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A MIXED-FEM AND BEM COUPLING FOR A THREE-DIMENSIONAL EDDY
CURRENT PROBLEM * **

SALIM MEDDAHI' AND VIRGINIA SELGAS!

Abstract. We study in this paper the electromagnetic field generated in a conductor by an alternating
current density. The resulting interface problem (see Bossavit (1993)) between the metal and the
dielectric medium is treated by a mixed—-FEM and BEM coupling method. We prove that our BEM-
FEM formulation is well posed and that it leads to a convergent Galerkin method.
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1. INTRODUCTION

The eddy current model is commonly used as an approximation of Maxwell equations in problems related
to machines working at power frequencies. Formally speaking, this sub-model is obtained by neglecting the
displacement currents in Ampere’s law. The paper of Ammari et al. [2] gives conditions under which the
approximation of Maxwell equations by the eddy current model is reliable.

The purpose of this paper is to provide a new method, based on a combination of finite elements (FEM)
and boundary elements (BEM), to compute the eddy currents generated in a passive conductor Q C R?® by
a divergence free source current ] featuring sinusoidal dependence in time. We point out that, generally, the
eddy current problem is reformulated by expressing the magnetic field in terms of the electric field and wvice
versa. The two formulations resulting from these two dual proceedings are equivalent at the continuous level
but they lead to different numerical schemes; in spite of the fact that in both cases the discretization process
relays upon the edge finite element method, which is recognized now to be well suited for the approximation of
electromagnetic vector-fields, see [4,7,9].

The idea of using FEM-BEM methods for solving eddy current problems in dimension three has been exploited
in several works of Bossavit [5,6,8,9]. The main idea of such an approach consists in providing non-local boundary
conditions for a finite element treatment of the problem in the conductor €2 where the eddy currents are to be
computed. These non-local boundary conditions are deduced from an integral representation of the solution in
the domain occupied by the dielectric medium. The formulations of Bossavit relay on the so-called one boundary
integral approach introduced by Johnson and Nédélec for the Laplace equation [21]. However, it is not written
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in the standard form of the Johnson—-Nédélec formulation since the normal derivative on the interface boundary
is eliminated wia Steklov—Poincaré operator. This method has been implemented in a code named TRIFOU
(cf. [5]) but, at the authors knowledge, an analysis of this coupling scheme is not available. In any case, the
analysis of the Johnson—Nédélec method requires an hypothesis that constitutes a severe limitation in practice:
the interface boundary T' := 02 must be regular since the term associated to the double layer potential must
be considered as a compact perturbation, cf. [21,23,25].

In recent years, a symmetric method for the coupling of finite element and boundary element methods has
been developed and applied to various interface problems, see [16,18]. The most important feature of this
FEM-BEM approach is that it preserves the coercivity of the original problem and, by the way, relaxes the
regularity requirements on the coupling boundary. In this paper, we show that this coupling method can be
successfully applied to the eddy current interface problem studied by Bossavit. We prove convergence and error
estimates for this new coupling method. Moreover, thanks to the important tools given recently in [11,12,14],
our analysis can be carried out in the case of a Lipschitz domain 2 with no restrictions on its topology.

A similar program has been realized by Hiptmair in [20]. Hiptmair chooses in his formulation the electric
field as primary unknown. Furthermore, the non-local boundary condition on the FEM-BEM coupling interface
are deduced directly from a Stratton—Chu integral representation of the electric field. Our method, which has
been first presented in the two dimensional case in [24], is inspired from the TRIFOU method. It uses the
magnetic field and its scalar potential as principle unknowns.

Both approaches lead to systems of linear equations that have the same structure and the same size. However,
when €2 is non-simply connected, our method is more expensive than that of Hiptmair since the construction of
the discrete problem requires in our case the resolution of some auxiliary problems that depend on the geometry
and the topology of the conductor, see Section 6.

We finally point out that Hiptmair assumes in his paper [20] that the exiting current 3 is supported inside
the conductor. This case can also be covered by our method without difficulty. Nevertheless, here we make the

opposite assumption: support (3) C R?\ Q. In the latter case, it is necessary to remove the non-homogeneity

of the equation in order to obtain an adequate representation formula of the solution in the unbounded domain
R3\ Q. Following [9], we show that it is easy to handle this additional difficulty when considering the magnetic
field as state variable.

The paper is organized as follows. In Section 2 we summarize some results from [11,12,14] concerning
function spaces of tangential traces and tangential differential operators defined on a Lipschitz boundary. In
Section 3, we introduce the model problem and derive its FEM-BEM formulation staring from an integral
representation formula for the scalar magnetic potential. We prove that the resulting weak formulation is
uniquely solvable. We prepare the discrete scheme of our variational problem by introducing in Section 4 the
edge finite element and by recalling some fundamental properties of the corresponding interpolation operator. In
Section 5, we treat separately the discretization of our problem in the simply connected case. The derivation of
the Galerkin scheme is straightforward and its convergence analysis relays on Céa’s lemma and the interpolation
error estimates given in the previous section. An optimal order of convergence in obtained. We also illustrate
in this section the applicability of our discrete scheme by describing its matrix representation. The derivation
of the discrete problem in the case of a non-simply connected conductor is less obvious, it requires several types
of approximations of the harmonic Neumann vector fields. These approximations are obtained by solving the
discrete auxiliary problems described in Section 6. The convergence analysis of the resulting discrete scheme
(in the non-simply connected case) is reported in Section 7.

2. PRELIMINARIES

In the sequel we deal with complex valued functions and the symbol ¢ is used for v/—1. Boldface letters will
denote vectors or vector-valued functions (in C3). We denote by @ the conjugate of a complex number o € C.
We also denote by |« its modulus and by R its real part. The symbol |-| will represent as well the 2-norm for
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vectors:
3
2 — _
la’=q-q:=>_ 7.
=1

Throughout this paper C, with or without subscripts, will denote positive constants, not necessarily the same
at different occurrences, which are independent of the parameter h and functions involved.

In all the paper €2 is a bounded Lipschitz domain in R? such that the complement €. := R\ Q is connected.
The domain £ is the union of m connected components €2;, 7 = 1,---,m whose boundaries I'; are closed and
disjoint surfaces. Setting I' = U7, I'; we get I' = 92 = 9f).. Since the analysis given in the following can be
extended straightforwardly to the multi-connected case, for the sake of simplicity in exposition, we will assume
that €2 is also connected.

We remark that, under the above conditions, €2 and (2. have the same first Betti number B. There exist B
disjoint connected open surfaces 3¢t C Q. (respectively ¥t € Q), k = 1,---, B, such that Q0 := Q. \UE_ sext
(respectively Q0 := Q\ UP_, %1in%) is simply connected. The boundary curves 4¢* := 925t and ~i'* := 9L lie
on I

We denote by

(f,9)0.0 1=/Qf§d$

the inner product in L*(Q) and ||-[|, ¢ the corresponding norm. As usual, ||-[|, o stands for the norm of the
Hilbertian Sobolev space H*(2) Vs € R. We also recall that, for any ¢t € [—1, 1], the spaces H(I') have an
intrinsic definition (by localization) on the Lipschitz surface I' due to their invariance under Lipschitz coordinate
transformations. We denote by |||,  the norm in H*(T') and by (-, -), 1 the duality pairing between HY(T)
and H!(T"). Here L?(T") is taken as pivot space. Hence, if 0 <t < 1 and A € L%(T") we have

N her = / XTde Vi € HY(D),

In this paper, the spaces that are product forms of the previous function spaces are endowed with the natural
product norm and duality pairing without changing the notations since it will be clear from the context when
scalar or vector functions are used.

We set:

Q) = (@), V= (H20) . V= (520)
L;T):={qeLl?*I); q-n=0onT},
where n is the unit normal to T" that points from 2 into €2.. We also introduce the functional space
H(curl, Q) := {q € L*(); curlq € L*(Q)};

endowed with the natural norm: Hq||?{(cml,m = Hq||(2)9 + ||Curqu§,Q.

