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A DOMAIN DECOMPOSITION ANALYSIS
FOR A TWO-SCALE LINEAR TRANSPORT PROBLEM

FraNcols GoLse!, Sur JiN? AND C. DAVID LEVERMORE?

Abstract. We present a domain decomposition theory on an interface problem for the linear transport
equation between a diffusive and a non-diffusive region. To leading order, i.e. up to an error of the order
of the mean free path in the diffusive region, the solution in the non-diffusive region is independent of the
density in the diffusive region. However, the diffusive and the non-diffusive regions are coupled at the
interface at the next order of approximation. In particular, our algorithm avoids iterating the diffusion
and transport solutions as is done in most other methods — see for example Bal-Maday (2002). Our
analysis is based instead on an accurate description of the boundary layer at the interface matching
the phase-space density of particles leaving the non-diffusive region to the bulk density that solves the
diffusion equation.
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1. THE INTERFACE PROBLEM

Consider the steady, linear transport equation with isotropic scattering and slab geometry:

10, U, 1) + 0 (2) U, 1) = o(2)e()T(x)

1 (1.1)

— 1
where ¥ (z) = 5/ U(x, p)dp.
-1

The phase space density U is defined so that ¥(z, u)%du dz is the number of particles (e.g. neutrons) located
inside an interval of width dz centered at x, moving in a direction whose angle 6 with the x axis is such that
u = cos 6 belongs to an interval of width du centered at p. The function o(x) > 0 is the scattering cross-section
at position x, while c¢(x) > 0 is the average number of emitted particles per collision at . Below we assume that
0 < ¢(x) < 1. When ¢ = 1 the material is purely scattering; when ¢ < 1 there exist absorbing collisions. The
transport equation (1.1) is posed for z € (z,,x,) and p € [—1, 1], supplemented with boundary conditions at z,
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and z,. Perhaps the simplest example of boundary conditions for (1.1) consists in prescribing the phase-space
density of particles entering the domain (z, ,z,) at x, and xz:

U(x,,p) = Fr(p),  for pe(0,1],

\Il(xRﬂ —p) = Fr(p), for p € (0,1]. (1-2)
More general boundary conditions can also be analyzed by the methods of the present paper. For more details
on the physical meaning of (1.1, 1.2), the interested reader is referred to chapter XXI of [7]. Our purpose is
to analyze the solution of (1.1, 1.2) in the case where the order of magnitude of the scattering cross-section o
varies considerably over the domain (z,,x,). Such situations are frequently encountered in most applications
of transport theory where the background medium is often made of (very) different materials. Specifically, we
consider the case of two different materials with an interface located at z,, € (z,,z,). At z,,, the scattering
cross-section o and emission rate ¢(z) are assumed to be discontinuous; they are given as follows in terms of a
small parameter e:

olz)=1, and 0<ce <clz)<c" <1, for x € (z,,x,,),
o(r)=€¢', and c(z) =1—*y(x), for z € (x,,,x,) - (13)
The mathematical analysis of our coupling algorithm will be done under the following assumptions:
0 <y <~v(z)<~*, foreachz € (z,,,) (1.4)
for some constants 7. and *; we shall also restrict our attention to €’s such that
0<e<e", wheree" <1/v". (1.5)

Notice that these assumptions exclude the case where ¢ takes the value 1: in particular, the case of a purely
scattering, low o medium is excluded by the assumption (1.3). However, this is only for mathematical con-
venience, and our algorithm also works in that case: we shall return to this after the statement of our main
results, Theorems 3.1 and 3.2.

The small parameter e is the ratio of the mean free path (the average distance a particle travels between two
consecutive collisions with the background medium) to the size of the domain z, — z,,. Changing the space
variable z in (1.1) into

T, f/ " o(z)dz for x € (x,,z,,),

T
and z,, —|—/ o(z)dz for x € (z,,,2y),

T
one sees that there is no loss of generality in assuming o to be piecewise constant as in (1.3). (In the context
of radiative transfer, the new space variables so defined are referred to as the “optical thickness”: see Chap. I,
Sect. 7 in [6].) Since the mean-free path is small in the region (z,,,z,), we expect that the solution ¥, is
isotropic (i.e. a function of x alone) to leading order and governed by the diffusion approximation of (1.1):
see Section 4.1 below. Hence the domain (z,,,x,) is referred to as “the diffusive region”. The smallness of
the mean free path in (z,,,z,) makes it very costly to solve the transport equation accurately there. Solving
the diffusion equation on the other hand is much more efficient. By contrast, in the domain (z, , z,,) one must
retain the p dependence in the solution W, and solve the transport equation for W, in that domain, which
will be therefore referred to as “the transport region”. Domain decomposition methods matching kinetic and
hydrodynamic or diffusion models have received a lot of attention in the past 15 years. Some of the ideas in the
present work can be found in [10]; other methods have been proposed in [1,4,8,9,13,17,18,20,21,24-26]. In

the notations of Figure 1, solving the problem (1.1, 1.2) with coefficients given by (1.3) reduces to finding good
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FIGURE 1. The interface problem.

approximations of the angle distributions of particles crossing the interface in the direction of the transport
domain — i.e. f_ — and in the direction of the diffusive domain — i.e. fi. In fact, the solution in the diffusive
region depends only on some appropriate angle average of f, so that the most critical task is to evaluate f_
accurately. In most of the existing domain decomposition methods for this problem — for instance in [1,26] —
this is done by an iteration procedure in which the diffusion and the transport equations are solved alternately
until convergence of the successive approximants to f_ and f; is reached. The method described in this paper
is completely different. Instead, we propose a boundary condition at z,, on the transport side which mimics
the reflection of particles on an infinitely thick, purely scattering domain. This reflection condition is based on
almost explicit computations for the steady transport equation in a half-space filled with a purely scattering
material. These computations go back to the work of Wiener and Hopf [27] on the Milne-Schwarzschild problem
in astrophysics. This material is recalled in Section 2. Then, classical results on the diffusion approximation of
the transport equation show that, by solving the transport equation in the transport region (x, , z,,) with this
reflection condition at z,,, one approximates the restriction to the transport domain of the global solution to
within O(e). Thus, using this reflection condition yields the correct transport and diffusion solutions in one step
up to an O(e) error and in two steps (a prediction-correction algorithm) up to an O(€?) error. In particular,
this method avoids iterating alternately on the diffusion and transport solutions until convergence of the fluxes
at the interface is reached. This simple model can be seen as the prototype in a series of analogous problems,
such as, for instance, radiative transfer in multi-material media, gas (or plasma) dynamics in cases involving
both a kinetic and a hydrodynamic description etc. We hope that a complete and rigorous treatment of this
simple case can give valuable insight on some of the issues listed above.

