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NUMERICAL FLUX-SPLITTING FOR A CLASS OF HYPERBOLIC SYSTEMS
WITH UNILATERAL CONSTRAINT

FLORENT BERTHELIN!

Abstract. We study in this paper some numerical schemes for hyperbolic systems with unilateral
constraint. In particular, we deal with the scalar case, the isentropic gas dynamics system and the full-
gas dynamics system. We prove the convergence of the scheme to an entropy solution of the isentropic
gas dynamics with unilateral constraint on the density and mass loss. We also study the non-trivial
steady states of the system.
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1. INTRODUCTION AND MODELS

In various physical situations which naturally appear in fluid mechanics (two-phase flows, Saint-Venant
equations, pipeline,...), it is necessary to impose constraints on some quantities of the model, for example, the
fact that one quantity stays bounded by a fixed value. In gas dynamics, a lot of situations ask the density (or
the volume fraction) to satisfy such a property. Two formulations are proposed and studied in a theoretical
point of view in [1] and [4]. The aim of this paper is to introduce numerical schemes for these hyperbolic systems
with unilateral constraint and to prove some convergence results. The model of [4] for the overflow of a river,
which involves the density p and the velocity u of the fluid, can be written as

Orp + 0z (pu) = Q,

(1.1)
B (pu) + 0. (pu® + p(p)) = Qu,

with constraint and mass loss rate Lagrange multiplier
0<p<l, Q<0 (1.2)

and extremality relation

(1-pQ=0. (1.3)

Keywords and phrases. Numerical scheme, conservation laws with constraint, convergence of scheme, entropy scheme, gas
dynamics.

! Laboratoire J.A. Dieudonné, UMR 6621 CNRS, Université de Nice Sophia-Antipolis, Parc Valrose, 06108 Nice Cedex 2, France.

e-mail: Florent.Berthelin@unice.fr
© EDP Sciences, SMAI 2004



480 F. BERTHELIN

The term @ represents the lost mass. Existence and weak stability of suitable weak solutions is obtained in [4]
in the pressureless case p(p) = 0 and for the vy-law p(p) = xp?.

In the present article, we study a class of hyperbolic system with unilateral constraint including this example.
They are written as

U
8tU+8zF(U):Q7, (1.4)
1
where U = (Uy,---,Up) € RP, F: R? — R?, and by definition
U _( U Us
U1 - ) Ula ) U1 )
and with constraint and mass loss rate Lagrange multiplier
0<U, <1, Q<0, (1.5)
and extremality relation
(1-U)Q =0. (1.6)

The term @ is the lost of the quantity U; which have to stay lesser than 1. The term @ U% is for conservation
reasons, the lost of the quantity U. There is a theoretical problem of definition as soon as U; = 0. We will
come back on it in Section 2. The system (1.1)—(1.3) is an example of such problem with U = (p, pu) and
FU) = (pu, pu® + p(p))-

The aim of this paper is to give a theoretical background for such system and some numerical flux-splitting
schemes compatible with this theory. The remainder of the paper is organized as follows. In Section 2, we
present the necessary theoretical weak formulation and some numerical schemes which are compatible with it.
We also treat the scalar case (p = 1). In Section 3, we study the isentropic system of Euler. In particular, we
establish the convergence of a flux-splitting scheme with constraint to an entropy solution to the problem with
mass loss. In Section 4, we analyze the steady states which are connected to this system with a source term.
Finally, in Section 5, we briefly present an other example of system in this class of model, that is the full system
of gas dynamics with constraints.

We also refer to [10,11,18] and [20] for other theoretical problems with constraints.

2. GENERAL FORMULATIONS

In this section, we first present a theoretical weak formulation in order to take into account the extremality
relation (1.6) with the use of entropy inequalities. Then, we propose a numerical scheme which is compatible
with the theoretical formulation. It is based upon a splitting and a projection onto the constraint states. We
prove that an entropy method for an evolution problem without constraint gives an entropy method associated
to the entropy formulation with a constraint. Finally, we study the scalar case.

