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MAXIMAL S-EXPANSIONS ARE BERNOULLI SHIFTS
BY

CoRNELIS KRAAIKAMP (*)

RESUME. — Nous montrons dans cette note que les systémes sous-jacent a une
classe de développement en fraction continue (les ( S-expansions maximales)) sont
tous isomorphes, ce qui entraine que ces systémes sont de Bernoulli. En particulier, le
systéme associé a la fraction continue optimale,qui est une S-expansion maximale, est
de Bernoulli, donc K, ce qui répond & une question de Pierre Liardet [L].

ABSTRACT. — In this paper it is shown that the systems underlying any two
maximal S-expansions are isomorphic, and from this it follows that these systems are
Bernoulli. This answers a question, recently posed by Pierre Liardet [L], whether the
«underlying ) ergodic system of the Optimal Continued Fraction (OCF) forms a K-
system, since the OCF is a maximal S-expansion.

1. Introduction

Let z be an irrational number between 0 and 1. The expansion of x as
a regular continued fraction (RCF) is denoted by

(1) x=[O;Bl,B2,...,Bn,...],

where B, € N, n > 1. Finite truncation in (1) yields the corresponding
sequence of regular convergents (P,,/Qn)n>—1.

Define the RCF-operator T : [0,1) — [0,1) by :

1
Tx := 1 —[—], x#0; T0:=0.
z x

(*) Texte regu le 17 juin 1991, révisé le 4 mai 1992.
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118 C. KRAAIKAMP

Here [-] denotes the so-called entier (or floor) function. Furthermore, if
we define the function B : [0,1) — N U {oo} by

1
B(z) == [;] z#0; B(0):= oo,
then the regular continued fraction is the process (in the sence of [OW])
associated with T" and B, i.e. Bh,11 = B(T™(z)). Hence, if x has the
expansion (1), then T'(z) = [0; Ba, ..., By, ...]. Put

Qn—l
y > 0,
Qn -

then T,, = [0; Bp+1, Bn+2,...] and a simple calculation shows that

T,:=T"(z), n>0; V,:=

Vo =1[0;Bp,...,B1], n>1; Vp=0.

Moreover, (Ty, Vn)n>0 is a sequence in £ := ([0,1) \ Q) x [0, 1].
Fundamental in the theory of S-expansions is the following theorem :

TueoreM 1 ([NIT], 1977; [N], 1981). — Let B be the collection of
Borel-sets of Q and let u be the probability measure on (Q, B) with density
(log2)~Y(1 + xy) 2. Define the operator T : @ — Q by :

T(z,y) = (T:c, m ), (z,y) € Q.

Then (2, B, u, T) forms an ergodic system.

Notice that for each irrational number z one has :
T™(x,0) = (Th, Vp), n>0.

Here and in the following

[ag; €101,€2a2, - .. ,Enan, . . .|
is the abreviation of
€1
(2) ap + )
€2
a +
En
az +---+
an + PPN
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MAXIMAL S-EXPANSIONS ARE BERNOULLI SHIFTS 119

where ag € Z; a; € N, ¢; € {1}, for i > 1. We call [ag;e10a1,...] a
semi-regular continued fraction (SRCF) in case €; +a; > 1, €41 +a; > 1,
for 7 > 1 and infinitely often ;41 + a; > 2. Finite truncation in (2) yields
the sequence of convergents (r,/sp)n>—_1, which converges to a unique
irrational number z in case [ag; €101, . ..] is semi-regular.

A SRCF-expansion (2) is a fastest expansion of z in case the growth-
rate of the denominators s,, is maximal. One can show that this means that
these denominators grow asymptotically as fast as the denominators of the
nearest integer continued fraction (NICF) expansion convergents of z, (see
also [B, sect. 3]). Closest expansions are those expansions of x for which
sup{0; Ox = sk | Skx — 7|,k > 0} is minimal. Every irrational number x
admits an expansion for which 6, < % and k > 1, given by Minkowski’s
diagonal continued fraction (DCF). In general the NICF does not yield
closest expansions, while the DCF does not yield fastest expansions.
An expansion which is always both fastest and closest for all irrational
numbers z is the Optimal Continued Fraction (OCF), see [BK1], [BK2].

