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ERROR ESTIMATES FOR MODIFIED LOCAL SHEPARD’S FORMULAS
IN SOBOLEV SPACES

CARLOS ZUPPA!

Abstract. Interest in meshfree methods in solving boundary-value problems has grown rapidly in
recent years. A meshless method that has attracted considerable interest in the community of com-
putational mechanics is built around the idea of modified local Shepard’s partition of unity. For these
kinds of applications it is fundamental to analyze the order of the approximation in the context of
Sobolev spaces. In this paper, we study two different techniques for building modified local Shepard’s
formulas, and we provide a theoretical analysis for error estimates of the approximation in Sobolev
norms. We derive Jackson-type inequalities for h-p cloud functions using the first construction. These
estimates are important in the analysis of Galerkin approximations based on local Shepard’s formulas
or h-p cloud functions.
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INTRODUCTION

The idea of meshless methods for numerical analysis of partial differential equations (PDEs) has become
quite popular over the last decade. In most computer-aided design work, the generation of an appropriate mesh
constitutes the costliest portion of the process. For this reason, the development of techniques which do not
rely on traditional mesh concepts is still very appealing.

In meshless method, h-p (spectral) types of approximations are built around a collection of nodes sprinkled
within the domain on which a boundary-value problem has been posed. Associated with each node, there is
an open set (cloud) that forms the support for the approximation basis functions built around the node. The
boundary-value problem is then solved using these h-p cloud functions and a Galerkin method. For this kind
of application, it is fundamental to analyze the order of the approximation in the context of Sobolev spaces.

A meshless method that has attracted significant interest in the community of computational mechanics is
built around the idea of local Shepard’s partition of unity (see [5]). In [13], Shepard introduced an interpolation
scheme which is easily programmable. Given any arbitrarily spaced points z1,z2,...,xny € R™ and values
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u(zy), u(x2),...,u(xy) of a function u, the first version of Shepard’s formula is given by

N
Spu(a) = > ulx;) - Wilw),

=1

with basis functions

[lz — ]|~
A SR
Here k > 1, and ||| is the Euclidean norm.

In practical applications, the global character of Shepard’s interpolation formula is totally undesirable. This
disadvantage is avoided by using a local version of Shepard’s formula, where the basis functions WW; have small
compact supports which may even depend on the local distribution of data points [12]. Another drawback is
that the interpolating function Sgu has flat spots in the neighborhood of all data points. This drawback can be
avoided by using Taylor polynomials of degree m at the data points. The generalized Shepard’s formula is

N
ST u(z) = ZTim(:c) W(x), (0.1)

where Taylor polynomials T7"(x) = 3 < |qj<m @a(® — ;)* are selected in some way. On the other hand, the
space X™, consisting of all functions which have the form (0.1), is considered in hA-p cloud methods.

In this paper, we mainly consider two different ways of building approximations (0.1) in Sobolev spaces. In
the first one, polynomials 7™ are Verfiirth’s averaged polynomials [14]. Interpolation operators built in this
way are of theoretical interest: error estimates obtained in this case are used to derive Jackson-type inequalities
for h-p cloud functions. The second one deals with a widely used interpolation method: polynomials T;™ are
built by a least square fit of a function

T [u](z) = ui + Z aa(T — )%, (0.2)

1<[al<m

to function values on a set of nearby nodes of node x;. The set of nearby nodes of node x; where the weighed
least square approximation (0.2) is made, is called the star of x;. In [15], we have defined a condition number
of the star, which is practically computable. The condition number is a measure for the quality of the star
and it is strongly related to the approximating power of the modified Shepard’s interpolation formula in the
uniform norm [15]. We investigate here the approximation power of this construction in Sobolev spaces. It is
well known that error estimates and the Céa’s lemma [2, 3] give a priori error estimates for the approximate
solutions of boundary-value problems. A more detailed analysis of this and related questions will be developed
in a forthcoming paper. Moreover, we do not discuss here numerical tests, but it is worthwhile mentioning
that there is an extensive literature in the computational mechanic community confirming the theoretical error
estimates obtained in [5,6,9,10].