2.1. Theoretical weak formulation

We notice in [4] that we have to give a suitable sense to the products Qu in (1.1) and p@ in (1.3), because Q
is only a measure, and p, u can be discontinuous. We provide the following entropy weak formulation of the
problem, that involves what we call entropy weak products. The idea is to introduce a different velocity v (¢, x)
for the lost matter, and to write the system

Orp + Oz (pu) = Q,

(2.1)
A (pu) + 8 (pu® + p(p)) = Qu,
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with as before
0<p<1, Q<0 (2.2)

We take v € L>®(Q), so that the product Qu is well-defined as a measure. We need then to formulate in a
weak sense that Qv = Qu, and that Qp = Q. In order to do so, we require the family of entropy weak product
inequalities

3t77S(Pau)+3zGS(PaU)SQU’S(L’U)'(LU), (23)
for any convex entropy 7g in a suitable family parametrized by a convex function S, where Gg is its entropy
flux, and 7y is its derivative with respect to (p, pu). Since v, by definition, is defined @ a.e., the term on the
right-hand side of (2.3) is well-defined. Indeed, (2.1)-(2.3) is a weak formulation of (1.1)—(1.3).

We extend this formulation to more general system in introducing the following entropy weak product for-
mulation. We introduce V (¢, z) for the lost matter where V = (1,V2,---,V,,) € RP with V' € L*°(Q), and write
the system as

U+ 0, F(U)=QV, (2.4)
with

0<U; <1, Q<o. (2.5)
In particular, it overcomes the problem of definition for U/U; when U; = 0. In order to have in a weak sense

QU =Q, and QV:QUgl’ (2.6)

we require a solution (U, V, Q) of (2.4, 2.5) to satisfy the entropy inequalities

for a sufficient family of entropies (1, G) associated to the system (1.4), and 7’ is its derivative with respect
to U.
For a system with a strong entropy, for which we can prove a priori the condition

QV:QU%, (2.8)

it gives a weak formulation of the problem thanks to the result.

Proposition 2.1. For a system such that there exists an entropy n of class C? and such that n'' is positive
definite, then the formulation (2.4), (2.5), (2.7), with the condition (2.8), is a weak formulation for (1.4)—(1.6).

Proof. We assume having a sufficiently smooth solution to (2.4), (2.5), (2.7). Multiplying (2.4) by »'(U) and
comparing with (2.7), we get

Q [n/(UlaUQa"'aUp)77’/(17‘/27"'7%)] : (]-a‘/Qa"'ﬂvp) S 0.
We assume the condition (2.8), thus
in(Ula U2a ) Up) = in(Ula Ul‘/Qa Tty Ulvp)a

which leads to .
@ |- [ e ave v <o
0
with
Qgt = (1 _t)(1;%7 'an) +t(U1;U27" 'aUp)'
With the hypothesis on 1 and (2.5), we conclude that QU; = Q. O
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Remark 2.1. In the case where (2.8) is satisfy, only one entropy is necessary. For a problem in which the
condition (2.8) is not obvious to verify, the entropy weak product can have a more complicated structure. For
the isentropic gas dynamics, we notice in [4] that (2.7) for S(z) = 22/2 is enough to have a weak formulation
for Qu = Qv and Qp = Q. It is a open question to know how many entropies are required in the general case.
In Section 5, an other example of such situation is studied.

2.2. The flux-splitting scheme with constraint

We present the numerical treatment we perform to study such hyperbolic problems. In particular, we propose
a general method in which entropy schemes are still compatible with the taking into account of constraints.

We study difference schemes and having given a time-step At and an uniform grid with space increment Az,
we set A = At/Ax and z; = jAz, t, = nAt.

The schemes we study here are based on a splitting method. We first solve the conservative system

0U+ 0, F(U) =0, (2.9)
and then we perform a projection onto the constraint states
QU =QV, 1<U; <1, Q<0, (1-U)Q=0.

The first step of the scheme is suppose to be a flux-splitting scheme, as proposed in [8], and is written as

n+1/2 n n n _
Ut U A (Fj+1/2 - Fj_1/2) —0, (2.10)
with the flux
Fliyye = FHUP) + F(U}), (2.11)
where
FYU)+F~(U) = F(U),

which means the consistence of the numerical flux.

