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DISTINGUISHED REPRESENTATIONS AND
A FOURIER SUMMATION FORMULA
BY

YUuvaL Z. FLICKER (*)

RESUME. — Une nouvelle formule sommatoire de type Fourier est développée dans
le cadre du groupe linéaire, GL(n, E), et du groupe unitaire quasi-déployé U(n, E/F),
ou F est une extension quadratique d’un corps global F'. Cette formule est utilisée pour
réduire la forme précise de la conjecture de [F1] réexprimée ci-dessous & une hypothese
technique locale concernant les intégrales orbitales de type Fourier. La conjecture est
que le changement de base stable (si n est impair) et instable (si n est pair) est
une surjection de ’ensemble (a) des représentations irréductibles automorphes, séries-
discrétes non dégénérées, m, du groupe de points adéliques de U(n, E/F), sur ’ensemble
(b) des représentations automorphes irréductibles, non dégénérées, n’, du groupe des
points adéliques de GL(n, E), induites normalisées d’une représentation, p1 X - -+ X pa,
d’un sous-groupe parabolique de type (ni,...,nq), ol les p; sont des représentations
mutuellement inéquivalentes, distinguées cuspidales et non dégénérées du groupe des
points adéliques de GL(n;, E).

ABSTRACT. — A new “Fourier” summation formula is developed in the context
of both GL(n,E) and the quasi-split unitary group U(n, E/F) associated with a
quadratic extension E/F of global fields. It is used to reduce to a local technical
conjecture concerning matching “Fourier” orbital integrals, the following precise form
of the conjecture of [F1]. The stable (if n is odd) and the unstable (if n is even)
base-change lifting is a surjection from (a) the set of irreducible automorphic discrete-
series non-degenerate representations 7 of the group of adele points on U(n, E/F), to
(b) the set of automorphic irreducible non-degenerate representations 7’ of GL(n, Ag)
normalizedly induced from a representation p; X --- X pg of a parabolic subgroup of
type (n1,...,nq), where the p; are pairwise inequivalent distinguished cuspidal non-
degenerate representations of GL(n;,Ag).

Let E/F be a quadratic extension of global fields with char F # 2,
Ag and A = Ap their rings of adeles, and put G = GL(n), viewed as an
F-group. Put G = G(F), G’ = G(E),G = G(A), G’ = G(Ag), and denote
their centers by Z ~ F*, 7' ~ E*, Z ~ A*, 7/ ~ A} Fix a unitary
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character w’ of Z'/Z’, and denote by L, (G'\G’) the space of (smooth,
absolutely square-integrable on G'Z'\G') automorphic forms on G’ which
transform on Z’ according to w’. An irreducible constituent 7’ of the right
representation 7’ of G’ on L. is called automorphic (it is unitary since
W’ is), in the discrete series if ' is a subrepresentation of r’, and cuspidal
if ' is a constituent, necessarily a direct summand, of the restriction of 7’
to the space Lg,s of cusp forms in L,s. A discrete-series G’-module 7’
is called (G)-distinguished if there exists a form ¢ € n’ C L, such that
A(p) = fZG\G ¢(z)dz is non-zero; naturally we require w to be trivial

on Z ~ A*. Distinguished representations have been studied in various
contexts by WALDSPURGER [W] and others.

Every irreducible admissible G’-module 7’ factorizes as a restricted
tensor product 7' = ®mu), of admissible irreducible representations .,
of G =G(E,), E, = E ®p F,, where v runs through the places of F.
Put G, = G(F,). The G!-module 7/, is called G,-distinguished if there
exists a non-zero G,-invariant complex valued linear form D, on the
space of 7. Such modules have been studied in the archimedean case by
FLENSTED- JENSEN [FJ], Osnima- Matsuki [OM], Bien [B], and others. If
exists, the form D, is unique up to a scalar multiple [F1, prop. 11]. Given
a G’-module 7', for almost all v the component 7, contains a unique-
up-to-scalar K/-fixed non-zero vector &Y, used in the definition of the
tensor product ®x.. Here K| = G(R.), K, = G(R,), R, is the ring of
integers in field F), when v is non-archimedean, and R, = R, ®p E. If
each component , of 7’ is G,-distinguished, and D, (£%) = 1 for almost
all v, then D = ®D,, is a G-invariant complex-valued non-zero linear form
on 7', and we say that 7’ is abstractly distinguished.

If 7' is a distinguished (in the automorphic sense) discrete-series G'-
module, it is clear that each of its components is G,-distinguished, and
by the uniqueness property mentioned above there exists ¢ # 0 such
that A = c¢D, where D = ®D,, as above, and ¢ — A(¢) is the auto-
morphic functional. However, there are abstractly (locally everywhere)
distinguished cusp forms 7’ on G’ which are not (automorphically) dis-
tinguished. In this case A(¢) = 0 for all ¢ in 7/, but D # 0. Examples are
constructed in [F1] when n = 2.

The distinguished cuspidal 7’ are characterized in [F2] by a property
of their twisted tensor L-function L(s,n’,r), that it has a pole at s = 1.
The introduction of [F1] states and motivates a precise conjectural char-
acterization of the distinguished cuspidal 7" and irreducible admissible 7/,
as unstable (when n is even) or stable (when n is odd) base-change lifts of
representations of the quasi-split unitary group. This conjecture is proven
in [F1] when n =2 (and n = 1).
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A FOURIER SUMMATION FORMULA 415

The purpose of this paper is to reduce this conjecture, on developing the
techniques introduced in [F1], to a local conjecture concerning matching
of Fourier-orbital integrals. In particular we obtain a precise form of this
technical conjecture, and our representation theoretic results (which are
reduced to this local conjecture) establish that each generic cuspidal or
discrete series representation of the unitary group base-change lifts to an
automorphic or irreducible G’- or G, -module; moreover the image is de-
termined (in the global case) to be the automorphic G’-modules paraboli-
cally induced from the generic discrete-series distinguished modules of the
Levi factors.

The structure of the paper is as follows. We shall first state our global
representation theoretic results, then state the conjectural statement of
matching Fourier-orbital integrals, then reduce the global results to this
conjecture in harmonic analysis, and finally briefly state and prove our
local representation theoretic results.

The unitary group U = U(n, E/F) consists of all g in G(F) = GL(n, E)
with o(g) = g, where o(g) = J'g~1J~1, J is the n x n matrix whose (i, 5)
entry is (—1)"7%6; ,—;+1, 'g indicates the transpose of g, and § = (gi;)
if g = (9i5); the non-trivial automorphism of E over F' is denoted by
a — a. Similarly we have U, = U(n, E,/F,) (~ GL(n, F,) = G, if v splits
in E) and U = U(n,Ag/Ar). The base-change lifting is defined in terms
of a homomorphism of dual groups (see LANGLANDS [L1]), where the dual
group UofUis G(C) x W/ . The Weil group Wg,p is an extension by
the galois group Gal(E/F) of Wy, (= E* if E is local, = A, /E* if E
is global), explicitly

1

WE/F = <Z S WE/E,O'; oz0 T =%, o2 € WF/F - NE/FWE/E>;

where N/ p is the norm from E to F. The Weil group Wy, acts on the

connected component U = G(C) of U via its quotient Gal(E/F), the
non-trivial element acting as g — o(g) = J'g~'J ™. Let G’ = Resp,p G
be the F-group obtained from G on restricting scalars from E to F' (then
G'(F) = G' = G(E)). On the connected component G'° = G(C) x G(C)
of the dual group G’ of G, the Weil group Wg,p again acts via the
quotient Gal(E/F), and o # 1 acts by o(g1, g2) = (g2, ¢1)- Fix a character
k : Af — C* whose restriction to EXNg,pAj, is trivial, but whose
restriction to A* is non-trivial. The stable base-change homomorphism is

D

b:U = G(C) @ Wiyp — G’ = [G(C) x G(C)] x Wgyp
(gaw) = b(g’w) = (gaag’w)'

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



416 FLICKER (Y.Z.)

The unstable base-change homomorphism by : U— & depends on k.
It maps g € G(C) again to (g,09) € G'°, and o (# 1) € Gal(E/F) to
(I,,—I,)o € G'. Here I,, is the identity n x n matrix. Further, b, maps
z € WE/E C WE/F C fj to (K(Z),R(Z))Z in é/.

To define the lifting, recall that given an irreducible admissible G'-
module 7’ = ®m, there is a finite set V of places of F, containing the
archimedean places and those which ramify in E, such that : for each
place v’ of E above a place v ¢ V of F, the component 7}, of " at v’ is
unramified. For each such v’ there is an unramified character

(aij) +— [ wiv(ai)

1<i<n

of the upper triangular subgroup B, of G,y = GL(n, E,/), such that 7/,
is the unique irreducible unramified constituent in the composition series
of the unramified G,/-module I((p;,)) normalizedly induced from (p;,).
Let 1 = m, be a uniformizer of F,. Denote by t,, = t(n,) the semi-
simple conjugacy class in G(C) with eigenvalues (p;y (7)). For each v’
the map ), — t(m],) is a bijection from the set of equivalence classes of
irreducible unramified G,,-modules to the set of semi-simple conjugacy
classes in G(C). If v splits into v/, v” in E, the component #, = 7/, x 7,
defines a conjugacy class t,s X t,» in G(C) x G(C), and a conjugacy class
ty = (7)) = (tyr X tyr) X 1 in G'. If v(¢ V) is inert in E, and v’ is the
place of E above v, then we put «), for n/,. This «/ defines a conjugacy
class t,» in G(C), and a conjugacy class t, = (t,» X 1) X ¢ in G’ (c #1
in Gal(E/F)).

Similarly given an unramified irreducible U,-module 7, there exists
an [n/2]-tuple (p;) of unramified characters of E) such that m, is the
unique unramified irreducible constituent in the composition series of the
U,-module I((u;)) normalizedly induced from the character

(aij) — ] malai)

1<i<n/2

of the upper triangular subgroup. Then m, is parametrized by the conju-
gacy class t, = diag(p1(my), - - - Mn/2)(Tw), 1,...,1) x o in U. At a place v
which splits in £ we have U, = G(F,), an unramified irreducible =, is
again associated with an induced I((p;(1 <i < n))) and a conjugacy class
t, = diag(p;(m)) x 1 in U.

When v splits into v/, v in E, we define the stable base-change lift b(m,)
of a U, = G,-module 7, to be m, x ?m,, where °m,(g9) = m,(cg) and

ToME 120 — 1992 — ~° 4



A FOURIER SUMMATION FORMULA 417

og = Jtg~tJ~!. The lift is a G, = G, x G,-module, and the lifting
is compatible with the stable base-change homomorphism b : U— &
and the parametrization of unramified U,- and G/ -modules. Moreover,
we have o(z,y) = (y,x) on E, = F, x F,, hence Ng,pE, = F,, and
the component k, of k is of the form k., X Ky with K, = /s;,l. We
define the unstable base-change lift by, (7,) of m, to be T,k X Uﬂ'vii;,l.
This definition is again compatible with the parametrization of unramified
modules and the unstable base-change homomorphism.

When E, is a non-archimedean field we define the stable base-change
lift b(m,) of the unramified irreducible U,-module 7, to be the irreducible
unramified G-module 7, which is parametrized by the conjugacy class
b(t(my)) in G'. The unstable base-change lift by, (my) of such m, is the
unramified irreducible G,-module 7, parametrized by the conjugacy
class by, (t(m,)) in @{, Globally if 7 = ®m, is an irreducible admissible
U-module we define its stable base-change lift b(m) to be an automorphic
G’-module 7’ = ®n!, with 7, = b(m,) for almost all v; the unstable base-
change lift b, () is similarly defined to be an automorphic G’-module
7' = @), with 7, = by, (m,) for almost all v.

Let ¢’ be a non-trivial complex-valued (additive) character of Ag
modulo E (later we will take ¢ to be A-invariant), and ¢’ the character
of the unipotent upper triangular subgroup N’ of G’ defined by

Wm)=v( Y mii)  (m=(my)€N).

1<i<n

An irreducible G’-module 7’ is called ¢’-generic if Homy (7',¢') =
Homg/ (7', Ind(¢'; G’,N’)) is non-zero (see BERNSTEIN-ZELEVINSKI [BZ],
(2.21), (2.28), (5.7), for a definition of induction, Frobenius reciprocity,
and non-degeneracy). By the rigidity theorem of JACQUET-SHALIKA
[JS, (4.4)], if 7} is a generic automorphic G’-module, and 7} is an auto-
morphic G'-module with 75, ~ 7}, for almost all v, then 75 ~ 7]. Hence
if the lift exists and it is generic, then it is unique.

The notion of a local generic G, -module is analogously defined, using
a character ¢, # 1 of N/. The notion of a generic U-module is similarly
defined. Let » # 1 be a character of A/F, and define a character
¥ of the upper triangular unipotent subgroup N(= UNN) of U by
Y(m) = P> 1<icp Misi+1); note that myip1 = Mp—in—it1(1 < i < n),
hence the sum is in A. An irreducible U-module 7 is called -generic if
Hompy(7, %) = Homy(r, ind(¢; U, N)) is non zero. Given zg in E — F, and
1, the character ¢’ can be defined by ¥'(z) = ¥((z — Z)/(xzo — Zo)). We
fix these ¢ and 1_#7.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



418 FLICKER (Y.Z.)

While every cuspidal G’-module is generic, the conjectural analogue
for U asserts only that in every packet of cuspidal U-modules which lifts
to a cuspidal (or more generally, generic) G’-module, there is a unique
generic element. This last statement assumes knowledge of base-change
lifting, and the definition of packets; these are studied in [F3] and [F4]
when n = 2 and n = 3, but have not yet been analyzed for n > 3.
In [F4] a U,-packet is defined as the set of U,-modules which lift to a G-
module. The lifting is defined via a character relation. The coefficients in
the germ expansion of the characters encode the dimension of the space of
Whittaker vectors, and the character relation is used to imply that if the
G),-module is generic, so will be precisely one element in the U,-packet.
Such an argument was first used in the general rank case of the metaplectic
group in the joint paper [FK1] with KazHDAN, §22, Theorem, p. 90.
The “conjectural analogue” mentioned above is suggested by the work
of [FK1], § 22. It can be made in the context of any reductive group.

Let w be a fixed unitary character of A}, /E*; then w'(2) = w(z/Z) is a
unitary character of Ay /EXA*. Put /(z) = k(z/Z). Given GL(n;, Ag)-
modules p; (1 <@ < a) with >, ., n; =n, denote by I(p1,...,pa) the
G’-module normalizedly induced from the corresponding representation
of the parabolic subgroup of type (n1,...,n,). If the p; are irreducible,
unitarizable and generic, it follows from well-known results of BERNSTEIN-
ZeLEVINSKY [BZ], [Z], Tapic [T] and Vocan [V], that I(p1,...,ps) is
irreducible, unitarizable and generic.