The domain decomposition method proposed here applies to problems where o(z) is discontinuous. If o(x)
varies continuously from O(1) to O(e), then there is a smooth transition between the transport and the diffusion
regions. In such a case, one can use the asymptotic-preserving schemes developed in [5,16,19], where one solves
just the transport equation but allows coarse mesh sizes and large time steps (compared with €) in the diffusive
region.



872 F. GOLSE ET AL.

2. HALF-SPACE PROBLEMS, CHANDRASEKHAR’S H-FUNCTION,
REFLECTION ON A SEMI-INFINITE, PURELY SCATTERING MEDIUM

In this section, we quickly review the mathematical objects involved in the reflection condition at the interface
between the transport and the diffusive domains. Consider the half-space transport problem

pd. T+ —-T =0, 2>0,0<|u <1, (2.1)

with boundary condition

LO,p) =G(), 0<p<l. (2.2)
The theory of existence, uniqueness and asymptotic behavior of this half-space transport problem follows from
the work of Wiener and Hopf [27]. It is summarized in the next lemma which can be proved by energy (PDE)
methods — this was done originally in [2], with a few technical improvements in [12] (see pp. 1359-1368 there).

Lemma 2.1. For each G € L?([0,1], udp) there is a unique solution T in L°°([0,+00); L?([—1,1],|u|dp)) to
the half-space transport equation (2.1). This solution satisfies the following properties:

e if G € L*>(]0,1]), then T € L*°(]0,+0c0) x [—1,1]) and one has
Tz < 1Glze<; (2.3)

e it has zero flux

1 1
5/1MF(z,u)du =0; (2.4)

o there exists a constant I'n, such that, for each v € [0,1)

||F(Z, ) — ]‘—‘OO”L?(‘LL‘dM) = O(eivz) , and
[T(z ) = Toclle =0 7%), if G € L>([0,1])

as z — +00.

Notice that (z,u) — z — p is a solution of (2.1); hence, by Lemma 2.1, the half-space problem (2.1, 2.2) with
G = 0 has a unique solution I, such that (z,u) — T'x(z, 1) — z belongs to L ([0, +00) x [—1,1]). (In other
words, I',, = T'Y + 2 — p where I'? is the unique bounded solution of (2.1, 2.2) with G(u) = u.)

Definition 2.1. The Chandrasekhar H-function is defined as
1
H = —I.(0,—p), €(0,1).
(1) 7 (0,—p), pe(0,1)

In particular!, H € L*([0,1)).

By Lemma 2.1, the map G + T's, defines a linear functional on L?([0, 1], udu); likewise, T'(0, —p) = (RG)(p)
a.e. on [0, 1] where R is a bounded operator on L?([0,1], udp). The striking fact in the theory of the half-space
problem (2.1) is that both this linear functional and the operator R have remarkably simple expressions in
terms of the Chandrasekhar H-function.

Lemma 2.2. For each G € L2([0,1], udp) the unique solution T' of the half-space transport equation (2.1) in
L°([0, +00); L?([—1,1], |u|dp)) satisfies the following properties:
e as z — +oo, ['(z,-) converges in L*([—1,1], |u|du) to

re =22 [ GG ouan:

LOne also knows that p +— wH(u) is in W11([0,1]) — see [12], Theorem C.3 — but this is not needed below.
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o for a.e. u € (0,1], the density of particles emerging from the half-space is
1 L HQ)

ro,—u) =(RG =-H G ) ——=p/dy’ .

(0.=) = (RG)0) = 5H(w) | Gl

In particular, if G = 1, the uniqueness part of Lemma 2.1 shows that the solution of (2.1, 2.2) is I' = 1. Hence
R1 =1, and therefore the H function satisfies the following nonlinear integral equation:

1 (Y HW) .,
W/o 2+ ) M 20

This integral equation can be solved iteratively by a relaxation method in order to tabulate H. This presentation
of Chandrasekhar’s function H and of the reflection operator R goes back to [10] (pp. 309-311, in the context of
the Boltzmann equation) and is given in detail in [11] (pp. 222—-224). Another presentation, based on stochastic
processes, can be found in [3].

3. THE COUPLING ALGORITHMS

In this section we give a detailed description of the coupling algorithms for the steady transport problem (1.1)
with coefficients (1.3).

3.1. Order O(e) coupling

The prescription for a coupling algorithm that approximates the solution of the interface problem to within
O(e) is as follows. First solve the steady transport problem

10, @0 + P9 — c®o =0, (x,p) € (x,,z,) x [-1,1],
Do(x,, 1) = Fr(p) e (0,1], (3.1)
(I)O(:EMa *N) = R((I)O(va ')‘(071])(:“) ’ IS (Oa 1] )

where R is the operator defined in Lemma 2.2. That the problem (3.1) has a unique solution is a more or
less classical result in the theory of the transport equation: see Appendix A below. Once this is done and the
density @y has been computed, solve the diffusion problem

_%81‘3:60 +’Y®Q:O, xe(IvaR)’
\/§ 1
60(1'1\4) = 7 /O ,U'H(,u')q)o(z]\wﬂ)dua (32)
\/g 1
O0(a) = 5 | )Pl

where H is Chandrasekhar’s function of defined in 2.1.

Theorem 3.1. Let U, be the solution of the original two-scale steady transport problem (1.1, 1.2) with coeffi-
cients as in (1.3), and define ¥° as follows:

‘IIO(Iaﬁ') = (I)O(xau) Jor (xau) € (vaxM) X [_L 1] )
\I/O(:L'a,u) = 60(33) for (ﬂ%ﬂ) € (vaxR) X [*17 1]

Then
[We = 90| L1((a, o )x[-1.1]) = O(e)
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/ / / /
and, for each x , x € (x,,,7,) such that ¥, < x], one has

19e = POl 2 (la, o 1x 100 + 1% = C0Nl oo (lar ar 1x(—1,17) = O(e)

as € — 0.

Notice that the function W° is in general discontinuous in z at x,, while W, is continuous in z for a.e.
u € [—1,1] and each € > 0. Hence the approximation above cannot hold in the L* norm. This discontinuity is
the manifestation at the macroscopic scale of the boundary layer with thickness of order O(e) at the interface
inside the diffusive region. The great advantage of this procedure is that the transport region and the diffusive
region are completely decoupled at this order of approximation. That may seem somewhat paradoxical: indeed,
suppose that F;, = 0. According to the prescription above, ¥ = 0 in the transport region, independently
of whether Fr = 0 or not. However, the total flux of particles inside the diffusion region is approximated by
—€30,0 and gives in general a non trivial contribution of order O(e) at the interface from the diffusion side.
Based on this simple observation, we anticipate that the treatments of the transport and diffusion regions must
be coupled somehow if one wants to get the next order of accuracy O(€?).