For the second step of the splitting, we just replace Uy by min(Uy, 1), while V; = U;/U; are unchanged for
i=2,---,p, that is

(U1)" = min ((Ul);.’““, 1) ,

(Dz‘)r}ﬂ (Di)m_l/2 (2.12)
vntl — J _ J n+1/2 .
Wi = ;T @t (Vi); 777, fori=2,---,p.
J J

It is consistent with the system (1.4) because setting

()t — (U1)741Jr1/2

n_ J J <
Q7 A7 <0, (2.13)
we have
n 2 n
(Ui);?+1 - (Ui); +1/ 1 (Ul)?+1(Ui)j+1/2 B (U.),}+1/2
At At (Ul);erl/Q i)
(U2
= Q] W
( 1)j

= QuVy)IH2, (2.14)
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We prove now that our splitting is consistent with the entropy weak product formulation (2.7).

2.3. Entropy compatibility
We have the following result.

Proposition 2.2. Any classical entropy scheme given by (2.10) which is associated to (2.9) gives an entropy
scheme for (2.4) with (2.7).

Proof. We assume we have a scheme which is consistent with an entropy n. That is to say there exists a

numerical flux G such that

j+1/2

n+1/2
0 (U72) = @) + A (Gllarjo = Giaga) <0, (2.15)
with
Gy =2 (Un Uﬁry)
where @ is a function such that
oV, V) =G(V), V € RP,
where G is the entropy flux associated to 7.
We write
n n 1/2
n (U_;I-"_l) (U )+ A (G]+1/2 Gj—1/2) <7 (U]TLH) -n (U;H_ / ) . (2.16)

Now if (Ul);-“rl/2 > 1, then (Ul);?"’l =1, and

n+1/2 n+1/2

U"+1 n+1/2\ _ (U2)j / (Up j / n+1/2 n+1/2 n+1/2

77(]' )_n(Uj )—77 1’(U)n+1/2""7(U)n+1/2 _n((Ul)j , (U2); s (Up); )
1j 1j

is a first order approximation of

n 2 n 2
n (1 a)) TR () )
. (1 - (U1)§L+1/2 W, )n+1/2 (Ug)"+1/2 . (Vp)?+1/2 _ (Up)?+1/2)
n 2 n 2 n n .
= of (L0 ) 2) - (L ) R ) - o))

J ’ J J ’

— Q7 Aty (17 (‘/2)”»L+1/2 ---,(V,,)’»LH/Q) ) (1, (V2)n+1/2 ---,(Vp)@+1/2> .

The inequality (2.16) is thus a first order approximation of (2.7). |
We turn now to the scalar case (p = 1) for which the situation with a constraint is similar than without.
2.4. Scalar case

For a flux F € CY(R,R), we have to study

8U + 9, F(U) = Q,
U — k| + 0, (sgn(U — K)(F(U) ~ F(k)) <Q, ke [0,1],

with an initial data U(0,x) = U® € L'(R).
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We notice that we just have to consider the entropy condition for k € [0, 1], instead of k € R, because of the
constraint 0 < U < 1.
It is well-known that the classical problem

U+ 0, F(U) = 0,
O|U — k| + 0. (sgn(U — k)(F(U) — F(k))) <0, Vk € R,

(2.18)

has an unique solution for U° € L*(R) N L>°(R), which satisfy besides

essinf U%(y) < U(t,z) < esssupU(y), ae. z€R.
Y y

Thus for an initial data U € L*(R) N L>(R) such that 0 < U° < 1, the solution of (2.18) is a solution of (2.17)
with @ = 0.

Furthermore in this case, the problem with a constraint is in fact the same than without. Indeed, we have
the following result, due to [18] which comes from Kruzkov argument [16].

Proposition 2.3 (Lévi). There is uniqueness for the problem (2.17) in L*(R).

