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A THEOREM ON POLARISED PARTITION RELATIONS
FOR SINGULAR CARDINALS

BY

G. CHOODNOWSKY and K. WOLFSDOREF (*)

RESUME. — Si x est un nombre cardinal singulaire et une limite des nombres cardinales
mesurable, pour chaque a <»* est valide :

()-C)

ABSTRACT. — If % is a measurable limit cardinal then

. :
(u )_’(a) for any a<x™*.
% %

In [EHR], Erp0s, HainaL and Rapo discussed polarizes partition relations
for cardinal numbers. By an easy counterexample it is shown that for all

. % x - . .
cardinals x we have < ) + ( > . Soit is a natural question to ask for which
% %

cardinals % the following relation is valid:

()-C)

PrikRry proved [PR] that the negation of the partition relation is consistent
for all successor cardinals x. The first auther proved the partition relation

(*) Texte requ le 14 avril 1978, version révisée le 10 juin 1981.
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350 G. CHOODNOWSKY AND K. WOLFSDORF

<:+> - (:) for all measurable cardinals in [CH], the second auther proved

the theorem for weakly compact cardinals [WO 2].

For singular cardinals, there is a positive result in [EHR] for cardinals with
cofinality . Here we want to show the relation for measurable limit
cardinals.

1. 1. Notation.

The set theoretical notations are standard, see [DR]. Small Greek letters
denote ordinals, %, A are infinite cardinals.

An ultrafilter U is x-complete iff for alln. e. sets X< U, | X |<x,n X eU.

The cardinal x is measurable iff there exists a x-complete non-principal
ultrafilter on %; % is a measurable limit cardinal iff there exists a strongly
monotone increasing sequence of cardinals (x, | v<cf %), such that all », are
measurable and lim, _y%,=x.

Let Z=(P, <) be a partially ordered set. 2 is a forcing set iff there exists a
OpePsuch thatforallpe P,0,<p. Ifp, geP and p<gqthangiscalled an
extension of p. A subset D of P is P-dense in £ iff every pe P has an
extension in D.

Let Z2=(P. <) be a forcing set, and Z be a family of dense subsets
of #. A subset G of P is Z-generic iff:

(i) for all pe G and ¢g<p, q€G;
(i1) for all p, ge G, p and ¢ have a common extension in G;
(iii) for all dense sets De 2, GAD=Q.
A subset K of P is an a-chain ift (K, <) is a total ordering and has order
type 2.
For ordinals a, B, vy and &. the polarised partition relation:

(-

has the following meaning:

(1') LetaxB=1I,u1,. Then there exists a subset Aca, type(4)=y and a
subset B< B, type (B)=8 and A x B<l, or AxBcl,.
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- 2. Two simple remarks
Using the axiom of choice we can trivially prove the following:

ProposiTiON 1. — Let #=(P; <) be a forcing set and x be an infinite
cardinal. Let for all £ <w and E-chain K = P there exists a pe PN\ K such
thatforallge K, q< p (2 is closed under unions of chains of length <»). If 2
is a system of P-dense sets and| 9 |< x, then there exists a 2-generic set G < P.

The following proposition is also clear:

) (¥

B/ \8)’
iff for every family (X, : v<PB) of subsets of o, there exists an 1 =B, type (I)=0
such that type (M, X,) 27y or type (Nyer(@—X,))27.

ProposITION 2. — We have:

3. Our main result is the following theorem, which generalizes results in
[CH] and [WO 1].

THEOREM. — Let % be a singular, measurable limit cardinal. Then for any

a<(cf ®)*.un:
®\_, (%
x* o

Proof. — Let x be a singular measurable limit cardinal, of x <« and let
(%, : v<cfx) be a monotonic strictly increasing sequence of measurable
cardinals such that:

dr<np<...<%,<...<% v<¥;

lim ., %, <x, for any v<cfx
and:
lim’v<dx Ky =X.
Letx=U, 4 M,, where M =x_ for all v<cfx. Let U, be a x,-complete

non-principal ultrafilter on M, for any v<cfx and 2, be an uniform
ultrafilter on of %.