3.2. Order O(€?) coupling

Once the solution of the problem (1.1)—(1.3) has been computed to within O(e) by the prescription above,
one determines the order O(e) correction to the steady transport problem (3.1) by solving

/Laxq)1+(1)1—061:0, (x,,u)E(xL,xM) X [71,1]a
@1(%#) =0, 1A (07 1] ) (33)
(I)l(xMa _M) = R(q)l(xzvm ')‘(071])(/” + (M - Ru)aﬁl‘@O(xM) ) e (07 1] )

where A is a positive constant given by
V3
A= [, (3.4)
The parameter A is related to the so-called “extrapolated endpoints” z,, — e and x, + €.
Having determined ®; we next compute the diffusion approximation of the solution W, as follows:
1
_gaﬂm@e—"v@e:ov xe(IM’IR)’
V3 [
O. (ZM) - €>‘a$®6(xM) = 7 MH(M) ((I)O + eq)l)(xM ) M)dﬂ ) (35)
0

Oc(7y) + eXD2Oc () = ?/@ pH (1) Fr(p)dps -

Once @, ®; and O, are determined, the approximation of the solution of (1.1)—(1.3) to within O(e?) is expressed
as follows.

Theorem 3.2. Let U, be the solution of the original two-scale steady transport problem (1.1, 1.2) with coeffi-
cients as in (1.3). Define W} as follows:

\I/i(:c,u) = (@0 + 6@1)(1’,#) for (ﬂ%ﬂ) € (vaxM) X [71, 1] )

Ui (2, 1) = Oc(@) — €ud2Oc(x)  for (w,p) € (xy,,7,) x [~1,1].

/ / / /
Then, for each x; , x! € (x,,,2,) such that x; <, one has

1We = Wil L2(to, oy 1x1-1]) + [ We = Cellnoofar 2 1x-1,1]) = O(€?)

M ] M’ R

as € — 0.
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The following observation is crucial in understanding the coupling algorithms discussed here: a perturbation
of order O(1) (resp. of order O(e)) in the solution of the diffusion equation on (x,,z,) has an effect of order O(e)
(resp. O(€?)) on the solution of the transport equation over (z,,z,,). In any case, both algorithms presented
in Theorems 3.1 and 3.2 lead to approximations of the solution ¥, of the original two-scale steady transport
problem (1.1)—(1.3) to within O(e) and O(e?) respectively in a finite number of steps (respectively one and two
steps). By using this algorithms, one avoids iterating on the transport and diffusion solutions as is done in most
other domain decomposition algorithms (e.g. in [1,26]).

Remark 3.1. Theorems 3.1 and 3.2 are proved below under the assumption (1.3) and (1.4) which exclude in
particular the case of a purely scattering material. Our coupling algorithm still works in that case. However,
this requires that the proof be modified in the following manner: the proof of Lemma 4.1, and both the
estimates (4.27) and (4.32) rest on the energy estimate (4.17) in a way that requires ¢ to be less than and even
bounded away from 1. If one only assumes ¢ = 1, the results in Lemma 4.1, (4.27) and (4.32) are still true. The
argument based on the energy estimate (4.17) must be replaced by the fact that the spectrum of the unbounded
operator

T: fropdof + 17

with domain

D(T) = {f € LQ([xLamM] X [_15 1]) |:ua:cf € L2([$L’$M] X [_17 1])7f(xuu) = f(va _:u) =0, ne (07 1]}

is the union of its continuous spectrum included in {z € C|Rz > 1} and of a sequence of real eigenvalues in 0, 1|
converging to 1 (see [23]). We have chosen to present the proof based on the energy inequality (4.17) because
of its wider range of applicability — in particular, ¢ does not need to be a constant as in the argument based
on the explicit spectral analysis of [23]. Another argument in favor of this choice is that the O(e) (resp. O(€?))
estimates in the statement of Theorem 3.1 (resp. 3.2) can be expressed in terms of explicitly known parameters
such as ¢*, cx V4, 7" and A: see in particular the remark at the end of Section 4.

4. ERROR ESTIMATE FOR THE DOMAIN DECOMPOSITION ALGORITHM:
THE STEADY PROBLEM

Our proof of Theorems 3.1 and 3.2 is based on a precise error estimate for the diffusion approximation of
the transport equation with boundary layer terms and on a few elementary stability results for the transport
equation itself. This preliminary material is discussed in the next few sections.

4.1. The diffusion approximation

In the diffusive region [z,,,x,], the scaled transport equation is
1 1 y =
PO Ve + -V, = —(1—ey)V,, 2z, <z<z,, -l<p<l. (4.1)
€ €
It is supplemented with the boundary conditions

Ue(zy,p) = Fu(p), 0<p<l, (4.2)

and
\Ifg(l‘R, —p)=Fr(p), 0<pu<l. (4.3)

The main difficulty in the domain decomposition algorithm is that the boundary condition F}; is not explicitly
known, but eventually determined by the coupling of the transport and diffusion domains. Assuming however
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that Fj is known, the diffusion approximation of the scaled transport equation (4.1)—(4.3) can be formulated
as follows. Let ©, be the solution of the diffusion equation

1
—gam@g +90. =0, =z, <z<uz,; (4.4)

with Robin boundary conditions

3 1
0.~ ,0. = % | ) P,
T=Tpy 0

(4.5)
Oc + €10,0,

r=

- v |t Fatan.

where H is the Chandrasekhar function (see Def. 2.1). The Robin boundary conditions (4.5) can be viewed as
Taylor expansions at order O(e?) of the Dirichlet boundary conditions at the extrapolated endpoints.
In particular, when e = 0, the problem (4.4, 4.5) reduces to the Dirichlet problem

—%am@oﬂ(ao =0, =z, <z<uz,;
Oo(z,,) = ? /O 1uH (1) Fae(p)dpe, (4.6)
outr) =% [ w0 PG
Let T'M be the solution of

pd.TM 7™ _TM 250, —l<p<l,

(4.7)
Féw(ohu):FM(IU’)765(1'1\4)+elu’8165(1']\4)’ 0<pu<l,

in L>°(]0, +00); L?([~1,1],|u|dp)) (whose existence and uniqueness is guaranteed by Lem. 2.1) while T'? is
similarly defined with the boundary data

F?(Oa :u) = FR(N) - 66(‘7712) - €I‘Lax®€(IR)7 O0<p<l. (48)

The diffusion approximation consists then in replacing the solution ¥, of the transport problem (4.1)—(4.3) by
the truncated multi-scale expansion

e at order O(e):

0(z, ) = Op(ar) + TM (%M) + TR (:ERex,—,u) . (4.9)
e at order O(e?):
O (2, 1) = Oc() — epdyOc(a) + TV (mu) +1f (u —u) : (4.10)
€ €

With these notations, the diffusion approximation for the transport equation (4.1)—(4.3) can be stated as follows.

