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BOUNDED DOUBLE SQUARE FUNCTIONS

by Jill PIPHER (*)

1. Introduction.

Suppose f(x), x € R?, is integrable with respect to (1+|x|?)"@*1/2
and let f(t,y) be its Poisson integral in the half space
R4 = {teR%y>0}. For 0 <y < oo, the area function of f(t,y) is
defined as

1/2
Af(x) = (L IVf(t,y)Izy""dtdy>
y(x)

where TI',(x) is the cone {(t,y):|t—x|<vyy}. The following is proved
in [4].

Tueorem 1. — If A,fel®, thgn for all cubes Q,

cllf—(.f)le)
exp| ————5—)dx < C,,
L p( IAfI12 2

where ¢, > 0 and c, < oo are constants depending only on the dimension d
and the aperture 7y and where (f)q is the average of f(x) over Q.

Because fe BMO if A, feL®, exponential integrability of |f—(f)ql
over the cube Q follows from the John-Nirenberg Theorem and it is the
exponential square integrability, which is sharp, that is the assertion of
Theorem 1. In this note we extend Theorem 1 to the bidisc case of two
parameter kernels.

Just as averages over Q of functions of |f—(f)q| occur in the classical
definition of BMO, the extension of Theorem 1 to the two parameter case

(*) This work was partially supported by NSF Grant # DMS 80-02955.
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will involve the expressions used by Chang and Fefferman [3] in their
characterization of BMO in the bidisc. Fix a smooth even function (z)

supported on [—1,1] and satisfying '[W(x) dx =0 and

J‘Iql(x)lz/xdx:l. Write (t,y) for the point (t;,y,,t;,y,) of

RZ x R%2, so that t = (t;,t;)eR? and y = (y,,y,)eR, x R,, and
define

(L (
(D () = Y1 v (J’l)h v ()’2)'

When I is a dyadic interval, let I* denote {(t,))eRZ:tel and
|1|/2<y<|1]} and when R=1Ix1J is a dyadic rectangle, set
R* =1* x J*. Then for 0 < a < oo and for fe L., (R?), we define

Jra(®) = ﬂk‘f * Y, OV, (t—x) dtd_;’

where V,, means replacing y by ay in(1.1) and

dt dy

y
abbreviates

dtl dtz dﬂ dﬂ
Y1 )2

Also for Q c R? open, we define
Fﬂ,a(x) = 2 fR.a(x)'

RecQ
R dyadic

Then Chang and Fefferman [3] have characterized the bidisc space BMO
(dual to the space H'! of functions whose square functions are integrable)
by the condition

(1.2) IFqall3 < C.lQ|
for all Q and for any o. Moreover, if fe BMO, then

j exp [cuan,a”l/Z < CIQIa
Q

which is the appropriate analog of the John-Nirenberg Theorem.
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For 0 <y < o, the square function of fe Ll (R?) is defined as

dt dy |/?
8,/ (x1%5) = [ j f % O }]
Tyxp) JTy(xp) y
where
dy
dt —
y2
abbreviates
dy, dy,
dt, dt, — .
P2 (51,)? (3y)?

Then S, is a two parameter form of A, and we have

THEOREM 2. — Suppose fe Ll (R?) and S,feL®. Then there exist
constants c, and o., depending only on vy, and c,, independent of vy, such
that for all open Q < R?,

01|Fna|]
ex 2 ldt < ¢,|Q].
L "(MS,fu,,, 214

We wish to make a few remarks about the dependence on y of the
expression Fg, in Theorem 2, which is in contrast with the situation in
Theorem 1. Let us set, for xeR?,

(1.3) Fo(x) = ” S * Yy ()Y, (t—x) a2,
. JJenerd y

an idea which originates with Calderon. Taking the Fourier transform of
both sides and invoking the normalization jl\f!(x)lz dx/x =1, we find

that F,(x) = c,f(x), where |c,| < 1. Consequently, for any cube Q,

IFG—(FG)QI =ca|f_(.f)Q| >
and in R? we may just as well use F,, rather than f.

