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ON THE DIVISION OF FUNCTIONS OF CLASS (7
BY REAL ANALYTIC FUNCTIONS

BY

ZBIGNIEW SZAFRANIEC (*)

RfcsuMt. - Soit {X, 0) un gcrmc d'cnsemble analytiquc coherent. Supposons que les
fonctions analytiques g^, . . -, gp cngendrent un ideal I(X)o' 11 existe une fonction croissantc
e : N - * N telle que. si une fonction / de classe C*^ s*annule sur X. on a
/==<Pi - 8 1 + • • - +<Pp-^r ̂  ctant ^cs fonctions dc classe (7). Dans cct article nous demon-
trons une estimation de e (r) dans des cas speciaux.

ABSTRACT. — Let (X, 0) be a germ of an analytic coherent set in R'. Assume that
analytic functions g^ ...,^p generate ideal I(X)o- There exists an increasing function
e : N -»• N such that, for any function/of class C*^ vanishing on X, there exist C-f unctions
q>i, ..., <pp such that /=<pi .gi +... +<Py.^p. In this paper we investigate the problem of
the estimation of e (r) in some special cases.

Let (X, 0) be a germ of an analytic coherent set in R'1. Assume that
analytic functions ^i, . .., gp generate the ideal

7(X)o={^€^o|^ur=0}.

J. Cl. TOUGERON in [7] showed that there exists an increasing function
e : N -^ N such that, for any C* ̂ -function / vanishing on X, there exist
C-f unctions <pi, . . ., <pp such that

/=<Pr^i+---+<Pp-^r

J. J. RISLER in [5] estimated precisely the function e(r) in the case of
plane curves.

In this paper we investigate the problem of the estimation of e(r) in
some special cases.

(•) Tcxte recu Ie 5 mars 1984.
Z. SZAFRANIEC, Institute of Mathematics. 80-952 Gdansk, Wita Stwosza 57, Poland.
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144 Z. SZAFRANIEC

1. Strongly irreducible polynomials

For any xeJ?"c:C11, let us denote by C^ ^(S^ ,) the ring of germs of
real analytic (holomorphic) functions at x We denote by m^ ,(m,. ,) the
maximal ideal of 0^ ^(S^ ,).

DEFINITION 1. — Let:

P(X\ ̂ )=y+fli(jr)y+... ̂ a^x^eS^ oW
be a distinguished polynomial. Let 8e^ o be the discriminant of the
polynomial P. Assume that 8^0. Denote by (D the initial form of 5 at 0.

We say that P is strongly irreducible if there exist a constant e>0 and
a set W such that the following conditions are satisfied:

(1.0) W^{(X.\X)eC^l\0<\\y\\<^
POT, ^)=o, 8(^)^0, ©(x^o}.

(1.1) W is a nonempty, connected and open subset
of

P(P)= {(^. X)€C^1\P(X\ X)^0],

(1.2) If weW, teC and 0< |t| <lthen

Ti-^t.TC^^nPtP)^^,

where n : C" x C -^ C" is the projection.

LEMMA. — 1 Let PeS^ o[X\ be a distinguished polynomial. Let 8 be
the discriminant of P. Assume that 8^0. Denote by fl) the initial form of
8 at the origin.

We require H a C" to be a complex hyperplane such that:
(i) dimcH^l,OeH,

(ii) P | H X C ls irreductible in ^xc. o»
(iii) co j H ^as no critical points, except possibly for the origin itself.

Then the polynomial P is strongly irreducible.

The sketch of the proof.
Let h = dime H. We may assume that

H={^€C|^=. . .=^=O}.

TOME 113 - 1985 - N 2



FUNCTIONS OF CLASS C 145

Denote by M the linear space of all complex (n-A) x A-matrices. Let

7={(L,i;)€CP(A-l)xC*|i ;6L}.

be the canonical line bundle of CP(h— 1).
We define a holomorphic map 9 : M x y -^ C" by 9 (A, (L, u))=(i?, A (v)).
Of course : 9(0xy)=fl.
We use the notation:

Gi= {(A,(L, v))eMxy\A=0, i;=0},

G2={(A,(L,iO)eMxy|.4=0},

5={(A,(L, u))6Mxy|i?=0}.