We shall make use of some recent results on the characterization of traces of functions in H(curl, 2) and on
the properties of tangential differential operators defined on the Lipschitz manifold I'. We present here a brief
description of these results and refer to [11-15] for details and proofs.

Let D(Q) be the space of indefinitely differentiable functions on the closure of Q2. We define the tangential
components trace mapping 7, : D(Q)? — L?(I') and the tangential trace mapping 7, : D(Q)* — L#(T") as
q— nA (qr An)and q— qr An respectively.

We denote by ~ the standard trace operator acting on vectors: v : H'(Q) — V., v(q) = qr. Let y~! be one
of its continuous right inverses. We will also use the notation 7, (resp. 7,) for the composite operator 7, o ~1



294 S. MEDDAHI AND V. SELGAS

(resp. 7, oy~ ') which acts only on traces. By density of D(ﬁ)fF into L2(T"), the operators 7, and 7, can be
extended to linear continuous operators in L?(T).
The spaces V., :=v,(V) and V, := 7.(V) endowed with the norms

A = inf DY = d A = inf o - =
Ally, ;gV{HQIlv, v-(a@) = At and  [[A[ly, ;gV{HOIIlv m-(q) = A}

are Hilbert spaces. We denote by V! and V] their dual spaces respectively with L?(T') as pivot. We remark
that if T is a sufficiently smooth variety then V., = V, = TH'2(I"), where TH'/?(T") denotes the space of

vectors tangent to I' that have components in HY/ 2(1"). However, these two spaces are in general different; see
for example the characterizations given in [13] for V., and V in the case of a polyhedral domain .
We introduce the tangential differential operators

Vrp :=m:(Vyp) and curlp o :=~,.(Vyp) Vo € H2(Q).

It is clear that Vr : H*2(I') — V. and curlp : H32(I') — V, are continuous, where the Hilbert space
H3/2() :== {¢r, ¢ € H*(Q)} is endowed with the norm

Nlgjor = inf  {llellaqs 2e) =A}-

Let H=3/2(T) be the dual space of H3/?(I") with L?(I") as pivot space. We define divy : V.. — H~3/2(T) by the
duality

(divr A, ‘/7>3/2,1“ == (A VI‘%0>v;r wv, VpE H?(),
where (-, )3 5 1 denotes the duality pairing between H=%/2(T") and H3/2(T") while (-, -). «v, denotes the duality
pairing between V7 and V. Similarly, curly : V! — H=3/2(T") is defined by

(curlr A, @)5 /5 p = (A, curlp ‘/’>V;wi Yo € H2(Q).

Now, the Green’s formula

u, curlv)g g — (curlu, v)g.q = (v-u, V) VuED§37 Vv e H! Q), 1
s s V! XV,

and the density of D(Q)? in H(curl, Q) permit one to prove that , : H(curl,Q) — V. is linear continuous
since by construction 7. (H*(Q)) = V. Actually, a more precise result has been proved in [15]. Let us introduce
the space

H~/2(divp,T) == {)\ eV, divrAc H*W(F)}
endowed with the graph norm HA||?—I*1/2(divr,F) = HA“%;, + ||divp )\||2_1/27F.

Theorem 2.1. The tangential trace mapping v, : H(curl, Q) — H~Y2(divp,T) is continuous, surjective and
possesses continuous Tight inverses.

We associate to any g € H='/?(divp, T') the unique solution Rg of
find Rg € H(curl, ) such that v, Rg = g and

(Rg, d)H(cur,0) =0 Vq € H(curl, Q) Nker v,,



A BEM-FEM METHOD FOR A 3-D EDDY CURRENT PROBLEM 295

where (-, -)H(cur1,0) Stands for the inner product of H(curl, 2). We remark that we have just defined a continuous
right inverse R : H~/2(divp,T') — H(curl, Q) of 7, since, by virtue of the closed graph theorem,

HRgHH(curl,Q) <C ”gHH*l/?(divF,F) Vg € Hfl/z(diVF»F)- (3)
We point out that taking u = V¢ in (1), with ¢ € HY(2), one may also deduce that
curlp : HY2(I') — V.

is linear and bounded.
We introduce the harmonic Neumann vector-fields associated with . and € by

H(Q.) == {veL*(Q); curlv=0, divv=0, v-np=0}

and
H(Q) := {vel*); curlv=0, divv=0, v-nr=0}
respectively and let
H:={XxeL}I); culpA=0, divpA=0}"
In fact, H is none other than the direct sum of the tangential traces of the Neumann fields associated with ()
and Q.0 H = ~,(H(,)) & v-(H()), see [11]. We point out that we are denoting here by v, the tangential
traces from both sides of I'.
Let X be the subspace of H(curl, Q) defined by

X = {q € H(curl,Q); curlq-n=0 in H_l/Q(F)} .
Proposition 2.2. The space X is closed in H(curl, Q). Moreover, we have the direct sum
1 (X) = curlp (HW‘(F)) S H.
Proof. If q € H(curl, Q) then it is clear that curl q € H(div, 2) where
H(div, Q) := {u € L*(Q); divu € L*(Q)} -

This space is endowed with the norm Hu||il(Oliv Q) = ||u||(2) o+ [/div qu,Q. It is well known that the normal trace

operator v — v - n is linear continuous from H(div, ) onto H™/2(T"). Thus X is the kernel of a continuous
linear operator on H(curl, Q) and the first assertion of the proposition follows.
Taking v = Vi in (1) with » € H2(Q2) we obtain:
—(uAn, Vrp)or = (curlu, Vp)og = (curlu-n, ¢)or, VYue D).
Now, by definition of divp
(dive(uAn), ), o = (curlu-n, @), p Vue D(Q)%, Vo € HY(D),

since H?(Q)r is dense in H/2(T"). Therefore, we deduce the identity

divp yv;u = curlu-n YVu € H(curl, Q), 4)

by virtue of the density of D(Q)? in H(curl, Q).
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The result follows now from (4) and the following characterization of the kernel of divr (¢f. Th. 3.2 in [11])

ker (divp) NH™Y2(divp, T) = curlp(HY2(I')) & H. (5)

Proposition 2.3. The following identity holds true
(u, curlv)p o — (curlu, v)o.0 = (8w, DAZ)or Yu,veX, (6)

where g, (respectively g, ) is the component of v,u (respectively v.v) that belongs to H.

Proof. Tt turns out that Green’s formula (1) is still valid for functions u,v € H(curl, Q) if the right hand side
of the identity is adequately interpreted by means of the Hodge decomposition, see Proposition 3.7 in [11].
Identity (6) is then a direct consequence of the resulting integration by part formula. O

Theorem 2.4. Let X be the closed subspace of X defined by
X:={aeX; (q, curlRg)oo = (curlq, Rg)oo VgecH}-
Then, X may be written as a direct sum of X and R(H):
X = X ¢ R(H)
and there exists a constant ag > 0 such that
ao(lallexeurr,e) + R8allr(curte) < lallaieur o) Vq=q+Rg, €X (7)

withq € X and g, € H.