Proposition 4.1. The error between the solution V. of the transport problem and the truncated expansion ®.
satisfies
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o At order O(e):

e - (I)SHL“([zM,zR]X[fl,l]) < Coe; (4.11)

in addition
sup [ We(ay, —) = Ry, ) (00)] < Coe. (4.12)

ne(0,1)
o At order O(€?):

[T~ (I)iHLOO([xM,mR]X[—l,l]) < Cre?; (4.13)

in addition
sup ‘W€(IM7 —p) = R(Ve(z,,, ')|[071])(M) —€(p — Rp)0:00(z,, )| < Cie®. (4.14)

ne(0,1)

In (4.12) and (4.14), R is the operator defined in Lemma 2.2. This Proposition is the main result in [2]; it is
phrased here essentially in the notations of Theorem 2.2 in [12]. An equivalent formulation, based on stochastic
processes, can be found in [3].

4.2. Stability results

The first stability result needed in the error estimate for the coupling algorithm bears on the transport
equation itself. Let o = o(z) satisty 0 < 0. < o(z) < 0* and ¢ = ¢(z) satisfy 0 < ¢ < ¢(z) < ¢* < 1 for some
constants oy, 0*, ¢, and ¢* and for each x € [z, ,x,,]. Consider the transport equation

[z, 1) = Fr(p), € (0, 1]; (4.15)
f(xMafu):FM(N)a /LG(Oal]'

We next define two operators on L2([0, 1], udu), denoted by 7z and 7y, in the following manner:

(TLFL) () = f(x,,,p) for a.e. p € (0,1] when Fjy =0,

(TvFar)(p) = f(x,,, 1) for a.e. p € (0,1] when Fr, =0. (4.16)

By linearity of the problem (4.15), in the general case where neither Fy, nor Fj; is identically 0,
f(@yop) = (TLFL)(p) + (T Far)(p) ;- for ae. pe (0,1].

Lemma 4.1. The operators T, and Ty; are bounded on L?([0,1], udu); further

1Tl ez o, mamy < 15 1T llocz(o,n),many) <1

Proof. We start with the basic energy estimate obtained by multiplying (4.15) by f and integrating over [z, , ] X
[*17 1]:

oy 1 z, rl B 11 Lo
_ 2 2 1 2 1 )
LL [10(1 of d:EdMJr/mL [100(f ffdadu+ 2/0 pf(x,, —p) dp + 2/0 wf(x,,, p)?du

1 [t 1 [t
— 5 | P [ . @)
0 0

Applying this successively to Fiy = 0 and Fr, = 0 leads to

7Ll 2(22(10,1),ndp)) < 1 and then [ Tas|| £r2((o,1],papy) < 1- (4.18)
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It remains to prove that the second inequality is strict. Set F, = 0. The energy estimate (4.17) and the bounds
assumed on the functions o = o(x) and ¢ = ¢(x) imply that

_ 1 1
v (||f - fH%%[zL,a:M]X[fl,l]) + Hf”%?([zL,a:M]X[fl,l])> < §||¢Hi2([o,1],#du) - §||TM¢H%2([0,1],M1#) (4.19)

where v = 0* min(1 — ¢*, ¢,). On the other hand, since F, = 0, for a.e. u € (0,1] one has

1 Tng
§N(TM¢(N))2 =/ S (@, ) pdy f (2, p)da
< Nw0e f s )l 2y 2, DIFC ) 2212, 2y, ]) -

Integrating this in p over (0, 1], one finds

1
§||TM¢H%2([0,1],,“1H) < Nu0 fllLz (e, 2, 1x (-1 1 1l L2z, 2y, 1x[-1,1])
< (lloe(f = ) lle2e, oy 150110 (4.20)
+ [lo(1 - C)f||L2([zL793M]><[71,1])) 1l e2(te, vy, 1%~ 1,10) -

By using (4.19) and (4.20) one arrives at

30"
1 Tar 1% 2 0,17 pape) < > (H¢||i2([o,1],#du) - ||T¢||i2([o,1],#du))

and since this is true of any function ¢ € L2([0, 1], udu), one eventually obtains

30*

— <1, 4.21
2v + 30* ( )

170z Ml 2c2((0,1), pdp) <

which concludes the proof. O

The second stability result that we need bears on the operator R defined in Lemma 2.2 and can be seen as
a stability result for the transport equation, however inside the diffusive region.

Lemma 4.2. The operator R defined in Lemma 2.2 is a contraction mapping on the space L*([0, 1], udp):

IRl 2L2((0,1),papy) = 1-

Proof. The energy estimate analogous to (4.17) for the problem (2.1) with the boundary condition (2.2) is
obtained by multiplying equation (2.1) by I', on account of (2.2) and of the asymptotic behavior as z — 400 in
Lemma 2.1. One finds that

+o0o 1 _ 1 1 1 1
/ / (0 —T)*dzdu+ —/ pl (a,, —p)*dp = —/ pG(p)?dp. (4.22)
0 —1 2 0 2 0

Hence
1

1 1 1
5/ pl (a,, —p)*dp < 5/ pG(p)*du,
0 0

which means that [|R| z(z2([0,1],udp)) < 1. This inequality is actually an equality since R1 = 1. O
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4.3. Continuity across the interface
The last ingredient in our proof is the following continuity statement.

Lemma 4.3. Let 0 = o(z) satisfy 0 < 0. < o(x) < 0* and ¢ = c(x) satisfy 0 < c(z) < ¢v < 1 for some
constants o, o* and ¢* and for each x € [x,,x,]. Consider the transport equation

200 f + U(f - C?) =0, (xau) € ($L7xR) X [_17 1]?
[y, ) = Fr(p), pe (0,1]; (4.23)
f(vaiﬂ):FR(N)a ,LLE(O,].],

where Fr, and Fyy € L*([0,1], udp). Then, for a.e. p € [—1,1], the function x +— f(x, ) is continuous.

Proof. The energy estimate (4.17) implies the existence of a positive constant C' such that

Ty 1 Ty, 1 _
/ / 0(1fc)f2d:cdu§0and/ / oc(f — f)Pdzdp < C.
z; —1 z; —1

These inequalities and the transport equation (4.23) imply that

udaf = —oe(f = F) — o1 = &)f € L[z, .z,) x [-1,1])

because of the bounds 0 < ¢ < ¢* and 0 < ¢ < 1. This implies in particular that the derivative 0, f (-, u) €
L?([z,,2,]) for a.e. u € [—1,1], which in turn establishes the announced continuity. O

4.4. Proof of Theorem 3.1
Apply Lemma 4.3 with

2
o(z) =1 o @) + El[%w%](x) and ¢(x) =1 — ey for x € [z, z,].