The homogeneous form (O|H has an isolated singular point at the
origin. Then there exist an open set L\ c 5 and a closed complex manifold
NI c [/i such that:

(1) G^crl/i.
(2) NI is transverse to Gi in 5,
(3) {(A, (L, iO)6Mxy|(o°e(.4, (L, r))=0, (A, (L, 0))€^}

= {(A, (L, I?))€MXY[(A, (L, 0))eN,} U l/i.

The form G) ) „ has an isolated singular point at the origin, so 8 („ has
an isolated singular point at the origin.

It follows that there exists an open set U^czMxy and a closed complex
manifold N^ c: U^ such that:

(4) Gid/2,

(5) u^nsc^,
(6) N3 is transverse to Gi in LJ^,
(7) { (A, (L ,y ) )€Mxy |8oe(A, (L , i ; ) )=0}n t /2=N2U(5n t /2 ) ,

(8) N^ns^nN,.
Then there exist open sets t^crS, V^G^ and a constant e>0 such

that:

(9) ^OG^c^,
(10) G,c^,

BULLETIN DE LA SOC1ETE MATHfeMATIQUE DE FRANCE



146 Z. SZAFRANIEC

(11) {(A,(L,iO)6MxY|(A,(L,0))6^, (0, (L, 0))̂ , 0< |H| <e}.

is a deformation retract of

{(A, (L, tO)€MxY|(A, (L, 0))eFi, (A, (L, iO)^US. 0< \\v\\ <e}.
Denote

Z= {(A,(L, i?), X)€MxyxC\P(6(A, (L, iQ), ^)=0,
(A, (L, 0))€^. (A, (L, y))^U5, 0< JHI <e}.

By (7) the projection
n: Z-.{(A, (L. i;))eMxY|(A, (L, 0))e^,

(A,(L.iO)^U5,0<|H|<£}

is a Governing map.
Set

Z^= {(A, (L, r), ^)€MxYxC|P(e(A, (L, v)\ ^)=0.

(A, (L, 0))6^,(0, (L, 0))^^, 0< ||t;|| <c}.

By (11) Zi is a deformation retract of Z. Set
Z'i = {(0, (L, v), X) € (G2\(N, U S)) x C |

P(e(0,(L,iO),^=0.0< ||y|| <e}.

The germ of P | H X C at ° is irreducible, so, by ([4], Proposition 11,
p. 55), we may assume that Z\ is connected. Then, if e is sufficiently
small, the sets Z and Zj are connected.

Denote W = (6 x idc) (Z i) c: C" x C. Then W is an open, connected subset
of P(P).

// FI is a sufficiently small neighbourhood of Gi in S then, by (8) and
(9), we have:

n{W)ci {(X\ ;06CllxC|0< ||jr|| <£, P(X\ X)^0,

sw^o.o^r^o}.
By definition of W, if we W, teC and 0< 111 ^ 1 then

^l{t.n(w))ny(P)c^
This completes the proof. •
Example 1. — Let PeS^^oW ^e a distinguished irreducible

polynomial. Then P is strongly irreducible.
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FUNCTIONS OF CLASS C' 147

Example 1. — Let Pe^oPO ^e a distinguished irreducible
polynomial. Then P is strongly irreducible.

Example 2. - Let P(JT, X)=X2^X2^Xi^f(X^ . . ., X^), where
/6m^.o.<i/(0)=0.

Set H={A r / 6C n |X3=. . .=X.=0} . Then P^.c^^+^f+^J ^
irreducible in ^xc. o ^d ®|H= -^(A^+ATj) has an isolated singular
point at the origin.

Hence P is strongly irreducible.