The paper is organized as follows. In Section 1, we present local Shepard’s partition of unity and local
Shepard’s formulas, we state some conditions for the partition of unity which will be considered in this work.
Section 2 deals with polynomial approximation of functions in Sobolev spaces in star-shaped domains. In
Section 3, we analyze error estimates for the local Shepard’s formula modified with Verfiirth’s averaged polyno-
mials. An application to h-p cloud functions is discussed therein and the results of Duarte—Oden are improved.
Section 4 is dedicated to the local Shepard’s formula modified with least square fits of Taylor’s polynomials.
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1. LOCAL SHEPARD’S FORMULAS

Let  be an open bounded domain in R™ and QV denote an arbitrarily chosen set of N points x; € Q referred
to as nodes:

QN:{xlaxQ;"';zN}, :Ezeﬁ

Let Iy := {Wi}i]i1 denote a finite open covering of © consisting of N clouds with center at x;, i = 1,..., N, and
let Sy = {(gﬁi}fil be a class of functions having the following properties:

¢ € C5(R™), s>0ors=+o0;

spt (¢;) = w;, where we have denoted;

spt (¢;) the support of ¢;:

¢ (x) >0, x€uw.
In particular, for every = € Q, there is at least one ¢; so that ¢;(z) > 0.

For a fixed positive integer k and every i = 1,..., N, we define functions v;, W; by

vi(z) = |lz — || 7" - ¢i(x), for = # =
and

WE () =

AT
PIe

The sets w;, i = 1, ..., N, are called clouds in meshless methods community [5].

The diameter of w;, d; := sup, ,c,, {l[z — yll}, and h := max;=1 _ n{d;} will be key ingredients in error
estimates.

The class of functions W¥, := {Wf}ivzl is called a Shepard’s partition of unity [5,6], subordinated to the
open covering Zn and it has the following well known properties:

Every WF can be defined by continuity at nodes x; in such a way that the Kronecker-delta property is
verified; that is, Wf(:n]) = ;5. From this definition and the above assumptions, it follows that

e WF e O~ (R") in general and WF € C5° (R") if k is an even number and s = oco.
e WFis (k — 1)-flat at nodes z;. In partlcular D*Wk(z;) = 0, for every multi-index v, 1 < |v| < k.
e Sy is a partition of unity on ZZ L WE(z) = 1, for every z € Q.

Assumption. In what follows, we shall not deal with question related to the differentiability of functions Wf
For the sake of simplicity, from now on, we make the assumption that k is an even number, Wlk € C& (R™),
t=1,..., N, and we will omit any reference to the number k in our notation.

Thus, W; = WE, and so on. This assumption requires the constant s above be equal to co.
Let m be any integer > 0. For i =1, ..., N, let P™ denotes the vector space of m-Taylor’s polynomials at x;

Pli=0Q:Q) = >  a(x—m)

0<[v|<m

Let F be some space of functions. Given a linear operator

N
7" F =[P (1.1)
i=1
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the associated m-modified local Shepard’s interpolation operator is the linear operator ST™ : F — C>(1Q)
defined by

N
ST"(u) := ZT[”(U) Wi, uweFand T"(u) = (T (v))=1. .~ -

In this work, we are mainly interested in the case where (F,|| - ||#) is some normed space of functions over 2
and in estimating the interpolation error:
lu = ST™ (u)]| 7.
Sections 3 and 4 are dedicated to our main examples of m-modified local Shepard’s interpolation operators.
The first one deals with the use of local averaged Taylor’s polynomials of Sobolev functions. The second one
deals with continuous functions and is related to the methodology described in the introduction, and which was
analyzed in [15] in the context of C™-spaces. For this purpose, we need to state some regularity properties of
the class {W;} which will be useful later.
In establishing error estimates the following constants are cornerstones:

A1l: Constants G, ,; > 0 satisfying

Gm,i . .
||DﬁWj||Loo(]Rn) < dlm s |6| < m, Vj L)€,
J

In deriving uniform error estimates, conditions A2 is changed to:

A1U: A constant G, satisfying

G .
IDPWill, e oy < R 1Bl <m,i=1,..,N .

In the next section we will discuss other conditions related to the geometry of 2 and the open covering
In = {wi}?]:l which will play an important role in error estimates.