The proofs of ProrosiTions 16 and 19 (see also the Remark following
LEMMA 20) rely on results of [JS], [JS1], [F2], [F5], which concern the
twisted-tensor L-function. These results are proven only for an F-place
which splits in F or is non-archimedean. Hence we now restrict attention
to E/F such that each archimedean place of F splits in E. Our techniques
extend to deal with all E/F once the archimedean analogue of [F5],
namely the twisted-tensor analogue of [JS1], is carried out.

Our main global result is :

1. TuEoREM*. — When n is even, the unstable base-change lifting
(via by) is a surjection from the set of discrete-series generic U-modules
with central character w, to the set of the automorphic irreducible generic
G’-modules @' of the form I(p1,...,pa), where p; are all distinguished
discrete-series GL(n;, Ag)-modules (3, ,.,ni = n) which are pairwise
inequivalent, whose central character is w'k™. When n is odd the same
assertion remains true when “unstable” is replaced by “stable” and k
is erased.

It is clear that the lifting be an isomorphism between the two sets once
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a rigidity theorem for generic automorphic (or discrete-series) U-modules
is proven. Such a theorem would assert that two such generic modules m;
and 7o are equivalent if their components 71, and g, are equivalent for
almost all v. This theorem follows from [F3] and [F4] when n = 2 and
n = 3, but it is possible that such a rigidity theorem for generic discrete
series modules be proven using elementary “Whittaker model” techniques.

The superscript * on THEOREM 1* indicates that this assertion is not
proven here, but merely is reduced to a conjecture (5 and 6 below) in
harmonic analysis, concerning matching of some Fourier-orbital integrals,
which we proceed to state. We will then reduce THEOREM 1* to the local
conjecture on generalizing the techniques introduced in [F1] in the case
of n = 2. THEOREM 1 is proven in [F1] when n is 1 or 2. The other *-
superscripted results here are PRopPosITION 28, on which the proof of
THEOREM 1* relies, and ProPosITION 29*, which states the local results.
The rest of the paper, which discusses the Fourier summation formulae
for U and G’ is independent of CONJECTURES 5 and 6.

The local analogue of the global THEOREM 1* in the archimedean case
where E/F = C/R is briefly discussed in a remark at the end of this
paper.

To state our local conjecture let E/F be now a quadratic extension of
local fields,

G =GL(n, F), G' = GL(n, E), U=U(n,E/F)={g€G/; Ug:g},

N the unipotent upper triangular subgroup of U and N’ that of G’, A
the diagonal subgroup of U and A’ that of G, B= AN and B’ = A'N’.
Denote by W the Weyl group of G’ (or G); it can be represented by n xn
matrices w each of whose rows and columns consists of a single non-zero
entry equal to 1; W is isomorphic to the symmetric group S, on n letters.
Let 1 # 1 be a character of F'in C*, fix z¢ in £ — F and define a character
of E/F in C* by ¢/(x) = ¢((z — Z)/(x0 — Zo)). These define characters 1)
and ¢’ of N and N’ as above.

Denote by E' the kernel of the norm map Ng,p : EX — F*. Fix a
character w of the center Z ~ E! of U ; then w'(z) = w(z/%) is a character
of the center Z’ ~ E* of G’'. Let k be a character of E* which is trivial
on Ng,pE* but not on F*, and put &'(z) = k(z/z). We shall state the
conjecture below when n is even. When n is odd « (and &) should be
erased (or replaced by 1) from all formulae.

Let C(G') = CX(G', (w'k™)~1) be the convolution algebra of smooth
(locally constant when F' is non-archimedean) complex valued functions
on G’ which transform under Z’ by (w'x™)~! and are compactly supported
modulo Z’. Implicit is a choice of a Haar measure on G’. We also

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



420 FLICKER (Y.Z.)

fix Haar measures on G,N,N' A/ A", Z, 7', K' = GL(n,R’) and K =
UnN K’ (R is the ring of integers in E if F is non-archimedean) and
specify a normalization below if needed. Denote by H(G') the convolution
subalgebra of spherical (K’-biinvariant) measures in C(G’), and by f'° its
unit element. H(G') is zero unless w’'k™ is unramified, namely invariant
under R'*. Similarly we have C(U) = C(U,w™!) and its subalgebra
H(U) of K-biinvariant functions; its unit element f° is supported on K.
The local conjecture relates the Fourier orbital integral

U(u, f;¢) = //(NXN)/Z(u) f(niung)y(ning)dny dng

of f € C(U) at u € U, where Z(u) = {(nl,ng) € N x N;njung = u},
with the Fourier-orbital integral

\II/ / R — !/ 1! ! !/ /
@ sin= [l S g

of f € C(G") at g’ € G, where Z(g') = {(n',9) € N'xG;n'g'g =g'}. To
relate these, we first find sets of representatives for the double coset spaces
N\U/N and N'\G’'/G where ¥ and ¥ are not identically zero. We shall
show that these two sets are isomorphic, and then make our conjecture.

Note that by the Bruhat decomposition,

N\U/N = N(A) = AW = WA,

where A is the diagonal in U, N(A) its normalizer, and W = N(A)/A the
Weyl group. Write antidiag (a, b) for (2 8)

2. PROPOSITION. — Let w € W and a € A be such that ¥(wa, f;) # 0
for some f, %. Then w?> = 1 and w = antidiag(ly,Is,...,Ix) with

I; = Ixp1-i(1 < @ < k), where I; is the identity n;, X n; matriz
(and 3, ;< mi = n), and
a =diag(ail,...,aply), where ;= apy1—_i >

is a scalar in E*.

Proof. — Given t € N Nw~!Nw, we have

w(e™) [ ftmwan)pmnydmen
=//f(mwt(a)an)w(mn)dmdn (t(a) = ata™!),
— [ #tmttw, aywanys(mn) dma
= v(t(w.) ") [ Smwan)pimn)amn

(t(w,a) = wt(a)w™").

ToMmE 120 — 1992 — ~° 4



A FOURIER SUMMATION FORMULA 421

If this is non-zero then () = Y (wata~tw™1!) for all t. As W ~ S,,, the
permutation w of {1,...,n} has the property that if w(i+1) > w(¢) then
w(i+ 1) =1+ w(i) (since 9 is a non-degenerate character of N). Hence
w = antidiag([y, ..., Iyx). Then as permutations J'wJ = w, where J is the
longest element (1,n)(2,n—1)... of S, and the transpose acts as inverse
on w. Since w lies in U, we have w = ow = Jtw~'J. Hence w? = 1 and
$0 Ix41-; = I; (1 <i < k). This establishes that w has the asserted form.
Now t in N N w~!Nw has the form t = diag(ty,...,t), where txi1_;
is oy(t;) = J;i*;J;7 1, t; is an upper triangular unipotent matrix of size
n; x n;, and J; is the matrix “J” of size n; x n;. The matrix wata™'w™! is
then diag(axtray',...,a1tia;"), and akﬂvitHl_ia,ﬁ_l_i = oi(a,t,a; t).
Then the identity ¥ (t) = ¢ (wata~'w™1) for all t in N Nw™'Nw implies
that ¥(t;) = Y(atia; 1Y for all t;. Tt follows that the diagonal n; x n;
matrix a; is a scalar oy I;, o; € EX, as required. |[]

To determine where ¥’ is not necessarily zero, we first describe the
double coset space N'\G'/G. In fact, we begin with B'\G'/G.

3. ProposITiON. — The group G’ is the disjoint union of the double
cosets B'ny,G over allw € W, w? = 1, where n, € G’ satisfies Ny, = w
(here w is the representative in G' whose entries are 0 or 1). The double
coset is independent of the choice of the representative 1., .

Proof. — As noted in [F1], Proposition 10(1), the map

G'/G— S={geG; gg=1},
by g — gg~!, is a bijection. Indeed, it is clearly well defined and
injective, and the surjectivity follows at once from the triviality of
HY(Gal(E/F),GL(n, E)) (if gg = 1, a, = g defines a cocycle, which
is then a coboundary, namely there is r € G’ with g = a, = 227 1%).

If g € G’ mapstos € S, then bg — bsb~!. By the Bruhat decomposition
G’ = B'WB’ applied to S, varying g in its double coset B’gG we may
assume that g — wb € S, where w € W and b € B’. Since wb lies
in S, 1 = wbwb. Hence w~' = bwb, and the uniqueness of the Bruhat
decomposition implies that w™' = w. Write now b = an with a € A4,
n € N'. Since 1 = wbwb, we have 1 = wawa. Define an action o of
Gal(E/F) on A’ by o(a’) = wa'w™?. Since ac(a) = 1, {0 + a} defines an
element of H'(Gal(E/F), A’). This last group is trivial, hence there exists
some ¢ € A’ with a = wé"lwe. Since cwanc™! = wene™!, replacing g by
€g we may assume that g — wn. Again wn € S implies 1 = wnwn, so if we
define a galois action o on N'NwN'w by o(n’) = wi'w, the map {o — n}
defines an element of H'(Gal(E/F), N’ N wN'w). Since this last group
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is trivial, there exists an m € N'(NwN'w) with n = wm™ wm. Hence
mwnm ™! = w, and replacing g by mg we may assume that g — gg—! = w.
Since G'/G ~ S the existence of g, and the independence of B'n,,G of the

choice of 7, are clear. []

Remark.— To fix ideas, note that w with w? = 1 is a product of disjoint

transpositions, and when w = (§ 1), n = (] _!) satisfies 7! = w. Here i
is a non zero element of F with 7 = —i. Also, n~! = %(l}i —1}1‘)'
4. PROPOSITION. — Let w = w™! € W and a € A’ be such that

U (any, f';90') # 0 for some f',4)'. Then w = antidiag(Iy, ..., Ix) (neces-
sarily Ixy1-i = Ir) and a = b diag(ar Iy, ..., a5lg), a; € EX and b € A
with b = wbw.

Proof. — Given m € N’ put m, = a~'ma, and note that there exists

g € G with manwg = ny if and only if mywm,! = w. Suppose that

o« = wmew for m € N'. If

/// f(nanwg)y )dndg=/N,/Gf'(nmanwg)w’(n)dndg

-1) / F(namug)’ (n) dndg

is non zero, then v’(m) = 1. Since v’ is non-degenerate it follows that w
must map any entry above the diagonal indexed by (4,7 + 1) either below
the diagonal or to another entry indexed by (4,7 4+ 1). In other words,
if w(ii+1)>w(i) then w(i +1) = 1 4 w(i). Consequently w has the
asserted form. []

To continue, note that if m = wmw then m = diag(my, ..., my), m; of
the same size as I;, and m;y1—; = m;. Write a = diag(by,...,bx) with b;
also of the same size as [;. If ¢/(ama~"') = 1 for all m = wmw, then

¢ (bymib; Y (bymb ) =1 (j=k+1—1)

for all (¢ and) m;. It follows that for each ¢ we have that b; = B;b; for
some 3; € E*. Putting b = diag(b,...,bx) and a; = 1 (where i < 3 k),
a; = Prt1-i (where i > %k), we deduce that a has the asserted form. []

In view of ProPosITIONS 2 and 4 we can redefine the Fourier-orbital
integrals as functions on the set Q of matrices aw in U,

w = antidiag([y, ..., I), Iyy1-=1;,

a = diag(aily,...,aply), apy1- =a; - € B,
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by \I!(aw,f;z/)):/ /f(nlawng)d)(nlng)dnldng
N/NNwNw—1 JN
N4 g\ '/w//d/d.
and @iy = [ ptanguanag

Here 7,7, = w and o = diag(a1/l1,...,axly) with a; = o;/ak41-1,
and N, = {n’ € N'; i/ = wn'w}. Since G'/G ~ S, the integral ¥’ is
independent of the choice of an,,.

5. CONJECTURE. — There exists a complez-valued function v = -y
on Q such that on writing Y1 (aw, f;v) for v(aw)¥V(aw, f;v), for every f
in C(U) there exists f' in C(G'), and for every f' there exists an f, with

V' (aw, f';¢") = 1 (aw, f; ).

If F is non-archimedean and E/F and v are unramified, then v(aw) =1
fora € ANK. If E/F is an extension of global fields and -, is the
function on Q, associated with the local extension E,/F,, then v = ®~,
is a function on Q(A) which is invariant under AZ.

Definition. — Functions f and f’ which satisfy the identity
V(f59") = Ul fi)
are called matching.

At a place v which splits we have F = F' @ F, where F is the local
completion, G’ = G x G and G embeds diagonally in G’. A function
fon G’ is a pair (f1, f2) of functions on G, and U = G embeds via
g — (9,09) in G'. Define f5 by f5(z) = fo(a), and f = fu + f5.
Write n’ = (ny1,n2), n; € N; 9y = (n1,m2) with 771772_1 = w (the
galois action is (x,y) — (y,z), hence 7,751 = (mny Lymeny ) = (w, ow),
ow = J'w'J); and a = (a1, as). Put a = alwaglw. Then

' (aw, f';¢)
= ///(fuf2)((n1,n2)(a1,042)(771,nz)(g,g))¢(n1n§1)dn1dnzdg
= /// fr(niaamny tag tng tg) fa(g)(nang ') dny dng dg

- // (1 * 1) (mawna)(nyng) dny dny,
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and the CONJECTURE 5 is trivial in this case (note that given f there are
f1, fo with f = f1 % f5). We shall then concentrate on the non-split case,
where F is a field.

A stronger form of CoNJECTURE 5 is needed in the spherical case, as
follows. Let f¥ be the Satake transform of f € H(U). It is the function
on the manifold of unramified irreducible Z\U-modules 7 defined by

[i(m) = trn(f),

the trace of the convolution operator 7(f) = |, U f(g)m(g)dg. We assume
that w is trivial (and so is the central character of 7). The function f
is uniquely determined by f¥. Similarly, the Satake transform f’v of
f' € H(G") is the function on the manifold of irreducible unramified
G’-modules 7' with a trivial central character defined by fV(x') =
tro’ ( M f’ is uniquely determined by f’V. The dual group homomorphism
by : U — G’ can be viewed as a morphlsm of the manifolds of unramified
U and G’-modules, and we write 7' = b, () for the image of 7. Define a
dual map b% from H(G') to H(U) by bi(f') = fif f¥(x) = f/V(be(n)).
We say that f and f’ are corresponding (spherical functions) if f = b%(f").
In particular the unit elements correspond : fO = b%(f’Y). The required
stronger form asserts :

6. CONJECTURE. — Corresponding spherical functions are matching.

Further analysis of the definition of f, f’ being corresponding is carried
out in [F1], end of proof of ProrPosITION 3, when n = 2. This analysis is
easily generalizable to all n, and yields a relationship between the orbital
integrals of f and f’. This may be useful in any attempt to prove the
Conjecture 6. In this work we assume Conjectures 5 and 6, and mark
any result which depends on them by a superscript *, as we have done
in THEOREM 1*. The other starred results here are ProposiTiONS 28*
and 29*.