Hence, for each € € (0,€¢*) and a.e. p € [—1,1], the function  — ¥ (x, u) is continuous — see (1.4) and (1.5) for
the definition of €*. Notice that this continuity is in general not uniform in e for ¢ is not bounded uniformly in
€ in the diffusive region. This lack of uniformity is consistent with the presence of boundary layers T'}! and '
with variations of order 1 over lengths of order € in the truncated expansions (4.9). For the O(€) estimate, this
continuity at z,, for a.e. p € [-1,0) together with (4.12) implies that

¢€(M) = lII€(xM7 _:u) - R(Wf(IM’ ')|(0’1])</~‘) satisfies ||¢EHL°°(0,1) < Coe.
Then, by definition of the operators 7;,, 7p; and R, one has
Ve, 1) = (TLFL) () + (Tar Ve, )|y o)) (1), 1€ (0,1]

and hence
V(@ )|y = ROTLFL + R o T We(ay, )|y o) + e

By Lemmas 4.1 and 4.2 || R o Tos|| £(22([0,1],udp) < 1; hence I — R o Ty is invertible in £(L?([0,1], udy)) and
Ve(@y, )| _y 0= I ~RoTa) (RoTLFL +¢c). (4.24)

Define x¢ by
xo=I -RoTy) '"RoT,FyL. (4.25)
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Because of (4.24) and the stability results in Lemmas 4.1 and 4.2

([ el Lo Coe
U (x,,,: — xo|lz2 < < . 4.26
H ( M )|[7170) HL (udss) 1- HTM”C(L2(;Ldu)) 1- HTMHL:(Lz(ud;t)) ( )
Consider ® the solution of
(0@ + (® — c®) =0, (@, 1) € (z,,2,,) x [-1,1];
®(z,, 1) = Fr(p), € (0,1];
®(z,,, —p) = Xo0(W) pe (0,1].
Applying the energy estimate (4.17) shows that
v, — ¢|‘L2([$L733N1]X[_171]) =0O(e). (4.27)

On the other hand, the definition of xo implies that ® = ®( (the solution of (3.1)). This establishes the O(e)
approximation for the transport domain.
Let N, be the solution of

1
fgamNﬁnyE:o, x € (x,,2:);

M "R

Nf(x]\/f) - ?/O [LH([L)\IIS(IL'M,‘LL)CI,LL;
Ne(z,) = ?/@ pH () Fr(p)dp .

By (4.18) and (4.26), | N(x,,) —©o(z,, )| = O(¢€) and hence, by the Maximum Principle for the diffusion equation
[Ne = Ooll L= (2, z,) = O(€). On the other hand, by the order O(e) statement in Proposition 4.1, one finds
that [|We — Nellpi((s,, 2, 1x[-1,1)) = O(€) and that, for any choice of interior points z}, < % in (z,,,2,),
||\I/E - NfHLOQ([m?u@%]X[*Ll]) = 0(6) This eventually implies that

H\Ile - ®0||L1([3;M,;cR]><[—1,1]) = O(G),
and

[We — Ooll Lo ([, 2r ] x [~1,1)) = O(e),
which is precisely the O(e) approximation for the diffusive part of the domain.

4.5. Proof of Theorem 3.2

The proof of the O(e?) approximation is essentially identical to the O(e) case. For a.e. u € [~1,0), © —
U, (z,p) is continuous at x,, and hence, by (4.14), the function 1. defined by

7/}6(#) = \PE(xMa 7”) - R(\PE(va ')‘(071])(/” - E(u - Rﬂ)azeo(%ﬂ

satisfies
l[thell oo (jo,17) < Cre€”.
Hence

U (z

» .)|[7170) =RoTLFL+RoTyY.(z,, .)|[7170) + e(pp — Ru)0:00(z,,) + e,
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which we put in the form
Ve(@y, )| 10 =T = RoTu) (RoTLFL + e(pn — Ru)0:O0(zy, ) + ) - (4.28)

Define x. by
=(I-RoTy) "(RoTLFy + e(pn — Ru)0.O0(z,,)) . (4.29)
Because of (4.28) and the stability results in Lemmas 4.1 and 4.2

(R TR PSP L2 S M (4.30)
(=10 L= 1(1Tmllezzuapy) ~ 1= 1Tmll o2 (uaw)
Let ®. be the solution of
PO, P + ®c — @ =0, (2,p) € (v,,7,) x [-1,1],
D (x,, 1) = Fr(u), we (0,1], (4.31)
q)e(xzvu _:U/) = XE(/’[/) ) 1% € (07 1] .
Applying the energy estimate (4.17) shows that
o, — <I>6||L2([QL,;CM]X[_1,1]) =0(é?). (4.32)

On the other hand, the definition of x. implies that the boundary condition at x,, for ®. can be replaced by
Py, —p) = R(Pe(yr, )] 1) (1) + €(pe = R)D:O0 (), € (0,1].

By linearity of the problem (4.31) and uniqueness of the solution to this problem with the above boundary
condition at x,,, one finds that ®. = ® + e®; which proves the O(e?) approximation for the transport domain.
Let N. be the solution of

_lazcxNE +7N6207 xe(xNI’xR);
N( )7€>‘8N M \/_/ (M?N)dﬂ;
N(z,) + eNd, N (z f/ (p)dpe .

By (4.18), (4.30) and the L stability of the diffusion equation with Robin boundary conditions,
[Ne = Ocllpoe (o, 2] = O(€?). By the order O(€?) statement in Proposition 4.1, for any choice of interior
points z, < 25 in (z,,, z,), | ¥ — ]\~T€HL00([IQW%]X[,M]) = O(e?). This eventually implies that

1We = Ocll Lo (fa), 0t ] x[-1,1]) = O(€?),

which is precisely the O(e?) approximation for the diffusion part of the domain.