There are two reasons we must use Fg, in the setting of product
domains. First, Carleson [2] has shown that the dual of H*(R xR) cannot
be defined in terms of mean oscillations over rectangles, and thus there is
no simple analog of the clean geometric definition of BMO(RY) for
product domains. The second reason is technical : o must be so large that
certain rectangles fit into certain cones (see the proof of Theorem 2 at the
end of Section 3).



72 JILL PIPHER

We also note that one usually sees o = 1 in definition (1.2). The proof
of Theorem 2 will show that one can take a =1 when S,feL® for a
cone I', which is sufficiently wide.

The crux of the argument for Theorem 2 is a corresponding result for
double dyadic martingales. In section 2 we prove a vector-valued form of
Theorem 1 which, by an iteration, yields the double martingale result. In
section 3 we derive Theorem 2 from its martingale analog using a technique
from [4].

This work appears in my doctoral thesis and I would like to thank my
advisor, Professor J.B. Garnett, for his tremendous support and
encouragement while I was completing this work. I would also like to
thank Professor S.-Y. A. Chang for bringing this problem to my attention
and for many helpful conversations.

2. Double dyadic martingales.

Let &, be the o-field generated by the dyadic intervals of length 27"
in [0,1]. The expectation of f on &%, is

E(f1#,) = "ZZ NXi(x).
n= -n
A dyadic martingale is a sequence {fy.f}.f2,...> such that f, is measurable
to &, and E(f,,,|#,) =f, forall n. Set d, = f, — f,_, and define the

1/2
square function of f by Sf(x) = (Z d,f(x)) . We assume that

Jo=4dy =0. A double dyadic martingale can be written as a doubly
indexed sequence {f,,} where {f, .} is a dyadic marginale relative to n
for each fixed m, and also a dyadic martingale in m for each fixed n. In
particular, f,o =foon =0 for each n and m. If
dom = fom — Jfa=1m — fam-1 + fa—1.m-1, then the square function of f is
defined to be

In this section we determine the sharp order of integrability of a double
dyadic martingale whose square function is uniformly bounded. The
strategy is to find the precise dependence on p of the constant c, in the
inequality ||fll, < c,lISfll,. The following lemma appears in [4].
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N
LEmMA 2.1 (H. Rubin). — Let fy = Y, d, be a dyadic martingale and
n=0

let o be any positive number. Then
Cx2 N
Jexp(afN -=Y d,f) <1.
2 n=0

CoROLLARY 2.1(a). — There exists a constant c, independent of N,

such that
CIfN|2 )
€X < 0.
I "(HSan;

COROLLARY 2.1(b). — For p =2, and f* =supl|f,|,
I/*1l, < C/PISAI, -

For the proofs of these corollaries, see the arguments given later in
connection with Lemma 2.2.

If f,. is a double dyadic martingale, Lemma 2.1 immediately yields

az N N 2
Iexp <afN'N -5 ;0 < 2=:o d,,_,,,) ) dx, < 1.

N N 2
S%fN,N(xlsxz) = Z (Z dn.m) (x1,%2),

n=0 \m=0

Set

the square function taken with respect to the single index n. Then we have

W, < C/PIS NI, P =2

with, of course, C independent of N and p. We need, then, an L? norm
inequality between S,f and Sf. This can be given in a more general
framework.

n N
LEMMA 2.2. — Suppose Xi = Y di, j=1,2,...,m, is a sequence
q=0

n 1/2
of dyadic martingales and set SXi = < Y (d{;)z) , the square functions of
q=0
the Xi. Then

Jexp( 1+ i (Xi)? — i SZX{;)dx <e.
j=1 j=1
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Proof. — Set
m m k 2 m
Av=Y XD*=Y (Z df,) s De=Y @)3?,
j=1 j=1 \g=0 j=1
and '
rn=2 z Xi_,di.
j=1
Consider
,/1+£ ol)? ,/l+£ o +d)?
Ee ™' |#F..)=Ee "' |#.)