To reduce THEOREM 1* to CONJECTURES 5 and 6 we use the technique
employed in [F1] in the case where n = 2, namely compare the Fourier
summation formulae for G’ and U. We proceed to describe these formulae.
The statements of the formulae are independent of CONJECTURES 5 and 6;
these conjectures are used only in their comparison.

Let E/F be a global quadratic extension, and r the representation
of U = U(n,Ag/Ar) by right translation on the space L, (U\U) of
absolutely square integrable, smooth automorphic forms on U which
transform under the center Z ~ A}, via the unitary character w. Denote
by C(U) the linear span of the functions f = ®f, on U where f, € C(U,)
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for every place v of F' (when v splits in F we have U, = G,, (= GL(n, F,))
and C(G,) = C>(G,,w; 1)), and f, is the unit element f° in H(U,) for
almost all v. The convolution operator

r(f)= [ [flgr(g)dg on L,(U\U)
is an integral operator : (r(f)¢)(z) = fZ\U Ky(z,y)¢(y)dy, with kernel

Ki(z,y)= > flz ')

yeZ\U

There is another expression for this kernel, sce ARTHUR [Al], p. 935,
whose definition we shall now recall, from [Al]. More precisely, via
restriction of scalars the case of a number field F' can be reduced to that
of the field Q of rational numbers, which is discussed in [A]. The work
of [A] is based on [L2], which uses the language of real groups, instead of
that of adele groups. But the passage between these languages is well-
known. Further comments on [L2] by its author can be found in [L3].
For a discussion of Eisenstein series in the analogous function field case
one has the reference Morris [M]. A clear and comprehensive study of
the theory of Eisenstein series for any global field is given in the recent
manuscript [MW2] by MoEGLIN and WALDSPURGER.

Let P denote a standard parabolic subgroup of U, one which con-
tains the upper triangular subgroup, N its unipotent radical and M its
Levi subgroup which contains the diagonal subgroup A. We then have
M,M, N, N, etc. Let [[(M) be the set of equivalence classes of irreducible
unitary discrete series representations of Ml which transform under Z via
w. Put X (M) = Homg(M,GL(1)), 2p = Hom(X (M), R) the Lie algebra
of M, and A5 = X(M) ®qg R its dual space. For m = (m,) in M define a
vector Hpr(m) in Ap by

M M) — |y (m)| = H [x(my)],, x € X(M).

Extend Hjs to a function on U = NMK by Hys(nmk) = Hys(m). If M!
is the kernel of Hy; on M and Ay, is the center of M, then M is the

direct product of M"' and Ay (R), and Hys : Ay (R) — Ap. For any
A € A% = AL ®RC consider the character x + eMH1(2)) on G, and denote
its tensor product with p € [[(M) by px. If X € i}, then py is unitary,
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and we obtain a free action of the group % on [[(M), making [T(M) a
differential manifold whose connected components are the orbits of i U%.

For p € J[[(M) denote by Hp(p) the Hilbert space completion of the
space HY(p) of smooth functions ® : NM\U — C which are K-finite,
transform under Z via w, have the property that

/K /MZ\M|<I>(mk) *dmdk

is finite, and that for every « € U the function m — ®(mz) on M is a
matrix coefficient of p. Let pp be the vector in 2} such that the modular

function §p(p) = | det(Ad(p)|5)| on P is equal to e2(PrHrP) here N is
the Lie algebra of N. For ® € Hp(p) and A € A put

®(z,\) = ®(z)elrr+ He (@) (x €U)
and denote by I(A, p) the right representation,

(I(y, X, p)®@) (z,A) = ®(zy, A),

of y € U. The U-module I(A, p) is unitary for A € ¢A}. Denote by Ap the
set of simple roots of Aps in P. These are elements of X(M) C 2}. For
each root o € Ap denote by a¥ the corresponding coroot in Ap. Define

Up={HeUp; (a,H) >0, a € Ap},
@)t ={AeUAp; (A, a")>0,a€ Ap}.

Then pp € (AH)F.

If Q is also a standard parabolic subgroup, denote by W (p,%q) the
set of elements s in the Weyl group W with s2p = g. Denote by w; a
representative in U for the element s of G. For p € [[(M) and ® € H%(p),
and A\ € ™A} with real part Re A € pp + (5)", define the Eisenstein
series

E(z,®,p,\) = Y (6, ))
seP\U

and intertwining operator

(M(s,p, \)®)(x, sA) =/ ®(w; 'nx, \)dn.
NgNwsNpw; '\Ng
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The functions E(z,®,p,\) and M(s,p,A\)® can be continued as mero-
morphic functions in A to A¢. If X € i®A*, E(z,®,p, \) is smooth in z,
and M(s,p,\) is a unitary operator from Hp(py) to Hg(spsy). Also
denote by n(P) the number of chambers of A, namely the connected
component of the complement to the union of the hyperplanes orthogonal
to the roots of Ap.

The representation theoretic expression for the kernel K¢(x,y) is :

Z ﬁ Z / Z(I(fvA,p)q)aaq)ﬁ)E($7(Pﬁ’p? )‘)E(y’q)o”p’ A)dA.
3 P

Sox O
1AL B

Here p ranges over a set of representatives for the connected components
(¢ 2A%-orbits) of [[(M), and ®,, ®g over an orthonormal basis (chosen
to have the finiteness properties of [Al], p. 926, 1. —12) for the space
Hp(p); I(f, A, p) is the convolution operator, and (-, -) indicates the inner
product on Hp(p). By [A1], lemma 4.4, p. 929, the sum over P and p and
the integral over i} is absolutely convergent. In fact (I(f, A, p)®q, ®g)
is a rapidly decreasing function in |A\| — oo, and E(z, ®,p, A) is slowly
increasing, on 7 A%p.

Now that we have the two expressions, geometric and representation
theoretic, for the kernel K¢(z,y) of r(f) on L,(U\U), we shall obtain
the Fourier summation formula on integrating both sides over z and y
in N\N, after multiplying by ¥ (z~1y).

7. PropPosITION. — For every f € C(U) we have

ZZ\I/(aw,f,w)
=SS [ S BTN, N Eu(@p ) N
P p iU

o where the sum Y, range over w = diag(Iy,...,Ix), w=w"t €W,
o where the sum ), range over a = diag(aqly,...,axly) in A (thus
Qpy1—i = di_l € E*), and

o where (aw, f;9) = [[ U(aw, foith) if f =&,
Also, Ey(®,p,\) = / E(z,®, p, \)Y(z)dz.
N\N
This follows without difficulty from the above descriptions of K¢(z,y),
and ProposITION 2. Note that the sum over P contains also the standard

parabolic subgroup U, and this is the only group for which 2A* is zero

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



428 FLICKER (Y.Z.)

dimensional. Here n(U) = 1, the p corresponding to P = U range over
the discrete-series representations 7 of U, and Ey(®, p, ) is the value at
the identity I of the Whittaker function

Wa.u(g) = / B(zg)(x) da

N\N

attached to @, and . The distribution

Wr(f) = Z We(hyo,u(DWe (1)
3

on C(U) satisfies W, (*f¥) = ¥(zy)W,(f), where *f¥(g) = f(zgy). Note
that conjecturally the discrete series generic (having Whittaker model) 7
are cuspidal, but for the unitary group this is known only for n = 2 [F3]
and n = 3 [F4]. In conclusion the term corresponding to the non-proper

parabolic P = U in the representation theoretic side of the Fourier
summation formula of PROPOSITION 7 is

> Walf),

us

where 7 ranges over all discrete series generic U-modules, counted accord-
ing to their multiplicities in L, (U\U); these multiplicities are finite (e.g.
since the representation theoretic side of the Fourier summation formula
is absolutely convergent).

Let v be a place of F where w and E/F are unramified, and let
fo € H(U,) be a spherical function. For any irreducible admissible U,-
module 7, the convolution operator 7, (f,) is zero unless 7, is unramified,
namely has a non-zero K,-fixed vector, and then m,(f,) acts as the
scalar f)(t(m,)) on the K,-fixed vector, and as zero on any vector in m,
orthogonal to the K,-fixed one.

Let V be a finite set of places of F' which contains the archimedean
places and those where w, ¥ or E/F ramify. The Fourier summation
formula will be used with f = ®f, in C(U) such that f, is spherical for
all v € V. Denote by t(\, p,) the class in U, parametrizing the irreducible
unramified subquotient of the induced U,-module I(}, p,). Put :

fV:®v€vaa fv :®v€VfU1
Ty = Quev Ty, A Qugv Ty, etc.
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Also write
[ (t 7TV for H fv Ty)
vgV
£ ) for T £ (N p0))-
vgV

8. CorOLLARY. — For f = ®f, spherical outside V we have

YD Vlaw, i) = va(t(frv))Wwv(fv)
Z/f £, p”

XZEw (Frs A pv)®, 9, ) By (@, p, A) d.

P;AU

The sums over w and a are as in Proposition 7. The m and p range over
the discrete series representations of U and Ml (3 U) which are unramified
outside V', and ® over the vectors fized by K, for allv & V.

Proof. — This follows from the discussion above once we note that ®
can be chosen to be a product ®" ® @y, where @V = ®,¢y® and ®? is
a K,-fixed vector in the space of m,. Then

Wa .y =Way vy ® (Qugy Weo p, )

and for a suitable choice of measures Wgo 5, (I) = 1, and so Wy, (f7) =1
Hence W, (f) is the product of f¥(¢(x")) and W,v (fV). [

The Fourier summation formula for U and f will be compared with a
Fourier summation formula for f' and G’ which we proceed to describe.
Since all terms are defined analogously to the case of U, we simply note
that once again there are two expressions for the kernel K (z,y) of the
convolution operator 7'(f’) on L, (G'\G'), the geometric one being

Kp(zy)= Y f(@ ).

YEZN\G'
The representation theoretic expression is
> P Y [ U A )
P'CG’ P e , a,B —
P X E(z,®5,0', \)E(y, ®q, p', A)dA.
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We will multiply these two expressions by ¢/(z~!) = ¢’(x), and let
range over N'\N’, and y over ZG\G. We would like to integrate both sides
over z and y. But to do this we will need to discuss the convergence of
the integral over y of E(y, @4, p’, \), and change the order of summation
and integration (see the Remark following PropPosiTiON 9). To avoid that,
we use the truncation operator AT introduced in [A2], p. 89. Here T is a
fixed, suitably regular point in 2(3 , where %o = p/, and Py is the upper
triangular subgroup of G’. The function

ALK (z,y) Z ALY (27 yy),
YEZN\G’

where the index 2 refers to the second variable, y, is rapidly decreasing
in y by [A2], lemma 1.4, p. 95. Since the integral

[ AT @y
NN JZG\G

is absolutely convergent, AT Ky (z,y) — Ky (z,y) and K (x,y)Y' (z) is
absolutely integrable on N'\N’ x ZG\G, we conclude that

J[ 355, @i@dcay— [[ Kyt @ asay

as T — oo (in the positive Weyl chamber). Applying then AZ to both
expressions for the kernel, integrating over x and y, and taking the limit
as T — oo, elementary considerations based on PrRorPosITION 4 imply :

9. PROPOSITION. — For every f' = ®f, € C(G') we have that the
sum of

V' (aw, f;9) = [ ¥'(aw, £;¢,)
v
over the w and a as in Proposition 7, is equal to

X / ATE(y, ®,p', ) dy.
ZG\G

Here Eu (®,p',)) = / E(z,®,p, )¢/ (z)dz

NAN
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Remark. — The integral fZG\G E(z,®,p',\)dz converges for A in i A%, .
Indeed, let P} be any standard parabolic subgroup associated to P’, and
Ey(z,®,p’, \) the constant term of E(z, ®, p’, A) along N}. Thus F is the
image of F under the (projection) operator m; which maps h on N'\G’
to (m1h)(g) = fN{\N,l h(ug)du on N’N{\G’. Note that the operators m; —
which are associated to different parabolic subgroups — commute. By the
“principle of the constant term” of [L2], the difference between E and
some linear combination of its constant terms E;, namely [] P (1-m)E,
is rapidly decreasing in z in a Siegel domain for G’. Indeed, all constant
terms of ] P! (1 — m)E are zero, and a cusp form is rapidly decreasing.
Hence it suffices to study the convergence of fZG\G Eq(---)dz.

The standard expression for the constant term (cf. [A2], p. 113, 1. —8) is
recalled in (16.2) below. Each of the summands on the right of (16.2)
is N{-invariant. Each of the functions (M (s, p’, \)®)(z), s € W(,2,), is
integrable over the closed subset AjM;\M; when A € i2*, where the
operator M (s, p’,\) is unitary. In fact the integral may be non-zero for
some ® only when p’ is M-distinguished. It then suffices to integrate (16.2)
over a Siegel domain for G’ modulo P}, equivalently over the set of a
in ZA1\A; with (ua, H(a)) > 0 for all @ € Ay = Apy. Here {pa;0 € A1}
is the basis of Ql*Pl, dual to the basis {a";a € A} of 2p,. Namely we need

to integrate
e<5)‘+PP{ aH(‘l)>6}—31/1 (a) — e<3’\_PP]' ,H(a))

over the set of H = H(a) = . hqa”, hy >0, for each s € W(2(,2;).
a€A;
The integral is finite if (sRe), ") < <pp1',04v> for all @ € Aq. If
ReA = 0 then the last inequality is satisfied with any P} and s in
W (2, 2ly), and the desired convergence follows. Consequently we also have

lim ATE(y)dy = / E(y)dy.
T—oo Jze\G ZG\G

However we prefer to work with the integral of the truncated Eisenstein
series in order to change the order of integration and the summation which
defines the Eisenstein series. This last sum converges absolutely only for A
with Re A € ppr + (A%/) T, but there our integral fZG\G E(z)dz does not

converge. |[]
We first make the following observation.
10. LEMMA. — The discrete series M'-module p’ contributes a zero term

to the identity of Proposition 9 unless p’ is cuspidal.
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Proof. — The Fourier coefficient Ey/(®, p’, A) is the value at I of the
Whittaker function

W (g) = / E(zg,®, o/, ) () dz,
NN

attached to the automorphic form E(g, ®, p’, \), which generates the space
of the induced G’-module I(), p’). The Whittaker function is identically
zero unless (), p’) is generic, and I(}, p) is generic precisely when p’ is
generic. The claim follows from the fact (see MOEGLIN-WALDSPURGER
[MW1]) that a discrete series G’-module is generic only when it is
cuspidal. []

Our approach will be to compute [ ATE(y)dy, at least partially.
We begin with recalling the explicit expression for ATE given in [A2],
lemma 4.1, p. 114.

Let P} be a standard parabolic subgroup of G', Ay = A py, and A € A5,
Let e2(A) be (—1)%, where a is the cardinality of the set of @ € A,
with (A, ") < 0. Let ¢2(A, H) be the characteristic function of the
H € 2y such that for any a € Ag, if (A\,a") < 0 then (uy, H) > 0,
and if (A, @) > 0 then (uq, H) < 0; here {uq; @ € Ag} is the basis of A,
dual to the basis {a¥;a € Az} of Ap;.