Proof. First of all, it is clear that X is a closed subspace of X. Now, notice that g € H if and only if n A g
belongs to H since divp(n A g) = —curlpg and curlp(n A g) = divr g, ¢f. [14]. Given q € X, Proposition 2.2
implies that v,q € curlp (H1/2(F)) @ H. Let g, be the component of v,q that belongs to H. Taking u = q and
v=R(nAgg,) in (6) we deduce that

lgqlly - = (curla, R(n A gg))on — (a, curl R(n A gg))o,o- (8)

It follows that a function q € X belongs to X if and only if v,q € curlp(HY/?(T)). Furthermore, the decompo-
sition q = (q — Rg,) + Rg, shows that the direct sum asserted in the Theorem holds true since q — Rg, € X.
In order to prove (7) we first observe that the continuity of the lifting R and the imbedding L(I") — V.
give
IR lexgeurnsy < Collgller-2(ame.ry = Co lglly, < Collgllor Ve € H.
We use this estimate to deduce from (8) that

2
ngHo,r <o ”qHH(curl,Q) Hn /\gq”o,r'
Combining the last two inequalities we obtain that
HquHH(curLQ) <Cs HqHH(curl,Q) Vge X

and (7) follows. O
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Proposition 2.5. The linear operator curly : H/?(I')/C — ~-(X) is an isomorphism.

Proof. As divy : V. — H=3/2(I") is continuous, H=/2(divy,T") is a closed subspace of V. and H has a finite
dimension, we deduce from (5) that curlp(HY?(T)) is closed in V’. Taking into account that ker (curly) N
HY2(I') = C (¢f. Cor. 3.7 in [14]) we deduce from the closed graph theorem that curlp : HY*(I')/C —
curlp (HY2(I)) = ~, ()A() is an isomorphism. O

3. STATEMENT OF THE PROBLEM

Our purpose is to compute eddy currents induced in the conductor 2 by an inductive coil which carries
low-frequency alternative current. We assume that there is no fields at the initial time and that j® is a given
current density. We suppose j® of the form

3B (t, %) = R[e™* ()],
where j°(x) has a bounded support included in €. and satisfies the compatibility condition div j*(x) = 0.

We may assume that all quantities occurring in Maxwell’s equations feature sinusoidal dependence on time
with a small angular frequency w > 0. We have the representations

E(t,x) := R[e"'E(x)] and H(t,x) := R[e"“'H(x)]
for the electric and magnetic fields respectively. The complex amplitudes E(x) and H(x) are then found to

be solutions of the following eddy currents model which is derived from Maxwell’s equations in time harmonic
regime after neglecting displacement currents (see [2] for a justification of this approximation):

wuH + curlE = 0 in R?; 9)
curlH = j*+0E  in R? (10)
div(eE) =0 in Q; (11)

1
H(x) =0 <H> , as |x| — oo (12)

1
E(x)=0 <H> , as |x| — oo. (13)

Here, the conductivity o, the permeability © and the electric permittivity € are real valued and bounded functions
that satisfy the conditions:

support(c) =, and o(x)>09>0 Vxe€Q;
wx) > po >0 VxeQ with pu(x)=po in Qg

e(x) >ep >0 VxeNQUsupport(j®) and e(x) = eg¢ elsewhere.

Ix”
when |x| goes uniformly to infinity. Consequently, both vector fields are square integrable on all R®. This is the
starting point in [2] to derive a variational formulation of the eddy currents model in terms of the unknown E
and study its well-posedness.

Proposition 3.1 in [2] shows that if H(x) and E(x) are solutions of (9)—(13), then, they behave as O ( L )
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In this paper, we proceed as in [9] to deduce a weak formulation that only conserves the unknown H. We
begin by testing equation (9) by a smooth function q in R? which is divergence and rotational free in Q.. Then,
we use a Green formula to obtain

w(pH, q)o rs + (B, curlq)on = 0.

Furthermore, (10) implies that E = ¢~ curl H in 2. This permits us to eliminate the electric field E from the
last equation:

w(pH, qQ)o s + (07 curl H, curl q)on = 0, (14)

for all smooth functions q that are divergence and rotational free in 2.
Equation (9) shows that H is divergence free in €2, and (10) reduces to curlH = j® in Q.. It is convenient
to change the unknown H in (14) for a function which is also rotational free in Q.. To this end, we introduce

the vector-field
s 1 i*(y)
= — 1
a*(x) 47 /Rg |x — y] dy (15)

and consider h := (H — curla®). It follows from the Biot and Savart formula that curlh = 0 in Q. and h is
evidently still divergence free in .. Let us now substitute H by h in (14):

w(ph, q)ors + (07t curlh, curlq)p o = —w(pcurla®, q)ors — (071j%, curlq)o.q- (16)
Here, the test function q satisfies the same conditions as above.

3.1. The scalar magnetic potential

We introduce the Beppo—Levi space:

p

\/l—i—|x|2

and recall that the semi-norm [[V(-)[l, o, is a norm in W*'(Q.) equivalent to the natural norm; i.e., there exists
a constant C' > 0 such that (see [28]):

W(Q.) := { distributions p in Q; € L*(Q.), Vpe L?(Q) ¢,

+IVpll o, <C IVl g, VP € WH(Qe). (17)

2
H\/ .
2
1+ x| 0.0,

We will need a basis of the finite dimensional space H(£2.) of harmonic Neumann vector-fields associated with ..
To this end, we follow [17] and consider the set {E§**, .- X%} of orientable cutting surfaces in €2, introduced
in Section 2. We fix a unit normal ny, on each ¢! pointing from the face X} of ¢ into the face X . Recall
that we denoted Q0 := Q. \ UB_ 3% For any function z € W1(QY) we use the notation [2]), := zlst — 2l
Moreover, we denote by Vz the gradient of z in the sense of distributions in QY. It belongs to L?(Q22) and
therefore it can be extended to L?(€.). We denote Vz the resulting extended vector-field.
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Theorem 3.1. For any k = 1,---, B, the problems: Find z € W(Q2) such that

Az, =0 in QY

%20 on T

9o (18)
{ﬁ} =0 on I, (=1, B

On |,

[2k]e = Oke  on XY, L=1,--- B;

admit unique solutions. Moreover, the set {ﬁzk, k=1,--- ,B} is a basis of H(S.).
We have the following representation of rotational free vector-fields in Q., see Remark 7 in [17].
Lemma 3.2. It holds that
{ueL*(Q); curlu=0 in Q.} = V(W' (Q)) & H().

Moreover the sum is L*(§2.)-orthogonal.

It follows that there exist functions 1 and ¢ in W!(Q,.) and unique sets of coefficients {3, k=1,---, B}

and {Cx, k=1,---, B} such that hlg, = V¢ + Y0, B V2 and qlo, == Vo + S0, Vzr. The L2(Q,)-
orthogonality of V(W(£,.)) and H(2.) gives

B
(h7 q)07Qc = (vw7 v@)O,Qc + Z ﬁkzé (62’76’ 62’2)

0,00
k,0=1

and, recalling that Ay = divh = 0, Green’s formula yields (Lem. 3.10 in [3]):

0y 5 ou
(ha q)O,Qc = < 790> + ﬂkc < 71> .
on 1/2,0 Z “\ on 1/2,3¢xt

k=1

We introduce the matrix N := (<%7 1>1/2 zcxt> Iy . It is clear that N , = Ng’k and, due to (17), a vector
A0 k=18

¢ € CP satisfies
B B
N¢- (= (v (chzk> Y (Zm)) =0
k=1 k=1 Q0

if and only if ¢ = 0. This means that N is Hermitian and positive definite.
After multiplying equation (16) by i;g and substituting the term (h, q)o.o, by the expression obtained above
we arrive at the following identity:

a(h, q) — (1 +1) <g—ﬁ7<p>l/2r +(1+)NB-¢ =

— (1 +9)(p/po curla®, q)oq + (1 +1) (curla® -n,¢); p -, (19)
where 8 := (B )k=1,....B; € := (Ck)k=1,..., B and

a(h, q) = (1+1)(u/poh, @)oo + (1 —)/(wpo) (0~ curlh, curl )0
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3.2. Boundary integral equations

Let E(x,y) := m
it has the following integral representation:

be the fundamental solution of the Laplace equation in R3. As v is harmonic in Q.,

P(x) = 8E(X y y)d&, — /E b'e y &y Vx € g,
r on(y)

which, in its turn, provides boundary integral identities relating on I' the trace of 1) and its normal derivative
= u/poh - n, denoted from now on A (cf. [16]):

b = (%zwc) b= VX (20)

A= —Hi+ (%I— IC’) A (21)

The operators involved in (20) are the single layer potential V and the double layer potential K. They are
formally defined by

IE(x,y)
r On(y)
respectively. We recall below some well-known properties of V and K (see [22]).

