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ON THE DIVISION OF FUNCTIONS OF CLASS C”
BY REAL ANALYTIC FUNCTIONS

BY

ZeiGNIEW SZAFRANIEC (*)

RESUME. — Soit (X, 0) un germe d’ensemble analytique cohérent. Supposons que les
fonctions analytiques g,, ..., g, engendrent un ideal 1(X),. Il existe une fonction croissante
e: N— N telle que, si une fonction f de classe C*® s'annule sur X, on a
f=0,.8,+... +9,.8, (9, étant des fonctions de classe C"). Dans cet article nous démon-
trons une estimation de e(r) dans des cas spéciaux.

ABSTRACT. — Let (X, 0) be a germ of an analytic coherent set in R*. Assume that
analytic functions g,, ..., g, generate ideal I(X),. There exists an increasing function
e : N — N such that, for any function f of class C**’ vanishing on X, there exist C’-functions
5 - -, @, such that f=0,.g,+... +9,.g,. In this paper we investigate the problem of
the estimation of e(r) in some special cases.

Let (X, 0) be a germ of an analytic coherent set in R". Assume that
analytic functions g,, ..., g, generate the ideal

1(X)o= {850:-. o|8|x50}-

J. Cl. TouGeroN in [7] showed that there exists an increasing function
e: N — N such that, for any C*"-function f vanishing on X, there exist
C'-functions @,, ..., @, such that

[=0,.81+...+0,.8,

J. J. RisLER in [5] estimated precisely the function e(r) in the case of
plane curves.

In this paper we investigate the problem of the estimation of e(r) in
some special cases.

(*) Texte regu le 5 mars 1984.
Z. SZAFRANIEC, Institute of Mathematics, 80-952 Gdansk, Wita Stwosza 57, Poland.
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144 Z. SZAFRANIEC
1. Strongly irreducible polynomials

For any xe R"cC", let us denote by 0, ,(@,,. o) the ring of germs of
real analytic (holomorphic) functions at x. We denote by m, ,(m, ,) the
maximal ideal of 0, (&, ,).

DEerFINITION 1. — Let:
PX, X)=XP+a,(X) X" '+... +a,(X)eb, o[X]

be a distinguished polynomial. Let 8e{, , be the discriminant of the
polynomial P. Assume that §%#0. Denote by o the initial form of § at 0.

We say that P is strongly irreducible if there exist a constant ¢>0 and
a set W such that the following conditions are satisfied:

(1.0) We{X’, X)eC"*'|0<| X |<s
P(X, X)=0, 8(X")#0, o(X)#0},
(1.1) W is a nonempty, connected and open subset
of
P(P)= {(X, X)eC"*'|P(X’, X)=0},

(1.2) If weW,teC and 0< |t| <1then
Tl (t.a(wW) NP (P W,

where n : C"x C — C" is the projection.

LemMma. — 1 Let Pe®, o[X] be a distinguished polynomial. Let & be
the discriminant of P. Assume that 0. Denote by o the initial form of
8 at the origin.

We require Hc=C" to be a complex hyperplane such that:
(i) dimcH>1, OeH,
(i) P|yxc is irreductible in Oy «c. o
(iii) o,y has no critical points, except possibly for the origin itself.
Then the polynomial P is strongly irreducible.

The sketch of the proof.
Let h=dimc H. We may assume that

H={XeC'|X,,,=...=X,=0}.
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FUNCTIONS OF CLASS C" 145

Denote by M the linear space of all complex (n—h) x h-matrices. Let
v={(L, v)eCP(h—1)xC*|veL},

be the canonical line bundle of CP(h—1).

We define a holomorphic map 6 : M xy — C" by 6(A4, (L, v))=(v, A(v)).

Of course : 8(0xy)=H.

We use the notation:

G,={(4,(L, v))eMxy|A=0,v=0},
G,={(4, (L, v))eM xy|4=0},
S={(4, (L, v)eM xy|v=0}.

The homogeneous form ®,y has an isolated singular point at the
origin. Then there exist an open set U, =S and a closed complex manifold
N, c U, such that:

(1 G,cU,,
2) N, is transverse to G, in §,
3 {4, (L v)eMxy|w-8(4, (L, 1))=0, (4, (L, 0)eU,}
= {(4, (L, ))eM xY|(4, (L, 0)eN, } U U,.

The form o, has an isolated singular point at the origin, so &, has
an isolated singular point at the origin.

It follows that there exists an open set U,c M x vy and a closed complex
manifold N, < U, such that:

4 G,cU,,

(%) U,Nscv,,

6) N, is transverse to G, in U,,

(M {(4, (L, v))eM xy|8°6(4, (L, 0))=0} N U,=N, U (SN U,),
(8) N,NS=U,NN,.