Remark 2.2. For a numerical treatment of the scalar case, we can use for example a classical method as
Lax-Friedrichs, Engquist-Osher with a CFL condition A|[F’[[ 1 ([0,1) < 1 in order to assure 0 < U < 1 for the
approximate solution and the convergence to the entropy solution.

3. EULER ISENTROPIC

In this section, we study in more details the case of isentropic gas dynamics. In particular, we obtain
a numerical scheme which is entropy consistant for the system with unilateral constraint and we prove its
convergence to an entropy solution using compensated compactness.

3.1. Theoretical result

We first recall the main theoretical results obtain in [4]. The measure @ could contain Dirac distributions in
time, thus we consider weak solutions for this problem. The following existence result was proved.

Theorem 3.1 (Berthelin, Bouchut). Let p° € L*(R) such that 0 < p° <1 and u® € L>°(R). Then there exists
(p, u, Q,v) with regularities

p € L{°(0,00; L (R) N L (R)), (3.1)
u € L§°(0,00; L°(R)), (3.2)
Q € M([0,00[xR), v e L®(Q), (3.3)

satisfying for all ¢ € D(]0, 0o[xR),

/OOO/R[P@SD-FPU@M] dtdx—i—/RpO(x)gp(O,x)dx: _/[O,oo[/R(pQ, (3.4)

/Ooo /R[p“at@ + (pu® + p(p))dpp] dt dz + /

R

0(1)4,0 _ v _
P (z)u’ (2)e(0,z) de = /[0700[/R<,0Q , (3.5)
and (2.2, 2.3).

Stability result of the solutions comes in particular from the following result.
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Lemma 3.2. Let Q) be nonpositive measures and v, € L*(Qn). If (Qn)n>0 is a sequence bounded in
Mioc ([0, 00[xR) and (||vnllLo=(q,))n>0 is bounded, then there exists a measure Q and a function v € L*(Q)
such that after extraction of a subsequence, Qn — Q, Qnv, — Qu and Q,S(v,) — Q% < QS(v) for any convex
function S.

We turn now to our scheme in this special case and prove its convergence to a solution of the theoretical
problem.

3.2. Flux-splitting scheme with constraint

We have to detail more precisely the splitting method of Section 2 in this particular system. For the first
step, we use a flux-splitting scheme to solve the isentropic gas dynamics, and for the second step we replace p
by min(p, 1), while u is unchanged.

First step: We solve the isentropic system

Oip + Oz (pu) =0,
tP (pu) (3.6)

di(pu) + 0y (pu® + kp") = 0.

We use the notation U = (p, pu). The flux of the system is here F(U) = (pu, pu® + kp?). We consider the
flux-splitting scheme proposed in [8], which has the property to be entropy compatible. This scheme writes

Ut U e A (Bl g = Flygs) =0, (3.7)
with the flux
an+1/2:F+(Uf)+F7( Jn+1)7 (3-8)
where
FH(U) = /£>O 5(1, (1—0)u+ 95) (ayp? ™ = (€= w)?) * dg, (3.9)
Fo(U) = /E<O£(1, (1—0)u+ 95) (ayp" 1 — (€~ u)2)_1:;99 de, (3.10)

with a, = 2,/7%/(y — 1), v €]1,3[. We notice that F(U) = F*(U) + F~(U). The Maxwellian which leads to

this kinetic decomposition of the flux gives a BGK model which is compatible with all entropies and tends at

the relaxation limit to the system of Euler isentropic with all entropies (see [2,3,6] and [7]) for more details).
The scheme can be rewritten as

pre % (thw + UJ;I/Q) :
with
Uty = UD = (F(U]) — FHUI),
and
Uy = U = 2N(F~(ULyy) — F~(UD)).

Second step: We perform a projection onto the constraint states

atp = Qa
at(/)u) = Qua

1<p<l, Q<0, (1-p)Q=0. (3.11)
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We take
n+l . n+1/2
p‘ = min (P 9 1) )
/ ; (3.12)
u}”rl = u;&l/ ,
and we set
ittt/
Q} = L—~17— <0, (3.13)

At
As noted in Section 2, this splitting is consistant with the system. We prove now the convergence of this scheme
to an entropy solution.