Lemma 3.3. The operators K : HY/?(T') — HY2(T") and V : H-Y/2(I') — HY2(T) are bounded. Moreover there
exists a; > 0 such that

/E (x,y)A(x)dEy, and Ko(x):= p(y)dé, (xeT),

<777V7I>1/2 r<a H’I” /2> Vn € H_l/Q(F)-

We introduce the adjoint operator i, : V. — V' of 7w, and define V:.=Vo i, where V is assumed here to
act component wise on vector-fields ir(X) € V' for any A € V.. It is evident that V : V. — V is linear
and continuous. The boundary integral operators involved in equation (21) are X', the adjoint of &, and the
hypersingular operator

9 IE(x,y)
on(x) Jr On(y)
which is related, as we will see in the following result, to the single layer operator V wvia tangential derivatives.

Lemma 3.4. The operator H : HY/?(T') — H~'/2(I") is bounded and it is related to % by means of the following
identity:

Ho(x) = —

p(y)d§y, (xel),

(H, @)1 jor = <curlr @, ™,V (curlp E)>v' v Vi, o € HY2(T). (22)

Moreover, there exists a constant o > 0 such that
2
(He, o)1 /o0 2 2 l@lemy,c Ve € H'/2(I)/C.

Proof. The proof given in Theorem 3.3.2 in [28] for the continuity of H : H'/2(I") — H~'/2(T") is valid verbatim
for Lipschitz boundaries. See also Theorem 7.8 in [22].

We will also show that the reasoning given in Theorem 3.3.2 in [28] to deduce the relationship between %
and H in the case of a regular boundary I' can be adapted to our case.

Let us introduce the Hilbert space

Z::{UEHl(Q)/(Cxwl(QC); Av =0 1in Q and Q, [g—fj ZO},
r
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where the brackets [-]r represent the jump across I'. Thus,

], = %o 25

We associate to any function ¢ € H'/2(T) the unique solution u, € Z of the variational formulation

0
(Vug, Vu)o.a + (Vue, Vv)oa, = <g07 —U> Yo e Z. (23)
On 1/2,0

The gradient of u, in the sense of D'(R? \ I') belongs to L?(R3\ T'). We extend it to L?(R?®) and denote, as

before, the resulting vector-field %uw. A proof similar to the one given in [15] for Lemma 3.1 permits one to
obtain the following jump relation

Vu, = Vg — ndp  in D' (R%)®,
where (¢ndr, z)p, sy xprs) = (@ 2lr -n)op for all z € D(R?)?. Besides, we deduce from the fact that
div (%ucp) = 0 the equation

—-A (%1%) = curl curl(yndr)

and thus _
Vu, = E * curl curl(¢ndr).
Now, notice that the identities

3
(curl(pndr), z)p/ gs)xprs) = (¢, curlz-n)or = (¢, curlp(r-2))or Vz €D (R?)
lead to the expression curl(yndr) = i, (curlr p)dr. Consequently, we may write
ﬁqu = curl §(i, curlr ¢)

where S is the vector layer potential:
Sz(x) = / E(x,y)z(y)dé, VzeC'(D)? (xeR*\T).
r

We recall here that S can be extended to a continuous mapping S : V/ — W! (]R3)3, see Proposition 4.1 in [15].
We deduce from (23) and the fact that Hy = % the identity (see the proof of Th. 3.3.2 in [28])

(M, @)1 jor = (Vi 6u¢>0R3 Vb, o € HY2(T).

Using the expression obtained above for 61@, gives

(M, )1 jor = <curl$(i7T curlr ¢), 61@,)0 o + (curlS(i7T curlr ¢), 61@,)0 qQ

Notice now that Green’s formula (1) is valid in Q. for functions v € W'(Q.)? and u € H(curl, Q.) by virtue of
the density of D(2.)? in both W!(Q,)? and H(curl,2.), cf. [19,28]. Then, we may apply (1) separately in
and 2. and add up to arrive at

(curl S(ir curlp v), 611@) oo + (Curl S(in curlp v), 611@) .

o = <{% (6@,)]11, S (i,, curlr E)>

VXV,
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Taking into account that [’yr (%uwﬂ = curlp [us(,] = curlr ¢ we obtain
r

(H, <p>1/2,r = <cur1p P, 7S (i,, curlp E»V;xvﬂ )

and identity (22) follows since m, 0 So i, =7, 0 V.
Finally, the H'/?(T") /C-coercivity of H is a direct consequence of Proposition 2.5 and Theorem 4.2 in [15],
which states that there exists a constant a3 > 0 such that

(v >> > 2. YueV. 24
(wre (V) . Zosluly, VeV (24)

3.3. The variational formulation

Our purpose now is to perform the coupling of the boundary integral equations (20) and (21) with (19). First
of all, the continuity of the tangential trace of the magnetic field on I" implies that v.h = curlp ¢ + Ele Br8k»
where g, := 7,(Vzi) € H. Thus, it is clear that we have to ask h to be in the Hilbert space X. Furthermore,
Theorem 2.4 ensures the existence of a unique vector-field h € X such that hijg = h+ Zle O Rgr with

curlpy) = y,h. For any test function q € X, we will also write dqlo = g+ Zszl CrRgr with self evident
notations. Combining equations (20) and (21) with (19) we deduce that our problem may be formulated as

follows: find h € X, 8 € CB and A € Hy '/*(T") such that

A((5.6).@0) = a4 0(A (FT-K)0) = =0+ /o curlat o + (1+0) furla 0.l

1/2,7
(%I—K)z/)—i-]))\ =0,
(25)

forallq € X and for all ¢ € CB whereq and ¢ € H'/2 (T")/C are related on T" by curlr ¢ = v,q. The sesquilineal
form A(,-) is defined by

A((B8). @) =a (ﬁ £ ARE iC@Rge> + (L +0)NB-C+d (b, 7-4)
k=1 (=1
where

d (’yrﬁ,VTG) = (1+1) <%(;1, Tr <9%ﬁ)>v;xvﬂ .

By virtue of Proposition 2.5 we may write ¢ = curll?1 ’}/Tﬁ and p = curll?1 ~v-q. Furthermore, Lemma 3.3
and the fact that K1 = —1/2 prove that +Z — K is bounded from HY/2(I')/C into itself. Consequently, (A1 -

K)curlyt @ 4, (X) — HY?(I")/C is continuous. We may then eliminate the scalar potential ¢ from our weak
formulation. Indeed, testing the complex conjugate of the second equation of (25) with (1 — )77 we obtain:

d( )eXxCBand/\eH1/2()suchthat;

A((B.8). @Q) ~b(ra N = L(@<) vaeX, v ecr (26)

b*(v7h, ) +e(A ) = 0 Vi € Hy V/*(1),
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where

1 B . —
b(v-q,n) := (1 +1) <77, (51 - /C) Curlrl(%q)> b*(v-q,m) == b(v-q, 1)
1/2,7
and
c(A\n) = (1—1) (7, VA>1/2,F :

The right-hand side is given by

B

L((a,€)) == —(1+2) (M/Mo curla®, g+ » Ckng> + (L4 2){(7-q, mra%)ys oy, -
k=1 0,9

)

Let W := ()A( X (CB> X Hgl/z(l“). We simplify the notation and denote h := ((fl,ﬁ) ,A) and q := ((q,¢),n)
the elements of W. The space W is provided with its natural Hilbertian norm:

~112 2 2 2
@12, = Nl carnan + ISI12+ 0112 4o

We introduce the sesquilinear form

A(R,a) =4 ((B.8). @) —b(aN) +b" (vhn) +ec(An)

and denote
F(q) := L((@; €))-
Problem (26) may be written in terms of these notations:

find h € W;
~ (27)
A (h7 a) — F(@@) YgeWw.