11. LEmMA ([A2], lemma 4.1, p. 114). — For P’,p' in [[(M'), @ in
HY,(p') and X € AL with real part Re X in ppr + (Ap,)T, we have that
ATE(z,®,p',)\) = >y Lseppcr Y2(0x), where

Ya() = Y ea(sReNa(sRed Ho(z) — T)
SEW (A, 22)
el e Ho@) (M (s, pf, \)®) ()

and the sum over § converges absolutely. []

We shall integrate ATE over ZG\G. Note that ATE(z,®,p',\) is
a rapidly decreasing function of z ([A2], p. 108, 1. 5-8), hence the
integral converges. To analyze this integral, note that by PrRoposiTiON 3
the quotient PJ\G’ is the disjoint union of n,'Pin, N G\G over the
w € Wy \W of order 2. Each of the coset spaces is isomorphic to
P2, \Gy, where G, = 1,Gnt and P, = G, N P,. Note that G, =
{9 € G'; §g=wgw}, and Py, = {p € P}; p = wpw}. Since the sum over
Pj and 6§ € P)\G’ in Lemma 11 is absolutely convergent, we conclude that
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ATE(x,®,p',\)dz is the sum over Py C G’ and w of order < 2 in
ZG\G 2

(11.1) /Z e2(s ReX) (s Re A, Ho(z) — T)
el o) (1 (59, \)D) ) d,

(integral over Z P, \G,,, sum over s € W(A,As)).
12. LEMMA. — The integral (11.1) vanishes unless wMiw = M.

Proof. — Consider Pj,, = P NwPjw, and its subgroup
Py ={p € Py, ; P =wpw}.

Note that (i, ) are the (row, column) coordinates of a non-zero entry of
M2 N P2w = M2 N wPQw (we denote here by a tilde the Lie algebra of
a group), unless (wi,wj) are the coordinates of a non-zero entry in tNQ,
namely (wj,wi) are the coordinates of a non-zero entry of Nj. Denote
by a;; the matrix in G’ whose only non-zero entry is a at (i, 7). Namoly
a;j in M2 N wPQw must have a = 0 if and only if Qo jwi lies in N2 for
all a; in other words : w takes aj; # 0 in M2 N szw to N2 if i
lies in the unipotent radical of the parabolic subalgebra M2 N wPQw
of MQ (in which case a;; is identically zero). Thus up to conjugation
by MJ, if the Levi M} consists of blocks of size k; along the diagonal,
then the parabolic subgroup M} N P4, is of type (..., 01(3),..., 4, (3),...)
with Zl<]<t ¢;(i) = k;, and its unipotent entries (those above the blocks
of size £;(1) along the diagonal) are mapped by w to unipotent entries in
the unipotent radical Ny of Pj.

Consequently N\ Py, N} is a product LU’ of a subgroup L of the
Levi of type (¢;(¢)) and the unipotent radical U’ of the parabolic sub-
group My N Py, of My (i.e. of type (¢;(i)) in (k;)). We conclude that
unless M} N Py, = MiNwPjw is M}, namely wMjw = M}, the inte-
gral (11.1) factorizes through the integral

(M(s,p', A\)®) (umk)du,
UN\w

which is zero by the cuspidality of M (s, p’, \)®. The lemma follows. []
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Thus we need to consider only w with wMjw = M. For such w we
have Pa,, = Moy Now, where Moy, = Gy, N M4, Noyw, = G, N N5, and we
put Aay, = Gy, N AL The integral (11.1) can be written as

/ > e(sRe))-(12.1) - (12.2)dk,
Pau\Cuw s (21,20,)

where

(12.1) / ¢2(3 Re )\, Ho(a) — T) e(sA+p2,Ho(a))5P2w(a)—1 da,

ZAz2 \A2w
(12.2) / (M(s,p', A)®) (mkny,)dm ;
Agyy M2y \Mzy

(12.1) depends on w, s, A, and (12.2) also on ® and k. To simplify (12.1)
we prove :

13. LeMMA. — For w with wMjw = M} and a in Ag, we have
% (a) = e{p2,Ho(a))

Proof.— The element w of W is of order 2 and is taken to be of shortest
length modulo Wy, thus it acts as I on the square blocks. We need to
compare

elon @) — |det(Ad(a)|N3) |2

and
6p,, (a) = |det(Ad(a)|7,, )],

Naw = {u € NyNnwNyw; wuw = 1u},

for a in Ag, = {a € Al;a = waw}. It suffices to deal with a of the
following special form. If (i) is a non-trivial transposition occurring in w,
thus wi = j # 4, consider a whose diagonal entries are 1 except at the
ith place, where it is @ € Aj, and the jth, where it is a. If ¢ (where
1 <i < n) is fixed by w, consider a whose diagonal entries are 1 except
at the ith place where the entry is a € A*.

o In the first case where wi = j # i, the entry (4,7) lies in a block
of size k x k of the Levi M}, and this block is mapped by w to a k x k
block containing the entry (j,7). Put U’ = M} N N§, where N{ is the
unipotent upper triangular subgroup, and U = {u € U’; u = waw}.
Since |det(Ad(a)g7)| = ‘det(Ad(a),ﬁ)\Q, we may assume that k = 1.
Thus we may assume that Nj = N{, both denoted now by N’, and in
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computing det(Ad(a)|5) we need consider only the ith and jth rows and
columns. We obtain, in absolute value,

|an_idn_‘ja—(i_l)5[_(j_l) |E _ |a|2En+2“2i"2j.

We also have to consider the action of Ad(a) on N, where
N = {u=wuw e N'}.

The action of Ad(a) multiplies each entry above the diagonal on the ith
row by a, on the jth row by @&, on the ith column by a~!, on the jth
column by a~!. Note that :

(1) The (i,k), @ < k, entry on the ith row of N is necessarily zero
precisely when w(i, k) = (j,£) satisfies £ < j. But then the (4, 5), £ < j,
entry on the jth column of N is necessarily zero, since w(¢, j) = (k,?) and
k> 1.

(2) The (4, k) entry on the jth row of N, with j < k, is identically zero
if w(j, k) = (4,€) and ¢ < 3. But then the (¢,7) entry on the ith column of
N has ¢ < i, and it is identically zero as w(¢,i) = (k,7) and k > j.

In other words, the number of spots on the ith and jth rows where «
(or @) is not contributed to det(Ad(a)|¥) is equal to the number of places
on the ith and jth columns where a~! (or @~!) is not counted.

(3) For every non-zero entry z at (i,k), ¢ < k, on the ith row of N,
there is an entry Z at (j,4) on the jth row with ¢ = w(k) > j.

(4) For every non-zero entry x at (k,i), k& < ¢, on the ith column of

N, there is an entry Z at (¢, ) on the jth column of N with ¢ = w(k) < j.

In other words, the number of times o (or &, or ! or a=1) is

counted into det(Ad(a)|y) is precisely half the times it is counted into
det(Ad(a) ). Hence

| det(Ad(a)|7)| = | det(Ad(a)|7)[*/2,

as required.

¢ In the second case wi = ¢, and the only diagonal entry of a which
may be not 1 is the ith, and it is & € AX. We need consider the action
of Ad(a) only on the ith row and column of Ni and Ns. Note that the
diagonal block B’ in M} containing the entry (4,%) is not moved by w,
hence the action of Ad(a) on B’ N N has Jacobian |z|g for some z € A%,
while its action on B'NN = {b' € B'NN’;b' = b’} has the Jacobian |z|p,
with the same x. Consequently it suffices to consider the action of Ad(a)
on N’ = N} and N = N,.
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On N’ the Jacobian is |a" ta~(~D|g = |o|2"*27% We have to
consider the action of Ad(a) on N, where N = {u = waw € N'}. This

Ad(a) leaves its mark only on the ith row and the ith column, by

multiplying the ith row by «, and the ith column by a~!.

We claim that there is a bijection between the entries of N on the sth
row indexed by (i,k),i < k, which are zero, and the entries of N on the
ith column indexed by (¢, 1), £ < i, which are zero. Indeed, the entry (i, k),
with ¢ < k, is identically zero precisely when it is mapped by w to (i, ¢)
(i.e. wk = ¢) with £ < i. But then the entry of N at (¢,4), with ¢ < i, is
necessarily zero, since it is mapped by w to (k,4), and k > i. The claim
follows. B

Further, if the entry of N at (i,k), i < k, is ¢, and wk = £ > i, then the
entry of N at (,¢) is . The contribution to the Jacobian corresponding
to (i,k) and (i,£) is then |a|p on N and |a|% on N’. Alternatively,
if wk = k, the entry of N at (i,k), i < k,is ¢ = Z in F, hence the
contribution of (i,k) to the Jacobian on N is |a|p, while on N’ it is
|a|p = |a|%. With this the proof of the lemma is complete. []

The integral (12.1) can now be written in the form
(13.1) / ¢2(sRe\, Ho(a) — T)elsHo(@) dq.
ZA20\A2w
Note that a — Ha(az) (any z € G’) is a measure preserving isomor-

phism Hj : ASZ\A) — As.

Definition. — Denote by g, the image of A, Z\Ag,, under Hy; it is
a subspace of 23, whose dimension we denote by d(w) (%d <dw)<d=
dimg 23). Note that d(w) = d when w = I.

We then rewrite the product of ea(sRe A) and (13.1) as
(13.2) €a(sRe ) / ¢2(sRe X, H — T) e dH;
Ql2w

up to a Jacobian factor this is

e2(sReX) [ pa(sRed H +wH — T)esMH+wH=-T) g
Ao

It converges for A € A¢ with Re A € (A})™ since so does

e2(sReX) [ pa(sRed, H —T)e*MD aH.
Az
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Indeed, write H = 3 oA, Ta@” (with 7, € R). Under this change of
variables we need to multiply by the Jacobian, which is the volume |23/ Lo|
of s modulo the lattice Lo spanned by {a";a € As}. The integral
becomes a product of integrals of decreasing functions over half lines.
It is easily evaluated to be the product of |s/Ls| and

H e

aEAy

Aata e<5)‘vT)

Ao - IT (shav) 7

aElg

where sA =3 A, Aafta € A3 ¢, and to = (o, 1), @ € Ag.
To clarify the analytic nature of the integral (13.2), we prove :

14. LEMMA. — The integral (13.2) is a finite linear combination of terms

of the form
H h’iw(sé)_l ehiw(sé)liw (L)’
1<i<d(w)

where the hiw(A) are d(w) homogeneous linearly independent linear forms
in A= (Aa; a € Ay), and the €y, (t) are d(w) linearly independent homo-
geneous forms int = (to; o € Ag).

Proof. — Since H = 37 A, Toq" Tanges over a d(w)-dimensional
space g, Tenaming the x,’s as x;’s we may assume that x1,...,Tg(w)
are linearly independent, and T4(w)+1,--.,Zq are linearly dependent on
them : z; = a;(z) (with d(w) < i < d), where a;(z) = a;,(z) are linear
homogeneous forms in z = (z1,...,%4w)). Put t; = to, where ; is the
o with z, = z;. There are homogeneous linear forms b;(sA) = b, (sA)
(with 1 <7 < d(w)) in sA = (Ao ; a € Ay) such that (13.2) is equal, up
to a sign, to an integral of

H ebi(sé)xi H dl‘z

1<i<d(w) 1<i<d(w)

The integration is taken over the subset of the d(w)-dimensional
Euclidean space in (z1,...,Zg(,)) which is bounded from above or from
below by the hyperplanes z; = t; (where 1 < i < d(w)), and also by the
d — d(w) hyperplanes a;(z) = t; (where d(w) < i < d). We may cut this
subset into finitely many subsets defined by

Ci(iﬂl,...,(L‘i_l,tl,...,td) <x; < di(asl,...,xi_l,tl,. ..,td),

with 1 <14 < d(w) and where ¢;, d; are homogeneous linear forms, d; < t;
or t; < ¢; for all 4, and —c¢; or d; may be identically oo, as suitable.
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It is clear that any chain (e1, . . ., €4(w)) of linear forms e; = ¢;(0, .. .,0,)
or d;(0,...,0,%) in t, with e; discarded if e; is 0o or —oo, makes a set of
linearly independent forms. For real numbers —oo < b < a < oo and
complex p with Re p > 0 we have

/ e!dx =
b<z<a

Hence integrating the z;’s we obtain a finite linear combination of terms
as described by the lemma, whose proof is now complete. ]

eha — ghb

Let p' = pj X ... x pl, be a cuspidal Mj-module; here M, is a product
of GL(n;) with Y7 ,n; = n, and p} is a cuspidal GL(n;, Ag)-module
(with 1 < ¢ < a). Let w be an element of the Weyl group W with
w? = 1 and wMjw = Mj. This w is chosen modulo Wy, and we fix
a representative of shortest length. For the following discussion it will be
convenient to introduce :

Definition. — The cuspidal Mj-module p’ is My,,-distinguished if the

functional
Dy, (®) =/ ®(m)dm
Aoy M2y, \Ma2wy

is not identically zero on the space of p’.

Such p' is abstractly My, -distinguished, namely there is a non-zero
Mg, -invariant form on its space. Each of its local components p!, is May,-
distinguished.

15. LEmma. — If fZG\G ATE(x,®, p', \)dz is not identically zero, then
the cuspidal M'-module p' = p| x --- x pl, has the property that for
each i (with 1 < i < a), p} is GL(n;, A)-distinguished or there is j # i
with p} ~ /3; (these two possibilities are not mutually exclusive, since a
distinguished p} may occur more than once).

Proof. — The assumption implies that the integral (12.2) is not
identically zero. Hence sp’ is M, -distinguished, since the function m —
(M(s,p', \)®)(mkny) is a cusp form in the space of sp’. The element
w' = s lws of W is of order < 2 with w’M’w’ = M’, and we conclude
that p’ is M,/-distinguished.

For such p/, if the Weyl group element w’ interchanges the ith block
with the jth, and j # 4, then p} ~ f);, where as usual check indicates
contragredient and bar the action of Gal(E/F) on the entries of the
matrix. If w’ fixes the i¢th block then p; is GL(n;, A)-distinguished,
hence p} =~ by [F1, prop. 12]. The lemma follows. []
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Let us summarize what we have at this stage.

CoroLLARY. — The integral fZG\G ATE(z,®,p',\)dx is zero unless p’

is as in Lemma 15, and then it is the sum over Py C G' and w in W with
w? =1 and wMyw = My, taken modulo Wy, of the integrals

I(w,®, ', \,T) = / > (13.2)- (12.2)dk.
P2u\Guw sew (21,2,)
When w = 1 we have 0y, = 1, and Pg,,\G,, = KNP2\K is compact. The
sum over Py C G’ of the terms corresponding to w = 1 can be expressed as

s\ T)

<
By Sy —He<s)\,av>

P{CG’ s€W(%,2) L2,

/ / (M(s,p', \)®)(mk)dmdk. []
KNPy \K Ao Mo \M2

The coset space Pg,,\G,, is not compact when w # 1. It is a subset
of the compact coset space Po\G’ (see PropPosITION 3). Since (13.2) is
independent of k € Py, \G,,, one would expect the integral of (12.2) over
P2, \Gy to converge for A with a sufficiently large Re(\). In the case of
G = GL(2) and P # G, and w # 1, Aps is one dimensional and the
convergence is shown for A with Re A > % in [F1, proof of prop. 9] (the
local argument there is easy to globalize). When n > 2 we do not have a
proof of the convergence of flew\Gw (12.2) for a large Re()\). Instead, we
argue as follows.