3.3. Formulation of the scheme with Riemann problems

For scalar conservation laws, to establish a convergence result for a scheme, we mainly use TVD and L
stability properties. For a system, the compactness of the approximated solutions of the scheme do not come
from BV estimates and we rather use compensated compactness techniques. The property of L>° stability can
be obtain using invariant domains.

We refer to [12] for the convergence to scalar equations, to [8,9] for the convergence to the system of Euler
and to [17] for the convergence in the case of regular systems.

One tool of our proof is the existence of global solution to the Riemann problem with arbitrary left and right
states. The corresponding result we use is proved in [8], for the Riemann problem associated to the system

dyw + 0, FE(w) = 0, (3.14)

with the flux F'* defined by (3.9),

Theorem 3.3 (Chen, LeFloch). The Riemann problem with arbitrary left and right states for the system (3.14)
admits a globally defined solution composed of two elementary waves that are either a shock wave or a rarefaction
wave. Each shock wave with speed o connecting the left state U; with the right state U, satisfies the entropy
iequality

U(n(UT) - n(Ul)) - (G(UT) - G(Ul)) > 0,
for any convex entropy-entropy flux pair (n,G) of the system (3.6). Furthermore, the system admits bounded
and convez invariant regions for the Riemann problem.

We notice that the associated CFL condition is here

sup u + /770 A <

N | =

We now define our approximated solution Ua. Let U = (p°, p°u®) be an initial data such that
P’ € L*(R), 0<p’<1, e L>®R). (3.15)

We set tg = 0 and we consider the discretization of the initial data as

1 [Ttz
Ua(0,2) = A_x/ U°(y) dy, for x €]z;_1/2, 2412
Tj—1/2

We assume that Ua (t,x) is defined for ¢ < ¢,,, with n € N, and we define it on later time by the following way.
We note Ux the global solution (on ]z;,2;41[) of the previous theorem for the Riemann problem (3.14) with
the initial data

Ul forx <mjy1)2, (3.16)

U}I_i_l for x > Tjt1/25
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where U} is the averaging of Ua(t, —0,) on |z _1/2,%;41/2[. We set
- Lfey o
Ua =3 (0% +03),

on{z; <z < xjqr1, th <t <tpyi}.
We notice that by an integration of (3.14) and using

Pt (UI (tafﬂj+1/2)) =P,  F (UX (tvﬂfj+1/2)) =F~(Uj);

we have
1 Tit1/2
-— Ua(tpi1 —0,2)de =
Az Tj_1/2 A( i x) !
1 Tit1/2 N N B B
N Ua(tn — 0,2)dz — A (FF(UF) = FF(ULy) + F(Uy) — F~(U])).
Tj—1/2
and thus
1 Tj+1/2
+1/2
Uy /2= A—I/ Ua(tps1 — 0,2) dx. (3.17)
Tj—-1/2
We set now
Ut = (pit pi ) (3.18)
with
P! = min (1, p;?““) st (3.19)
If p?'H/Q > 1, we set
Ua
UA = W’ on {$j,1/2 <z < ZL‘]'+1/2, tn <t < tn+1}'7 (320)
J
on the contrary, we set Upn = Ua.
We notice that
1 Tjt+1/2
Urtt = A—I/ Ua(tny1 —0,2) dz, (3.21)

Tj—1/2
and that a maximum principle holds for Ua because it holds for U from the Theorem 3.3 and (3.20) do not
increase the observable values. We also have

0<pa <1

The sequence (UJ') coincide with the one of the previous section. With this formulation of the scheme wvia
Riemann problems, we prove now the convergence of the numerical method.

3.4. Convergence of the scheme

We have the following result.

Theorem 3.4. For initial data p°, u® with regularities (3.15), there exists U = (p, pu), Q and v with regu-
larities (3.1)—(5.3) such that Un — U a.e. and in L (]0,+00[xR) as A — 0, where (U,Q,V) is an entropy

loc

solution of (3.4, 3.5) under the constraints (2.2) and (2.3).