Proposition 3.5. Problem (27) has a unique solution.

Proof. We deduce from the results given in Section 2 and from Lemma 3.3 that A(-,-) and £(-) are bounded.
Moreover, we have the identity

R[A(aq, q)] = R[A((4, ), (@, ¢)) +c(n,n)].
Thus, Lemma 3.3 gives rise to the following inequality

2

B
RIA(q,q)] > min{L a+ > (Rek + pmin(N) (€ +ar [, o YaEW,
k=1

H(curl,Q)

min, 50 ' (x) }
wWHo

where ppmin(IN) > 0 denotes the smallest eigenvalue of N. Applying (7) we deduce that there exists a constant
o > 0 such that

RA@ D] > o alyy,  vaeW,
where we used that the norms ¢ — szle CkngH and ¢ — || are equivalent in CP. The result is

H(curl,Q)
then a consequence of the Lax—Milgram lemma. O
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Notice that in the particular case of a simply connected domain €2, the unknown 3 equals zero and then
problem (27) reduces to:

find (b, A) € X x Hy /A1),
A ((B1) @m) = L(@0) ¥@.n) e X xHy (1),

where

A (1), @m) = A((5,0), @0)) = b(r-@ )+ (3h,1) +c(An).

4. THE DISCRETE SPACES

In what follows we assume that 2 has a polyhedral boundary. Let 75 be a regular family of tetrahedral
meshes of 2. As usual, h stands for the largest diameter of all tetrahedron T in 75,. Notice that 7, induces
on I' a triangulation 73 (I") composed of triangles. We may assume, without loss of generality, that for all
k =1,---, B, the boundaries 77" := 9X¢*" and 7" := 9Xi"® are closed paths of I formed by edges of 7,(T")
and that they intersect only in one point.

Let us introduce Nédélec’s edge finite elements, [27]. The local representation on T of the lowest order finite
element of Nédélec is given by

ND(T):={anx+b; abeC?}:
The corresponding global space is made of functions that are locally in AD(T') and that have continuous
tangential components across the faces of the triangulation 7p,:

ND,(Q) := {q € H(curl,Q); qr € ND(T), VT € Tp,} -

Let us introduce the space X, := NDp(Q) N X. We will seek an approximation of the first unknown h of
problem (27) in

X, = {q € Xp; /q -tds =0, for all closed paths 7 of edges in Th(I‘)} ,
¥

where t is a unit tangential vector along . The finite dimensional space M}, corresponding to the unknown A
is given by piecewise constant functions relative to the triangulation of I':

M, = {Tl e L3(I); /ndf =0, np €C for all face F' of Th(F)} .
r

Let us show that we are constructing a conforming approximation scheme. We first introduce some notations:
For any oriented closed path v C I' and for any p € HY(T'\ 7) we denote by [p], the jump of p across y. We
will also denote by Vrp the extension to L2(T') of the tangential gradient Vrp of p in the sense of D'(I"\ 7).
Similarly, ch;lrp will represent the extension of the tangential rotational of p to LZ(T).

Proposition 4.1. The finite dimensional space )A(h s a subspace of X.
Proof. Let us first report a result due to Buffa [11]: The space H is spanned by {61"]7?“, k=1,-- -,B} U
{ﬁrpik“t, k=1---, B} where, for each k, p¢** € HY(I' \ 4&**) and pi"® € HI(T' \ 4i"*) are the unique (up to a

constant) solutions of
—Arp$* =0 in D\~
(29)

ext

K e =1, [VepR® - v e =0,

Tk



A BEM-FEM METHOD FOR A 3-D EDDY CURRENT PROBLEM 305

and . .
—Arp?* =0 inD\y™
(30)

int

[pk],‘{;cnt = 1, [vrpiknt “ VY = O’

],Y;Cnt

ext

respectively. We denoted here by v$*t (respectively i) a normal unit vector to y¢*t (respectively vint) that
lies in the tangent plane of I'.

Let q be an arbitrary element of )A(h and gy := 61"]9]?(‘: An = c/l;lrpi"t € H. We apply (1) to obtain

(a, curl Rg)o.o — (curla, Reelo.o — / g~ (0 AEy) dé
N

and, recalling that divp(y-q) = 0, an integration by part formula yields:

[rra-magods= [ vaFemtde= [ v vl ds= [ (@am-vptds

r F\,\/zxt ,szt k ,Yext

The last integral vanishes since (qAn) - v = q- (n Av§*) and n A v§* is a unit tangential vector along y¢**.
Repeating the same steps with gy := Vpp'};‘t An, (k=1,---,B), we arrive at the conclusion that

(qa curl Rg)O,Q - (Curl qQ, Rg)O,Q = Oa Vg € H7
and the result follows. O

4.1. An explicit basis of )/ih

We introduce
Ep = {E edge of Tp; E ¢ T}, V} = {v vertex of T;,(T")} and F}, := {F face of T;,(I')}-

We assume that the sets 82, V,l; and .7-",1: are numbered and, in the sequel, vy stands for the last vertex of V,l;
and Fy stands for the last face of .7-",1: .

For any vertex v of 7;, we denote by ¢, the piecewise linear and continuous function characterized by
0o (V') = Oy for all vertex v’ of 7,. Now, given any edge E of 7, we denote by qg the function uniquely
determined in N'Dj(2) by the conditions [, qp - tpds = dpp for all edge E' of 7. The following result

provides an explicit basis of the space )/ih.
Proposition 4.2. The set
B, = {ag; E€&}U{Ve,; veV, \{w}}

forms a basis of )/ih.

Proof. Let us first prove that By, is a free set of vector fields of )A(h. We consider coefficients {a e, B € 82} and

{aw; v e V) \{vo}} such that
> apap+ Y a,Ve, =0.
Ee&p v#vg

Then

Y Z apqe + Z a, Vi, | = curlp Z Qypy | =0.

Eeg) vF#vo vF#Vo
Consequently, >, £vo QwPy MUSE be constant on I'. However, we already know that Zvg QwPu (vo) = 0. Thus,
the function }, , v, vanishes identically on I' and therefore o, = 0 for all v € VI'\ {vo}. Now, it is also
clear that ag =0 for all E € &).
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It only remains to show the inclusion
Xh g Span {Bh}
where span {Bj,} is the vectorial space spanned by Bj. We know that the tangential trace v,q of a function
q € )A(h is a divergence free piecewise constant tangential vector-field on 75(I"). Furthermore, as it has a
vanishing circulation along any closed path ~: fﬂ/ ~v-q - tds = 0. Then, there exists a (unique up to an additive

constant) piecewise linear and continuous function ¢ such that v,q = curly . The function % can be uniquely
determined by imposing the condition 1(vy) = 0. Let us consider now the extension ¢ of 1 to Q given by the

continuous and piecewise linear function that vanishes at all interior vertices. It follows that v,q = %sz and
hence _
q — Vi € ker v N NDy () = span {qE; Ee 5,3} .

We conclude by noting that Vi € span {Veu; veVi\{uv}}. O
4.2. The interpolation operator

Now, we need to introduce some useful properties of the interpolation operator Zj o relative to the Nédélec
finite element space N'Dj,(Q). For any r > 0, we introduce the Sobolev space

H' (curl,Q) .= {q € H"(Q), curlq e H"(Q)}

and endow it with its Hilbertian norm ”q”ilr(curl,ﬂ) =|lq 3,9 + ||curquf,Q. For any edge E of 7}, we denote

by tg a unit tangential vector along E and introduce the moments mg(q) defined for a regular function q by

mg(q) ::/ q-tgds.
E

If v is a path formed by edges E of 7, we will also denote m(q) :=3_ 5., Jpa-teds.