2. POLYNOMIAL APPROXIMATION IN SOBOLEV SPACES

Given u € D'(Q2) and o € Njj we denote, as usual,

N 6 [e5} 6 Qn
D% = — v | =— u, laj=a1+..+a, ao=al --a,l
81'1 8mn

For p > 1 and m € Ny, we call W;"(Q2) the Sobolev space which consists of all the functions u € LP(£2) such
that D*u € LP(Q2) for |a| < m. Given j € Ny, we define

1/p

|U|j7P: Z ||Dau||€p(g)

loe|=3
and, therefore, the usual norm in W;”(Q) is defined by

1/p
m

lullmp={D_lulf,

Jj=0

If p = 2, we denote, as usual, W3"(Q) = H™(£2). Moreover, when an explicit reference to the domain is needed,
we denote instead || w ||m,p = || @ ||omp and |u ], = |ulq, jp-
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Let U C R™ be an open set with diameter d. In this section, we are interested in sharp upper bounds of the
constant ¢, ; in the Jackson-type inequalities

sup inf w < cmﬁjde*j vV 0<j<m, (2.1)
wew () PEP™ [ulm+1,p

when U is star-shaped w.r.t. a point in U. Here, P™ is the space of all polynomials in n variables of degree at
most m. The best estimates of ¢, ;, which are known to us, are due to Verfiirth [14] and Duran [7], which is a
modification of Dupont—Scott’s approach.

Verfiirth’s bounds do not depend on eccentricity in case U is a convex set. Moreover, for non-convex domains
with a re-entrant corner, the bounds are uniform w.r.t. the exterior angle. We will need later, however, a bound
in the L°°-norm which we could not obtain with Verfiirth’s approach. For this reason, we shall expose here
both approach.

Verfiirth’s projection operator

Let B C U be a set of positive measure |B|. For any integer m and p > 1, a projection operator Q%
of W;*(U) onto P™ can be built, which has the following properties:

D Q) = Q3 (D), (2.2)

/B D (u— Q) (y) dy = 0 (2.3)

for all u € W;"(2), all 0 < j < m, and all 3 € N" with |8] = j.
We denote by

1
w5 (f) = E/Bf(y)dy

the mean value of f w.r.t. B. For any u € W;”(Q), we recursively define polynomials g%, ..., ¢% in P™ by

G = 3 Satms(D)

and for k=m,m—1,...,1

O ) = b)Y (Dt gl (w)
la|=k—1

Finally, we set
QF u = q(u).
Using (2.2) and (2.3), it is easily proved that Q% is really a projection operator.

Proposition 2.1. Let B C U be a set of positive measure |B|. For any integer m and P € P™, QZP = P.
Definition 2.2. Given u € W;”(Q) and P, pu, the remainder term is R™u 1= u — Py, p u.

Definition 2.3. A set U is star-shaped w.r.t. a set B if, for all € U, the closed convex hull of {z} U B is a
subset of U.

The star-shaped condition is a key ingredient in polynomial approximation in Sobolev spaces. In order to
state Verfiirth’s results for non-convex but star-shaped domains we need to state some more definitions. For
z € U we define

X(2) = max |ly — 2[| /- min {ly — ]|
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Now, assume that U is non-convex but star-shaped w.r.t. one point, and
Sy :={z€U:U is star-shaped w.r.t. z}-

It is clear that there exists a point z,, € U such that x(zp) = min,cs{x(2z)}. Then, the number 0 is defined by

0:= x(2m)-

The main Verfiirth’s result in [14] is:

Theorem 2.4. Let U be a domain with diameter dy and which is star-shaped w.r.t. one point. For 1 < p < oo
and m € Ny, there exist constants ¢y, j, 0 < j < m, such that

lu—QF, ullip < emy dy ™ [ulmirp, Yue WrHH(U).

When U is a convex domain, By = U and ¢y, j = ¢y j(n,m), i.e., the bounds ¢, ; depend only onn and m. In
the non-convex case, By = B(zm, 0), 0 =dist(zm, OU), and ¢y j = Cm (0, m,0).