Remark 4.1. By using the basic energy estimate (4.17), the bound (4.21) and the techniques in [12] — see in
particular estimates (2.10) and (2.13) there — one can replace the O(e) in Theorem 3.1 or O(e?) in Theorem 3.1
by terms of the form Cye and C' e respectively, where Cy and C; have explicit expressions in terms of data such
as c*, Cx, V5, Vi, A, Ty, — X, Ty — X,, and various norms of Fr, and Fpr.
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5. EXTENSIONS

5.1. The time-dependent problem

In many applications of transport theory, one has to deal with evolution rather than steady problems. Hence
there is some interest in extending the domain decomposition algorithms studied above to time-dependent
problems. There is however a fundamental difficulty in doing so: the natural time-scale of the diffusion equation
— in the domain (z,,,x,) — is much longer than that of the transport equation — in the domain (z,,x,,).
One way of avoiding this difficulty is to prepare the initial and boundary data so that the evolution time scale
in the transport region is exactly as long as in the diffusive region. In particular, this requires slowly varying
boundary data, and an initial data that almost belongs to the null-space of the transport operator. Keeping

the same coefficients as in (1.3), we start from the problem

€V, + 10, V. + oV, = oc¥., t>0, (r,p)€(z,x,)x[-1,1],
Ue(t,x,,pu) = Fp(t,p), t>0, pe(0,1], (5.1)
Ve(t,wp, —p) = Fr(t,p),  t>0, pe(0,1],
Ve(0,2,p) = Vi(z, 1), (@, p) € (2, m,,) x [-1,1],

assuming the compatibility conditions

w4+ o(2)¥; = o(x)c(x)Vr, T <z<z,, pe-1,1],
U =Vy(2), x, <z<z,, pe[-1,1], (5.2)
FL(Oau):\pI(xLaﬂ)a ,LLE(O,].], .
Fr(0,u) =¥r(zg,), we (0,1].
The time-dependent coupling algorithm at order O(e) is as follows:
e on the transport region z, < z < z,,, solve
€0 P, + 10, P + 0®, = 0cd,
Qe(t,z, 1) = Fr(t, p), 0<p<l,
(5.3)
q)f(tvav*,u‘) = R(q)f(tva? )‘(071])(M) ’ 0 < 12 < 1 )
(I)€(O7 $, M) = ‘Ilf(xa M) )
where R is the operator defined in Lemma 2.2;
e on the diffusion region z,, < x < x,, solve
1
at®e == gaa:a:GE - '766 5
V3 [
Ocd,_, =5 / pH () ®e(t, 2,5 p)dpe
M 2 Jo (5.4)

V3 [t
®6|m=x = 7 / :LLH(:LL)FR(tv M)dﬂ )
R 0

®€|t:0 = lI/I ’

where H is Chandrasekhar’s function — see Definition 2.1;
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e eventually the global solution is approximated by

\I/E(LZ‘,/_},)ZCI)E(LQL‘,/J/), Ly <$<.Z'M,
(5.5)
U (t,x, 1) = Oc(t,x), z, <z <Tp.

A few remarks on this domain decomposition method are in order. First, because of the assumption bearing on
the boundary and initial data, if

Oy Fr, € L*([0,T] x [0,1], udt dp) for all T >0,
the energy estimate implies that
9:®. = O(1) in L*([0,T] x [z, ,,,] x [~1,1],dt dzdp) for all T > 0.

Using (5.3) implies that the boundary data for the diffusion equation is uniformly bounded in H} ([0, +c))
since

O ®c|,_, =O(1)in L*([0,T] x [~1,1], pdt dps) .

In particular, the (slow) time scale of the diffusion equation is consistent with the (slow) time scale of the
distribution of particles emerging from the transport region. A straightforward modification of (4.9) leads
to a boundary layer governed by (2.1, 2.2) — exactly as in the steady case. Secondly, the transport and
diffusive regions are decoupled globally in time up to an O(e) error by using the appropriate reflection condition
at the interface, that is given in terms of the operator R. One can see that in the other existing domain
decomposition algorithms, there is an iteration within any given time step so as to match the transport and
diffusive domains. As already mentioned above, avoiding these iterations is one of the benefits of using the exact
asymptotic reflection operator R instead of other, ad hoc prescriptions for the transmission condition at the
interface.

5.2. The case of higher space dimensions

The methods in this paper can also be extended to transport equations in space dimensions higher than 1.
Consider for example the transport equation with isotropic scattering

w- Ve¥(z,w) +o(2)¥(z,w) = o(z)c(z)¥(z),
1 (5.6)

where U (z) = 1] J s U(z,w)dw,

posed for (z,w) € Q x SP~1 where € is a smooth, bounded convex domain in R”. The coefficients o are of
the form
o(z) = or(z), and c(z) =cp(z) € (0,1), for z € Qr,
5.7
o(r) =e¢top(z), and c(z) =1 -y (), for x € Qp. (5.7)
Here Qp is a smooth, convex domain whose closure Qp is included in Q, and Qp = Q\ Qp. The functions or,
op, v are assumed to be smooth and positive; likewise, the function cr is assumed to be smooth.
The problem (5.6) is supplemented with the boundary condition

U(z,w) = Fy(z,w), for (z,w) € X7 (5.8)

Here
Y ={(z,w) €N x SP7 | w-n, <0}, (5.9)
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Transport region Qp

Diffusion region
0=0(1/)

0=0(1)

FIGURE 2. Geometry of the multi-dimensional interface problem.

where n, is the unit outward normal at the point z of 9. In this problem, the interface is OQp (see Fig. 2);
further, we need the notations

= {(@.w) € 00p x 8" w v, > 0}, (5.10)
27 ={(z,w) €9Qp x P w v, <0}, .

where v, is the unit outward normal to Qp at the point x € 9Qp. We first describe the analog of Chandrasekhar’s
H-function and of the boundary layer response operator R for this problem. Given v € SP~1 consider the
auxiliary problem

~(w-)d.I'+T-T=0, 2>0, wesP 1,

I'0,w) = G(w), w-v<0. (5.11)

Denote by S; = {w € SP~!|w v < 0}. Proceeding exactly as in Section 2, one sees that, given G €
L3(S;, |w-v|dw), the problem (5.11) has a unique solution I' € L= (R, ; L2(SP1, |w-v|dw)). In addition, there
exists a linear functional A, and a bounded operator R, both acting on L?(S; ,|w - v|dw) such that

IN(z,w) = T'eo = AL(G) for each w € SP~1 and

B (5.12)
I'0,s,(w)) = (R,G)(w) for each w € S,

with the notation s, (w) = w —2(w-v)v. The linear functional A, and the operator R, are expressed in terms of
a variant of the Chandrasekhar H-function which can be computed numerically by solving a nonlinear integral
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equation that is analogous to (2.6): see Appendix B. The coupling algorithm at order O(e) for this problem is
as follows:

e on the transport domain Qr, solve

O(z,w) = Fy(z,w), (x,w)eX™, (5.13)
@(:C,Sm (w)> - vaq)(xaw)v (wi) € E:r ;
e on the diffusion domain 2p, solve
(2)0(z) — ~v <Lv @(x)) —0 on 0
K D " \op(z) * Y b (5.14)

O(x) = A, (O(z, ), on 08 ;
e finally the solution W, of (5.6)—(5.8) on  x SP~! is approximated to within O(e) by

U (z,w) =P(x,w) ifzer,
. (5.15)
U (x,w) =0O(x) ifxeQp.