Remark 3.1. By A — 0, we mean the convergence of a sequence Apz — 0 with A = Agt/Agz kept constant.
Thus Ua — U correspond to the convergence of Ua,, — U as k — +oo.
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Proof. We use the Green formula and get for any ¢ € D([0, t,,] x R) with m € N*,

// D(Us)up + G(Un)Dup) dardt + / (0, 2)n(Ua(0,2)) dz = RA(¢) — QA(9),

R
[0,tm] XR

where

/ S {oln] — [G1} o(t,2(1)) dt

+Y m””?n(UA(tn = 0,2)) — (U P(tn, 2) o (3.22)

jm Y ¥i—1/2

+ / DU (b, 2)) @t ) dr — / n(U(0,2))p(0, 2) dz,

with the summation, for each ¢ > 0, over all shock waves in Ua (t) with location z(t), and with

-2 X U s paiia) = n(1, 5a)) gt ) da, (3.23)

T
i pn+1/2>1 j—1/2

where

(Pa, patin) = Ua.
For n € C?, we have

n(pa, pata) = n(l,aa) =n'(1,da) - (1,aa)(pa — 1) +/O (L= 2)n"(¥2) - (Laa)*(pa — 1)*dz,

with ¥, = [z2pa + (1 — 2)](1,@a). Now

Z‘ ) /lwz (1,a) - (L, 5a) ALQY] @(tn, 7) da

P +1/2 Tj—1/2
Tjt1/2 1
DY / [ [ o) (L s (@2 (A0 2| (e, ) o
i Pt/ Tij—1/2 0

T3 Pj
but for n providing from a positive convex, we have (see [4])
' (L,u) - (Lu) =0,
and 1 is positive definite, and thus we get that
Q'\ are nonpositive measures. (3.24)
Adapting easily [8] thanks to the sign of QA, we obtain

R} € compact set of H, (3.25)

loc ’
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and
R\ — 0 in the sense of distribution, as A — 0, (3.26)

for any C? convex weak entropy pair (n, G).
Using (3.25, 3.26) and the maximum principle on Ua (which gives (n(Ua))aso and (G(Ua))a>o bounded in
L), the sequence (QX)aso is bounded in the sense of distributions, thus with (3.24) we get

(QX)a>o is bounded in the sense of measures. (3.27)

We have obtained
On(Ua) + 0,G(Ua) = —RX + Q1. (3.28)
with (3.25)—(3.27), then applying the compensated compactness result of [19], we get the existence of U € L2
such that, after extraction of a subsequence, Un — U a.e. and in LloC
We prove now the convergence of the entropy weak product. We set

Qa = QRF, where 1 (p, pu) = p, (3.29)

which is possible because 7; is an entropy for the system. We have

DDy / (55 — Dipltn, ) da

i p n+1/2 Tj—1/2
Tj+1/2
= Z Z (1 - P;'L+1/2) / ¢ (tn, x) dz,
nt1/2 Tj—1/2
Ji P}
thus
QA = Z Q;ﬂ At 5t=tn ]1]1]'—1/2’11+1/2[(x) dI
n,j
We set now )
n+1/2
= Z Uy ]]']tnfl/27tn+1/2[(t) ]1]%'71/271‘#1/2[(‘%)'
n,j

Since va is continuous on the Dirac measures of Qa, we can multiply these two distributions and we see that

Qava =QF,  where n2(p, pu) = pu.

Furthermore, we have
= Qaln'(1,va) - (1,va)] + (QA)2;

where

1
(@) == 3 | [ 0= 2 (00) - (10 @A ] 11, o <0
n,j
Now, from (3.27) and (Ua)a>o bounded in L2, we apply Lemma 3.2 and get the existence of Q € Mo ([0, 0o[xXR)
and v € L*°(Q) such that, after extraction of a subsequence,

QA _\Qa QAUA 4Q/Ua
QaS(ua)— Q% < QS(v),

for any convex function S. We can improve this lemma in order to also get the convergence

(Q2)2 AQ"] S 07
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for any convex function n. As proved in [4], S(v) = n'(1,v) - (1,v) is convex for n convex, and thus
QnA - QS + Q"] < in(la ’U) ! (17 'U).