Dupont—Scott’s representation formula

Let B = B(zo, 0). A function o € C°(R™) with the properties (i) spt 0 = B and [, o(z)dz = 1 will be
called a cut-off function.
Given a function u of class C, its Taylor polynomial of order ¢ at y will be denoted by T}}u.

Definition 2.5. Suppose u has weak derivatives of order ¢ in a domain U and B CC U, the (o, q)-Taylor
polynomial of v averaged over B is defined as

Qu(z) = /BT;u(:c) o(y)dy.

As before, the m**-order remainder term is given by
Riu = u — Qu.

Let U be star-shaped w.r.t. B and u € C?T1(U). Taylor’s theorem gives us an error representation of
u(z) — Q%u(x) which is very useful in order to obtain error estimates [2]. A key parameter in Dupont—Scott’s
estimates is the chunkiness of U.

Definition 2.6. Suppose U has diameter dyy and is star-shaped w.r.t. an open ball B. Let
Omax := sup{o : U is star-shaped w.r.t. a ball } -

Then, the chunkiness parameter of U is defined by

dy

gmax

T =

Dupont—Scott’s error estimates are proportional to 47%. Their main results (see [2]) are:
Theorem 2.7. Suppose U has diameter dy and is star-shaped w.r.t. an open ball B. There exists a constant
C = C(n,q,v) such that
+1—j
| R llojp < Cdii ™ [ulugiip
for every u € Wit (U) and 0 < j <gq.
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Theorem 2.8. Let U be star-shaped w.r.t an open ball B. If 0 < p < 0o and (¢ + 1) > n/p or p =1 and
(¢ + 1) > n, then there exists a constant C = C(n,q,vyu) such that

| B || ey < C ATy g1

for every u € Wg"’l(U).
The star-shaped property is, as we have seem, a key tool in approximating by polynomials. We will need
some conditions in the domain and clouds in order to guaranty the appropriate use of this property.
A2: Q has a Lipschitz continuous boundary 0 [1].
If Q has satisfies A2, it can be proved that there exists a number en > 0, such that the intersection

QN B(z,r), x €,
is star-shaped w.r.t an open ball, provides r < eq. If Q is a convex set, e = co.

3. TAYLOR AVERAGED LOCAL SHEPARD’S FORMULAS

Throughout this section we assume the following:

Condition 3.1. Given the partition of unity Sy := {Wi}ilil over §, the clouds {w;} have been defined before
with the condition w; =spt ¢;. In what follows, it is better to have the condition that every w; is an open ball.
So, if this is not the case, the symbol w; is reassigned in the following way:

Wy = B(x'h Tmin)v

where
Tmin := min{r : w; C B(xz;,r)}-

Remark 3.2. The equality above must be understood in the context of computer science, not in a mathematical
sense.

For future use, we set w; := w; N, and Q= {j + wiNw; # 0}. The following condition is crucial in this
section.

A3: A2 is satisfies and h := max;—1,. n{d;} < €q.

In particular, if A3 is satisfies, every set w; is star-shaped w.r.t. an open ball.

Therefore, for each i, ¢ = 1,...N, we can choose a subset B; C w; where Verfiirth’s projection operator applies
(see Th. 2.4). We assume that B; = @; in case w; is a convex set.

Given an integer m > 0 and p > 1, an m-modified local Shepard’s interpolation operator is a linear operator
ST™ : Wpth(Q) — O (Q), called from now on, a T.A(m) local Shepard’s interpolation operator. We will
define now our first 7.A(m) local Shepard’s interpolation operator using Verfiirth’s projection operators.

Let u € W1 (Q). For i = 1,..., N, we set Q7"u = Q5 u . Then,

N
ST™(u) =Y QluW;. (3.1)
=1

Remark 3.3. Note that, even when u € W"*1(Q) N C(Q), ST™ (u)(x:) # u(a;), so ST™ (u) is an interpolant
of u in a generalized sense.

Remark 3.4. In this section we will never use the delta-krocneker property of the Shepard’s partition of
unity {W;}. As a matter of fact, all the results here are also valid assuming that {W,} is a partition of unity.
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A natural and crucial parameter in error estimates is a measure of the overlap of clouds:

A4: A measure of the overlap of clouds:

M = sup {#1},

i=1,.
where #S5 denote the number of elements in a finite set S.