Then there exist open sets V,cS, V,cG, and a constant £¢>0 such
that:

9 N,NG,cV,,
(10) G, cV,
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146 Z. SZAFRANIEC

(ll) {(A’ (L9 v))eMxyl(A, (L’ O»GVI’ (0, (L’ 0))¢ V2a 0< "U" <€},
is a deformation retract of

{(4, (L, ))eM xy|(4, (L, 0)eV,, (A, (L, v))¢N,US, 0<|v] <e}.
Denote
Z={(A, (L, v), X)eM xyxC|P(0(4, (L, v)), X)=0,

(A) (L1 0))6 Vl’ (A, (L, v))¢N2 US, 0< “v" <8}.

By (7) the projection
n: Z-{(4, (L, v)eMxy|(4, (L, 0)eV,,
(4, (L, )N, US, 0<||v]| <&}
is a coverning map.
Set

Z,={(4, (L, v), )eM xyxC|P(8(4, (L, v)), X)=0,
(A, (L, 0)eV,,(0, (L, 0))¢V,, 0<||v| <e}.

By (11) Z, is a deformation retract of Z. Set
Zi={(0, (L, v), X)e(G,\(N, U S) xC|
P(8(0, (L, v)), X)=0, 0< ||v]| <&}.

The germ of Py, at O is irreducible, so, by ([4], Proposition 11,
p. 55), we may assume that Z| is connected. Then, if € is sufficiently
small, the sets Z and Z, are connected.

Denote W=(8 xid¢)(Z,)=C"xC. Then Wisan open, connected subset
of V(P).

If V, is a sufficiently small neighbourhood of G, in S then, by (8) and
(9), we have:
(W) {(X, X)eC"xC|0< || X’| <& P(X, X)=0,
8(X)#0, o(X")#0}.
By definition of W, if we W, teC and 0< |t| <1 then
(. awW)NV(P)cW.
This completes the proof. &

Example 1. — Let Pe®, o[X] be a distinguished irreducible
polynomial. Then P is strongly irreducible.
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FUNCTIONS OF CLASS C" 147

Example 1. — Let Pe@, o[X] be a distinguished irreducible
polynomial. Then P is strongly irreducible.

Example 2. — Let P(X, X)=X*+X2+X2+f(Xs, ..., X,), where
fe';‘n-l.O’ df (0)=0.

Set H={XeC'|X;=...=X,=0}. Then P y.c=X>+X2+X2 is
irreducible in @y, ¢, o and ©,z=—4(X}+X3) has an isolated singular
point at the origin.

Hence P is strongly irreducible.

CoROLLARY 1. — Let P e@',,' o [X] be a distinguished polynomial. Let &
be the discriminant of P. Assume that there exists a function Ae @, o such
that A#0 and V(A)=V (5). Denote by o’ the initial form of A at 0.

We require H=C" to be a complex hyperplane such that:

(i) dimcH>1, 0eH,

(ii) the germ of Py is irreducible in @,,xc. 0

(i) 'y has an isolated singular point at 0.

Then P is strongly irreducible.

Example 3. — Let P(X, X)=X>+X?+X:+f(Xs, ..., X,), where
fEﬁln—Z.O and df(0)=0.

Then 8(X)=-27(X2+ X3 +f(X;5, ..., X))

Set A(X)=X>+X2+f (X5, ..., X,). Of course V(A)=V(3).

Set

H={XeC"|X;=...X,=0}.
The germ of P, c=X>+ X} + X} at 0 is irreducible and ) ;= X3+ X2

has an isolated singular point at the origin. Hence P is strongly irreduci-
ble.

LemMA 2. — Let P(X', X)=X"+a,(X) X" '+ ... +a,(X)el, ,[X]
be a distinguished strongly irreducible polynomial.

Denote by d the degree of the form w.

Let f,, f,€C,., o be germs such that f,.f,€C, ., . P+m:¥, o, where
reN, e(r)=2p(r+[d/2)+ 1), [d/2] is the integer part of d/2.

Then f,€C,, 1.0 P+mi, roorf,e@,, 1.0° P+mi, 1.0-

This lemma is analoguous to Lemma 1.7 in [6].