It turns out that if » > 1/2 then, one may use a duality argument to extend the definition of mg(q) to any
function q € H"(curl, §2), see Lemma 5.1 in [1] or Lemma 4.7 in [3]. It follows that the interpolation operator
Th.a: H(curl, Q) — N'D;,(Q) associated to the edge finite element, which is characterized by

/ Thoq-tgpds =mg(q) for all edge F of 7j, (31)
E

is uniformly bounded and we have the following interpolation error estimate (Prop. 5.6 in [1]):

la - Znoalmenno) < C 1l ey Va € H (curl, ), (1/2<r < 1). (32)

Proposition 4.3. Let r be a real number > 1/2. If q € H"(curl, Q) N X then Ih.0q belongs to )/ih.
Proof. We will first prove that
qe H'(curl,Q); curlg-n=0 = curl(Z,oq) n=0. (33)

Let F' be an arbitrary face of 7;,(I"). Applying Stokes’ theorem yields

/ curl(Z} oq) -ndé = / (v+Ih,0q) -npds = / Ihoq-trds,
F oF OF

where ng is the unit normal vector along OF and tr := n Anpg is a unit tangential vector along OF'. Hence, by
virtue of (31)

/ curl(Z oq) -ndé = / Thodq-trpds =mpr(q) = / curlq-ndé =0.
F OF F
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It follows that (33) holds true since curl(Zj, oq) - n € M, for all g € H"(curl, Q) N X.
Now, using Green’s formula (1) and following the steps given in the proof of Proposition 4.1 we obtain that

H' (curl, Q) NX = {q € H'(cur, Q) NX; mm(q) =0 and mye(q)=0 Vk=1,-- -,B} .

Let v be an arbitrary closed path of edges in 7, (T") and let ¥ be a connected open surface contained in Q and
such that 03 = . It is clear that we can choose ¥ in such a way that X7*NX = @ or 2" N X = () for some
index k € {1,---, B}. To fix the ideas, let us assume that ko € {1, --, B} is such that Ez’gtﬁE = (). We consider

a Lipschitz open set V that satisfies V C Q, U Ei’gt C OV and OV \ (XU Ei’gt) C I'. Then, by Gauss’ formula,

0:/ curlq-ndfz/curlq-ndf—f—/ curlqg-nd¢ VqEHT(curl,Q)ﬁf(
v b b

ext
ko

and by Stokes’ formula

m'y(Q)Z/Zcurlq.ndg:_/Z

Thus, we have just shown that

curlg-nd{ = -mx(q) =0 Vqe€ H (curl, Q)N X.
0

ext
ko

H' (curl, Q) N X = {q € H'(curl, Q) N X; m,(q) =0, for all closed paths 7 of edges in 7, (I")} -

After this new characterization of the space H"(curl, Q) N X, the result is a direct consequence of (33) and the
definition (31) of the interpolation operator 7 q. O
5. THE GALERKIN METHOD IN THE SIMPLY CONNECTED CASE

In this section we will study separately the discrete scheme of problem (27) when {2 is simply connected. By
virtue of the finite element spaces introduced in the previous section, the Galerkin scheme reads

find (ﬁh,Ah> € Xy, x My;
. R (34)
Ase (B M) . @n) = L(@.0) V(@.n) € Xn x M.

~

Theorem 5.1. Assume that the exact solution <ﬁ, /\> of (28) belongs to (H" (curl, Q) x H'~Y/2(I")) N (X x
Hal/Q(F)) for some 1/2 < r < 1. Then, there exists a constant C independent of h such that

h—h

B =]y A= Al < O (Il - leurd bl g A, )

Proof. We deduce from Proposition 4.3 and Céa’s estimate
2 1/2 N 2 1/2
h—hH A=l ) <C if (Hh—aH Fir—nl? )
(s e o ey TN

that

~ ~ 2 2 1/2 2 2
(Hh a hhHH(curl,Q) A=Al o < C(lh = Tnobllgieuen o) + 1A = 1A 1 o.0) 2,
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where pj, is L2(I")-orthogonal projection operator onto the subspace of piecewise constant functions with respect
to 7p,(T"). Then, the theorem follows directly from (32) and the fact that

A= prA 1 jor S CR A1y, YAEHTVAT). (35)
O

5.1. Matrix form of the discrete problem

We denote by 1p(x) the indicator function of a face F' € F} and by |F| its area. Then, it is straightforward
that the set ) )
{ort0) = 10— im0 Fe A\ ()
is a basis of Mj,. R
We have at our disposal explicit basis of both X} and Mj,. Hence, we are in a position to give the matricial
formulation of the discrete problem (34). If we set

hy(x) = > heaex) + > Ve, (x)

Ee&y veVi\{vo}

and

M) = > Appr(x)
FeF,\{Fo}
the linear system associated to (34) takes the following form

A2 (1) (AT 0 h® 1
14+2)A%  AY4+D  (1+)(B)"T | | | = f (36)
0 (1-1)B -V A 0

with the obvious definition for h>, h' and A and where the superscript (-)T denotes transposition. The entries
of the matrices that appears in (36) are defined by:

A% po=alas,as) AR = (0/poas, Veu)oo
Aﬁv, = (14 0)(p/poVes, Vou oo D, = (14 1)(curlr ¢, 7.V curlr ¢y, )o,r
By r = —(pr,(1/2 = K)py)or Vier = (1 —1)(pr, Vpr)or.

The right hand side is given by

fi=—(1+9)(p/pocurla’, qploe  f, = (1+2)(a’, curlp @, )or-

Notice that although the inverse of the tangential operator curly is used in the definition of the form b(vy.q, 1),
it does not take place in the computation of the entries of the corresponding matrix B. Therefore the numerical
scheme is implementable. Suitable choices of quadrature formulae for the computation of the singular boundary
integrals and efficient strategies for the resolution of the linear system (whose matrix is not Hermitian) are the
aim of forthcoming work.

6. THE DISCRETE PROBLEM IN THE NON-SIMPLY CONNECTED CASE

When (2 is not simply connected, we need several types of approximations of the harmonic Neumann vector-
fields H(Q.) in order to derive the completely discrete problem. The discretization process requires the resolution
of the following auxiliary problems.
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6.1. First auxiliary problem

Our first goal consists in computing an approximation Ny of matrix N. In other words, it is necessary to

obtain approximations of the fluxes <<%7 1>1 /2 Eext) of the harmonic Neumann vector-fields across
27 ) ke=1,,B

the cutting surfaces X§**. To this end, for each k, we solve the exterior problem (18) by a scheme based on a
coupling of the Raviart—Thomas finite element method with a boundary element method, [26].

Let us consider a connected and simply connected polyhedron O such that QU (Ulefi)(t) C O. We set

—ext

Q° ::0\{§u (u,f”:lzk )} Q:=0\0 and A:=90.
We deduce immediately from (18) that py := 62k|Q belongs to the following closed subspace of H(div, Q)
Y — {q €L2(Q); divg=0in Qand g/r -n=0in H—W‘(r)}
and satisfies the variational equation
Pk, @o,@ = (q - g, 1>1/2,2§xt +(q-n, 5k>1/2,A Vqgey,

where we are assuming that the normal vector n on A is pointing from @ into R3\ O. Furthermore, as z;, is
harmonic in R?\ O we deduce that the last equation may be coupled with boundary integral equations (similar
to (20) and (21)) relating z; and its normal derivative py -n on A. This leads to the following weak formulation
(see [26] for more details):

find pr € Y and ¢, € HY/2(A)/C such that;

_ - _ 1 — _
(pka q)O,Q + <q -1, Vpk : n>1/2,/\ - <q -1, <§I+ K) ¢k> = <q N, 1>1/27EiXt ) (37)
1/2,A

1
_ <<§I+ }C) P: - 1, X> — (Hor, X>1/2,A =0,
1/2,A

for all functions q € Y and y € H'/2(A)/C. We point out here that the variable ¢, represents (up to an additive
constant) the trace of z; on A.