Now let  be an irrational number, and let (2) be some SRCF-expansion
of z. Suppose that we have for a certain k£ > 0 :

ag+1 =1, €pt1 =¢€g42 =1
The operation by which the continued fraction (2) is replaced by’
[ao;ﬁlal, ooy €k—10k-1,€k(ak + 1), —(akt2 + 1), €x43ak+3, - - -]7

which again is a SRCF-expansion of z, with convergents, say, (¢, /dn)n>—1,
is called the singularization of the partial quotient ax41 equal to 1. One
easily shows that (c,/dp)n>—1 is obtained from (r,/s,)n>—1 by skipping
the term ry/sg. See also [K1, sect. 2 and 4].

2. S-expansions
A simple way to derive a strategy for singularization is given by a
singularization area S.

DEFINITION 1. — A subset S from Q is called a singularization area if
it satisfies :

(i) S € B and u(dS) =0;
(ii) Sc ([3,1)\Q) x [0,1];
(iii) Zg NS = 0.

1 In case k = 0 this comes down to replacing (2) by [ao + 1; —(a2 + 1), e3a3, €404, .. .].
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120 C. KRAAIKAMP

0 % g 1

Figure 1.

Here and in the sequel we put :

g:= %(\/5—1), Gi=g+1=g"

REMARK 1. — Consider the following singularization area S*, where
§* = [3.9] x (0,9 U (9,1) x (0,9),

and let S be some singularization area. Put Sy := SNS*, Sy := S\ S (see
also figure 1). Then by invariance of u, due to definition 1 (iii) and from
the fact that S* U7 S* covers the rectangle containing any singularization
area it now follows that :

p(S) = (T S1) + p(S2) = (T 51 U S2)

" N log G
< (TS = p(s7) =1- ==
log 2
Thus we see, that
log G
0<u(S)<1- —— =0.3057...
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MAXIMAL S-EXPANSIONS ARE BERNOULLI SHIFTS 121

see also [K1, thm (4.7)]. A singularization area is called mazimal in case

log G
n(8) =1- :
log 2
DEFINITION 2. — Let S be a singularization area and let x be a real

irrational number. The S-expansion of x is that semi-regular continued
fraction expansion converging to x, which is obtained from the RCF-
expansion of z by singularizing B, ; if and only if (T},,V,) € S, n > 0.

REMARKS 2.

(i) We need the condition u(8S) = 0 on S to draw the following
conclusion. Let  be an irrational number, with RCF-expansion (1), and
let A(S, N) be defined by :

A(S,N):=4{0<j < N; (T;,V;) € S}.

Then we have for almost all z (see also [K1, 4.6 (ii)]) :

. 1
dm 5 A(S, N) = u(S).

(ii) It is impossible to singularize in the RCF-expansion (1) of an
irrational number z a partial quotient greater than 1, and still obtain
a SRCF which converges to z, (see [K1, cor. 1.10]). It is for this that each
singularization area S must satisfy S C [%,1) x [0,1].

Some examples of singularization areas are :

1. — Spief = [%71) x [0,g]; this area, which needs some minor
modifications in order to satisfy the above definition 1, see S* from
remark 1, yields the nearest integer continued fraction (NICF). The
area Spict is maximal; see also [K1, sect. 4].

1
2.— Sycf 1= {(T, V)eQ; > 5} ; this area yields the diagonal

1+TV
continued fraction (DCF) of Minkowski; it is not maximal, see [K2].
2T —1
1-T
the OCF and is maximal, see also [K1], [BK1].

Let S be a singularization area and let x be a real irrational number,
with RCF-expansion (1) and RCF-convergents (P,/Qn)n>—1. Further-

more, let [ag;€1a1,...,Ekak,-..] be the S-expansion of x, with conver-
gents 1 /sy for k > —1. Define the shift ¢ by :

3. — Socf = {(T, VYeQ; V< min(T, )}, this area yields

t(x — ap) = [0;62(12, e, ERQE, - - ]
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122 C. KRAAIKAMP

For a fixed « and for £ > 0 we put :
tr :=t*(z — ag) = [0;€k1ak+1, Eh+2Qh+2, - - -],
Uk = Sg—1/8k-

One easily shows, see also [K1], (1.4) and (5.1), that
Vg = [O;ak,ekak_l,...,sgal], k>1; vo=0.

We have the following theorem :

THEOREM 2. — Let S be a singularization area and put :
As:=Q\S, Ag:=TS, A}l:=Ag\Ajz.

Then one has :
(1) The system (Ag, B, ps,Os) forms an ergodic system. Here pg is
the probability measure on (Ag, B) with density

(1= u(S))log2) ™ (1 + zy)~2

and the map Og is induced by T on Ag.

(2) (T, V) € S < P,/Qn is not an S-convergent.