We conclude now the proof of the convergence of the scheme to an entropy solution of (3.4, 3.5) under the
constraints (2.2) and (2.3) by classical arguments. We notice that the constraint 0 < p < 1 comes from the
similar result for pa. O

Remark 3.2. We impose V' = U/U;, at the numerical level, nevertheless the obtained solution, at the limit
A — 0, do not necessary satisfy such relation, which is a normal think because the theoretical problem is not
a priori well posed with this relation.

4. EQUILIBRIUM STATES

In this section, we study the equilibrium states which can appear as soon as we deal with some evolution
equations with a source term.

4.1. Generalities

Steady states are solutions in which the flux gradients are nonzero but exactly balanced by source term, that
is in our class of systems,

O, F(U) = Q- V. (4.1)
under the constraints
0<U; <1, Q <0, (1-U1)Q =0, (4.2)
and the entropy weak product inequalities
azGS(U) SQn/(la‘éaavp)(la‘éaavp)a (43)

for a sufficient family of entropies associated to the system (2.4). When using a splitting method, the scheme
may break this equilibrium and does not necessary preserve it. Sometimes, it needs a high level of approximation
and a high cost to get it. Besides, these equilibrium solutions play an important part because usually when
time tends to infinity, general solutions to (1.4)—(1.6) might tend to (4.1)—(4.3). This notion is thus important
and the subject of many works for evolution equations.

A way to study such problems is the well-balanced schemes, which reformulate the source term in order to
write it as a numerical flux (see [13,14]). This technique maintains all steady states. But using exact Riemann
solvers as Godunov scheme, the calculation cost is important.

An important example for the study of steady states is the Saint-Venant equation with a bottom. A kinetic
study with reflexions is done in [5] which maintain the steady states and establish the convergence of the scheme.
A different approach is perform in [15], adapting the value of the source term at the interface rather than its
mean on the cellular.

We study in the next section the steady states for the isentropic system with constraint.

4.2. Steady states for Euler isentropic with constraint

For the system (1.1), the steady states are solutions to
0o (pu) = Q, (4.4)

0w (pu® + kp7) = Qu, (4.5)
with the constraints
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and the weak entropy product
O G2 2(P5 1) < Q2o (1,0) - (1,0). (4.7)

Indeed, we only have to ask the weak product formulation for S;(w) = w?/2 in this case thanks to Remark 2.1.
In particular the classical solutions (we mean without constraints) can satisfy it, for example

p = constant € [0, 1], u = constant.
But there is also steady states with a nontrivial constraint, for example:
p=1 u=1,c0—lzs0, Q= —209, v=0.

These functions satisfy

_ 1 gl
aﬂﬂGSl (pau) = —24p <2 + Ii’}/ — 1> »
Y
77{91(1;1)) ' (LU) = ’ima

and thus (4.7) is satisfy.
In fact, we could not preserve such steady states on a numerical point of view because Dirac mass can only
been approximated. The following result states that there is not non-trivial steady states in L*.

Proposition 4.1. Let I =]a,b[ be an interval of R. Let (p,u,v, Q) be a solution to (4.4)-(4.7) such that p =1
on I, u,v € L>®(I) and Q € L*(I). Then Qu= Qv =20 on I.

Proof. We compute
2

v Ky
ﬂ{unz/z(lav) ’ (17'0) = D) + N -1 on I,
and 1
Guw2/2(p,u) = §u3 + fymjlu on I.

Now, from (4.4), we have d,u = Q on I, therefore u € W1 1(I). As besides u? € L>°(I), we have

O <lu3+—lw > = <§u2+ a ) Ozu on I

u
2 v—1 2 v—1
3
= (§u2+7m1) Q on I.