The terms (13.2) are linear combinations of exponential functions in A
and T, as described by LEMMA 14. They are independent of the integration
variable k € Pg,,\G,,. The linear independence of the exponentials implies
that each I(w, ®, p’, A, T), for w # 1, is a sum of products of an exponential
function in A and T as displayed in LEMMA 14, and a function in A\, which
depends also on w, ®, p’, which is meromorphic in A € A% ¢ Namely,
for j = 1,...,J(w), there are linearly independent homogeneous linear
forms £;;,(t) (where 1 < i < d(w)) in t = (t,), and linearly independent
homogeneous linear forms h;j;,,(A) in A = ((A,«”)), and meromorphic
functions F;(X\, w, ®,p') in A € A; / ¢» holomorphic in A with A sufficiently
large (in the positive Weyl chamber), such that

I(w,®, 0 \T)= > F\w®/)

1<i<J(w) % H hijw(A)—lehz‘jw(é)f:‘jw(ﬁ)_
1<i<d(w)
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The sum over w # 1 of the I(w, ®, p’, A\, T) can be written in the form

(15.2) I(\,®,0\T) = Z F;(A\,®,p") x H hij(A)‘lehij(é)fij(z)7
1<5<J 1<i<d(4)

where d(j) < d, and the F', h and ¢ have the properties described above.

The function E(z,®,p’, ) is holomorphic in A on i}, and so is
ATE(z,®,p',\). This truncated Eisenstein series is rapidly decreasing as
a function of z [A2, p. 108, 1. 5-8]. Hence the integral

/ ATE(z,®,p/,)\) dz
ZG\G

is holomorphic in A on #A},. In other words, the sum of (15.1) =
I(1,®,p',\,T) and (15.2) I(A,®,p’,T) is holomorphic in A on iA%,.
The argument to be employed below requires us to identify the possible
singularities on i}, of the meromorphic functions F; (A, @, p’). These are
described by :

16. PROPOSITION. — For each p', ®,9', f', j, the product of F;(X, @, p')
and Ey (I(f', X, p")®, p', X) is holomorphic in A on iU},

Proof. — Since the integrals in (15.1) converge and represent holo-
morphic functions in A (always in ¢%%,), the only possible singularities
of (15.1) are on the hyperplanes {); (sA,a") = 0} (for some s € W (2, 2As)
and a in Ag). To identify some of these hyperplanes which do not con-
tribute singularities, we argue analogously to [A2, p. 117].

Given o in Ay, there is a parabolic subgroup P§ C G’, and a simple
reflection s, € W (22, 23) “belonging” to a (see [A2, p. 117, 1. 9], and the
definition in [L2], p. 35, £. 6, and the preceding pages 33-34). As in [L2],
denote the elements of Ay by «;, and those of Az by ;. Given ay € A,,
the reflection sy belonging to a, has the property that 8, = —spay lies
in As, and spa; = B; + bse B¢ for some by > 0 (i # £); see [L2, p. 34, L. 6].
In particular,

(68X, By) = (sA, seBy) = —(sA o).

Moreover, on {\; (sA,ay) =0} = {X; (sgsA, 3)) =0}, we have

[T(sesh 87 = [[(sh af +bucay) =] (s) af)

£l i#L £l

and (sasA, T) = (sA,T) for any T in 2p/. Consequently the summands
of (15.1) which are singular along a given hyperplane occur naturally in
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pairs, indexed by (Py,s) and (P4, s,s), where from now on we write «
for ay, sq for sy, B for a; (i # £), and ag for f,.

We will show that the residues are equal, for some p’, using in particular
the functional equation for the intertwining operators (e.g., [Al, p. 927,
(iii), 1. 10]), which asserts

M(808,0',A) = M(sqa,sp",sA\)M(s,p', \).

Put ® = M(s,p,\)®, and denote the integral which appears
in (15.1) by

Dy(®') = / #'(g)dg.
MaAsNo\G

Write sp’ as a product pj x --- x pl, of GL(n;, Ag)-modules (1 < i < a).
The element s, € W (22,As3) interchanges p; and p; for some pair i # j
of indices.

16.1 LEMMA. — If (sA, ") = 0, then

Dy (@) = / (M50, 56/, s)@') (9)dg
M3AsN3\G

is equal to €(sa,sp")Da(®'), where €(sq,sp’) is 1 if p; # pj, and —1
if pi = pj.

We delay the proof of this Lemma to the proof of ProposiTiON 19,
where the same result is needed in the study of the discrete terms in the
Fourier summation formula. Note that the intertwining operator M (s,)
depends only on the two components p; and p; which are interchanged,
and the corresponding components A;u; and Ajp; in sA = Zﬁe A, ABIB
which are affected by the action of the Weyl group element s,. On the
hyperplane (sA, ") = 0 we have A; = \;. Then LEMMA 22 below asserts
that Dy(®') = c¥(We), and D3 o(®') = c¥(Wy(s,,sp',s2)0’) for some
complex number ¢ # 0 and functional ¥ on the space of Whittaker
functions of the G’-modules I(sp’) or I(sqsp’). COROLLARY 25.1 below
asserts that the function Wy, sy sr)e 1S the product of Wg: with
€(8a,8p"), which establishes the lemma here. []

It follows that the two terms associated with the singular hyperplane
(s, @”) = 0 have equal residues, and so the residues cancel each other and
do not contribute a singularity to (15.1), when the factors p} and p; which
are interchanged by the reflection s, are inequivalent. When p} ~ p;» the
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residues have different signs, canceling the different sign of (sA,a") and
(sasA, ay) = —(sA, "), and then (15.1) may indeed have a singularity of
the form (s\,a")~! on the hyperplane (s\,a") = 0.

We shall show that Eu (®,p’,\) has a zero on the hyperplane
(sA,a¥) = 0 when the factors p; and p} of sp’ which are interchanged
by s, are equivalent. It suffices to show this for the Eisenstein series
E(z,®,p',\), whose Fourier coefficient is our Ey/, at z in N}J\Nj. By the
“principle of the constant term” of [L2], it suffices to show the vanishing
under the same assumptions on A, z and p', of the constant term

(162) EN] ($,(I),p,,/\) = Z (M(taPl,/\)‘I))(:E)e“’\"‘”l’H(x»
teWw (A,2)

of E with respect to any parabolic subgroup P C G’ associate to P’ (for
the equality, see, e.g., [A2, p. 113, 1. —8]). Note that H(z) = 0 on N[\Ng,
and recall that “associate” means that W (2(,2(;) is non-empty.

16.3. LEMMA. — Suppose that p' and \ have the property that for
some s € W(U,As) (and P)) and a € Ag, we have (sA,a”) = 0 and
Psi = Py ;, where p ;. and pf ; are the factors of sp’ interchanged by the
simple reflection so belonging to «. Then En,(I,®,p',\) = 0 for any
parabolic subgroup P| associated to P'.

Proof of the Lemma.— For any t € W (21, 2;), the reflection ts~1s,st ™1
lies in W(%41,2l1), and it interchanges the factors p;,; and pj ; of the
Mj-module tp'. Our assumption implies that p;; =~ pi,, and that
(s\ ts7raY)(= (tA\,a")) is zero. The functional equation

M(ts Ysast™ - t,p/, \) = M(ts  sqst™t tp/ AINM(t, p', N)

implies that the terms in En, (I, ®, p’, ) (I denotes the identity element)
come in pairs, indexed by ¢ and ts~'s,s, whose value differ by a sign
since M (ts~lsost™1 tp’,tA) is —1 for our tp’ and t\. This last evaluation
is again delayed to CorOLLARY 25.1 below, since it is needed also in the
discussion of the discrete contribution to the Fourier summation formula.
A sum of zeroes is zero, hence the lemma follows. []

At this stage we conclude that the product of (15.1) and Ey/ (®, p/, \) is
holomorphic on i },. Hence the product of I(A, @, o/, T') and Ey/ (®, p’, A)
is holomorphic there (since (15.1) + I(A, ®,p’,T) is holomorphic). By
the linear independence of the J exponentials in T in I(A®,0,T)
we conclude that each product F;(\, ®,p")Ey/ (®,p’, ) is holomorphic
on iAp, (1 <j<J), and Prorosrrion 16 follows. []

We shall use the following :
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16.4. LEMMA. — Let f be a Schwartz (smooth, rapidly decreasing
as |p| — o0) function on iR. Then

tl_i)nolo/]R f(#z exp(£ipt)du = ££(0).

Proof. — Elementary. ||

On mapping T to oo in the positive Weyl chamber, this LEMMA 16.4,
together with ProposiTiON 16, permits deducing from PrRopPosITION 9,
CoroLLARY to LeEMMmA 15, and the expression (15.2) for the sum
I(\, 9,0, T) of terms indexed by w # 1, the following :

17. PropPOSITION. — For every f' = Q,f, € C(G'), the sum
Yow 20 ¥ aw, f59") of Proposition 9 is equal to the sum of (a)

Ao
P>

P'CG

1
o XS B0
p'ELo(M) ®EH pr (p')
x Y > ar,

PLCG’ s€W (2,2)

where
(17.1) / (M(s, ', 0)®)(g) dg,
AxNa M2 \G

and (b) the sum over P' C G', certain cuspidal M'-modules p’, and over j
(with 1 < j < J), of the integral over the A € i}, such that h;j(A) =0
for alli such that 1 <4 < d(j), of the sum over ® in an orthonormal basis
of Hp/(p'), of the product of F;(X, ®,p") and Ey (I(f', X, p")®,p", A).

LeEMMA 16.4 is used to reduce the domain of integration i 2%, to the
hyperplanes h;;(A) =0 (1 <14 < d(j)), since the forms £;;(t) are linearly
independent. The fact that d(j) < d implies that the terms index by j
contain an integral over a non zero-dimensional space. The linear forms
(sA,a¥) in A which occur in the term (15.1) are linearly independent,
and there are d = dimAp = [Aj] such forms. Consequently the integral
over ¢ Ap, reduces to the value of the integrand at A = 0, by LEMMA 16.4.
The first summand, (a), of the proposition, is thus obtained. []

We now continue by analyzing the discrete contribution to the repre-
sentation theoretic part of the Fourier summation formula, namely the
sum (a) corresponding to w = 1 in ProposiTION 17.
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18. LEMMA. — The integral (17.1) is non-zero (for some ® € Hp:(p'))
if and only if sp’ is a distinguished sM'-module (and p' is a distinguished
M'-module).

Proof. — The operator M (s, p’,0) is an isomorphism from the space
Hp/(p') of the induced G'-module I(p";G',P') to the space Hp;(sp')
of I(sp’). Since sp’ is distinguished if and only if p’ is, it suffices to show
the lemma when s = 1. Then Py = P'. If D(®) = fANM\G ®(g)dg is
non-zero, then the functional ® — D(®) is non-zero and G-invariant
on I(p'), hence I(p') is distinguished. Moreover, D(®) = D, (®¥), where
DX (g) = [x P(gk)dk, and Dpy(¢) = Jaru @(m)dm. Then oK is an
element in the space of p C Lo(M’\M'), and Dy (®X) # 0 for some ®X
means that p’ is distinguished.

On the other hand, if p’ is distinguished then there is a cusp form ¢
in the space p’ C Lo(M'\M'), ¢ necessarily transforms trivially under A
(a subgroup of the center of M), such that Dy (¢) # 0. Let K. be a
sufficiently small congruence subgroup of the standard maximal compact
subgroup K’ of G’. Define ® on G’ by ®(g9) = #(m) if ¢ = mnk with
meM,neN, kekK,, and ®(g) = 0 otherwise. Then D(®) is Dps(¢) up
to a non-zero (integration) scalar, hence (17.1) is non-zero, as asserted. []

Our next aim is to show :

19. ProrosITION. — The sum of (17.1) over s in W(, ) is zero
if there is s # 1 with sp’ = p', and it is the product of the cardinality
(W (,22)] and

(19.1) D(®) = /MAN\G B(g)dg

if sp’ = p' only when s =1.

In other words, if M’ = GL(n1) x --- x GL(n,), and correspondingly
p' = p} x -+ x pl, the proposition distinguishes between the case where
P~ p; for some ¢ # j, and the case where the p;’s are pairwise
inequivalent.

The proof of this requires several lemmas. The main step is to rewrite
the integral (19.1) in terms of the Whittaker function

Wa(g) = @(Jng)y'(n)dn

/J—lM’JﬂNé\N()

attached to ®. Here J = ((—1)""%;n_j+1), and ¢’ the non-trivial
character of NoNj\Nj fixed above (N is the upper triangular unipotent
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subgroup in G). In fact, we would have liked to argue, using the uniqueness
of the distinguished functional [F1, prop. 11], that D(®) is a multiple of
the functional E(®) = fZNO\G Wq(g)dg, which is also G-invariant. The
only problem is that this last integral does not converge. To overcome the
problem we regularize this integral. A few notations have to be recalled,
mainly from [F2], for this purpose.

Denote by @ the upper triangular parabolic subgroup of G of type
(n—1,1) (in [F2] this Q is denoted by ZP). Denote by g the modular
function on G attached to Q, thus if g = gk, g € Q, k € K,and ¢ = (j }),
a € GL(n—1,A) and b € A*, then

8q(9) = 8q(q) = |det(Ad(q)|7y) | = |det(b™a)| = [b~"V) det al.

Let (], V) be an irreducible admissible generic G, -module, thus there
exists a non-zero linear form A on V' with A(7) (n)v) = ¥, (n)A(v) for all v
in V and n in Nj,. There exists (in general at most) only one such A up to
a scalar (see GELFAND-KAzZHDAN [GK]). Denote by W (m.;.) the space
of all functions Wy, on G, of the form W,,(g) = A(7. (¢)w) (w in V). The
space W (ml;.), called the Whittaker model of 7, (with respect to 7)),
is invariant under right translations by G, and it is equivalent to (., V)
as a G)-module. For W, in W(n.;v,) we have W,(ng) = ., (n)W,(g)
(n € N§,, g € G.). Suppose that the central character of 7, is trivial
on Z,. This is the case if 7, = I(p),), and p), is a distinguished M-module.

20. LEmMA. — The integral
wew)= [ Wile)ale)dy
ZvNOv\Gv

converges (absolutely) for Re(t) > 1.