= E(e‘/'“"—'w"*'"l fn—l)

1
= -2_{8\/1+An—l+Dn+Ir,,| + e\/|+A,,_,+Dn_|,n|}.

This last equality follows from the fact that both A,_; and D, are
measurable with respect to %#,_, and r, merely changes sign on either
half of the intervals of length 27 "*!. Using the estimates

J1+x<1+x/2 and cosh x < ¢, we have

E(e/"*"|#,_))

Dn_lrnl
+1/2 exp [m<l+m__l))]
/14401 4 o= m)
2

Iral
= e\/l+An—leDn/2‘\/l+An—l(e

oA T,
s e\/l"'An—leDn/Z cosh (#__>
2/1+A,_,
< e./1+An_leD,,/2e|r"|2/8(l+A,,_,).

Since, by Schwarz, r? < 4A,_,D,, the last expression is at most

eV 1+ An—1gPn2An_ 1Dy20+Ay ) V1 +An—1gPn2e0n2  — e(\/l+A"_|+D,,)'

Therefore,

" n—1
E(e\/I+A"_kEODk|fn—l) < exp I:\/ 1+ An—l - Z Dk:l

k=0
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Consequently, the sequence {g,}n-o, -Where

8m = €Xp (\/1_+_A- - kz:o Dk>

is a supermartingale, and E(g,) < E(g,) = e. a
We adapt Lemma 2.2 to double dyadic martingales by regarding
N N 2
Sifun= Y (Z d,,',,,) (x;,x,) as a sum of squares of dyadic
n=0 \m=0

martingales with respect to m in the variable x, with x, fixed. Each X}
in Lemma 2.2 can be replaced by aX/ and we obtain the following
corollary.

CoroLLARY 2.2(a). — (IS, f] ”U'(dxz) < C\/;”Sf "U’(dxz)'

Proof. — We first want to estimate |{S,f>2A,Sf<eA}|. The proof
uses some standard arguments.

Let

sif= |3 (2': o)

n=0 \m=0

and set Stf= sup Sf. For fixed x,, {x,:Stf>A} determines maximal
0<r<N
dyadic intervals {J,} such that

N T 2
@ Y (Z d,,',,,) >A? on J,,
n=0 \m=0
N /r_y 2
G Y (Z d,,,,,,> < A? on J,,

n=0 \m=0
(iii) {Stf>A} = UJ,, a disjoint union.
Fix such a J,. Then Lemma 2.2 yields

ey ol (5 a))' - f § a]eom

=0 \n=rpy) n=0m=ry |

Decompose {S}f>2A} nJ, into intervals {Ji} such that

t; = inf {t: i (Zt: d,,,,,,)2>(27u)2}.
n=0 \m=0
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By the definitions of ¢; and r, we have ¢; > r,. If t; = r,, it follows that
Ji n {Sf<eA} = &, so we consider only those J; for which ¢; > r, + 1.
Since ¢ is arbitrary in (2.3) we have

N t 2 N t
J._ exp [a Yy ( Y d,,,,,,> -2y 3 d,f,,,,] dx, < e|J,|.
J;‘n{sfsal) n=0 \m=r}_, n=0m=rp

But

N t 2
Z( 3 d,,,,,,) =20 — A — €\,

n=0 \m=rp 4
so that
ITn{Sf<er} [ ~he="H < o|], .
Summing over the Ji in each J, and then summing on the J, yields

[{S*f>20,Sf<eM}| < ™1~ |5k 150 )|

This good-A inequality is used in the usual way to estimate ||[S; fllLr (-
Take a = (1—g)/2e*\. Then

f(S’{‘j)‘p dx, = Zpr AP {SYf>20}| dA
o
2 —1/4(1 —efe)? *
< > (Sf)P dx, + 2Pe /4 | (Stf)Pdx,.