COROLLARY 1. — Let PeS^ Q[X} be a distinguished polynomial. Let 8
be the discriminant of P. Assume that there exists a function A€^, o sucn

that A^O and P(A)= P(5). Denote by o' the initial form o/A at 0.
We require H c C" to be a complex hyperplane such that:

(i) dimcH^l,06H,
(ii) the germ o/ P | ^ x c l5 irreducible in S^ x c. o»

(iii) a^ ^ fcfls fln isolated singular point at 0.
Then P is strongly irreducible.
Example 3. ~ Let P(X\ X)=X3^X2^Xi+f(X^ . . ., XJ, where

/€iT^-2.oandrf/(0)=0.
Then at^)^ - 27 (Xf + Xj-+-/(X3, . . ., X,))2.
Set A (X') = Xf -h Xj +/ (^3, . . ., XJ. Of course V (A) = P (S).
Set

H={reC I I |X3==...X„=0}.
The germ of P, „ „ c = Ar3 + ̂ f + ̂ J at 0 is irreducible and o^ „ = A^f + X\
has an isolated singular point at the origin. Hence P is strongly irreduci-
ble.

LEMMA 2. - Lei P(X\ X ) = X p ^ a ^ ( X ' ) X P ~ l + . . . ^ a p ( X / ) € C ^ o W
be a distinguished strongly irreducible polynomial.

Denote by d the degree of the form CD.
Let /p/^^i.o be germs such that /, .^^n-n.o- ̂ "^i.o. where

reN, ^(r)=2p(r-h[^/2]-h 1), [d/2] is the integer part of d/2.
Thenf^C^^o.P^w^^^orf^eS^^o.P+w^^^o.
This lemma is analoguous to Lemma 1.7 in [6].

Proof. - We define a map ̂  : Wx C -^ C" by ̂  (n-, r)=rp ' . 7t(w). By
(1.2), if 0< | r |^ l then n'^h, (w, f))n P(P)c: ̂ . Denote
D = { r € C | | r | ^ l } . Since n(H^)cC"\P(5), so there exists a holomor-
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148 Z. SZAFRANIEC

phic function ̂  : W x (D\{ 0}) -^ C such that:

(1) P(MH^ 0, MW, 0)=0,
(2) (MW, l).^(w, l))=w.

The polynomial P^y, X) is distinguished, so h^ is bounded. Then
there exists a holomorphic extension h^ : W x D -»C. Hence
h^h^xh^: ^xC-^C'xC is holomorphic. Then, by Proposition 2.2
([2], p. 55), there exists a constant Ci >0 such that:

(3) |^(w,r)|<Ci.||^(w,0||1^ for (w,t)eWxC.

Then

(4) [^(^Ol^^.lrl^-1^^^)!!1^

By (1) and (4) there exist constants C^ C^>0 such that, for any
(w, t)eWxD,

|(/1./2)°M^ 0| <C,. ||MW. 0||<<r)^C3. |r[2^(«/2].l)p^

The set W is connected, so W x { 0 } is a connected complex submanifold
of WxD.

It follows that, for example,

^<(r+(d/2)+l).pl-l)

/^(>v,0)=...=^^^^ (/,oA)(w.O)=0.

Then there exists a continuous function k : W -> R + such that:

(5) |/i°/i(n', Ol^k^.ltl*-^'''/2^"-'"

=k(w).||^t(H')||-l.||('".TC(w)||<••+'•'/2'+^'

=k(w).||^t(H>)||-•.||Al(w,0[|<^+W21+l'.

From the preparation theorem we have;

/l=e•/>+£;,,fr/Gn..y-< where fr^m,. o.

Let w,, € »y, I e D. Denote by ̂  (0. • • • > ,̂ (t) the roots of the polyno-
mial P (r"'. n (Wo), JIQ.

TOME 113 - 1985 - N 2



FUNCTIONS OF CLASS C 149

Then

/l(^!^(Wo)^,(0)=E;=l^(^!.Tt(Wo)).^-J(0.