Proof. — Note that 1! is trivial on Ny,. Hence W, is Z, Ny,-invariant,
and the integral is defined. We shall use below only the fact that W
converges for a sufficiently large Re(t). This is a fact since W, is majorized
by a function £ on G), which is left-N},Z! and right-K invariant, and
given on A! by

a |?

o a2 an_l) (a = diag(ay, ... ,an)),

g(a):T(_,_,...,

az as Qn

Qan

for some v < 0 and a smooth compactly supported function T on E, X - - - x
E, (n—1 copies) ; see JACQUET, PIATETSKI-SHAPIRO, SHALIKA [JPS, (2.3.6)].
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To show the convergence for Re(t) > 1, we use the decomposition
Gy = QuK,. Then

/ |Wv(9)|<5@<g)tdg=/ dk/ Wa(gh)| x [deta]' ™ dg,
Zy Nou\G K, Now\@os v

Q0={q:(g Z)EQ; bzl}.

The integral over the subset of ¢ with |detal, < 1 is bounded by
fKU fNoU\Qo,, |W,(qk)|dgdk, which is finite by the Lemma of [F2, p. 306].
Since |W,(gk)| is bounded by a function &, the integral over the set of
q € Nou\Qoy with |detal, > 1 is taken over a compact set; hence it
converges. The lemma follows. []

where

Remark. — We shall discuss here only the case of a non-archimedean
F-prime which stays prime in E. In the case of v which splits into v/, v",
thus £, = F,» ® F,, we have I/Vv(gvagv”) = VVU’(gv')I/VU” (gv”)» and
LeEMMA 20, as well as the entire discussion below, analogously follows from
[JS] in the non-archimedean case, and from [JS1] when F), is archimedean.
This forces us to restrict attention to extensions E/F such that each
archimedean place of F splits in F. The final remark in [F5] suggests
how to remove this restriction, but the work suggested there has not been
carried out as yet. |[]

We are interested in the value of ¥(t, W,,) at t = 0. This value is not in
the domain of convergence, but it is defined by analytic continuation.
Our concern is with the possible poles, or zeroes, beyond the line of
absolute convergence. To examine this, let us compute ¥(¢, W,) when v
is unramified in £ and w) is unramified, namely has a non-zero K-
fixed vector, and W, is the K/ -fixed vector W2 in W (r; 4! ), normalized
by Wo(I) = 1.

To state the result, denote by r the twisted tensor representation of
the dual group G’ of G’, introduced in [F2]. At a place v which splits
it is simply the tensor product representation of CAT’; = G(C) x G(C) on
C"@C™:r(z,y)(u®v) = zu Q@ yv. At a non-split place v,

G, = (G(C) x G(C)) x Gal(E,/F,),

and 7 acts on u ® v € C*" ® C" by r(z,y)(u ® v) = zu ® yv and
r(e)(u®v) =v®u.
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The L-function L(t, 7, r) attached to r and the unramified G, -module
m, is defined (see [F2]) to be

det[1 — g 'r(t(m)))] -

where ¢, is the cardinality of the residue field of F),. If v splits and the
Hecke cigenvalues of 7, = m,s X m,~ are x; and y; (where 1 < i < n), then

L(t,m,r) = L(t, Ty X Ty, ®) = H(l —q, twy;) 7t

4,J
If v stays prime and the Hecke eigenvalues of 7, are z1,...,2,, then
L(t, m,,7) H(l_qv zi) " H(l—QJQthZk)_l-
j<k

In fact, another L-function is needed. Denote by wi, the central char-
acter of 7/, and put

-1

L(taw;) (1 - q_t /(7('0))

if v stays prime (7, is a uniformizer (generator of the maximal ideal in
the ring of integers) of F,,, and also of E,,, since E, /F,, is unramified), and

- -1
L(t,w;) = (]. — 4, twv/ (Ev’)wv“(ﬂ'v”))

if v splits and w,, w, are the central characters of m, and m,".
Note that L(nt,w;) “divides” L(t,m,r), namely L(nt,w])/L(t,m,r) is
a polynomial in ¢;* whose value at 0 is 1.

With these notations we prove :

21. LEMMA. — When v and 7!, are unramified, V(t,W?) is equal to
L(t,w),r)/L(nt,w)).

Proof. — This is the Proposition of [F2, p. 305, with a minor modifica-
tion : the integral W (¢, ®, W0) of [F2] is taken over Ny, \G, (instead of our
ZyNou\Gy), and its integrand contains the characteristic function ®. As
explained in [F2 p. 305-306], the integral of [F2] is a sum which ranges
over Ay > A > .- >\, >0 and adds up to L(¢,n,,r) (when Re(t) > 1).
The presence of <I’ in [F2] causes the inequality A, > 0. In our case the
integration is taken modulo the center Z,, and so we may choose \,, =
and sum over A\ > A2 > -+ > A\,_1 > A, = 0. The Schur function sa(x),

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



448 FLICKER (Y.Z.)

z = (z1,...,2,), used in [F2], satisfies sy (z) = (21 - z,) s5(2), if A =
Ay An), As = A — Ap. Since W/ (1) = 21+ 20, Wy (Ter) = T1++* Ty
wvn(mu) =y1-Yn, and ;5027 = (1= 2)7" for [z < 1, the lemma
follows. []

In the general non-archimedean case, that is when v or m, are not
necessarily unramified, or W, is not a multiple of W2, theorem 2.7 (ii)
of [JSP] in the split case, and the Theorem (ii) of [F5] in the non-
split case, establish — after a simple modification, taking into account
the denominator L(nt,w,) — that there is a polynomial P(X) in C[X],
X =¢q;’%, with P(0) = 1, such that the p-adic integrals ¥ (¢, W, ) span the
fractional ideal P(X)~'C[X, X 1] of the ring C[X, X ~!]. Define

L(t, 7!, r)/L(nt,w.) = P(X)" "

y s
When E, /F,,w, and 7, are unramified, it is clear from the proofs of [JSP]
and [F5] that the L-factors so defined coincide with those of LEmmaA 21.

We now return to the global notations used in ProposiTiON 19,
where p’ is a distinguished cuspidal M’-module, and ® € Hp/(p'). For
W(g) =II, W (gv) define

HL (t, 7)) L(nt,w)) " W (t, W,).

By LEMmA 21 almost all factors here are equal to 1. The remaining finite
number of factors are regular in (g, ' and in particular in) ¢.

Note that in the split archimedean case the L-factor is defined
in [JS1] to be that which is associated to the representation of the Weil
group which parametrizes the m,» x m,~. The corresponding local factor
of ¥(¢t, W) is shown in [JS1, thm 5.1 (i)], to be regular in ¢. The L-factor
can of course be analogously defined when E,/F, = C/R, but then — as
remarked after LEMMA 20 — the regularity of the corresponding factor
of U(¢, W) has not been established as yet.

Consequently, for E/F in which each archimedean place of F splits,
U(t, W) can be evaluated at t = 0. If W = 3, a;W;, where W; = [[, Wiy,
put

(Wa) = Zaz (0, W).

Then ® — U(Ws) is a non-zero complex-valued linear form on the G'-
module 7/ = I(p’) (each of the local forms

W, — L(t, 7, r)L(nt,w,) " 0 (t, W,)

is non-zero). Since dg,(9q1) = bq,(9q1)é¢q, (a7 'kq1) for g = gk, and
60,(qr *kq) is bounded over k € K,, the distribution ¥(Ws) is G-
invariant.
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22. LEMMA. — For every p' and 4’ there exists a mon-zero constant
c=c(p',v"), depending on p' up to conjugacy, such that D(®) = c¥(Wy)
for all ® in Hp/ (p').

Proof. — By [F1, prop. 11], there is a unique (up to a scalar) non-
zero G,-invariant complex-valued form on a distinguished irreducible
admissible G, -module such as w, = I(p)). Both Wy (®) and D(®) are
G-invariant and non-zero, hence the lemma follows. |]

Consequently, for any s € W(2,2,) as in ProposiTioNn 19, the
expression (17.1) is

D(M(s,0',0)®) = c@(Wis(s pr 0)2)-

To relate (17.1) and (19.1) we thus need to relate W with Wys(s p0)a-
By the functional equation

M(31327 p/a 0) = M(Sh 32/)/, O)M(82> pla 0)

(due to [L2], see also [MW2], or [Al, p. 927, (iii)], in the number field
case, and [M] in the function field case), we are reduced to the case where
s interchanges two blocks, namely P’ is of type (r1,72) (r1 + 72 =n), P}
is of type (r2,71), and s = (OIW 1”6), so that s M’s = MJ.

To deal with this case, let p’ = p| x p, be an irreducible cuspidal M'-
module, and p, = p'®6%,. For any ® € Hp/(p') put ®4(g) = CD(g)égl/Q(g),
and denote Wy, by Wa , ¢4 Denote the central character of p; by w;.
Put p' = p), x p}. We shall also need the local analogues of these notations.
In particular, denote by V; the space of pf,, and by ®;, a right-smooth
function from GJ, to Vi ® V3 satisfying

@5 (pg) = 6p, (0)"/2 (), (@) @ ph (D)) Pe0(9)

(with p= (¢ ;) €P,and g € G).
If /\f is a (non-zero) Whittaker functional on (p} ,, Vi), thus

A (Do (w)w) = P (u)AY (w)

for u € Ny, and w € V;, then

Wa, 101, (9) = / NV © AL By (sug)) i (u) du
NéYvﬂs—lN(’)yvs\N{),v
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and
(M(s. g, 1)®0.0) (g) = / B, ,(sug)du

Né,vﬂs—lNé’Us\N(’),v

(cf. [Sh2, p. 72]). Denote by L(t, p} ,®p5 ,) and €(t, p} ,®p5 ,,, ¥s,) the local
L-function and e-factor attached in [JPS, thm 2.7], and [JS1, thm 5.1],
to the pair (p} ,,p5,) of GL(r1, E,) and GL(rz, E,)-modules (which are
generic, being as they are components of cuspidal representations), and
the character v, of Nj ,,, and the tensor representation on C™ @ C"2.

In the non-archimedean case the e-factor is a monomial in ¢, ¢, while
the L-function, which has been introduced after Lemma 21 above (when v
splits), is of the form P(q,?)~!, where P is a polynomial over C
with P(0) = 1. In the archimedean case the L and e-factors are those
associated to the representations of the Weil group which parametrize
the pj , ; see [JS1].

23. LEMMA. — For an admissible irreducible generic representation

/AN /
Py = P1y X Py, ONE has

L(t, ph ., ® Pa,,)
t) pil,v ® ﬁQ,v? /ll)'{))L(]' - t? /3/171) ® p/2,v)
= Wht(s,p,,0)2,5,,—t,4;,(9)

Wa 1 1.0 (9)ws, " (—1) i

for all g € G, where p}, is the contragredient of p} , and p, = py , X p ,,-

Proof. — This is the main result of SHAHIDI [Sh2], see the first, third
and fourth displayed formulae on p. 68 of [Sh2]. (]

Definition [Sh3, p. 272]. — The normalized intertwining operator is

e(t,pll,v & plz,vv Yu)L(1 + L P10 ® /3l2,v)
L(t, p0 © P3)

R(s, pl 1) = M(s,6l,,0). []

y Moo

CoRrOLLARY. — For any g in G! one has

1 L(L pll,v & :6,2,11)

Wa 0, /(g)w’ o (=1 - = Wr(s,p1,000,5,,0,0, (9)- i
P09, 2, L(17p/1,v ®P,2,v) (8,04,,0)®,51,,0,9,

Note that by LEMMA 18 the only p’ which contribute to our formulae
are the distinguished ones.
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24. LemmA. — If py ,, and p , are distinguished then L(t, p' , ® p ) =
L(t, p, ® Poy)-

Proof. — The assumption implies that p, =~ /V_);,v’ where p} ,(9) =
0;.(9), g = (ai) if g = (ai;), and = +— T is the non-trivial element
of Gal(E,/F,), by virtue of [F1, prop. 12]. This is well-known in the
archimedean case. To simplify the notations, in the rest of this proof the
index v is omitted. In the archimedean case the identity is clear. In the
non-archimedean case, by definition (see [JPS, thm 2.7 (ii)]), the L-factor
L(t, py ® ph) = L(t, p} ® ph) is the g.c.d. of the integrals

/ Wi (9)Wa(g)b(eng)| det g|* dg,
NG

where €, = (0,...,0,1) € E™, and ¢ ranges over C°(E™) and W; over
the Whittaker space W (p};¢') of p; with respect to ¢’. Of course, the
factor L(t, o] ® p5) = L(t, p} ® ph) is the g.c.d. of the same integrals with
Wi(g) replaced by W1(g) and Wa(g) by Wa(g). Since |det g| = |det g,
and g — ¢(g) lies in C°(E™) if ¢ does, the lemma follows. []

COROLLARY. — Globally, for any ® in Hp:(p") we have

We p 0,0 (9) = Wr(s,pr,0)0,5,0,07 (9)-
Indeed, Hp/(p') is spanned by ®®,, and wh(—1) = 1 since p} is
automorphic. The global normalized intertwining operator is defined by
the product of the local operators :

R(s,p',t) = ®yR(s, pl,,t). []
The global operators are related by

Riop.t) - CHEBLA+ AR o

L(t, p} ® p3)
The global € and L functions are defined to be the product of the local
factors. Note that the global e-function is independent of the choice of the
additive character ¢’ # 1 on Ny, as long as ¢’ is trivial on NJ.

The functional equations L(t, p} ® ph) = €(t, p} @ ph) L(1—t, p} ® ph) for
the tensor product L-function (proven first in the Appendix to [MW1],
and then by [JS1, thm 5.1], which completes the work of [JPS] in the
archimedean case) implies that

/ L(1+t>p/1®ﬁ2) /
R(Svpat) L(l—t,ﬁﬁ@pé) M(37p7t)'
By LEmMMA 18 the p] are distinguished (hence p; ~ p} by [F1, prop. 12]).
By LEMMA 24 we then have L(t, p} ® gy) = L(t, py ® p5). One more lemma
is needed.
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25. LEMMA. — If p} ~ p} then L(t, p} ® py) has a simple pole att = 1. If
not then the L-function is finite at t = 1; moreover it is non-zero att = 1.

Proof. — Both assertions follow from [JSyy, prop. 3.6, p. 802], for the
partial (product over almost all local places) L-function. This result of
[JS11] extends to the full L-function too by the Appendix to [MW1], or
alternatively by virtue of [JPS, thm 2.7 (ii)], and [JS1, thm 5.1], where the
remaining local factors are introduced and related to the local integrals
of Whittaker functions from [JSp]. The “moreover” part of the Lemma,
and more generally the claim that L(¢) is non zero on Re(t) = 1, is due
to [Sh1]. []

25.1 CorOLLARY. — At t = 0, the quotient
L(1 +t,p) ® ph)
L =1, 4, ® ph)

takes the value €(p’), which is 1 if p} # ph, and —1 if pj ~ ph. Consequently
we have

Wt (s.00,00@,5,0,4' (9) = (0 ) Wa p,0,00(9)- [
We now return to the
Proof of proposition 19. — Here p' = p} X -+ X p/,, and s = s182 - 8,
where s; € W /Wy permutes two blocks only. If u = u(p/, s) is the

number (modulo 2) of the ¢ such that s;8;41 - Spp’ = 8;41 - spp’, then
by CorOLLARY 25 and the functional equation we have

Wit(s,01.0)®,5p,0,07(9) = (=1)“Wa 0,47 (9)-
Put M, = sM’s™!, and denote by N! the unipotent radical of P! = M_P;,
(P} is the upper triangular subgroup). By LEMMA 22 we have
| (M50 08)(9)dg = VWit 0100
M!ANN\G

= (=1)"c¥(We 4 0,4')

(—1) /MAN\G B(g)dg.