Solving for € to insure that 27 e~"%'-*"%/4 ~ 1/2 gives 1/e* ~ Cp, with
C an absolute constant, and so

f Stfdx, < (Cy/p)” JS”fdxz. O
We can now integrate in each variable separately, obtaining

24 funllrasig < CVPIS A lr e iy < CPIST o s, axy -
And, if [ISfll, <1,

N
c?
J‘edi’N‘ dx, dx, < Z: —' ”fNN”p < ©,

when ¢ is sufficiently small. This proves the double dyadic form of
Theorem 2.



BOUNDED DOUBLE SQUARE FUNCTIONS 77

Remarks. — There are several. First, Lemmas 2.1 and 2.2 hold for
continuous local martingales, with the Ito calculus replacing the
computations for conditional expectation. R. Banuelos (personal
communication) has proved, by probabilistic means, results like
Theorem 1, and we would expect that similar results could be obtained for
the square functions generated by Brownian motion in two independent
variables.

Second, although the iteration method does not give the sharp constant

¢ for which J‘e"fN»N'/ Wle < oo, the following example shows that there

exists a ¢ such that lim J NN = oo, Let {r,} be the sequence of

N-o

Rademacher functions on [0,1] and set

funCon) = ¥ S r()rm0)-

n=0m 0

Then S*yn(x,y) = 1. However,

c N N
‘[ J eNNEY dx dy = [cosh (—— Z "m(}’)>:| d
N =0

—

1 N /N N
= 2_”20(/) Jexp (% (N—2¢) mgo r,,,(y)) dy
1 N\ N /N c
=FZ;)({)kgo(k)exp[ﬁ(N—Zf)(N—Zk)]
ecN
Z N

which tends to oo with N if ¢ is large enough.

Finally, suppose {e,,} is any sequence such that ¢,, = + 1.

Inequality (2.4), together with the fact that ||Sf]lLr @y, ax,) < CPISlLpax, axy
for p > 2, yields

LY dum

n,m dn.m ’

4

<B,
p

where B, is asymptotic to (p)>. For single index dyadic martingales,
Burkholder has given the sharp result, namely that B, is p — 1.
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3. Proof of Theorem 2.

We reduce to the double dyadic case, using a method from [4], where
the following lemma appears.

LemMMA 3.1. — Let % be the family of all dyadic intervals of length at
most 2*. Then 4 =%, U %,, where:

(1) There exists an x; such that 1€ Y; =>Tcl + x; for some dyadic
interval T of length at most 8|1|. (Here 1 is a 3-fold enlargement of 1.)

QU 1, Le%, 1, #1,, then I) £ 1.

We are assuming S,f< 1. Fix Q =[0,1] x [0,1], fix an a to be
determined later, and set

RcQ

d
Fn,a(x) = Z fj f* ‘I’ya(t)‘lly(t_x) dt_y = Z Fk,a(x)'
RcQ R+ y
R : dyadic
Each Fy(x) has mean value zero in each variable separately and has

support in R. Using Lemma 3.1, we split the family of dyadic rectangles
into four distinct families .%; with the properties :

(1y If ReZ;, then there exists a dyadic R’ such that
Rel'+x;x¥+y, and |R|<64[R|.

Q) If R, R,e#; and R, #R,, then R} # Rj.

Then Fg(x) =Y ) Fr(x). We claim
j ReQ
! Re!t’j

< CplQ|'?.

P

(3.2)

Y, Fr
RcQ
Rez’j

Theorem 2 follows immediately from (3.2).

