/c@EV)(l) — Qi'“l/)c —-—»QZ/Slz
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Here J(©, J© map to (Qf e ® Ev)© and to Q%O/)c respectively by the
Kéhler differentials

d: JIT* — Qo Qe ®®* Uy, d:T/T* — Qflr,

while the maps to J() and J are by Cech differentials. Similarly for
the maps on Cech 1-cycles, but with one negative sign. The two horizontal
maps on the right are induced by the projection formula composed with
the trace morphism Rlm.w ~ Oz (Lemma 5.3).

Now let us chase some a € 7, (®*Q)s ®w) through the upper horizon-
tal sequence. Let o; = a|y,. We claim that (0 «;),0) € ((Qf/c)(o) @ JW)

lies in Q%O/)C @ J® modulo J©@. From the exact sequence
0 — J)J?* — J)J?> — Oy — 0

we obtain .
0 — J®» P, j) dM g g

There thus exists a local holomorphic section (g;) of (J)(© with
dmgi = —a;.
But then, if U; NU; #0 (i.e. i =0 or j = 0)
du(gi — ;) = ci—a; =0,

as section of Ev. So the local section (g; — g;) of JM actually comes from
a section g;; of J(1). Therefore, ((0 ® a;),0) lifts modulo J© to the local
section

(d53i» 9i)
of Q%O/)C @ JW. This maps to Z/Z? by fiber integration

1 ~
4.11 = / gij N\ Op;.
(411) 3 Z L %1 1 Op
In view of the form of H~!(1*) discussed above it remains to be shown:
LEMMA 4.8. —  As local section of T/I? this integral equals
23— Y [ pi(p.)
i YTz '

where (&;) extends (a;) as section of 7,(®*Qu ® w), and we wrote
¢z = Plg z-
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Proof. — (id,®) : ' — T'x M is a (usually non-holomorphic)
extension of the closed embedding I' < I' x M. The functions (id, ®)*g;
will therefore not in general be holomorphic. But the fiber integrals

1 _ _
4.12) z — — / id,®)*(g; —g;)NOp; = / id, ®)*g; A Op;
(4.12) QZJ f/2( )*(3:—3;) Ap Z f/Z( )*gi \Op

will be local holomorphic functions on Z as one easily sees in local
coordinates. Since g; — g; induces the holomorphic section g;; of J () the
fact that Op; = —5pj on U; N U; shows that this holomorphic function
induces the Section (4.11) of Z/Z2.

On the other hand, partial integration applied to (4.12) results in

_Z/ p:d(id, ®)*g; = —Z/ pidr3i(Dpz).

Here we wrote ¢, = ®| ¢, and dp to denote the composition
d
Orxm — Qpxnr = U By — paur

Putting &; := -—dpg; with dpg; viewed as holomorphic section of
7?£0)(<I>*Q M ® w) finishes the proof. O

5. Relative duality.

A (say algebraic) family of prestable curves 7 : X — S is Gorenstein:
It has an invertible relative dualizing sheaf wy,g. For any coherent sheaf
F on X the theory of duality in derived categories developed in [Ha] then
takes the following form. (We basically adopt the terminology of loc.cit.
except that we drop any underlining and we write Ext for R Hom.) It
provides a trace isomorphism

(5.13) try : Rmawx/s(l] ~ le*wx/s — Og

and a Yoneda morphism (our notation)

(5.14) Rm, Extx (F,wx/s) — Exts(Rm.JF,Rm.wx/s)-
Composing we obtain the duality morphism

(5.15) Rm, Extx (F,wx/s) — Extg(Rm.F,0Og) = (Rm.F)",
and the content of the duality theorem is that this is an isomorphism.

The morphisms are in Dcoh(S), the derived category of complexes of
Ogs-modules bounded below and with coherent cohomology. Sheaves are
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identified with complexes concentrated in degree 0. For applicability of
these statements in the Gorenstein rather than the smooth case see the
remark at the beginning of [Ha], VIL.4. A useful reference for all this is also
[Lp]. We will not use duality theory for complex spaces, involving Fréchet
sheaves [RaRuVe].

The purpose of this chapter is to (a) make the transition from
algebraic sheaves to associated analytic sheaves (GAGA) and (b) to give
an explicit formulation of duality in terms of (analytic) Cech cochains and
fiber integrals, at least locally analytically over S.

Let us first comment on a subtlety that may be a source of confusion:
In our application it is crucial that all morphisms are unique up to
unique isomorphism (in the derived sense, algebraically or analytically).
Explicitely, this means that whenever we choose two representatives of any
of the objects (such as Rm,F) in terms of complexes of Ox-modules there
is a (sequence of) quasi-isomorphism(s) between them that is unique up to
homotopy. The same is true for morphisms. In particular the maps induced
in cohomology are indeed unique up to unique isomorphism. In view of [Si2],
Thm. 3.3, this is enough to assure that the associated (analytic or algebraic)
cones are unique up to unique isomorphism and hence are compatible with
changes of local uniformizing systems.