Thus if p} % p/; for all i # j, the integral (17.1) is equal to fMAN\G ®(g)dg
and is independent of s. But if there are i # j with p} ~ p’; then there is sq
in W (2, 2() which permute the two, and the element sg acts by s — ssy on
the set W (A, 2s). The sum over s in W (2L, A,) of PROPOSITION 19 contains
then with each term its negative, so the sum is zero, as asserted. []
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If sp’ # p' for any s # 1 in W(2,23), then the cardinality of the set
{sp'; P, C G s € WA Az)} isn(P') (see [Al, end of p. 919]). It follows
that the terms (a) corresponding to w = 1 in Proposition 17 add up to

Q[ /AN / =
Z!z\Z > Ew'(f(f,p,O)‘D,p,O)-/MAN\th(g,O)dg.

j ATel o ®EHpi(p')

The second sum ranges over the cuspidal distinguished M’-modules p’
with sp’ = p’ implying s = 1 for any s in W(2A,2s), P, C G'. These
are the p’ which occur in THEOREM 1*, and the above sum describes the
discrete part of the representation theoretic side of the Fourier summation
formula. This discrete part is responsible to the applications concerning
liftings.

It will be convenient to express this discrete part of the representation
theoretic side of the Fourier summation formula as

> ‘%‘ > WDy ().

PICG! o'
Here we put

D(®) = /MAN\G B(g)dg;

this is a distinguished functional on Hp: (p'). Also we put
WI(p’),w’(q)) = Ew’(‘l’, p/7 0) )
this functional satisfies Wi,y 4 (2%) = o' (2)Wi(p)y (@) for 2 € N,

where ®*(g) = ®(gx). By the uniqueness of the Whittaker model and of
the distinguished functional, the distribution

WDI(p’),’l/)/(f/) = Z WI(p’),w’(I(f/>plaO)(I)) : D((T))v
®eHp (p)

f' € C(G'), where the sum ranges over an orthonormal basis {®}
of Hp/(p'), is well-defined, namely is independent of the choice of the
basis {®}. It satisfies

W Dr(p),00 (") = 0 (@)W D1y (£), - *F(9) = f'(zgy),

for € N and y € G, since ' (*f'¥)® = (x/(f)®¥ ')* ', and ® — ¥
maps {®} to the orthonormal basis {®¥} of the space Hp:(p').
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Note also that the proof of Proposition 19, together with the func-
tional equation E(g, M(s,p’,\)®,s\) = E(g,®,)\) (due to [L2], but see
also [Al, (ii) on p. 927, 1. 9], in the characteristic zero case, and [M] in
the positive characteristic case, or [MWZ2]), implies that the distribution
WDy, depends only on the equivalence class of I(p’). The discrete
part can be written then as

> ’%’ n(p') - WD), (),

I(p’)

where the sum ranges over all G’-modules I(p’), where p’ is a cuspidal
M-distinguished M’-module, up to equivalence, and n(p’) is the number
of distinct pairs P, p’ yielding the same equivalence class I(p’).

Before launching into the comparison of the Fourier summation for-
mulae we show that the functor of induction respects the notion of being
distinguished.

26. PROPOSITION.

(1) Let F be a local field. Let (p;,V;) be G; = GL(n;, F)-distinguished
G}-modules (1 < i <b), and >_n; =n. Then 7’ = I(p},...,p,) is a G-
distinguished G'-module.

(2) Let E/F be global fields. Suppose that n = 2m, and p’ is a cuspidal
GL(m, Ap)-module with p' # p'. Then ©' = I(p',p) is a G-distinguished
G’-module. In particular, each of its components is G, -distinguished.

Proof.

(1) Let L; be a non-zero G;-invariant linear form on p}. A vector ® in
m is a function @ : G/ — V1 ® ... ® V}, satisfying

®(nmg) = 657 (m)pi(m1) & ... ® p}(ms)®(g)

(m = diag(mq,...,my)), where P’ is the standard parabolic subgroup
of G of type (n1,...,np), and P’ = M'N’, n € N', m € M’. Define

@) = [ 0 L)(0(0) b

This integral is well-defined since

(a) Li(pj(a)vi) = Li(vy) (v; € Vi,a € G; viewed naturally as embed-
ded in the standard Levi factor M of P),

(b) the integrand is continuous and P\G = K N P\K is compact,

TOME 120 — 1992 — ~° 4



A FOURIER SUMMATION FORMULA 455

(C) 6123 = (Sp/ and

/Gf(g)dgz/N/M/Kf(nmk)é,;l(m)dndmdk.

The distribution D(®) is G-invariant by construction, and it is non-zero.
Indeed, fix v; # 0 in V; and a congruence subgroup K. of K’ such
that p}(k)v; = v; for all k € G, N K (G}, is viewed as a subgroup of M’).
The v; can be chosen so that L;(v;) # 0. Let ®, be a function on G’
supported on P'K!, and given there by

Bo(pk) = 65, (m)p} (m1)v1 ® - -~ © ply(my)ve

(p=nme P =N'M ke K/). Then D(®g) is [], Li(vi) up to a volume
factor, and (1) follows. []

Remark.

(a) If the p} are unramified, then so is n’. If each L; takes a non-zero
value on the K-fixed vector v; in pj, then D is non-zero on the K'-fixed
vector in 7', which is defined as @y is, but with K/ replaced by K’.

(b) The proof of (1) is easy to “globalize”. Suppose that p},...,p},
are G;-distinguished cuspidal Gj-modules, and ® is an clement in the
normalizedly induced G’-module I(p’), thus

®(nmyg) = 6}13/,2(m)¢>1(m1) o p(mey) @(g)

(neN,meM, geG') for some ¢; € p}. Then

D(tb):/ @(g)dg:/ / ®(mk)dmdk
AP\G AM\M JKNM\K

(the last equality follows from the decomposition G = NMK and the
equality 6pr = 6%) defines a G-invariant linear form on I(p’), which is
easily seen to be non-zero. []

(2) Let P denote the parabolic subgroup of type (m, m) in G = GL(n),
and consider the Eisenstein series F(z, ®, \) associated with an element @
in the space of the induced ©’ = 7)), where 7, = I(p'v*,p'v=>). Here 2
is one-dimensional, and the series converges for A in C with Re A > %
The map ® — E(®,)\) yields an embedding of 7} into the space of
automorphic forms. We shall construct a G-invariant functional on 7’

on studying the form

D(@,A,T):/ ATE(z,®,)\)dx
ZG\G
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at A = 0 and T = oo (T is now a sufficiently large real number).
Denote by xr the characteristic function of (T, 00) in R. By LEmMMA 11,
ATE(z,®, ) is the sum over § € P'\G' of

®(6x) eAtrr H D) [1—xr(H(6z))]
— (M(s,2)®)(6z) elsAtepr HED) (H(6z)).

By PROPOSITION 3, the space P/\G’ is the union of P\G and n-(n~tP'nN
G)\G. Integrating over ZG\G, we obtain the sum of two terms. The one
corresponding to P\G is easily evaluated to be

D (®) - T /X = Dpg(M(s,\)®) - e T/

where

Dy (®) = /K /A M\M(I)(mk)dmdk.

The second term, denoted by J(®, A, T), is the integral over
Z(G Ny~ P'p\G
of

O(na)eMrer HOW (1 — v (H(nz))]
— (M (5, \)®) (nz) A Feer - HOD) o0 (H (na)).

Note that nij~! = s, P, = P' NG, and x — H(an) is left invariant
under P,. Suppose that p' % j'. Then the integral of ®(zy) over z in
P\P; is zero (same for M (s, \)®, at least at A = 0). Hence J(®,0,7) = 0.
Moreover, as in the proof of ProposiTiON 19, we have Dy (M (s,0)®) =
Dy (®). Since

AT AT

—=— =T+ IAT? 4

A

is holomorphic in A € C we conclude that the required (non-zero,
G-invariant) functional is given by ® +— limr_,o(D(®,0,7)/4T) =
Du(®). [J

e

Remark.

(a) A purely local proof of (2) could be attempted as follows. In local
notations, consider an admissible irreducible GL(m, E)-module (o', V),
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and the normalizedly induced G’-module 7' = I(p/, 7). An element ®
in 7’ is a function ® : G’ - V @ V with

o((5 1)) = ldetav™/*4(a) & # (B)2(9)

(a,b € GL(m,E), g € G'). Note that 5'(b) = p/(*%~!). Introduce a
form L : V@V — Cby Lw® ) = (v,A). Put Jo = (7 ™),
P,={peP; p=wpw} forw e W, w? =1, where P’ is the standard
parabolic subgroup of type (m,m), and G, = {g € G'; § = wgw}. The
integral

D(®) = /P L, He@)ds

is well-defined. Indeed, any element of Py, is of the form p = (§ 9),
a € GL(m, E), and

L((#(a) @ ¢ () (w ® X)) = (¢ (a)v. # (BA) = (o (B) ' (a)v, )

is (v,A) = L(v®A) if b=a.

By construction the functional ® — D(®) is distinguished, namely
invariant under G, or more precisely the conjugate group G j, = 77;01 Gn,, -
Moreover, D is non-zero. To see this, choose v € V and A € V such that
(v,A\) # 0. Then there is some congruence subgroup K. of K’ such
that p'(a)v =v and §/(b)A = A for any ({ ) in K! N M'. Define a
function ®y on G’ which is supported on P'K/, with

<I>0((g ;;)k) = |det ab™| /2 p (a)v @ 7 (B)A,

(& ;) € P,k € K.. Then D(®) is equal to (v, A)(# 0) up to a volume
factor.
The claim (2) would follow once it is shown that the integral which

defines D(®) is always convergent, but we do not have a proof for that.

In this context, note that by ProposiTION 3 we have the disjoint de-
composition G' = |JB'n,G over w € W, w? = 1 (where n,7,;" = w),
implying that P'\G' = UP’\P'n,G where w ranges over W mod-
ulo Wy and w? = 1. The quotient P\G’ = P’ N K'\K' is compact,
and P'\P'n, G ~ P;,\G, is an open dense subset of P'\G'. However,
P \Gj, is not compact in itself.

(b) An alternate approach to constructing a global distinguished func-
tional will be to consider the integral over GZ\G of the untruncated
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Eisenstein series F(z, ®,p’,\) for those A where the integral converges,
as discussed in the remark following ProposiTioN 9. The proof of the
convergence of [ F in that remark is based on a comparison to the inte-
gral of a constant term Ej. To show the non-vanishing of [ E one would
need to show that [(E — X E;) does not cancel ¥ [ Eq. But we have not
tried to pursue this line of reasoning. |[]

We now return to the expression for the Fourier summation formula
of ProposiTiON 17. It will be presented in the format of COROLLARY 8.
As there, let v be a place of F' where w, 1), k and E/F are unramified, and
let f/ € H(G)) be a spherical function. For any irreducible admissible
G!,-module 7, the operator 7, (f/) is zero unless 7, is unramified, and
then 7, (f]) acts as the scalar f,Y(¢(n])) on the unique (up to scalar)
non-zero K| -fixed vector, and as zero on any vector in 7, orthogonal to
the K-fixed one. Let V' be a set of F-places containing the archimedean
places and those where w, ¥,k or E/F ramify. The Fourier summation
formula will be used with f' = ®f; in C(G’) such that f] is spherical for
all v € V. Denote by ¢()\, p]) the class in C/}\';} parametrizing the induced
G!,-module I(\, pl). Put

/

/ / 'V ! / / Vv _ /
Jv = Quev fys f —®v¢va, Ty = QueVTy, T = QugvT,, etc.

Also write
) for IT £ (),
vgV
U pY)) for TT AN 00)).
vV
27. COROLLARY. — Suppose that each archimedean place of F splits

in E. For f' = ®f] with f spherical for all v outside V we have
DY W(aw, ;)
w a

= Zl%f n(p') - (L)) - WDy, (f77)
I(p’)

+ Z Z Z/f/v(t()‘77rlv))'Fj()"q)’p/)

P'CG"1<5<T p', @ x Ed;/(](f(/,)\,plv)@,pl,/\) - d.

The sums over a and w are as in Propositions 7 and 9 ; the p' are cuspidal
distinguished M -modules, which are unramified outside V, where in the
first sum (over I(p')) sp’ = p' implies s = 1 for any s € W (A, 2As),
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Pj C G'. The ® range over an orthonormal basis for the vectors in Hp:(p')
which are K, -invariant for all v outside V. The integrals range over non
zero-dimensional subspaces 1% of iAp,. (]

This is the final form of the Fourier summation formula for f’ on G/,
to be used in the comparison, and our last result which does not depend
on CONJECTURE 6. We now assume CONJECTURE 6, and in particular that
the unit elements f and f,° in the Hecke algebras H(U,) and H(G)) of
spherical functions on U, and G, are matching (the definition was given
after CONJECTURE 5). For the reason explained in the remark following
LEMMA 20, we assume that each archimedean place of F' splits in E.

28. ProposiTION*. — Let V be a finite set of F-places containing
the archimedean places and those where w, ¥, k or E/F ramify. For
any v € V fix a conjugacy class t, = t(m,) in ﬁv, parametrizing an
unramified irreducible generic U,-module 7%, and put t, = by, (t,) € c?';, ;
t!, parametrizes an unramified irreducible generic G, -module 7,. For any
vin Vet f, € C(Uy) and f), € C(G)) be matching functions on U,
and G,. Then

(281) Y n(m) - Way(fr) = Y vol(p') - n(p') - WD), (7).

™ I(p")

The sum over m ranges over the equivalence classes of cuspidal generic
U-modules © with t(m,) = t, for all v outside V'; n(rw) denotes the
multiplicity of @ in Lo, (U\U). The sum over I(p') ranges over all
equivalence classes of G'-modules normalizedly induced from cuspidal
generic M-distinguished M'-modules p', such that I(p)) = I(p); G, M)
is (equivalent to) =), (thus t(p,0) = t,) for allv ¢ V, and sp’ = p’
for s € WA, Az), Py C G, implies s = 1; vol(p') is a volume factor
depending only on M’'.