The left side of (3.2) is the L? norm of

8i(x1x;) = Z Fr(xy—x;,x2—y) .
RcQ
Re.?j
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If R’ is the rectangle associated with R as in (1)’, set

8r = Fr(x—x1,x,—x)

and observe that gg. has supportin R’. Moreover, each R’ in this sum is
contained in Q;, a translate of an enlargement of Q. We express g; asa
double dyadic martingale by expanding in Haar series :

(3.3) &=X (2 (gm,hgo)) g

where hy) = hy(x;)hy(x;) and the Haar function hy equals |I,|~'> on
the left half of I (- 1)|Io| 12 on the right half of I and zero elsewhere.
If a rectangle R, appearing in the expansion (3.3) is not contained in R’,
then (gk,,hko) = 0, because either hlo or h,o will be constant on the
support of g;. (Recall that g; has mean value zero.) Therefore

= Z( z (gkl,hko))hko.
Rg \R'2Rg
The martingale squaretfunction of g; is then

Sigixo) = ¥, |Ro|{ ) (gk’hl‘o)}

Rgax R'2Rg
and we claim

34 S2g:(x0) < C,,all xq

where C, depends only on a = a(y). It is easy to see that (3.2) follows
from (3.4). Indeed, by (2.4),

llg:ll, < CpliSagill, < CplQI'

since S,g; is bounded and has support in Q;.
To prove (3.4), we need an estimate for (gg,hg,)-
dy

c|Ro|? dt
Lemma 32. — |(gwhg))| < IRel, I * ¥ (91> —-
IR’ R+ y

Proof. — lj‘l’y,(tl _xl)hlo(xl) dx,

= | IN&,(H —x1) = ¥, (ty —X) ]y (x,) dx,

Wil ol
S0 0

I |h10||x1 Xildxy < |Vl
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So

3/2
x> bl < C ” 1 * )12 B&',—“L;’X

3/2
'ﬁ;’,'lz ” |fw,,.(t)|2‘“"y

because y ~ |R| and |R'| < C|Rg].
Proof of (3.4). — We have

Sdgl_ IR I{ Z (gR9hR0)}
Rpaxp IR0l (R'2R,
<C ¥ { IRyl H % VO dt—}
\ RoaxolROI R'2Ry |R,|2 e
1/2 2
et 5 BRI vt
Rox (R'2R

by the Cauchy-Schwarz inequality. Hence for 0 < B < 1,

IR dtd Ry[\2-®
Sig<C ¥ Z( °') ” rx 0P EL. 5 (ﬂ)
RoaxORQRO |Rl R:Ro |R|

Observe that
IRoI>2“"” k(] —
- = (2 m2 )2(1 )]
n'§x0 ( IR| y:;t m =§';'|lo| IJ'|=;‘|JOI

and this is finite whenever 2(1—fB) > 0 since only one I’ and J' of each
possible size appears in the sum. Therefore

Siatxo <C (&) [l If*‘lfy«(t)lzdtdy
axg Rp2

<cy ¥ ('R‘," I w,a(mz
Raxg Rk \IR'I

where this last inequality comes from the estimate

s (R -53 5 3 @,

RosR' n ¢ llg=2""1| Jol=2"%\¥)
which is finite if B > 1/2. From the definition of V,,(x),

dtd dtd
f j f % V(1?52 < @ j f % %01 S 2.
R+ y {te RaR|2<y<alRl}

o
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At this point, we choose a large enough so that R; is contained in
T, (xo,1 +x;) x I'y(xo,2,+y;) (for xo\=|(xo,1,xo,2)) for each rectangle R in
this sum.- (See fig.3.5.) This is possible since R'sax, and
R = R’ + (x;,y), with |R’] < C|R]|. Furthermore,| toleach R’ there is
associated a unique R, and therefore

dtd
Y Ij If % ,(0)12 —TX < S2f(x0,1 +XisX0,2+y) < 1.
R'axg JJRY ={reRy~alR]) y

This proves (3.4). O

Observe that by introducing the kernel V,,, o = a(y), we have
obtained, in the estimate above, a sum over elongated tops of rectangles
which corresponds to S,f. For a smaller a, one obtains a sum
corresponding to S,,, a square function with larger aperture. There is,
however, no guarantee that S,eL®. Peter Jones (personal
communication) has constructed a function such that S, eL® but
S,¢L®.

AN
N

Ty(xo,1+x)

r I
t Xo,1 + X4 I’+§,

a
‘ Fig. (3.5). -The one-variable representation of the situation in the proof of (3.3).
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