Thus (4.7) leads to
3, Ky 1, Ky
224+ Vo< (= I
(2u +’71)Q_(2U +’yf1 @onl,

3u?Q < v*Q on I. (4.8)
Now, from (4.5), we have d,u? = Qv on I, therefore 2u@Q = Qv on I, thus using (4.8) we obtain

which is the same than

0<u?Q onlI,

and since @) < 0, we get Qu = 0 on I and also Qv = 0. O

Remark 4.1. We reduce our study to p = 1 because ) have to act only on this set.
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5. FULL SYSTEM OF GAS DYNAMICS

We study now the overflow of a river modelled by the system of full-gas dynamics. It involves the density p,
the velocity u and the energy e of the fluid and can be written as

Orp + Ox(pu) = Q,
A (pu) + 05 (pu® + p) = Qu, (5.1)
O¢(pe) + 0 ((pe + p)u) = Qe,

where pe = p“2—2 + %p, with v > 1, with constraint and mass loss rate Lagrange multiplier

0<p<1,  p>0, Q<0 (5.2)

and extremality relation

(1-p)Q=0. (5.3)
Here the conservative variables are U = (p, ¢ = pu, E = pe). We have here a supplementary constraint which is
the fact that the pression p has to stay nonnegative. The entropies for this system are given for any function S by

ns(p,q. E) = pS (1%7) : (5.4)

These functions are convex with respect to (p,q, E) for S of class C! convex and nonincreasing.

With the variables w = # and o = p'~ /7, we have n5(p, ¢, E) = pS(w), and

thus we get
1vy—1u? 1y—-1 1y—-1
/ _ _ - +r - /! - = /! I a
TIS(P,GaU)<S(W)+< w+0_ ~y 2>S(w)a o 5 US(W),O_ v S(w) .

A weak formulation which allows to deal with the products Qp, Qu and Qe is the following one:

Otp + 0z (pu) = Q,
B (pu) + 9, (pu® +p) = Qa, (5.5)
di(pe) + 0z((pe + p)u) = QE,

with as before

0<p<1l, p>0, Q<0 (5.6)

We take @, € € L°(Q), so that the products are well-defined. The vector V related to the lost quantities is here
(1,@,¢é). We also ask that we can write pé = pﬂ—22 + ﬁﬁ with p > 0.

We formulate in a weak sense that Qp = Q, Qu = Qu, Qé = Qe using the procedure proposed in Section 2.
Thus we require the family of entropy weak product inequalities

oms(p,u,e) + 0:Gs(p,u,e) < Qns(l,a,¢é) - (1,a,é),
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which are here
1—
oms(p,u,e) + 0:Gs(p,u,e) < Q [5 (ﬁl/v) + 5 (ﬁl/”’) (T’yﬁl/w)] , (5.7)

for any convex entropy 7ng in a suitable family parametrized by a convex function S.

In order to see that (5.5)—(5.7) is a weak formulation of (5.1)—(5.3), we observe first that any suitable solution
to (5.1)—(5.3) also solves (5.5)—(5.7) with & = u and é = e. Conversely, if we have a sufficiently smooth solution
to (5.5)—(5.7) such that p > 0, then multiplying (5.5) by n%5(p, u, e) and comparing the result with (5.7), we get

o5 (F) e (F) (5 () wo =Dzt ?)
<Q [S(ﬁl/”) + 857 (1_77]51/7)] .

We use the entropy associated with S(v) = —Inv and get

1/~ 1 5 1

p p P ~\2
ogQ[m(—~ )——+—+—1—— u—u},

P )y 2p( ’7)( )

0§Q{%F<%>lnp+%<1%) (uﬂ)Q],

with I'(z) = Inz — 1+ 1/2. Now (1 — %) > 0 since y > 1, —Inp > 0 since 0 < p < 1, and I'(x) > 0 for = > 0,
therefore we get that

which can be written as

ar(L) =0 Qump=o  Qu-ur-0.
and thus
Qp = Qp, Qp=Q, Qu = Qu.
As in the isentropic case, we see in particular that only one entropy is required to have a weak formulation.
Here it is the entropy associated with S(v) = —Inw.
The theoretical study of the problem without a constraint is not possible because there is no invariant

domain (see [6]), thus the problem with constraint is similarly difficult. Nevertheless, we can perform numerical
simulations in preserving the non-negativity of p and p.
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