Remark 3.5. Other authors [5,8], use the pointwise condition A4P:

M = sup{#(j : & € w))}-
e

In fact, A4 and A4P are different requirements. We could not obtain these results here with A4P.

For every ¢, i = 1,...N, we have a set of bounds ¢, ;(i) given by theorem 2.4. We define:

Crni i= max {¢m (i)},

0<5<m

and
Cm = max {Cri}

(3.2)

(3.3)

We are interested in estimating the error u — 87" (u) in Sobolev norms. The following result will be useful in

passing from local to global estimates.

Lemma 3.6. Let f,g € L*(Q) be two positive functions. Suppose that, for everyi =1,...,N, n(i) is a subset

of indexes such that:

tn(i) < M.
If
/f Yda < Z / Vi:i,.., N,
JjeEN(i) g
then

Q/ f(z)de < M? / g(z)dz.

Q

Proof. First, we have ff ff (Z

N N
N IEIIDS
=14, = En(z)wj

Condition (3.4) implies that each [ g appears no more than M times in Zivzl > [ g So,

wj JEN(i)w;j

ZZ/MMZ/

1= 1]677,(1 J= 1W]

WZ> < Zf\il Jrwi < Zf\il | f. By the hypotheses, we have

(3.4)
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Now,

Mz

>/

1/ ZWk

wj J wj k; E]

Mz

gWh

5 -

=1 kyen(i,

Applying another time (3.4), it follows that each [ gWj appears no more than M times in Z Zk ens) f gWh...

J

Wi ]
Therefore,
N N
3 /gwaSMz/gwk
j=lkjen k=1,
Q
and the lemma is proved. O

Our first global error estimate is:
Theorem 3.7. Assume A1U, A3, A4 andletp>1,1<m. Ifu € W;”H(Q), then

[u = ST™(W)p < Crna K™t g1,
where
g = (#{a: o] = 1)"7 MP/PC(n,m) G O
The value of constant C(n,m) will be clarified along the proof of the theorem.

Proof. Given a € Njj, |a| = [, we will estimate || D*(u — ST "™ (u))||pr(q). We have

[0 ST @)@ P < Y [ 1D - ST W) @) Wia)ds
o =12

< Z/|DO‘ — ST™(w))(2)|Pda .

11~

For x € w;, we can write

Therefore,

C)i Jeiwj
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We will now turn to [ |D*(R}*(u)W;)(x)[Pdz, for a fixed j €i. Given v € N2, v < o, by (2.4) we have

wj

IDY (R} ()70 (z,) < CoRTHDPLUlE L

Taking into account that

G
ID°Wj]| L <

and Leibniz’s rule, it follows that

D*(R" (u)W;) = Z C(a,7,0) DR (u) D°W;,
y+é=a

where

n

C(a,v,&)zH(?j).

i=1

By choosing a constant C'(n, m) satisfying > C(a,y,0)? < C(n,m)P for all |a| < m, we get

yt+o=a

~ p
I DR W) s,y < (COm)Gon G ) R 0P [

wj,m+1l,p-

Now, we can use Lemma 3.6 with
f =D (R (w)Wy)|P
and
g= (C(n,m)CDVm ém)p pim+1=Up Z | DP P
|B|=m+1
in order to get
| DR ()W;) 12, 0y < M (Cry )G Con)? 107 [

Hence

| DR ()W) [ip < (#{a: o] = 1)V MP7P (C(n,m)Grn Co) K™ [ g

and the theorem is proved.

The next local error estimate follows easily from the method of proof of the previous theorem.

Theorem 3.8. Assume A1, A3 and A4 andletp>1,1<m. Ifue W;”‘H(Q), then

|u—=ST™ () 5,1 < Conti h" 7w

@i,m+1,p >

where
Cima = MYP(C(n,m) Gpm.i Coni) (#{a : o] = )7

hi = max; {d;}, and amﬂ' = maxjeg{ém,j}-
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3.1. Application to h-p cloud functions
In the h-p cloud method [5], the vectorial space F™ defined by

N
F" = {v: U:ZPimWZ-, PZ-mEPZ-m,il,...,N},

i=1

is utilized to solve elliptic PDEs in a Galerkin scheme over a Sobolev space H™(£2).