There is also a O(e?) coupling, whose formulation follows essentially Theorem 3.2, and which can be easily
worked out with the material presented in this paper.

5.3. The discrete-ordinate method

We return to the steady problem (1.1, 1.2) with coefficients as in (1.3), and discuss the domain decomposition
algorithms for the discrete-ordinate method. The discrete-ordinate method is a semi-discrete version of (1.1)
where only the angle variable p is discretized. In this method, the variable p is discretized by a set M
of 2M quadrature points ., with quadrature weights «,, > 0. These points and weights are indexed by
meM={-M,...,—1,1,..., M} ordered as follows:

“l<py<..<pa<0<mpm<...<ppu<l, (5.16)

with the symmetry
Lem = —m , and O = Qs forme M. (5.17)
In addition, these quadrature points and weights are assumed to satisfy the quadrature conditions

M
Zugfamzl for k=10,
m=l (5.18)

- 1
Zugfang fork=1.
m=1

Additional conditions might also be assumed (see [12,14,15]). The conditions above are met by many quadrature
sets, for instance, by the classical Gauss quadrature over [—1, 1], or the so-called “double Gauss” quadrature
over [—1,0] U [0, 1] provided that each half interval range contains at least 2 quadrature points. The value of
the exact solution U¢(z, ) of the steady transport equation (1.1)—(1.3) at the quadrature points i, is then
formally approximated by the discrete particle densities ¢ = ¢, (x) that satisfy the so-called discrete-ordinate
equation

i Da s, + 0 ()5, = o(2)e(2)V (5.19)
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where

=5 Y v,

1<n|<M

and with boundary conditions given by

V(@) = fom, V() = fRm for m > 0. (5.20)

The discretized boundary data fr,, and fr ., can be defined in various ways from the original boundary data
Fpr, and Fyy, as discussed in [12,14]. The analysis of (5.19, 5.20) under the conditions (5.17) and (5.18) exactly
parallels that of (1.1, 1.2), at the expense of replacing the measure du by its discrete analogue ZlSIkISM Op-
In the diffusive domain z,, < x < z,,, o(x) = ¢! while ¢(x) = 1 — e2y(x); hence

L Optl, + € M8, = e M1 — €Y, 1, <z <1y,
Yy (20,) = 9 » form > 0, (5.21)
wim(l‘R):fR,M7 form>0.

The boundary data g,, will be determined later.
The diffusion approximation to the discrete-ordinate equation (5.21) is (see [12,14,22])

Yy, = 0° — €um 0,0 + 0(62) ,

where 6°¢ satisfies the diffusion equation

1
fgamﬁﬁ +70°=0, x € (zy,,2y,), (5.22)
and the boundary conditions

M

0° — €Adisc00° - = Z w:n (xM)wm )
M m=1

o (5.23)

0° + 6)\discagu96 — = mz::l fR,mwm .

Obtaining the boundary conditions (5.23) can be done exactly as in the case of a continuous angular variable p:
see [14]. This involves discrete ordinate analogs of the half-space problem studied in Section 2. In particular,
one obtains discrete versions of the Chandrasekhar H-function and of the operator R, by replacing the measure
dp with its discrete analog >, <|k|<M 0, in the procedure described in Section 2. Alternately, one can follow
the analysis in [6], originally done in the context of the discrete ordinate equation. We review this analysis
below in its slightly modified form to be found in [14].

The extrapolated endpoint distance Agisc in (5.23) measured in mean free paths is given by (see [14])

M

M-—1

1

)\disc = Mm — § € s (524)
1 n=1 1+t

[

where £ = &, 1 is the unique (positive, simple) root of the characteristic equation (see [6], Chap. I1I, eq. (6))

1

O
ol am (5.25)
2 meM 1= ,Ltmf
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that lies in the open interval (1/pn+1,1/ps). The weights w,, that appear in (5.23) are computed in terms of
the gy, and the &,1/9 by the formula

M—-1 1 M 1

- k#£m

These expressions for Agisc and the wy, are derived in [14] — see equations (A.17) and (A.18) — through a discrete
boundary layer analysis. The w,,’s are the discrete analog of Chandrasekhar’s H-function of Definition 2.1.
Finally, we need the discrete version of the reflection operator R. In the discrete case, the problem analogous
to determining T'(0, —p) in terms of G' (with the notations of Lem. 2.2) reduces to Lagrange interpolation. One
finds that the discrete analog of R is

(Raisc) ()Ml}Mj Ml_ll1 J*l“’“ll“mw (5.27)
discd)m = (—1)7 7 Gk . 5.27
2o\ B L
i#k

This formula can be found by following the argument in Appendix A of [14], after setting b = 0 in equation (A.1)
there. Proceeding as in Section 3, we formulate the coupling algorithms:

Order € coupling. First solve the discrete ordinate equation

08, + B0 — Chpy =0, z € (1,,2,), meM,
P () = frm 1<m<M, (5.28)
(bgm(ZM) = Rdisc(¢O(ZA4))m, 1<m< M.

Once this is done and the density ¢ has been computed, solve the diffusion problem

1
_581‘1‘904"790:07 T e ($M7xR)7

M
= Z ¢9)’L(xkf )w'mw (529)

When keeping M fixed and letting e converge to zero, the solution 1, is approximated by

U (@) = ¢ (2), @€ (2,,2,), meM, (5.30)
1/}'971(1:):90(1')’ xe (mL’m]\l)7 mGM) ’
to within O(e).
Order €? coupling. With 6° computed as in the previous step, solve the discrete ordinate equation
—1
Mm&r‘ﬁn"‘(ﬁn_cqj)m:ov z € (z,,2,), meM,
O () =0, 1<m<M, (5.31)

¢1—m(IM) = ,RdiSC((b1 (IM))m + (Nm - RdiSC(M)m)axeo(xM) , 1<m< M.
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Once this is done #°, ¢° and ¢! have been computed and one can solve the diffusion problem

1
_gaﬁl‘l‘ee""yee:ov xe(IM’IR)’

M
GE(xM) — €AdiscOz — = Z (¢O + €¢m)( Lng )wm ) (532)
M m=1
M
06 (:CR)) + 6)‘disc T e = Z fR,m(IM )wm .

3
ﬂ‘

When keeping M fixed and letting e converge to zero, the solution ¢, is approximated by

B (%) + €6y () z € (x,,1,), meM,
90( ) — €mOzbe(z) T € (Ty,2), mEM,

Ui (2)
P ()

(5.33)

to within O(€?). The error estimates concerning the limit € — 0 while keeping M fixed are analogous to those in
Section 4. What happens if in addition one lets M tend to co can be analyzed by using the methods described
in the present paper with those from [12].