(3) If P,/Qn is not an S-convergent, then both Pp,_1/Qn—1 and
Poy1/Qny1 are S-convergents.

(4) (Tn, Vi) € AL if and only if

1=P,_ TkZP
ak:{’“’“ n-1, " and tp =T, v = V.
sk—len—la SkZQn a4 k " k "

(6) (Tn,Vn) € Ag if and only if

. Th—1 = Pn_2, 1= Py, _ —Tn 1
Hk'{sk_len_z, Sk:Qn and ti = ) ’Uk—l Vn
(See also [K1, thm (5.3)].)
In view of THEOREM 2 we define the map M : Ag — R? by :
(T,V) if (T,V)eA};
M(T,V) =

(iT—T71~V> if (T,V)eAj.

We have the following theorem :

TOME 121 — 1993 — ~n° 1



MAXIMAL S-EXPANSIONS ARE BERNOULLI SHIFTS 123
THEOREM 3. — Let S be a singularization area and put Qg := M(A).
Let B be the collection of Borel subsets of Qs and let pus be the probability
measure on (g, B), defined by :
us(E) :=ps(M~Y(E)), E€B.
Furthermore, if we define the map Tg : Qs — Qg by
Ts(t,v) := M(Os(M™1(t,0))),  (t,v) € Qs,

then Tg is conjugate to Og by M and we have :
(1) For each irrational number x and for each k > 0

(te,ve) € Qs and Ts(tr,vi) = (tks1, Vkt1)-
(2) (s,B,ps,Ts) forms an ergodic system. The entropy of Ts equals

_ hT) 1 2
h(Ts) = 1—u(S) ~ 1—p(S) 6log2

(3) ps has density ((1 — p(S))log 2)—1(1 +tv) 2

REMARKS 3.

(i) Due to the way in which it is constructed it follows that
(s, B, s, Ts) is the two-dimensional ergodic system underlying the cor-
responding S-expansion. Now let the map fs : Qs — R U {oo} be
defined by :

Fs(t0) = % [~ () ens,

where 71 is the first coordinate function of 7g. Among other things we
then have (see [K1, thm (5.11) and cor. (5.12)]) :

fs(t,v) €N for (t,v) € Qs andt#0;
Ts(t,w) = (| 2]~ fstt0), !
t

sgn(t).v + fs(t,v)
ak+1 = fs(tg,vg) for k>0, where (to,v9) = (z — ao,0).

) for (t,v) € Qg;

Thus we see that the S-expansion is the process associated with 7g and fs.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



124 C. KRAAIKAMP

(ii) It is not always possible to give a closed expression in ¢ and s
of the function fg, but in some cases, when 0S is sufficiently smooth,
this turns out to be possible. For example, let the singularization area S,
for 1 < a <1 be given by?

So = [a, (1= @)/a) x [0,9) U [(1 — @)/, 1) x [0,1]
for % <a<gand
S :=[a,1] x[0,1], g<a<l

For each a € [% , 1] we now have, see also [K1, sec. 6] :
1
fs.(t,v) = [l—‘+1—a], (t,v) € Qg,.
t

The S-expansions generated by the singularization areas S, are the
so-called a-expansions. These a-expansions were introduced and studied
by H. NakaDA in [N]. For a closed expression in ¢ and v of facr (resp. foct)
the reader is referred to [K2] (resp. [BK1]).

3. Each maximal S-expansion is Bernoulli

For some S-expansions it is known that properties stronger than
ergodicity hold; In [N], H. NaAkADA showed that for each a-expansion,
with % < a < 1, the «underlying» system (Qg(ay, B, s(a)s Ts(a)) i8
Kolmogorov.

In [FO], N.A. FriIEDMAN and D.S. ORNSTEIN proved that each invertible
transformation on a probability space, which has a weakly Bernoulli gene-
rator, is a Bernoulli-shift. Here we apply this result to the transformation

)

N

TI/QZ [—%7 %) — [—%)
defined by

[1/z| = [|1/x|+ 3] if z#0,

Ty /2() := {
0 if x=0.

t In case % < a < g the definition of S, needs some minor modification in order to
satisfy definition 1. Notice that 51/2 = Shict-

ToME 121 — 1993 — ~n° 1



MAXIMAL S-EXPANSIONS ARE BERNOULLI SHIFTS 125

For each irrational number z this transformation yields a unique SRCF-
expansion of x, the nearest integer continued fraction (NICF) expansion
of z.