In the notation of Duarte-Oden, F™ corresponds to fjlf,zo’m. Numerical experiments performed in [4,5] have
shown that the family of functions f]l%:O,m are the best choice for the h-p cloud method. We can use the error
estimates obtained here to improve the results of [4, 5].

If w € H™T1(Q) is the exact solution of the boundary-value problem, by Céa’s lemma [2, 3], the error is
estimated by an expression like

C inf
vEF™

As ST™(u) € F™, the result above can be applied in order to obtain error estimates of the boundary-value
problem.
The following Jackson-type inequalities follow from Theorem 3.7 .

Corollary 3.1. Assume A1, A2U and A4. Let m be an integer > 0 and p > 1. Then

U= ||m,2-

. U—v| _
sup inf @ < Cm+1y Ml o <i<m,
wew (o) V€F [t lmy1p

where
Crmi11 = (#{a: |a] = IHYPM?P(C(n,m)G,, CM,y,).

4. LOCAL SHEPARD’S FORMULAS WITH LEAST SQUARE FITS

Let F := R be the set of possible values f = (f;), of functions at the nodes z; and let m be a positive
integer. In this section we study linear operators

N
7" F =[P

i=1

built by least squares fits of Taylor’s polynomial

TPE)() = fi+ Y, aale —x:)° (4.1)

1<]a|<m

to function values on a set of nearby nodes of node x;. The set of nearby nodes of node x; where the weighed
least square approximation (4.1) is made, is called the star of z; [5].
Assume that we have functions T)” : F — P;", i =1, ..., N , such that:
e T!™is a linear transformation.
e For every ueF , T/ (u)(x;) = u;. That is, the constant term ag of T (u) is equal to u;.
o If w=(1,1,...,1) then 7T/"(u) = 1, for every i =1, ..., N.
Given u€F , the m-modified local Shepard’s interpolating function of the data values u= (u;) is

ST™(u) = Z T (u) - W;. (4.2)
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4.1. Shape functions
If {e;}i=1,.. n is the canonical basis of F , the functions {¢;} defined by

i = STm(ez)

are called the shape functions of the modified local Shepard’s formula (4.2).
We list bellow some properties of the shape functions which are easily proved.

o The class {¢; }i=1,.. .~ form a C* partition of unity.
e For Z,j = ]., ...,N, (7251(1']) = 51]
e For every ueF

N
ST™(u)= Z wi; . (4.3)

In practical applications, a property of localization of 7} is desirable. That is, every T;" depends only on
values u; at nodes x; in a selected neighborhood of x;. So, it is assumed that:
Every node z; has a star of indexes of nodes

ST(Z) - {Z.7j1(i)7 vy ks (Z)} ) ]k(z) # 1,

selected in same way, such that 7™ depends only on values

ri( f) =(fis fir(ys o Fin, ) -

However, T can be considered as defined in all 7 by the standard linear extension scheme.

A natural candidate for star ST (i) is clearly {j : #; € w;}, but this is not necessarily the best choice. Renka
obtained good results with w; = B, , (2;) and ST (i) = {j : ©; € Br,, (z:)} with Ry(;) # Ra;) [11].

In this work however, we always assume that ST (i) = {j : z; € w;}.

4.2. Building T;™ by least square fitting

Let u be a function defined in . We set 7;(u) := (u;)jes7(;) » where we have written u; = u(x;) in order to
simplify.

Let V = {p:}i<i<n,, be a basis of the set of polynomial of degree at most m. An efficient scheme for
approximating derivatives of a function consists in seeking a polynomial function

N,

T [ri(w)](x) = ui + Z arpy(x — ;) (4.4)
that satisfies
T [ri(w))(z;) =is u; (4.5)

on the set of nodes of the reduced star 1) in a weighed least square sense. Here,
h f nod f the reduced ST (i) i ighed 1 H
ST'(i) = ST(i)\{i} .

and the precise meaning of symbol =;; is defined bellow. Note that we exclude 7 from our calculus because
value u; is fixed at z;.