Our plan is (1) to express the Yoneda morphism in terms of algebraic
Cech-cochains (2) to go over to analytic sheaves and to admit refinements
of the covering, and finally (3) to give the trace isomorphism (5.13) analyt-
ically. We do not indicate in our notation if we are working algebraically or
analytically. For example, X will denote either the scheme or its associated
analytic space, but the meaning will always be clear from the context.

Let V; be an affine open cover of X. Then (the complex associated
to) a coherent sheaf G on X is quasi-isomorphic to the complex of Cech-
sheaves [g<°) — g<1)]. Recall that for any open U C X the space of sections
of GO over U is Hg(w NU), and similarly for GV). The corresponding

Cech cochains relatlve 7 are then just 7y )g = m,G®. Since the sheaves
G are m,-acyclic we can represent Rm,G by [m}’)g — 7r(1 gl.

We claim that if G is locally free then (possibly after shrinking S)
we can choose V; in such a way that G are projective (i.e., locally free)
Og-modules. To this end we factor X — S into a finite ﬁat morphism
k: X — S x P! and the projection S x P! — P!. This is always possible
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after shrinking S. We put Vp := S x (P! \ {c0}), V1 := S x (P! \ {0}) and
V,, = k= 1(V,). Denote the projections V,, — S by p,. Now k.G is locally
free by flatness of k. Writing S = Spec A, V,, = Spec A[T] this means that
the A[T]-module M associated to .G|y, is projective. Equivalently, it is
a direct summand of a free A[T]-module. Viewed as an A-module, A[T]
being a free A-module, M is a direct summand of a free A-module, hence
projective. But the A-module M is just the module associated to p,, k.G,
so this shows projectivity of W,(,O)Q . A similar argument with A[T] replaced

by the ring of Laurent series A[T]() establishes the claim for Vg.

We now restrict to locally free sheaves F (slightly easier and
sufficient for our purposes). By the digression we can then represent
Exts(Rm.F, Rm,wx/s) by Homg(m,F*, m,w®). Written out this complex
takes the form

Homj ([W,(ko)f - 7T£1)-7:]> [W’(‘O)wx/s - ﬁﬁl)WX/s])
= [Homg(ﬂ£0)f, W£O)wX/S) X Homs(wﬁl)f, Wﬁl)wx/s)
— Homs(m(,o)f,m(kl)wx/s)].
LEMMA 5.1. — The Yoneda morphism

Rﬂ'*[]:v ®wX/S] — Extg(Rm.F, RW*WX/S)
can be represented by the pair of morphisms (¢°, ¢') with

o0 7 O(FY @wx,5) — Hom(n" F, 7 QDuwx,s) x Hom(x M F,xPwy /)

()i — ((ﬂi)i = (@i (Bi))is (Biz)ij — ((ai :aj ) (ﬂij))ij)

and
ot wil)(]-'v Qux/s) — Hom(ﬂ£0)f, W&I)wx/s)

()i — ((ﬂi)i — (aij(ﬂi -;f%))ij).

Proof. — The Yoneda morphism is defined in [Ha], I1.5.5. The recipe
is to first represent F and wx,s by a m.-acyclic resolution F* and by
an injective resolution w® respectively. Then Hom% (F*,w®) represents
Ext x ([F], [w]) and consists of flasque sheaves. Thus R, Extx ([F], [w]) can
be represented by 7. Hom (F*,w*®). Similarly, Exts(Rm.[F]|, Rm.[w]) is
represented by Extg(m,F®, m.w®). With these representatives the Yoneda
morphism is simply the composition of natural morphisms

7« Hom% (F*,w®) — Homg(m.F*, mw®) — Extg(m.F*, mw®).
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For F* we may take the Cech complex F(© — F(1) And for our special
choice of affine covering the second arrow becomes an isomorphism and is
thus understood. We claim that we may take for w® the Cech resolution
w® — w) as well, instead of an injective one. In fact, Homx (F®, w())
consists of a direct sum of coherent sheaves supported on affine sets and
is thus m.-acyclic. By injectivity of w® there exists a map of complexes
[w® — W] — w*. This map induces a commutative diagram of complexes

Tk Hom'X([}'(O) — .7:(1)], [w(o) — w(l)])—>Hom§([7r£O).7~' — wf‘l)]-'], [wﬁo)w — ﬂ'il)w])

Tx Hom;(([]:(o) - FOL [ - wl) — Homg.([ﬂio)]-' — 7r£1)]~'], [rew?® — mewl])

in which the vertical morphisms are quasi-isomorphisms. End proof of
claim.