By Cramefs rule

^(^'^(wo^^Cdet^COMn^^.^^M-^W)),

where if l^j then

^(0=y(0> 5,, (()=/, (^'.71(^0), ^(0).
Of course

l^l^<^p(^(0-^(0)|=|8(^!^(^o))|l/2.

By (1.0) 7i(HOcC"\P((o). By (5) there exist constants €4, Cs>0
such that:

|8(^. n(^))\^>C^. 1^1^ |det[^(0]|<C5. \^^^^\

Then

|fc,(^ !.7c(wo))|<(C5/C4).|rpT.
The set n{W) is open in C", so b^enf ^ o-
Then/i~Q.P6;i<^i.o- •
COROLLARY 2. — IfPeS^ Q[X\ is strongly irreducible then P is irreduci-

ble in 0^^^.

2. Functions vanishing on an analytic set

DEFINITION 2. — Let Jc:^ o be an ideal. We denote by R/] the ideal
of germs vanishing on V(I)o-

We say that / is real if 1=^/1.
Let p c ̂  Q be a prime ideal, { 0 } ̂  p ̂  ̂ P, o- ^Y M there exists, after

a linear change of coordinates in R", an interger JEc, 0<^n, such that
^ o -» ̂  = <P, o/p is an injection which makes A a finite ̂  o-module.

Further, if K is the quotient field of C\ o» ^ ^at of y4, we have
L=K(Xjk+i mod p), and for any i€[Jlc-hl , n], the minimal polynomial P.

BULLETIN DE LA SOCIETfe MATHfeMATIQUE DE FRANCE



150 Z. SZAFRANIEC

of Xi over K is in fl^ o W ^d Is distinguished, so that there is a
distinguished polynomial

(2.0) P,(X\ X.)=Xp+S;L, fl,,(X)Xr< X'=(X,, .. ., ̂ ),

withPi(JT,X.)ep.
Let 8(JT)€^ o b® ^he discriminant of the polynomial P^-n. Then

8^p.
Let p==/?k-n. There are polynomials Q; of degree <p in 6?^ oPI suc!1

that, for ie[fe-h2, n] we have S.^-fi^X^^ep.
Let n : ^ n=^ kxJ? n~ k-^^ k be the natural projection. There exists a

fundamental system of neighbourhoods Sl^Q'xCl" of 0 in RH=RkxRn~k

such that

(2.1) n \y ̂  n -»- ft' is proper.

LEMMA 3 (s^ [4]). — There exists a constant N^pn~k such that for any
point xe V(p) OQ and any feO^ ^ :

S^f^g (mod P,̂ . 5.X^2-Q^2. . . ., 5.^-QJ,

wfcere g is an element in 0^ x(x)K+i]-

LEMMA 4 (see [7]). — There exists a constant aeN, a^l, such that for
any point x^eV^D^ and any connected component U ofQ,/\V(S), if
x' € 17, then there exists a sequence (y1) of points of U such that

lim Y=x' and [ye^^y-y1^ < ̂ x^y1^} <=(/.

LEMMA 5 (see [7]). — TTiere exists a constant veN such that for any
x eV(p)r)^andany germs /o, . . .,/n-k€^. x» tf

^=/o.5N+/l.^^+£^^2^-k•(5•^-^i)^<+^ ^N-

t/ien f/iere exist germs go, . . ., g,.̂ en( , sudi tfcat:

A^o.S^^.P^.+^^^^-^^-^-ei).