Let us now consider a regular family of triangulations {7, (Q)}, of @ by tetrahedra T" of diameter no greater
than h > 0. We assume that, for any h, the set 7;,(Q) U 7,(Q) is a triangulation of . This implies that the
triangulation induced by 75, (Q) on I is identical to 7,(I"). We may assume, without loss of generality, that the
cutting surfaces X9 is union of faces of tetrahedra T' € 7,(Q) for each mesh 7,(Q). Finally, we denote by
71 (A) the triangulation induced by 75,(Q) on A.

We introduce a conforming discretization of H(div,2) with the aid of lowest order Raviart-Thomas finite
element space (cf. [10,29])

RTH(Q) == {q € H(div,Q); dq|r € RT(T) VT € T,(Q)}

where RT(T) := {ax+b, a € C, be C3}.
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The discrete counterpart of problem (37) is formulated as follows:

find pr,n € Y and ¢p,n € V5, /C such that;

_ _ _ 1 - _
(Prns @o.Q + (A 0, VByp 1), ) — <q o <§I+ IC) ¢k’h>1/2 A (@1, D1y mpe (38)

1
- <<§I+ /CI) Pkh - 1, X> — (Hbrn:X)1 720 = 03
1/2,A

for all functions q € Y, and x € ¥, /C, where Y, := R7,(Q)NY and ¥y, is the space of piecewise linear and
continuous functions on A with respect to 7p,(A).

We point out that, for the sake of brevity, we deliberately eliminated here the Lagrange multiplier associated
to the constraint div pr = 0. However, in practice it is a hard task to find a basis of Y}, because of the divergence
free condition. Usually, it is more convenient to implement the discrete problem:

find pr € R’T?L(Q), ¢r,n € Yy, /C and 2, € M)y, such that;

1
(Pk,hs A)o,@ + (VPk,p - m, @-n)oa — ((51 + ’C) Pk,hy Q- n) = (1, @ ng)o zext;
0,A (39)

— (pk,h -n, (%I + IC) X)O,A — (V(curlyr ¢p 1), curlr x)oa = 0;

(dink,h, U)O,Q = 0;
for all functions q € RTY(Q), x € ¥,,/C and v € M;, where RT%(Q) := {q € RT#(Q); q|r -n =0} and
the multiplier zj 5 lives in the space M) of piecewise constant functions with respect to 75(Q). We know
from [26] that (39) is a well posed problem. Notice that, here again, we also take advantage of Lemma 3.4 and

substitute H by V since the latter integral operator have a less severe singularity.
Once the function py pcomputed for 1 < k < B, we may approximate N by the matrix

Ny, = (/ Pk,h -nd§>
sext

6.2. Second auxiliary problem

1<k (<B

We are now concerned with the problem of finding an adequate approximation of the lifting Rg to 2 of the
tangential trace gi := v,px. To this end, we must first provide an approximation g » of gr. Notice that it is
not suitable to obtain such an approximation from the solution of problem (38) since py,, furnishes only good
approximations of the fluxes of pi. Thus, we are obliged to solve a new auxiliary problem. Fortunately, the
problem can be posed in the bounded domain Q.

We deduce from Proposition 3.14 in [3] that the space of harmonic Neumann vector-fields H(€.) is also

spanned by the functions {%w;€7 k=1,---, B}7 where for any k= 1,---, B, wy € W(Q2) solves

Awp =0 in QY
% =0 on I';

[wi]e = const. and [— =0, ¢=1,---,B; (40)
on |,

<%, 1> = 6w, €=1,---,B.
on 1/2,58xt

8wk}
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It is straightforward that the two basis of H(€2.) are related by

wzzB:[w]z andzzi%1> w
k kle Ze k o’ - ¢

=1 =1
The last identities may also be written

B

B
Wy = Z N];% zg and zp = Z Nk’g Wy (41)
(=1 =1

since it is clear that Zle <88ilf, 1>1/2 stext [wile = ke, 1 <k, £ < B.
Let us introduce the closed subspace © of H}(Q) defined by
0= {9 c HY(Q"); [0]¢ = const., £=1,--- ,B} .

We notice that (41) yields 92|y = 3777 | Nkﬁ‘?;f |a. Thus, following the steps given in the proof of Proposi-
tion 3.14 in [3], one can see that the solution of (40) satisfies the variational formulation

find wy, € ©/C such that;

o (42)
(Vwg, VO)ogo = [0k + D> Ny (pe-m, 0),,,, V0€O/C;
=1

where we still denote here by py the solution of (37). This problem has a unique solution by virtue of the
Lax-Milgram lemma.
We introduce
Op = {0 € HY(Q"); 0|7 € P1(T), VT € T,(Q) and [f], = const. 1 < ¢ < B},

where P (T') the space of linear functions on T'. Consider the following discrete version of problem (42):

find Wk,h € G)h/(C such that;

(Vwypn, V0.0 = [0 k+z )i (Penm, 0), 5 VO €O,/C;

where pg, is the solution of (38) and {( W
We can now take

e 1<k 1< B} are the entries of matrix N;l

kb 1= Vr (631@11) = curlprzg

where zj p, == Zéle(Nh)k,’g we,p, for any 1 <k < B.

6.3. Third auxiliary problem

Let us introduce a discrete version Ry, : vr (NDr(Q)) — NDp(Q) of the right inverse R of ~y,. To this end,
for any gy, € v, (NDy(Q)), we consider the unique solution Rygy of

find Rpgn € NDp(Q) such that v, Rrgn = gn and
(44)
(Rughs A)H(curl,0) =0 Vq € NDp(Q) Nker ;.
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Notice that the vector-fields ﬁzk,h, k = 1,---,B, belong to ND(Q). It follows that gip = ’yf(ﬁz;@h) €
Y+ (NDr(Q)) = v+ (NDp(Q2)). Hence, we are allowed to extend each tangential vector-field gy 5 to € by means
of the discrete operator Ry, i.e., for each k =1,---, B, we can compute Rpgk.n € N Dy ().

With this last ingredient, we are now ready to define the discrete problem corresponding to (27).

6.4. Discrete version of problem (27)

Let us denote Wy, := <)A(h X (CB> x Mp. We introduce the following discrete problem associated to (27):

find ﬁh € Wy;
. (45)

Ay (Bn,@) = Fu(@ ¥a e Wi,

where 5
Fn(@) = —(1+2)(u/po curla®, G+ Y GRugrn)o.0 + (1 +1) (18, 7a%)ys oy,
k=1
and ~ R N
An (B,@) = 4, ((B.8) . @) = b3 A) +b" (3hn) +e(Am)

with

Ap ((Rﬁ) , (d, C)) =a (ﬁ + iﬂthgk,h; q+ iQRth,h> +(1+)NpB-(+d (%—fl’ %—CAI> .

k=1 (=1
7. CONVERGENCE ANALYSIS IN THE NON-SIMPLY CONNECTED CASE

7.1. Analysis corresponding to the first auxiliary problem

In the sequel, we denote by sg € (1/2, 1) the exponent of maximal regularity in @ of the solution of
Laplace operators with L?(Q) right-hand side and homogeneous Neumann boundary datum (see Rem. 3.8
in [3]). Similarly, sq is the exponent of maximal regularity in Q of Laplace operators with L2(Q) right-hand
side and homogeneous Neumann boundary datum.