Proof. — We define a map h, : WxC —C"by h, (w, 1)=1"".n(w). By
(1.2, if O<]|t|<1l then = '(h(w,0))NV(P)cW. Denote
D= {teC||t| <1}. Since n(W)c=C"\\¥(3), so there exists a holomor-

BULLETIN DF LA SOCIETE MATHEMATIQUE DE FRANCE



148 Z. SZAFRANIEC

phic function h, : W x(D\{0}) — C such that:
(1) P(hl (W, t)a hz (W, t))an
(2) (hl (W, 1)9 h2 (W, 1))EW.
The polynomial P(X’, X) is distinguished, so h, is bounded. Then
there exists a holomorphic extension h,: WxD —C. Hence

h=h, xh, : WxC - C"xC is holomorphic. Then, by Proposition 2.2
([2], p. 55), there exists a constant C, >0 such that:

3) |hy (w, £)] <Cy.||By(w, D)||*  for (w, )e W xC.
Then
(4) [hy(w, )] <Cy. e[ P70 | m(w) || M.

By (1) and (4) there exist constants C,, C3>0 such that, for any
(w, )e W x D,

I(fl .f2)°h(W, t)l scz. " h(W, t)”'(')SC3. |t|2(r+ld/21+l)p!.
The set W is connected, so W x {0} is a connected complex submanifold

of WxD.
It follows that, for example,

a(('+|dl2l+ 1).p!l-1)

fichiw,)=...= PR TeTEY (fieoh)(w, 0)=0.

Then there exists a continuous function k : W — R, such that:

) 'fl oh(w, ‘)l <k(w).|z|"*ll/2)+n.pz
=k(w).[|m(w)|| =1 [t m(w) || 2+ D

=k w). | x(w)[| 1. ||y (w, )| 121+ D),
From the preparation theorem we have:
[i=Q.P+3)_ b(X).X?"),  where bem, ,

Let woe W, teD. Denote by §, (1), ..., §,(t) the roots of the polyno-
mial P(t*!. n(wg), X).
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FUNCTIONS OF CLASS C" - 149

Then
S @7 m(wo), E@)=Y_, b; ("' m(w,)). B/ (1),
By Cramer’s rule
by (** . w(wo)) = (det [sy OD/([T, <p<mep Gn () —Em (D),
where if /#j then
su@®=E7'0),  sy@O=£ @' . m(wo), & ().
Of course
ITT; cnemepEn@—En@)] =8 . m(Wo)) | /2.

By (1.0) (W)= C™\F(w). By (5) there exist constants C,, Cs>0
such that:

[8(221. m(wo)) |12 >Cy. | 12|42, |det[sy ()] | <Cs. |eP!]|C+12I* D),
Then
|b;(t”'. m(wo))| <(Cs/Cy). |7!]"
The set n(W) is open in C", so b,em’ , .
Then f;—Q.Pemj,,, B

COROLLARY 2. — If Pe @, o[X] is strongly irreducible then P is irreduci-
blein @,,, o

2. Functions vanishing on an analytic set

DEFINITION 2. — Let Ic @, , be an ideal. We denote by \"/7 the ideal
of germs vanishing on V (I),.

We say that I is real if I= \“/7.

Let pc 0, , be a prime ideal, {0} #p#0, o By [4] there exists, after
a linear change of coordinates in R", an interger k, 0 <k <n, such that
O,. o = A=0, ,/p is an injection which makes A4 a finite @, ,-module.

Further, if K is the quotient field of @, ,, L that of A, we have
L=K(X,,, mod p), and for any ie[k+ 1, n], the minimal polynomial P,

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



150 Z. SZAFRANIEC
of X; over K is in 0, o[X] and is distinguished, so that there is a
distinguished polynomial
(2.00 Pi(X, X)=XP+Y7L a;(X) X7, X'=(X,, ..., X)),
with P,(X’, X))ep.

Let 3(X)e0, , be the discriminant of the polynomial P,,,. Then
S¢p.

Let p=p,.,. There are polynomials Q; of degree <p in 0, ,[X] such
that, for ie[k +2, n] we have 6. X;—Q,; (X, +,)€Pp.

Let n: R"=R*x R"™* - R* be the natural projection. There exists a

fundamental system of neighbourhoods Q=Q' xQ” of 0 in R*=R*x R"~*
such that

2.1) T, vean— is proper.

LeEMMA 3 (see [4]). — There exists a constant N<p"~* such that for any
point xe V(p) \Q and any f€0, .:

SN-ng (mod Pyyy, 8. X,42— Q4420 ---» 0. X,—0Q,),

where g is an element in O, [X,+,])

LEMMA 4 (see [7]). — There exists a constant o€ N, a>1, such that for
any point x'e V(8) N\ Q' and any connected component U of Q\V (3), if
x’ € U, then there exists a sequence (y') of points of U such that

lim y'=x’ and {yeQ||ly=y'l <||x =y} <U.