In 1979, G.J. RIEGER [R] showed that the generator of this NICF-
transformation 77,3, equipped with the probability measure with den-
sity d(z), where

(log@) " Hz+G+1)7t if ze[-
(logG)" Yz + G)~! if z €0,

is weakly Bernoulli. Hence, the natural extension of this transformation to
an invertible one is a Bernoulli-shift. In view of THEOREM 3 we therefore
see that :

(3) the dynamical system (Apict, B, pnict, Onict) is Bernoulli.

RIEGER’s result can easily be obtained for any a-expansion; thus we
see that the systems (Qg(a), B, 45(a)> Z5(a)) are all Bernoulli. This raises
the natural question whether more generally properties stronger than
ergodicity can be obtained; for instance, P. LIARDET [L] recently posed
the question whether the OCF is Kolmogorov, or even Bernoulli.

We have the following theorem :
THEOREM 4. — FEach mazimal S-expansion is a Bernoulli-shift.

This theorem is now an immediate consequence of (3) and of the
following isomorphism theorem :

THEOREM 5. — The systems (AS’ B7 pSs, OS) and (Anicf, B’ Pnicf Onicf)
are isomorphic for each maximal singularization area S.

Proof. — In [K1, sect. 4] (for the NICF) and in [BK2] (for the OCF)
it is shown, that in order to obtain the NICF (resp. the OCF), one must
singularize (in a certain manner) exactly [% (m+ 1)] partial quotients in
each block

L) Bn#la Bn+1=17---a Bn+m:1, Bn+m+17éla---

of m consecutive regular partial quotients equal to 1 (here m € N; in
case n = 0 we do not need to assume that B,, # 1). We will show here, that
after removing a certain set of measure zero from (2, the same property
holds for any S-expansion with a maximal singularization area S. Once
this property is established, an isomorphism follows in a natural way.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



126 C. KRAAIKAMP

Define for each m € N a sequence of m consecutive rectangles R,
TR, ..., T™ IR,,, where :

- [Fin/Fmt1, Fmya/Fmys) x [0,3) if m is even,
m =
[Fint2/Fmt3, F/Fmi1) % [0, %) if m is odd.

Here (F})r>0 is the Fibonacci sequence
0,1,1,2,3,5,8, ...

The rectangles R,, (with m € N) are introduced here to characterize
points at the beginning of a sequence of m consecutive partial quotients
equal to 1. The intervals [Fyn/Fmt1, Fni2/Fn+3) (in case m is even) and
[Frn+2/Fm+3, Fm/Frmy1) (in case m is odd) give the number of 1’s, while

the interval [0, %) expresses the fact that we are at the beginning of such
a string of m consecutive 1’s. Put

Rmi =T Rm (0<i<m-—1),
and notice that by invariance of p one has :
#(Rmi) = w(Rm;s)  (0<4,5<m—1).
Define moreover
Ui =RmiNS, Wpmii=Rpm;NS° (0<i<m-—-1);

then {Uy, s, Wp,i} forms a «partition» of R,,; (notice that one of Uy, ;,
Wi, ; might be empty). Now let ¢ € {0,1,...,m — 1}, then each one of

{T Um0, TWino},- -y {Umyis Winsi }r - - -
e AT Yy T TOW, 1)
forms a «partitiony of Ry, ;. Put :
Prnsi = {T Um0, T Wmo} V...V {Umis Wini}
Vo VAT Yy, T OW, 1 )

Then P,,; forms a finite partition of R,,;, and for each 7,7 in the set
{0,1,...,m — 1} one has that (with a slight abuse of language)

i
v : Pm,i i 'Pm,]‘

TOME 121 — 1993 — n° 1



MAXIMAL S-EXPANSIONS ARE BERNOULLI SHIFTS 127
forms a bijection. Now let A € P, ¢ be such that pu(A) > 0 and put :

TFA if 0<k<m-1,
Ak:=
0 if k>m.

Notice that the definition of Py, o implies that Ay NS # 0 is equivalent
with Ay C S. But then it follows from definition 2 that we have, in
case (Tp,, V) € Aand 0<k<m-—1:
singularize Bpixy1 if and only if Ax NS # 0.
Now suppose that k4 < [% (m+1)], where
KA ::#{k; 0<k<m-1, A;JWS#@}.
Putting

S* = (S\"OlAk) U (G Azk),
k=0 k=0

one easily verifies that S* satisfies all three conditions of definition 1, i.e.
S* is also a singularization area. Due to u(A) > 0 we moreover have, that

u(5%) = u(S) = ([ (m+1)] = ra)u(4) >0,

which is impossible, since S is a maximal singularization area. Thus we
see, that for each m € N :

A€ Ppo, w(A)>0 = Ka= [%(m—l—l)].