We define a product ultrafilter 2 on x:
D={Xcx:{v<dx:XnM,eU,}ed,}.
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Let (X, : p<u*) be an arbitrary family of subsets of x. According to
Proposition 2 it is necessary to show that there exists such an I<x™,
type (I)=a that:

|r\|;elX;|=“ or 'mgel(x\xc}=“-
As 2 is an ultrafilter on %; we can suppose without loss of generality that:
Eo={{<x" : X €2} has power x”.

Thusforany (e E,, ;= {y<d x : X, nM,eU,} €9, and so C. has power
cfxforany{€E, Because2¥*<x,thereexistssuchE, cE,,|E,|=x" that
forall{,, ,€E,:

C.=C,=C, [C|=dx.

We denote for simplicity A=, .. Mpand Y, =X.n Afor (e E,. Without
loss of generality we can suppose that C=cf x. Thus:

(2) A=U,cx M,
and for all peE,
(3) Y,cA4 and Y, n M, e U, for all v<cf x, where |E,|=x".
Let we A and ws U, , M, for some p<cf x. We denote:
T,={(eE;:wcY}
and call w exceptional (symbolically, weEx), if |[T,| <. Since » is a

strong limit cardinal, },_,2*=x, the number of all sets ws\U,., M, for
some p<cf %, is at most «.

Ths for: E;=E\Usetsx T
we have:
' |E,|=x".
We can assume without loss of generality that:

E,=x".

In particular, if w <A and w is bounded in x and w< Y, for some {<x™,
then u is not exceptional and [{n<x* :wcY,}|=x".

Now we define a forcing set #=(P; <). Let P be the set of all pairs
t=(C; D) such that:

(i) there exists such £ <cf %, that £>1:

(4) CcU,M,
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and:
(5) ICAM, |=x, for all p<g;
(i) Dex™;
(i1i) CsMien Ys
(iv) IDI<|Cl;
(v) M,nY,=C and O€eD.

Because Mon Y, eU,, |Mgn Yy|=%¢, C is infinite. By (iit) and (v),
CcY,. soif (C; D)eP, then C is not exceptional.

For 1,=(C,:D,)eP we put 1,<1, iff Co,=C,, Dy=D,. Then
P=(P; <) is a forcing set with a minimal element (M, Y,; {0})eP.

LeMMA 3. — The set 2 is closed under union of chains of length <cfx.

Proof of lemma 3. — Let {1, : v<t } beachainin 2 of lenght £, £ <cfx,i.e.
T, <1, for v, <v, <&,

Case 1: E=n+1. So 1,=(C: D) is the greatest element in the
chain. There exists such an p<ctx, 1sp, that CcU, M, and
[CAM,|=x,for all p<p and CS M, Y, As C is not exceptional by
definition of # and |D|<u, there exists such afy,ex*\D, that
CcY,. Then(C; DuU{&,})isanelementof Pand(C; D)<(C; DU {{o}),
where (C; D)#(C; DU {{,}).

Case 2: & is a limit ordinal. If 1,=(C,; D,):v<g, then
(Uv<: Ci; Uve: D,) belongs to P as | U,<¢ D, | <x for |D,| <x : v<& and
E<cfx. Forallp<g, 1,<(Uv<z C; Uy<: D,) and Lemma 3 is proved. [J

We shall now define a family of dense subsets of # in order to apply
Proposition 1.

We put for § <cf x:
A.={(C; D)eP :|C A M| =%}

Lemma 4. — For any E<cfx, A, is dense in 2.