LeMMA 5 (see [7]). — There exists a constant ve N such that for any
xeV(p)NQand any germs f,, . .., f,_,€0, . if

h=fo. 8" +f1. Pouy+ Y pss fioa- (6. X,—Q)em*),  reN,
then there exist germs g, . . ., g,-x €M, . such that:

h=go.8"+g,.Pyyy +z:=.+zgi—k-(5-X5—Qi)-

From now on we make the assumptions:

(2.2) V(p) is coherent in a neighbourhood of 0,
(2.3) theset V(p) NQN\V(8)x R""*is dense in V(p) N\ Q,

TOME 113 — 1985 — N 2
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(2.4 If (X, x,4+1)€ V(Pr+1) N(Q x R), then there exist polynomials

Ry, o s Ry, mary Q€0 »[Xisy—Xp4y]
such that
Pk+1=R1 ..... Rs(x', Ik+1)'Q in 0," x:[Xk.,,l—-X“.l],

(3. 5) polynomials R; are distinguished and strongly irreducible in
O, x [Xiv1—Xk41)
(2.6) 0 (x', Xx41)#0,
(2.7) for any i€[l, s(x’, x,+4)]
(', Xk 41) € V(R)YN(Uj»: V(R) U (V(3) x R)).
Example 4. — Assume that fem,_; o, df(0)=0 and

(1) {xeR"3|f(x)<0}={xeR" 3| f(x)<0}.

Define
PXy oo X)=f (X1 - s X))+ X2+ X2 +X2€0,_,,0[X,)

The germ of P at 0 is irreducible, so p=0, . P is prime in 0, .

If xe V(p)\R""3x {0}, then dP (x) #0, so the germ of P at x generates
1(V (9)),

If x=(x', x)eV(p)NR""3x {0}, where x’€eR""3 and x"eR> then
f(x’)=0. Hence the germ of P at x is irreducible. By (1) the germ of
V(p) at x contains regular points. From Lemma 2.5 ([3], p. 14), the
germ of P at x generates I (V(p)),. So V(p) is coherent.

Let 8= —4(f(X,, ..., X,_3)+X?_,+ X?_,) be the discriminant of P.

By (1), V(p)\(V (8) xR) is dense in V(p) in some neighbourhood of
the origin.

If x=(x, x")eV(p) N(R"">x {0} ) then, by Example 2, the germ of P
at x is strongly irreducible.

If xeV(p)\(R""3*x {0}), then &(n(x))#0 or dd(n(x))#0. Hence,
by Definition 1 or lemma 1, the polynomial P is strongly irreducible.

So the conditions (2.2)«(2. 7) are satisfied.

Let d=degree w, where o is the initial form of & at 0. By induction
we can define functions e¢; : N — N.
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152 Z. SZAFRANIEC

Set
eo(r)=p.(r+v+[d/2]+1),
e, (N=p.a.(e((—1),

e(r)=p.a.(2p.(e;-y (N +[d/2]+1)-1),

Set e’ (r)=e, ().

THEOREM 1. — Assume that p<0, o is a prime ideal satisfying the
conditions (2.2)-(2.7).

Let f be a function of class C* " vanishing on V (p) in a sufficiently small
neighbourhood Q of 0.

Then, for any x €, the Taylor expansion T feI(V (p)),+n, ,.
(where TS =3 01 <o (1/B1).(2® [0 X*) (x)(X—x)*€0,, ).

Proof. — Letx=(x’, x;4,, xX)eV(p) NQ. LetY,,,=X,.1—Xx+,- By
(2.4 P,,,=R,..... R,.Qin O, ,[Yis,)

Denote by §;(w,) the discriminant of the polynomial R, (the initial form
of §; at x').

From Lemma 3, there exists ge 0, ..[Y,.,] such that _

" (TY " f)=g mod 1(V (p)),.

The function f vanishes on V(p),, so T  f and g are ¢’ (r)-flat on V (p),
(see [7]).

Every polynomial R; has degree <p and, by Corollary 2 and (2.95), is
irreducible.

From Proposition 5.6 ([2], p. 50) there exist a;y, ..., a,,€C, , such

that
g +a;,. 8" '+ ... +8,€C0, 4, . 5. - Ri-

Then a,, is €’ (r)-flat on V(p) N(V(R) x R"™*71).

By (2.0), (2. 1) and Proposition 2.2 ([2], p. 55), a;, is (e’ (r)/p)-flat on
t(V(R))),-

By (2.7) there exists a connected component U of

{yeR|||x =y <& 8(0")#0}

such that x’e U and Ucn(V(R))),.
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Then, from Lemma 5.11, [7] and Lemma 4

a,,€mZP (-1 O+ D

We have
8@ T +a,. g7 4.+, )€0,,, . Ri+miPip-1 T2,
If x is sufficiently close to 0 then degree w;<d.