ERROR ESTIMATES FOR MODIFIED LOCAL SHEPARD’S FORMULAS IN SOBOLEV SPACES 985

Let w : R\{0} — R be a selected weigh function. The symbol =5 in (4.5) means that T"[r;(u)] is chosen
in order to minimize the function

Ba)=5 S wllla; —wil) - (T lra())(es) - wy)?, (46)

JEST (i)

where a = (at)1<t<n,, -
A common and recommended selection for w is w(x) = 1/22.
Let B; = B;(V) be the Vandermonde matrix

(pe (] — @i))1<h< N, jesT () >

and W the diagonal matrix with
Wi = [, — @3] 72 .

The normal equations for problem (4.6) are, in matrix notation
Aa=C7r;i(u), (4.7)

where
ﬁ(u) = (’u,j1 — ui,uﬁ — Uyq, ""ujki — ’U,i> s
A= BiWBiT and C = B;W.

A5: We assume from now on that all stars are regular in the sense that matrix A is non singular at every
node x;.

The next result gives us a necessary and sufficient condition to satisfy the assumption above in a generic
and stable way [15]. It should be remarked that a related issue was considered in [8,16] in the context of other
approximations also based on partition of unity.

Definition 4.1. The set of nodes {x;};cs7/(a) is called P;* — unisolvent if the Vadermonde matrix satisfies
rank(B;) = Np,.

It is clear that this property does not depend on the basis V.

Theorem 4.2. A necessary and sufficient condition for the satisfaction of condition A5 is that the set of nodes
{2} jesT(iy 18 P - unisolvent Vi : i = 1,..., N.

Corollary 4.3. If m = 1, {z;}jes7(s) is P; - unisolvent if and only if the set of vectors {x; — x;} R
J€ (i
contains a subset of n lineally independent vectors.

At node z;, the Taylor’s polynomial (4.4) will be now denoted by

T [r(w)|(x) = u; + Z ay(x —x;)". (4.8)

1<v]<m

A crucial ingredient in error estimates in [15] was a measure of the quality of the approximating Taylor’s
polynomial (4.8). Taking into account that we have set here S7 (i) = {j : ; € w;}, we have

max {||z; — z;||} < d;.
max {lla — [} <

The next result has been proved in [15].
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Theorem 4.4. Assume A5 and m < 2. Then, for every i = 1,...., N, there exists a number C(ST (i)), which
s algebraically computable, such that

lau| < CST @) d; " |7, v =1,...,m, (4.9)

7

where (a,)1<|v|<m 15 the solution of (4.7).
The number C(S7 (i) is called the condition number of the star ST (i).

Remark 4.5. Strictly speaking, we have proved Theorem 4.4 for m < 2. But, by inspecting the proof, the
result is true in general. In practice however, only low order approximations are used because of the notorious
polynomial snaking problem.

Assuming A5 and m < 2, the m-modified local Shepard’s interpolation operator (4.3) obtained by least square
fits as described in this subsection will be called a £LS(m) local Shepard’s interpolation operator.
The next result is easily proved.

Theorem 4.6. Assuming A5 and m < 2, the LS(m) local Shepard’s interpolation operator is m-reducible.
That is, for every polynomial P of degree at most m, we have

N

P(z) = ZP(JCZ) ¢i(z), Yo e.

i=1

We will only prove in this section a global estimate. Then, all conditions will be stated in a global setting. We
denote C; = C(S7T (7)), i =1,...,N, and let

C:= izn;l?iN{C./\/}}- (4.10)
We will need a constant A > 0 such that
d-'< AR, i=1,..,N. (4.11)
Theorem 4.7. Assume A1U, A3, A4, A5 and m < 2. Then, there are constants C = 5(n,m,€, Gm, M, A)
such that B
[[D% 3| oo (mry < Ch7lel i=1,..,N and |a| < m.

Proof. Given i and «, spt (¢;) C U, »w; and we can write

JE
¢ =Y T"(e)W;. (4.12)

jei

If .
T e) = > af (¢ —x5)"

0<[v|<m

then, for any 3, 6 < «a,
DPTMe)= > Clnav)af (z—a;)"".