Proof of lemma 4. — Let t1,=(C; D)eP and (C; D)¢AE. Then
there exists an mn<& such that CcsU,.,M, and since
[IDISICi,ID| <) cn*, <% Because Y,n M eU, forall{eD,n<p<§
and all U, are x,-complete and uniform on M, : n<p<¢&, we have:

mCED(YCnMp)GUpv nsf)sé,
f\.;_eD(Y;nMp)|=xp for n<p<E.
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Thus 1, =(CU(M¢ep Y; N (Uncp<e M,)), D) belongs to P and 1, €A, by
construction. Also 1,=(C; D)<71, and A, is dense. [

Let’s take a sequence (o, : A<x*)suchthata, € {x, : v<cfx }andeachx,
has x* many appearences in the sequence (o, : A<x™).

LEMMA 5. — There exists a sequence (€, : A<x*) of elements ™, such that
the sets:

Vl={(C; D)eP:|Dn{{: §1<§<§1+1}l>a1}

are dense in 2 for all \<n™.

Proof of lemma 5. — Let £, <x™-be arbitrary. We shall construct the
sequence (£, : A<x*) by induction.

Suppose that we have constructed (£, : A<8) for §<x* such that all
V. :{ <3 are dense in 2. Let us suppose however that there are no ;. ,
such that V; is dense in #. Then for any PB>&;, P<u™, there is
15=(Cp; Dp)€ P such that 14 is not extended by a menber of V;, where (in
definition of V;) we put &5, ,=.

For each Cg: g,<B<x™ there exists an n<cfx with

CeSU,cn M,. Because x is a strong limit, z“, 2°<xu,wecanfind Ecx™,
. |E| =" with:

(6) Cp,=Cp,=C forall B, B,eE.
Case 1: Let |C|>a, Since C is not an exceptional set (by (6) and
definition of P), [{{>&,: C Y, } | =«"*. Letustake M cx" with:
Mc{{>(:CsY,} and |M|=q,

Then we take Be E such that B> M, i.e. forany {e M, B>(. We obtain by
|ClZ>ay:

IDguM|<|Cyl+0;=|C|+0;=|C|;
and by our choice of M:
C=MNiep,om Ve
In other words. (C: Dgu M)eP. Further, for Cg=C: BeE. we have
1,<(C; DguM). But(C; Dgu M)eV;, where we put &5, , =P, and so we

come to a contradiction.
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Case 2: | C|<a,, where ay=x,. Let p be the least ordinal with | C| <%,;
p=v.

Let B,eE be arbitrary; since IDg I<|C| and CsU, M,
IDg, | <Y, <, %, <%, Consequently, if:

Cl = Up(u(v r\lgebpn (Mu N Yg )9

then CUC, is not exceptional as CuC,=Cy uC,eY, for any
EeDy. From this it follows that:

{{>E: CUC, &Y} =n";

we choose M {{>E;: CUC,EY, };|M|=x%,=0; and BeE with B> M.

From | Dg| <|C] it follows | Dg| <x, and Mcp, (M, N Y)eU, for all p,
p<p<v. Then by definition of C,, (M,nC,)eU, p<p<v. We put:
D2=DBUM; C2=CUU‘,<“<VH§ED.(M”0 Yg(-\cl).

In these notations, |D,|<x%,<|C,| and C,S(Mp,Y; and

(Cp; Dp)<(Cy;D,). But|Dyn {§: {;<{ <P}l =x,and this contradicts the
construction of 14=(Cy: Dg). Lemma 5 ist proved. ]

Now we can prove our theorem. Let a<(cfx)* .%; then there is a sequence
sum Ziel & =a.

We consider the following family:

Z={A,:E<dx}U{V, |iel},

of cf » dense subsets of 2.
By Proposition 1 there exists a 2-generic set G P. We put:

I=UrgG=U{D:(C; D)eG};
J=Udom G=U{C:(C; D)eG}.

Then Iex™*, typ (I)=o; Jx, | J|=x and
by Proposition 2, the theorem is proved.
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