Then, from Lemma 2,

8€0;.y, . Ri+miy 0
or
gp_l +... +a,-' p-1 60k+1. x* R,-+m:2,,‘1" (;).

In the second case, repeating this process p— 1 times, we can prove that

g is eq (r)-flat on

'7(Ri)={(}", yk+1)ECkXClRi(y” M+1)=0} at (X, x4 y).

Then g is eo(r)flat on P(R,.....R)=PR)U... UP(R,) at
(%" Xp41)-
From the preparation theorem we have

g=S.Ry.....R+} ] b, Y[1{, where b;e0, .

By Cramer’s rule b;em;’). The arguments are the same as in the
proof of Lemma 2.

By (2.4)
SN.(T;'(')I)E(P*.',“ S-Xk-t-z_Qk-&Z’ ety 8'Xn_Qn)wn. x+m;+;

From Lemma 5, there exists hem], , such that
8".(TX " f=h)el (V(p))..

By (2.3), Ty " f—hel(V(p)),

Then TS fel(V(p)),+m ., B

THEOREM 2 (see [1]). — Let gy, ..., En€C, o
There exist a linear function Nar—e”(ry=a".r+b"eN and an open
neighbourhood Q of 0 such that:
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154 Z. SZAFRANIEC

if f:Q->R is a function of class C*® and, for any xeQ,
T fe(@y, - -y 8m)-On x+mME Y, then  there exist  functions
Py - - -5 O : Q- R of class C" such that:

f=‘pl‘gl+' .. +‘pm‘gln'

THEOREM 3. — Let (X, 0)=(R", 0) be a germ of an analytic coherent
set. Then 1(X)o=p, N ... NP, where p,, ..., p, are prime ideals in
0'1. [

Suppose that every ideal p; satisfies assumptions (2.2)-(2.7). Then there
exists a linear function Nar—e(r)=a.r+be N such that for any function
fof class C*'" vanishing on X:

f=(pl'gl+' . +(plll'gﬂ’

whereg,, ..., gn€l(X)o and @,, ..., ¢,, are germs of function of class C".
This theorem is a sharpened version of the result of J.-Cl. TouGERON
(see Theorem 5. 12, [7)).

Proof. — We have I(X)o= _/I(X)o=p; M ... N\ P Where
P - <0, o

are prime ideals. The germ of X at 0 is coherent, so the ideal I(X), is
real. Then /I(X)oc\’ﬁ(X)(,:l(X)o. Hence I1(X)o=p, N ... NP,

From Theorem 1 there exists a linear function Nar—e'(r)=a’.r+b’eN
such that, for any function f of class C*' * vanishing on X and any xe X
we have

Ty 7 feNi- LV (p))+m], ).

By (2.3) and ([7]), Theorem 3.8), there exists a constant v'e N such
that, for any xe X we have

Nic UV @) +m e N 1V (p), +m), < 1(X),+m

n, x*

Let g,, ..., g, be generators of I(X),. Let e"(r) be a function as in
Theorem 2.

Define e(r)=e'(e"(r)+V)=a.r+b.
Let f be a germ of class C*'” vanishing on X.
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FUNCTIONS OF CLASS C* 155

Then, for any xe X in some neighbourhood of 0 we have
T2 fe Nz TV (P, +my P *) < I1(X), +m; .
From Theorem 2 there exist functions @,, .. ., ¢, of class C’ such that
[=0,.8,+. ... +0p.8m

This completes the proof. B

REFERENCES

réelles.

[2] MALGRANGE (B.), Ideals of differentiable functions, Oxford University Press, 1966.

[3] MILNOR (J.), Singular points of complex hypersurfaces, Princeton University Press, 1968.

[4] NArAsIMHAN (R.), Introduction to the theory of analytic spaces, Lecture Notes in
Mathematics, Vol. 25, 1966.

[5] RisLER (J. J.), Sur la divisibilité des fonctions de classe C par les fonctions analytiques
-réelles, Bull. Soc. math. Fr., Vol. 105, 1977, pp. 97-112.

[6] TouGERON (J.-Cl.), Courbes analytiques sur un germe d'espace analytique et application,
Ann. Inst. Fourier, Grenoble, Vol. 26, No. 2, 1976, pp. 117-131.

[7] TouGeroN (J.-Cl.) Existence de bornes uniformes pour certaines familles didéaux de
Tanneau des séries formelles k [[x]]. Applications, preprint, 1982.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