0<|v|<m,B<v
We now choose a constant C = C(n, m) such that

Z C(n,B,v) <C, 8] <m,|v| <m. (4.13)

0<|v|<m,B<y
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Now, given = € spt (¢;) and s €, we have

DT (e)(x) < Y. C(n,B,v)lal| ||« — ||V~ 17]

0<|v|<m,B<v
< > CnBvCd]
0<|y|<m,B<y

< CCARIAI

Among constants C and A, we have used here Theorem 4.4.
By Leibniz’s rule it follows that

D (T (ei)Ws) (@) < Y C(n, B,7)[D T (ei) ()] DT Wi(2)]
By=a

< 3 Cn,B,7) (CCAAh"m) (GmAh*M).

Bty=a

Setting constant C' in (4.13) greater than any sum > 5, _ C(n,3,7), the last inequality can be written

|D* (T (eq)Ws) ()| < Ch 1o,
where C = C2C G,, A2. Therefore, by (A1)

[DY¢i(w)| <D |D™ (T (e)Ws) ()]
s€i
< MCh~lel,
Setting C = M C, we get
|D* ]| < C b7l
and the theorem is proved.

A local version of the theorem above can be stated with obvious modification.

4.3. Sobolev error estimates for £LS(m) operators

987

Through the rest of this section we assume m < 2 without explicit mention to it. We assume also (m+1)p > n

ifp>l,orm+1>nifp=1.

Let u € W)**1(€), then by the Sobolev imbedding theorem, u € C (Q), and it is meaningful to use pointwise

values of u. We define the interpolation operator as in (4.3) by

N
i=1

In order to state our error estimations, we need here some condition similar to (3.1), but in a somewhat stronger

form. For simplifying writing, we set
o 1 :=spt ;.
. ipv = ;N Q.
o i:={j Nty #0}.
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Now, let 0; be defined by R
0; :==min{ g : ¢; C B(z;,0)}.
A3’: A2 is satisfied and g; <eq,i=1,...,N.
The overlapping condition is also stronger. We define n(i) by

n(i) == {j : ¥; N B(xi, 01) # 0},

and v; = Ujen(i)wj .
A4’: n(i) < M,i=1,..,N.
As before, if A3’ is satisfies, every set B(z;, ;) N2 is star-shaped w.r.t. an open ball. Furthermore, there
is a number v > 0 which bound bellow all the chunkiness parameter yp (s, ,)nq- That is,

TQ S’YB(a:i,gi)ﬁﬂv Vi:i= 1,...,N. (414)
Then, given u € WI’,““(Q), we will consider, over each set B(z;, 0;) N Q, the Dupont—Scott representation
u= Q" (u) + R (u).

Finally, let B > 0 such that max;—1 . ~{20:;} < Bh.
The next result have also been obtained in the context of moving least square and kernel reproducing particle
methods [8,16].

Theorem 4.1. Assume A1U, A3, A4, A5. Then, there exits a constant C = C(n, m,~vyq, M, Gm,A,é) such
that
lu—ST™u) 1, <Ch™"  Nulmir,y, 0<I<m,uc W Q).

Proof. For x € 1;1-, we can write

u(@) = ST (u)(z) = ZQ’” ()¢5 (x)

+R M u(x fZRgnu zj)o;(x).

jei

By the polynomial reproducing property (4.6),

ZQ*” ()05 (x) -

Thus,
u(z) = ST™(u)(x) = R u(zx) — Z R u(z;)pi(z).
jci
Hence
lu(z) = ST (W) [[7 < IRl |+ IRl 5,0 Z 163117, ,-
j€i
By (2.7) and (2.8)
||Rmu’||w Adp = Cl(n m, Y, B) h(m+1 Dp |u|B (zi,0i),m+1,p>

[|R;™ u||Loo(B (@i.00) gCl(n,m,’m,B)h(me M

B(zi,0i),m+1,p -
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On the other hand, since ¢; C B(x;, 0;), we have

||¢j||%j,l,p < C(Gm,n, B,m)h~PHn,

Now, since B(z;, 0;) C Uje'n(i){/;j; we get

lu(@) = ST @) |2, < CHm P luls

In order to finish the proof of the theorem, we pass from this local estimate from the global one, in a similar
manner as in Theorem 3.7. O
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