It remains to replace the resolution Hom% (F*,w*®) of Homx (F,w)
by its Cech resolution Homy (F,w)(® — Homx (F,w)®. Explicitely, we
have the following quasi-isomorphism:

0 — Hom(F,w) —  Hom@(F,w) ditory Hom™(F,w)

Idl lF lc
Hom(F©), ()
0 — Hom(F,w) — ) £ Hom(F©, M)
Hom(FM, M)

The maps are §(a;b) =d,0a —bodg,
F: (pi)i— ((fi)z‘ = (pi(fi)i; (fij)ig = ((L?’ﬁ)(fij))

i+ fj
G: (pij)ij — ((fz‘)i — ©ij (TJ)U)’
and dyom, d., dr are Cech differentials. Composing these maps with the

natural map to Homg (7, F*, m.w®) from above gives the stated result. O

For the next step (2) we view X — S as a morphism of complex
spaces. The analytic sheaves associated to the algebraic sheaves 7r£i)(.7-' V®
wx/s) etc. are given by pull-back under the morphism of ringed spaces
from the complex space (S*",Ogan) underlying S to the scheme (S, Og).
This amounts to going over to analytic topology and tensoring with the
structure sheaf of S over the pull-back of Og. The effect is that one
considers analytic Cech cochains that are algebraic along the fibers of .
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Since F was supposed to be locally free the dualization of a sequence
analogous to (1.2) provides a short exact sequence of algebraic sheaves on X

(5.16) 0 —F —§¢G — H — 0

with R'm,G = R'm,H = 0. Taking the associated m,-acyclic resolution
by (algebraic) Cech sheaves 0 — F — F© — F(1) _ 0 etc. and pushing
forward by 7 yields a diagram of a form (dual to) Diagram 4.6. An argument
similar to the one given there produces a quasi-isomorphism (of quasi-
coherent, algebraic sheaves)

(5.17) [7:G — mH] — [wio)]-" — ﬂil)}'].

For any point s € S we now choose a Stein refinement {U;} of the
affine covering {V;} of the form given in Section 2.3 (we assume that the
point 0,00 € P! ahev been chosen suitably). Possibly by enlarging the index
set for {V;} we may assume that {U;} is indeed a shrinking of {V;} (in the
Hausdorff-topology). Now the analytic sheaves F?" etc. associated to F, G
and H and the covering {U;} give rise to a similar quasi-isomorphism (of
Ogan-modules)

(5.18) G — mH™]| — [rOF — 7V Fen),

We then obtain a restriction map from wﬁi)}' ® Ogan to the corresponding
Ogan-module of analytic Cech cochains associated to {U;}. Since 7 is a
projective morphism, by Chows lemma sections of an analytic sheaf £ over
7~ Y(U) are fiberwise algebraic. In other words, m,G ® Ogan ~ 7,G*® and
similarly for H. Compatibility of (5.18) with (5.17) tensored by Ogan and
the restriction map now shows the required GAGA statement (just in this
lemma we use for clarity the notation ﬂ,ﬁi)’an to denote relative bounded
Cech cochains with respect to {U;} as opposed to 7 for fiberwise algebraic
Cech cochains with respect to {V;}):

LEMMA 5.2. —  The restriction morphism
[7T£O)f ® Osan — ﬂ',&l)f ® OSan] —_ [ﬂ'ﬁo)’an.ran - ﬂ&l)’anfa’n]

is a quasi-isomorphism. a

As last ingredient (3) we give an analytic trace isomorphism. Let p;
be a partition of unity subordinate to U;.

LEMMA 5.3. — The map

@Iﬁg)wX/s — Os, (04j)ij — Z/ aij A Op;
7 JX/s
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induces an isomorphism R'm.wyx/s =~ Og.

Proof. — The map ® vanishes on the image of W,EO) wx/s under the
Cech differential and thus induces the claimed map on the first cohomology.
By duality on the fibers X, of 7 it holds H!(X;,wx,) = H%(X;,0x,) =C
since X (being prestable) is reduced and connected. Naturality of relative
dualizing sheaves shows wx, = wx/s|x,. The map 7 being flat, Grauert’s
base change theorem thus implies that R'm,wx /s is locally free of rank one
with fibers

le*wx/s/msle*wX/S ~ Hl(Xs,st).

It thus suffices to find, for any prestable curve C, a 1-cocycle with values
in we with non-vanishing value under the integral defining ®. And indeed,
any U;; C C being an annulus A\ A, (where we assume U; meet the inner
boundary A,) we may put o;; = 2z~ 'dz with z the linear coordinate on
A. Then using integration by parts and p;laa =0, piloa, = 1 we obtain

/aij/\épi = / 27 Ydz A Op; = / 27z = 27 # 0. O
c A\A, 8A,

Notice that an isomorphism R'm,wx /s = Og is unique up to multipli-
cation by an invertible holomorphic function. Thus the isomorphism given
here differs from the analytification of the algebraic trace isomorphism only
by such multiplication.

To complete the explicit (analytic) description of algebraic relative
duality we just have to compose the trace isomorphism with the Yoneda
pairing.

PROPOSITION 5.4. —  The algebraic duality morphism (5.15) is
locally analytically given by

O F ©uxss)— @0 (@) — (60) - x L [y, (2522 60 7001
]

! |

ﬂil)(]:v ®wx/5)——+(7r£0)}-)v (as5) — ((ﬁz) — X Zfr/z oy (@) A 5p¢)
4

for some invertible holomorphic function x on S. O
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