From now on we make the assumptions:

(2.2) V(p) is coherent in a neighbourhood of 0,

(2.3) the set V(p) H 0\^(8) x ̂ -k is dense in V(p) n 0,

TOME 113 - 1985 - N 2



FUNCTIONS OF CLASS C7 151

(2.4) If (x', Xk +1) e ̂  (?k +1) 0 (IT x R), then there exist polynomials

PI, - - • > R S { X ' , Xt+i)» C6^. x-K+f-^k+l]

such that

Pk+i=-Ri.....-R.(,.^,).e in ^.x'W^i-^iL

(2.5) polynomials J^ are distinguished and strongly irreducible in
^.x'Wk+i-^+iL
(2.6) e0c',^i)^0,
(2.7) for any ie[l, s(x\ x^i)]

Oc', ̂ 1)6 ̂ W)\(U^ ̂ (^ U (^(8) x ̂ )).

Example 4. — Assume that/en^-30, rf/(0)=0 and

(1) {xe^-^/M^O^xe^-'l/Oc^O}.

Define

P(X^, ...,X^)=/(X,, ...,X^3)+X^2+X?-^X;e^.i,o[XJ.

The germ of P at 0 is irreducible, so p=^ o- P ls prime in 0^ Q.
If xe ̂ (p)^"'3 x {0} , then dP(x)^Q, so the germ of P at x generates

I(V(P))^
If x^(x\ x ^ € y { p ) ^ } R n ' ' 3 x { 0 } , where x ' e R " ' 3 and ^eJ?3 then

/(x^^O. Hence the germ of P at x is irreducible. By (1) the germ of
Y{p) at x contains regular points. From Lemma 2.5 ([3], p. 14), the
germ of P at x generates I(V{p))y So ^(p) is coherent.

Let 5= -^(/(Xi, . . ., ^.3)+^2+X^-i) be the discriminant of P.
By (1), ^(p)\(^(S) x R) is dense in V{p) in some neighbourhood of

the origin.
V x=(x\ x^e^p)?!^""^ { 0 } ) t h e n , by Example 2, the germ of P

at x is strongly irreducible.
If xe^pr^^'^x { 0 } ) , then 8(n(x))^0 or d6(n(x))^0. Hence,

by Definition 1 or lemma 1, the polynomial P is strongly irreducible.
So the conditions (2.2)-(2. 7) are satisfied.

Let d= degree to, where <o is the initial form of 8 at 0. By induction
we can define functions ^, : N -+ N.
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152 Z.SZAFRANIEC

Set

^o(r)=P.(r+v-h[d/2]+l),

^(r)=p.a.0?o(r)-l),

e<(r)=^.a.(2^.(^^(r)+[d/2]+l)-l).

Set^(r)=^(r).

THEOREM 1. — Assume that pcrC^ o 15 a prime ideal satisfying the
conditions (2.2)-(2.7).

Let f be a function of class C€ (r) vanishing on V(p) in a sufficiently small
neighbourhood ft o/O.

Then, for any xeft, r îe Toy/or expansion T^ /eJ(^(p))^+i< ̂

(wfc^ T^/^, ̂ .^(l/P!).(ap//^XP)M(X-x)Pe^, ,).

Proq/: -Letx^^', .x^i, x')€^(p)nft. Let y^i=X^i-x^i. By
(2.4) P^,=R,. . . . .^.e in ̂  ̂ [V^J.

Denote by S^o);) the discriminant of the polynomial R^ (the initial form
of 5, at x').

From Lemma 3, there exists g^O^. ,'[^+1] such that^

5N .(7;'< r )y)=^modI(^(p)L.

The function/vanishes on V(p)^ so 7^'^/and g are ^(r)-flat on ^(p),
(see [7]).

Every polynomial R; has degree ^p and, by Corollary 2 and (2.5), is
irreducible.

From Proposition 5.6 ([2], p. 50) there exist a^ . . ., a,p6^. x ' suc^
that

^fl.l.^-^ . . . +^€^^.^.,^,pJ?,

Then fl^ is ^ (r)-nat on I^(p) n(^(R,) x R"-*-1).
By (2.0), ( 2 . 1 ) and Proposition 2.2 ([2], p. 55), a^ is (^(r)/p)-flat on

n(V(R,))^
By (2.7) there exists a connected component U of

^e^|||x-^||<c,6(y)^0}

such that x ' c O and l/cnt^tR.))^..
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Then, from Lemma 5.11, [7] and Lemma 4

a^em^-^^21^.