APPENDIX A: THE TRANSPORT EQUATION
WITH REFLECTION BOUNDARY CONDITIONS

Let A be a bounded, linear operator on L?([0, 1], udu) such that

Al 2cz2(0,1],pdp) < 1. (A1)
Consider the transport equation
10: + o () = o(x)e(z)y, (z,p) € (x,,2,,) x [-1,1],
Y(a,, p) = Fr(u), € (0,17, (A.2)
w(ZMa 7”) = A(w(sz )‘(071])(#‘) + ¢M(:u‘) ) 1A (07 1] :

Proposition A.1. Assume that the measurable functions o and c satisfy the bounds 0 < o, < o(x) < o* and
0 <c(x) <c* <1 foreachw € (x,,,) and some constants o., o* and c*. For each Fr, and ¢pr € L*([0,1], pdpu),
there exists a unique solution ¥ to (A.2) in L*((x,,z,,) x [-1,1]).

Proof. We use the objects and notations from Lemma 4.1. Assume the existence of a solution v € L*((z, ,x,,) X
[—1,1]); the transport equation implies that pud,v is in L*((z, ,x,,) X [—1,1]), so that 9 (z,,, 1) is a well-defined
element in L2([—1,1], |u|dy). Define Fas(u) = ¥(z,,, —u) for p € (0,1]; thus the boundary condition at x,, is
equivalent to the equality

Fy ZAO(TLFL+TMFM)+¢M.
By Lemma 4.1, || Ao Tas|| £(z2((0,1),pap) < 1, thus I — Ao Ty is invertible in £(L?([0,1], udp). Hence

Fy=I—AoTy) "(AoTLFL + éu);
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this shows that Fy, € L2([0,1], udp) is uniquely defined in terms of F and ¢, so that there is at most one
solution 9 of (A.2) in L?((z,,x,,) x [~1,1]). Conversely, let 1) be the solution of

0zt + o(x)h = U(JU)C(f)E7 (x,p) € (z,,m,) X [-1,1],
&(xLau):FL(u)a ,LLE(071]7
Bl —p) = (I — Ao To) " M(Ao T Fy + bar) (1), we (0,1].

Since Fy, and ¢y € L2([0, 1], udp), the boundary term
(I — AOTM)il(.AOTLFL +¢M),

also belongs to L2([0, 1], udp) so that the above transport equation has a unique solution ¢ € L2((z,,,,) X
[—1,1]). But the boundary condition at z,, implies that

w(xMa —p) = AW(va ')‘(071])(/” + om (:u)v
so that 1/; coincides with 1 by the uniqueness property proved above. O

APPENDIX B: THE MULTI-DIMENSIONAL CHANDRASEKHAR FUNCTION

The adjoint problem

(w-v)Ov+v—T1=0, 2>0, wesSP 1,
v(0,w) =0, w-v>0, (B.1)
(w-vv=-1, z2>0,

has a unique solution v = v(z,w) such that
1
(z,w) — v(z,w) — ek belongs to L= (R4 ; L3(SP71, |w - v|dw)), (B.2)
where K = ((w - v)2)'/2. Tt is defined by the formula

1
o(z.) = v0(2.) + (2~ (@ -9)
where vg is the unique solution in L>°(R.y; L2(SP~1, |w - v|dw)) of the problem

(w-v)0v0 +v9g —Tp =0, 2>0, wesP 1,

vo(0,w) =w-v, w-v>0.

Let I' € L®(R; L?(SP~!, |w - v|dw)) be the unique solution of (5.11). Observe that

4
dz SD-1

(w-v)(z,w)v(z,w)dw = /

SD-1

(T'(z,w) — T'(2))v(z,w)dw — / I'z,w)(v(z,w) —0(z))dw = 0.

SD-1

By evaluating the quantity (w - v)I'v both at z = 0 and for z — +o0, one finds that

/7 (w-V)G(w)v(0,w)dw = (w - V)vAL(G),

v
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leading to the formula

A(G) = /7 |w - V|G (w)v(0,w)dw . (B.3)

v

This expression is analogous to the first formula in Lemma 2.2. In other words, the linear functional A, is
represented on the Hilbert space L*(S,, |w - v|dw) by the function - H, (w), where H,, is defined by

H,(w) = Kv(0,w).

Consider next the function

u(z,w) = (w-v)['(z,w) + /OZ I'(s)ds;

it satisfies

—(w-v)yu+u—u=0, 2>0, wesP 1,
u(0,w) = (w-v)G(w), w-v <0,
(w-v)u=K?A,(G), z>0.

It also verifies the condition
(z,w) — u(z,w) — A, (G)z belongs to L (R ; L2(SP~1 |w - v|dw)).
Let w € L®(R4; L2(SP1,|w - v|dw)) be the solution of

—(w-v)o,w+w—-—w=0, 2>0, we 8P,
w(0,w) = (w-v)G(w), w-v<0.

It must also verify the condition
(w-v)w=0forall z>0.

Indeed, by averaging over SP~1 the equations for w and (w - v)w, one finds that

d
(w - v)w = const. and d—(w V)2w = (w-v)w;
z

one concludes by observing that (w - v)2w € L*°(R,). Hence the function u — w satisfies

—(w-v)0y(u—w)+ (u—w) — (u—w)=0, 2>0, weSP7t,
(u—w)(0,w) =0, w-v <0,
(w-v)(u—w) = K?*A,(G), z>0.
By uniqueness of the solution of (5.11) in L>(Ry; L?(SP~!, |w - v|dw)), one finds that
(u — w)(z,s,w) = K?A,(G)v(z,w), wheres,w=w—2(w-v)v.

At z =0 and for w - v < 0, this relation can be recast as

—(w-V)R,Gw) — (Ry(w-v)G)(w) = Hy(w) /7 lw" - v|H, (W)G(w")dw,

v

which shows that R, is of the form
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with

Hy,(w)H,(v")

_— B4
|w- |+ |- 1/| (B-4)

ry(w,w') =

This expression is analogous to the second formula in Lemma 2.2. Obviously, the solution I' of (5.11) corre-
sponding to G =1 is I' = 1; hence R, 1 = 1, which results in the nonlinear integral equation for H,

1 H,(w'
Hy(w)  Jsg lw-v|+ | v

This shows that in fact H, depends only on w - v: specifically

H,(w) = Hp(|w-v[)

and the nonlinear integral equation for H, can be recast in terms of Hp in the following manner:

SD2/ 1— /22 dy
H( } u+u’”( ) dp

This integral equation is analogous to (2.6) and can be solved numerically by a relaxation method.
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