(Inequality k4 > [%(m + 1)] is impossible due to condition (iii) from
definition 1.) Put :

Ey = {g} X [07 1]a
B = {

T*A; k€Z, A€ Pmyo, n(4) =0} (meN),

E:=EOOU<G Em).

m=1
Clearly one has E € B, u(E) = 0.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



128 C. KRAAIKAMP

1
e Gs
gl
Gy
Gy
0 |

Figure 2. (We have depicted G1,...,G4 in case S = Shpict-)

Now define the bijection ¥ : Ag \ E — Ayicr \ E by
&m) if (§n) € Gi:=(As N Anicr) \ B,
T(&m) if (§m) € G2:=(As\ Anicr) \ E,
and define moreover (see figure 2) :

Gs = (Anict \ Ag) \ E, G4 := (SN Snict) \ E.

Notice that due to the assumption that S is maximal and the definition
of E one has that 7Gs = Gs.

With the above notations we have the following lemma :

LemmA. — $(Os(€,m)) = Ouiet (¥(£,7)), (6,1) € As \ E.

Proof. — We discern the following five cases :

o (§m) €Grand (i) : T(§n) € Gy, (i) : T(§,m) € Go,
(ili) : T(&,m) € Ga;

o (§,m) € Goand (j) : Os(&,n) € Gy, (ji) : Os(€,7) € Ga.

We will show here only the case (jj) ; the other cases are proved in the
same vein.

1/)(§,77) = {
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MAXIMAL S-EXPANSIONS ARE BERNOULLI SHIFTS 129

Let (§,m) € Ga, then Os(&,n) = T?(&,7), and due to Os(§,n) € G2
one has by definition of v that

$(0s(6,m) =T (0s(&,m) = T*(&n).
Moreover (£,1) € G implies that ¥(&,1) = T(£,n) € S, hence
T(¥(&m) =T*(&n) = Os(€,n) € G2 C Sniet,
and one finds
Onict (¥(€,m)) = T°(&,m) = ¥(Os(&,m). [
Since ¥ : Ag \ E — Ayt \ F is a bijection, it at once follows from the

Lemma and from p(E) = 0 that (Ag, B, ps, Og) and (Agict, B, Pnicts Onict)
are isomorphic. [

4. Some corollaries of the proof of Theorem 5

An easy calculation shows, that form >1,0<i<m—1,

Fry1Fmys )i

1
) — 1
H(Rm) = 1o [log i

where (Fj)r>o0 is again the sequence of Fibonacci numbers. For i > m,
put
Rm,i = @

Now let S be some singularization area. Then the set Bg € B, defined by
(4) Bs:=([3,1)x[0,1]nQ)\ (SUT'SUTS),

is called the area of the preservation of 1’s. It at once follows from
definitions 1 and 2 that for any number z with R.C.F.-expansion (1)
one has :

the partial quotient By +1 of z, equals 1 and

is unchanged by the S-singularization } & (In,Vn) € Bs.

We have the following corollary of the proof of THEOREM 5, see also
[K1, thm (4.11)] :
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130 C. KRAAIKAMP

COROLLARY. — Let S be a singularization area, and let Bg be defined
as in (4). Then :
S is mazimal = p(Bg) =0.

One could wonder whether the converse of this corollary holds; i.e. does
u(Bg) = 0 («with probability 1 no partial quotient equal to 1 survives»)
imply that S is maximal 7 We have the following proposition, which easily
follows from the tools developed in the proof of THEOREM 5.

PrOPOSITION. — Let Ry, 5, m > 1, 4 > 0, be defined as before. Put
S* = U {(U Rm,3i+1) U Rm,m—m* })
m=1 =0

where
m* =m*(m) := [%(m+2)]—[%(m+l)}, for m > 1.

Then S* forms a non-mazimal singularization area such that p(Bgs) =0
and one has :

o= = g 2[5 fos( )|

m=1
Moreover, if S € B is a singularization area for which u(Bg) = 0, then :
1(S) = o
REMARK 4. — Using (5) one finds with the aid of a computer, that :
0=0.2776...

Apart from this nothing is known about the constant gp. Compare this
with the case S is maximal. One has :

Shicf = G (D Rm,2z‘>,

m=1 =0

which yields that for S maximal one has

u(S) = _12_ Z L(m+ 1)) f10g (Frns1 Frnts/Fias )|
=1-logG/log2 =0.3057...
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