We have

g(gp~l^a„.g^2+.. . +o.. ̂ i)e^ ̂ .̂ m^-î ^ .̂

If x is sufficiently close to 0 then degree Q^d.
Then, from Lemma 2,

geO^^^R^mi^

or
^-^. . . +a,. ,,-ieC^. ,.^,-hm^i0?.

In the second case, repeating this process p— 1 times, we can prove that
g is CQ (r)-flat on

^(^)={(J/^^l)eCkxC|^Cy'^^l)=0} at (x\ x^,}.

Then g is ^oM-Oat on P(J?i... ..^)= P(J?i)U .. . U ̂ (R,) at
(x\ ^+1).

From the preparation theorem we have

^=5.^.....R,+^fc,.rj^, where b,6^,x'.

By Cramefs rule bj€in^. The arguments are the same as in the
proof of Lemma 2.

By (2.4)

B^T^eCP^. 5.X^-e^, .. ., 8.X,-<2,,)^ ,+m ;̂.

From Lemma 5, there exists h € m^ ^ such that

^.(T^^f^^cKVip})^

By(2.3),7:'<r)/-he7(^(p)),.
Then T^^ feI(V(p})^m^^ •

THEOREM 2 (see [1]). - Let g^ .... ̂ 6^ o-
TTiere exisr fl linear function N^r^-+^(r)=fl<l'.r+fcw6N an^ an o/?en

neighbourhood ft o/O sudi r/mr:
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154 Z.SZAFRANIEC

if / :Q-^R 15 a function of class C^^ and, for any xeQ,
TT (r) /e (̂ . . . ., g j . 0^ , + m;: ̂  (ten there exist functions
(pi, ...,(?„: Q -^ of class 0 such that:

/=<Pr^i+...+<Pm.^.

THEOREM 3. — Let (X, 0) a (R11, 0) be a germ of an analytic coherent
set. Then /(^(^PI 0 • • • OPk» where pp . . . , ? » are prime ideals in
^n.O.

Suppose that every ideal p, satisfies assumptions (2.2)-(2. 7). Then there
exists a linear function Nar^e(r)^a.r^-beN such that for any function
f of class C€(r) vanishing on X:

/=<Pr^i+... -KPm-^m*

where g^ . . ., g^ e I (X)o and (pi, . . ., <p^ are germs of function of class (7.
This theorem is a sharpened version of the result of J.-C1. TOUGERON

(see Theorem 5.12, [7]).

Proof. - We have I(X)oC:^I(X)o=p^ 0 . . . Upk, where

Pl, . . . , PkC:^ Q

are prime ideals. The germ of X at 0 is coherent, so the ideal I(X)o is
real. Then ^/I(X)oC^/7Wo=/(^. Hence /Wo=Pi 0 . . . Upk.

From Theorem 1 there exists a linear function N 3 r ̂  e' (r) = a\ r + V € N
such that, for any function/of class C ' ' ^ vanishing on X and any x e X
we have

T^/en^^p.^+m;,,).

By (2.3) and ([7], Theorem 3.8), there exists a constant v ' e N such
that, for any x e X we have

^^(/(^(p.^+m^cn'^/t^tp.^+m^^/W^m;.,.

Let 81. • • - ̂  be generators of l(X)o. Let e'(r) be a function as in
Theorem 2.

Define e(r)=^(f'(r)-hv')=a.r-hfc.
Let/be a germ of class C'^ vanishing on X.
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FUNCTIONS OF CLASS C 155

Then, for any x € X in some neighbourhood of 0 we have

^^/e^^^F^^+m^^^^/W^m;;^

From Theorem 2 there exist functions <pi, ..., <?„ of class (7 such that

/=<Pr^l+---+<Pm-<?m-

This completes the proof. •
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