Proof. — By CONJECTURE 6 we may consider matching
f=®f, €CU) and f =&f, €C(G)

whose components at v € V are as in the proposition, while at v € V they
are matching spherical functions, almost all equal to the unit elements
in the Hecke algebras. By definition of matching, and since the sets over
which w and a are taken in COROLLARIES 8 and 27 are equal, the geo-
metric sides of the two Fourier summation formulae, for U and for G/, are
equal. For such f and f’ we then have that the representation theoretic
sides are equal. Namely the difference of their discrete parts is equal to the
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difference of their continuous parts (which involve integrals over non-
zero dimensional spaces). By THEOREM 2, and especially the Proposition
on p. 198 of [FK2], the unitarity of the modules involved, the Stone-
Weierstrass theorem, and the absolute convergence of the sums which
appear in the summation formulae, imply that each of these differences is
zero, and moreover the identity stated in the proposition holds. []

Remark. — By ZELEVINSKY [Z], (9.7b), an unramified irreducible
generic G, -module 7/, is a full-induced (from a character of the upper
triangular subgroup) representation. The rigidity theorem of [JSyj| implies
that {7}, ; v € V} specifies uniquely the conjugacy class of M’ (namely
the associated class of P') and the cuspidal M'-module p’. Hence the
right side of (28.1) has at most one nonzero entry for a fixed choice
of {t,; v € V}. Reducibility properties of U,-modules 7, normalizedly
induced from unitary characters p, of the upper triangular subgroup are
listed in Keys [K1, thm, p. 127], when n is odd (when the character
is unramified, the induced representation is irreducible), and in [K2,
Thm 3.6, p. 48], when n is even. In the even case, reducibility occurs :
e.g., when n = 2, and the restriction of p, to (§ ,*:) with a € F) is
the sign (unramified) character, then m, is reducible, and only one of its
constituents is generic. []

Proof of Theorem 1*. — Suppose that p’ = p} X ... X pl, is a cuspidal
M-distinguished M'-module with p; % p} for any i # j. Since 7’ = I(p')
is non-degenerate, there exists some ® in Hp/(p') with Ey (®,p’,0) # 0.
Since p’ is distinguished, by LEmMa 18 there is a &' with D(®’) # 0.
Choose a sufficiently large finite set V' of F-places such that both ®
and @ are K!-invariant for all v ¢ V. Write 7/X'() for the space of
vectors in 7’ which are K -fixed for all v € V. The set {n{,(f{,); all f{;}
of operators act transitively on 7% (). Hence we may and do choose f{,
with 7(,(f,)® = @, and 7, (f{,)®1 = 0 for every ®; orthogonal to ®'.
Apply ProprosITION 28* with our V and with {t, = t(I(p}));v € V}.
Then the right side of the identity (28.1) is equal to

vol(p') - n(p) - Wiy 4 (®) - D) # 0.

Hence the sum on the left is non-empty, and there is a cuspidal generic
U-module © which base-changes via b,, to the generic automorphic G’-
module I(p’).

In the opposite direction, let my be a cuspidal generic U-module.
Then there is some vector ®¢ in my with We, (1) # 0 (this Whittaker
functional was defined after ProposiTion 7). Choose a sufficiently large
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finite set V such that ®¢ is K(V) = [[, ¢ K,-invariant. For each v € V/
choose a compact open subgroup Ky, in K, such that ®q is Kj,-fixed.
Put K; = K(V)]],cy K1v- Choose an orthonormal basis to the space
of Ki-fixed vectors in L3 ,(U\U); it can be viewed as a subset of an
orthonormal basis of the space of K(V)-fixed vectors in L§ ,(U\U).
Let Hy, be the convolution algebra of Kj,-biinvariant complex valued
measures on U, which transform under Z, via w,! and are compactly
supported modulo Z, (note that Z, is not compact when v splits). Put
fv = ®uev fo, where f, is the unit element in Hy,. If ® lies in #X¥(V)
(C Lo (U\U)), then my(fy) acts trivially on @ if ® is K;-invariant,
and its maps ® to 0 if ® is in the orthogonal complement to this
subspace. Apply ProposiTioN 28* with the set V and the sequence
{ty = t(mou) ; v € V}. The left side of the identity (28.1) is

Sonm) Y Waytrewd) - Wau(D) =Y n(x) Y [Weu(D"

™ PerkV) ™ Perka
Since w(]lfl contains ®g, this is positive. Consequently the sum on the right
of (28.1) is non-empty. By the rigidity theorem of [JSy] the sequence
{t!, = bg, (t(moy)); v € V} determines only one equivalence class of
G’-modules I(p’) on the right. Hence mp base changes via by to I(p'),
as required. (]

A few local conclusions can be drawn from the global theory.

Definition. — An irreducible admissible G,-module 7, is said to be in
the image of the suitable, namely stable (if n is odd) or unstable (= by,
if n is even), base change lifting if it is a component of an automorphic
G’-module 7’ which is the base change lift via b, (n odd) or b,, (n even)
of an automorphic generic U-module.

Note that this definition is special to the present context. Better
definitions, purely local, are given in [F3] for n = 2 and in [F4] for n = 3,
and can easily be stated for a general n. The main drawback of the
definition here is that it concerns only generic 7, (since 7’ is a lift of
a generic (cuspidal) U-module). There are also interesting non-generic
G'-modules which can be defined to be a base-change lift from cuspidal
U-modules, which are, however, non-generic. When n = 3 an example of
this is given by some GL(3, A g)-modules normalizedly induced from some
characters of the maximal parabolic subgroup; see [F4].

It follows at once from THEOREM 1* that if 7 is a G/-module in the
image of the suitable base change lifting, then 7. is G,-distinguished.
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Indeed, any component of a globally distinguished G’-module is G,-
distinguished. Conversely, suppose that 7, is a generic admissible irre-
ducible G,-distinguished G,-module. By [Z, (9.7b)], since 7, is generic,
there are square-integrable G}, -modules p.,, and complex numbers s;,
such that 7, = I((pl,vs?)), where v,(xz) = |z|g,. Since m, is distin-
guished, it satisfies 7, ~ 7/ by [F1, prop. 12]. Hence for each i there
is j # ¢ with ﬁ;v ~ p;, and s; +s; = 0, and if not then s; = 0 and
Pin = Py and pf, is Gy,-distinguished (the last fact is easily seen). It is
easy to see that the Uj,-module I(p},), normalizedly induced from the
representation ({ 7) + ply(a) of the standard parabolic subgroup of
type (n;i,n;) of the unitary group formed from GL(2n;) and E,/F,, base
changes to I(pl, X pi,) via the stable map and to I(p}, ® Ky, Py @ K)
via the unstable map. Generalizing this comment to the case of other
parabolic subgroups (symmetric with respect to the anti-diagonal), we
may assume that the p}, are all G,,-distinguished and pairwise inequiv-
alent. Now proposition 14 of [F1] asserts that there exists a cuspidal M-
distinguished M'-module p’ whose component at v is our (p},). Applying
THEOREM 1* to 7’ = I(p’), we deduce that 7’ is a suitable base change lift
of a generic cuspidal U-module. Hence =), is in the image of the suitable
base change lifting. In conclusion, we proved :

29. PROPOSITION*. — An admissible irreducible generic G’ -module 7,
is in the image of the suitable base change lifting if and only if it is G, -
distinguished. []

Remark. — Note that in the local archimedean case where E/F = C/R,
the following statement seems to be known (cf. BIEN [B]). Each irreducible
admissible principal series H = GL(n,R)-distinguished G = GL(n,C)-
module is of the form

I(ul,ﬂfl, e e B et / B - s tn—2k/ Bn—2k),

namely it is normalizedly induced from a character of the upper triangular
parabolic subgroup which (is trivial on the unipotent subgroup and) maps
the diagonal matrix (z1,...,2,) to

H phi (22i-1/Z2s) H thi (Z2k 44/ Z2k+i) (z: € CX).

1<i<k 1<i<n—2k

In other words, these representations occur in C*°(G/H). More generally,
it appears — but we have not checked this — that known techniques
(e.g. of [B]) would imply that all irreducible admissible H-distinguished G-
modules are induced from a parabolic subgroup P where on the Levi factor
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the (irreducible admissible) representations which occur are distinguished
or occur in pairs consisting of p and p. Taking P to be minimal the local
archimedean analogue of our THEOREM 1* could be checked.

It is also known that when the p; are unitary the principal series repre-
sentations listed above occur in L?(G/H), discretely precisely when k = 0
and p;(z/z) # pj(z/Z) for all i # j as characters of z in C* ; see SaNo [S],
and Bopp-HarINCK [BH] in the analogous case of U(p, q)-distinguished
GL(n, C)-modules.

It will be interesting to make — and prove — a conjecture char-
acterizing the H-distinguished G-modules, where G/H is a pseudo-
Riemannian symmetric space (H is an open subgroup of the group of
fixed points of an involution on the real form G of a complex reductive
Lie group G¢) as in [FJ], [OM], [B], [S] and [BH], possibly as the im-
age of a lifting map from another group. At least in our (and [S]’s) case
of G/H = GL(n,C)/GL(n,R), and in the dual case of [BH], the repre-
sentations occuring in C*°(G/H) seem to be described by the lifting of
the THEOREM 1*. []

BIBLIOGRAPHY

[A] ArTHUR (J.). — A trace formula for reductive groups, [Al], I. Terms
associated to classes in G(Q), Duke Math. J., t. 45, 1978, p. 911-952,
and [A2], II. Applications of a truncation operator, Compositio Math.,
t. 40, 1980, p. 87-121.

[BZ] BErnsTEIN (J.) and ZELEvINsKIl (A.). — Representations of the
group GL(n, F') where F is a nonarchimedean local field, Uspekhi
Mat. Nauk, t. 31, 1976, p. 5-70, and [BZ1], Induced representations
of reductive p—adic groups. I, Ann. Sci. Ecole Norm. Sup., t. 10, 1977,
p. 441-472.

[B] Bien (F.). — D-modules and spherical representations. — Princeton
Univ. Press, 39, 1990.

[BH] Borp (N.) et HariNck (P.). — Formule de Plancherel pour
GL(n,C)/U(p, q), Math. Gottingensis, t. 27, 1990, p. 1-52.

[D] DELorME (P.). — Coefficients généralisés de séries principales
sphériques et distributions sphériques sur G(C)/G(R), Invent. Math.,
t. 105, 1991, p. 305-346.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



464 FLICKER (Y.Z.)

[FJ] FLENSTED-JENSEN (M.). — Discrete series for semi-simple symmetric
spaces, Ann. of Math., t. 111, 1980, p. 2563-311.

[F] Fricker (Y.). — [F1], On distinguished representations, J. Reine
Angew. Math., t. 418, 1991, p. 139—172 and [F2], Twisted tensors
and Euler products, Bull. Soc. Math. France, t. 116, 1988, p. 295-313,
and [F3], Stable and labile base change for U(2), Duke Math. J., t. 49,
1982, p. 691-729, and [F4] Packets and liftings for U(3), J. Analyse
Math, t. 50, 1988, p. 19-63, and [F5], On the local twisted tensor
L—function, preprint.

[FK] Fricker (Y.) and Kazupan (D.). — [FK1], Metaplectic correspon-
dence, Publ. Math. THES, t. 64, 1987, p. 53-110, and [FK2], A simple
trace formula, J. Analyse Math., t. 50, 1988, p. 189-200.

[GK] GeELraAND (I.) and Kazupan (D.). — Representations of GL(n, K)
where K is a local field, in Lie groups and their representations, John
Wiley and Sons, 1975, p. 95-118.

[JPS] JacQuET (H.), P1aTETSKI-SHAPIRO (1) and SHALIKA (J.). — Rankin-
Selberg convolutions, Amer. J. Math., t. 105, 1983, p. 367-464.

[JS] JacqQuer (H.) and SHALIKA (J.). — On Euler products and the
classification of automorphic representations, Amer. J. Math., t. 103,
1981, p. I : 499-558, II : 777-815, and [JS1] Rankin-Selberg
convolutions : Archimedean theory, in Piatetski-Shapiro Festchrift I,
IMCP, t. 2, 1990, p. 125-207.

[K] Keys (D.). — [K1], Principal series representations of special unitary
groups over local field, Compositio Math., t. 51, 1984, p. 115-130,
and [K2] L-indistinguishability and R-groups for quasi—split groups;
unitary groups in even dimension, Ann. Sci. Ecole Norm. Sup., t. 20,
1987, p. 31-64.

[L] Lancranps (R.). — [L1], Problems in the theory of automorphic
forms, in Modern Analysis and applications, SLN, t. 170, 197o,
p. 18-86, and [L2], On the functional equations satisfied by Eisenstein
series, SLN, t. 544, 1976, and [L3], Book review of The Theory of
Eisenstein Systems, by S. Osborne and G. Warner, Academic Press,
New-York 1981, Bull. AMS, t. 9, 1983, p. 351-361.

[MW] MOEGLIN (C.) et WALDSPURGER (J.-L.).—[MW1], Le spectre résiduel
de GL(n), Ann. Sci. Ecole Norm. Sup., t. 22, 1989, p. 605-674, and
[MW?2], Décomposition spectrale et séries d’Eisenstein.

[M] Morris (L.). — Eisenstein series for reductive groups over global
function fields, Canad. J. Math., t. 34, 1982, I : p. 91—168, II :
p. 1112—1182.

TOME 120 — 1992 — n~° 4



A FOURIER SUMMATION FORMULA 465

[OM] OsumMA (T.) and Matsukr (T.). — A description of discrete series
for semisimple symmetric spaces, Adv. Stud. Pure Math., t. 4, 1984,
p. 331-390.

[S] Sano (S.). — Invariant spherical distributions and the Fourier
inversion formula on GL(n,C)/ GL(n,R), J. Math. Soc. Japan, t. 36,
1984, p. 191-219.

[Sh] SuanIDI (F.). — [Shl], On certain L-functions, Amer. J. Math.,
t. 103, 1981, p. 297-355, and [Sh2], Fourier transforms of intertwining
operators and Plancherel measures for GL(n), Amer. J. Math., t. 104,
1982, p. 67-111, and [Sh3], Local coefficients and normalization of
intertwining operators for GL(n), Compositio Math., t. 48, 1983,
p. 271-295.

[T] Tapic (M.). — Classification of unitary representations in irreducible
representations of general linear group, Ann. Sci. Ecole Norm. Sup.,
t. 19, 1986, p. 335-382.

[V] Vogan (D.). — Gelfand-Kirillov dimension for Harish-Chandra
modules, Invent. Math., t. 48, 1978, p. 75-98.

[W] WALDSPURGER (J.-L.).— Correspondence de Shimura, J. Math. Pures
Appl., t. 59, 1980, p. 1-113, and Sur les coefficients de Fourier des
formes modulaires de poids demi-entier, J. Math. Pures Appl., t. 60,
1981, p. 375-484.

[Z] ZeLEvinsky (A.). — Induced representations of reductive p-adic
groups, II. On irreducible representations of GL(n), Ann. Sci. Ecole
Norm. Sup., t. 13, 1980, p. 165-210.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