Theorem 7.1. The principal unknown py of (37) belongs to H*(Q) for all 0 < s < sq.
Proof. We know from Theorem 4.3 in [1] that for each § € (0, 1/2) the space

{q € H(curl,Q) NH(div,Q); q-n € H‘s(aQ)}

is continuously embedded in H¢(Q), where 0 < € < min(1/2 + 4§, sq).

In our case, p; -n =0 on I' and py, is the gradient of a function that is harmonic in an open neighborhood
of A. By virtue of the local character of the regularity of solutions of Laplace equation we deduce that the
regularity of p, depends only on sq. O

Theorem 7.2. Problems (37) and (38) are well posed and there exists a constant C > 0 independent of h such
that
Pk = Prnllo.g + 196 = Grbllgsza)c < CR° {”pkHs,Q + ||¢kHs+1/2,A} for all 1/2 <'s < sq.

Proof. The well posedness of (37) and (38) can be obtained from [26] by reproducing verbatim the proof given
there in the bidimensional case. However, as we are not considering the Lagrange multiplier corresponding
to the divergence free condition, there is no need here of the so called inf-sup condition. The properties of
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the integral operators given in Lemma 3.3 and Lemma 3.4 shows that the Lax—Milgram theorem applies here
directly to provide existence and uniqueness for problem (37) and Céa’s lemma gives the following abstract
error estimate

\Hm(/\)/c < Co { inf |(Pk, %) — (@, X)||L2(Q)><H1/2(A)/<C} ) (46)

— + —
1Pk = Prnllo.q + 10k — Prn o o e

Let IIj, o be the classical interpolation operator related to R7 1 (Q), see [10,29] for the definition and basic
properties. We know that II5 ¢ : 'Y N H?*(Q) — Y}, is uniformly bounded for all s > 1/2 and the interpolation
error estimate

la—Mhedllyg <Cik'lldll, o Yace YNHY(Q), (1/2<s<1)

holds true. In fact, in the classical literature [10,29], the proof of the last estimate is only given for integer
values of s. However, the proof for 1/2 < s < 1 may also be obtained by the usual Bramble-Hilbert lemma and
some scaling arguments close to those derived in Lemma 5.5 in [1].

Let us now consider the Lagrange interpolation operator £, o defined from the space of continuous functions
on A onto V¥y,. It is well known that the estimate

I = Lraxlljzn < Coh IXlprjon VX €HTV2(A) (s> 0)

is satisfied for some constant Cy > 0 that only depends on the shape regularity of the mesh.
We conclude by using the last two interpolation error estimates and (46). (]

Corollary 7.3. There exists an hg € (0, 1) such that Ny, is invertible for all 0 < h < hg. Moreover, we have
the error estimate

IN =Nl + [N = NG| < O max {Ipell, g + Nkl jon } s (0 <h<ho),

for some constant C independent of h.

Proof. We deduce from the continuity of the normal trace on ¥; in Y C H(div, Q) that

((Pk = Prp) 1, 1) 5 | SCLIPE—Prally g (1<£<B).

Hence, applying Theorem 7.2, we obtain the estimate

IN = Nul| < Comax lpx — rallg g < Ca h* max { il + 168l /2.0 ) (47)
Now, recall that N is Hermitian and positive definite and hence it is invertible. Considering the Neumann
series, it is easy to prove that if hg € (0, 1) is such that |N7Y(N —N,,)|| < 1/2 for all 0 < h < hg then N !
exists and

N~

-1
HNh H < 1— HN—l(Nh _ N)

<2 INTH| (0 < B < ho).

Finally,
INTH NG = NN NONG | < 2N N - N

and the remaining estimate follows from (47). O
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7.2. Analysis corresponding to the second auxiliary problem

Theorem 7.4. There exists a constant C independent of h such that

IV, = Vurally g < C b max {Ipkll, g + I0rll,s1/00 ] (1/2< 5 < 50).

Proof. Straightforward manipulations yield to the following first Strang estimate
IV (wr = wrn)llo,go < 2 mf {1V (wr = 6)llo,qo

B _ _
=1 k,; Ao N hl ke \Peh "1 Ujq 9 A
> =1 |Nj¢ (pe-m, 0) (N}, ke (Pen - m, 0)
+ sup .
0o, /C IV61lo,0

The second term in the right-hand side of the last inequality is bounded as follows:
Ny o (pe-m, ), — (Ngl)k,g (Pe.n - m, 9>1/2,A)

= C{HNil - Ni:1|| )<p£,h ‘n, 9>1/2,A‘ + HN71H )<p€ "= Pyp -1y 9>1/2,A‘} ’

Trace theorems give
-1 -1
Ny ¢ (P - m, 9>1/2,A - (Nh )k,e (Pen -, 0>1/2,A)

<c{IN"" =N Ipen

0.0} 111100

It is well known that the semi-norm [|[V(-)[, o is equivalent to ||-[[; o on HY(Q")/C. Thus, we arrive at the
estimate

lo.o + INTH]| [pe = pe,n

N,;; (P¢ - m, 9>1/2,A - (lel)kﬁ (pe,n - 1, 0>1/2,A‘
1V0]]o,qo

<IN =N Ipenllo g + [N Ipe = pen

‘o,Q}'

(48)
Now, let us introduce the Nédélec finite element space relative to the triangulation 7, (Q):

NDw(Q) == {a € H(curl, Q); qir € ND(T), VT € T,(Q)} -

We denote by Z, ¢ the associated interpolation operator. Owing to Theorem 7.1, we have that ﬁwk\Q e H*(Q)
for all 1/2 < s < sq. Thus, Zj, o(Vwy) is well defined and Remark 5.6 in [19] implies that curl Z, o (Vwg) = 0
since curl(Vwy) = 0. Applying Lemma 4.3 in [3] we deduce that Zj, o(Vwy,) is the gradient of a function in ©j,.
It follows that _ _

egghnvu%——VWH&Qof;HVW%-—Zh¢Q<VU%>HQQ.
An interpolation error estimate similar to (32) gives now

inf || Vwy, — V0||y g0 < Ch* || Vuy,
0€O), ’

(1/2 < s < sq),

5,Q

and the result follows from the last inequality (48), Theorem 7.2 and Corollary 7.3. (]



A BEM-FEM METHOD FOR A 3-D EDDY CURRENT PROBLEM 315

Corollary 7.5. For any 1 < k < B, let

B

Zhh i= Z(Nh)k,e We .-
=1

Then, there exists a constant C' independent of h such that

H€Zk - 62%7]1”0@ <Ch* m]?X{HpkHS,Q + HqﬁkHSH/Q,A} for all 1/2 < s < sq.

)

Proof. The triangle inequality yields
H€Zk — §zth < |INR]| maxH%wk — ﬁw;@hH + |IN — Ny || max H%wkH
0,Q k 0,Q k 0,Q

and the result is then a direct consequence of Theorem 7.4 and Corollary 7.3. O

7.3. Analysis corresponding to the third auxiliary problem

For any t € (0, 1) we denote V& :=n A (H* (') An) and let
H'(divp,T) := {A € VL; divp A € VL }-

Endowed with the norm [ A|3g: i,y = IIAI7 ¢ + [[dive AlJ} p, H(divr, T) is a Hilbert space.
The following regularity result proved in Theorem A in [1] will be of utility in the sequel.

Theorem 7.6. For any 1/2 < s < sq, the extension operator R characterized by (2) is linear and bounded
from H*=Y/2(divy, T') onto H*(curl, Q).

Moreover, we have the following stability result, see Proposition 3.3 in [1].

Proposition 7.7. Assume that the family of triangulations {7,,(I")}, induced by {7}, on I' is quasi-uniform.
Then there exists a positive constant constant C' independent of h such that

HRhgh”H(curl’Q) S C thHH_l/Q(din,F) Vgh € VT(ND}L(Q))

Let us denote gk n := v+ (Zn,oPr) € YWNDR(Q)), for all k =1,---, B. We have the following auxiliary result.
Proposition 7.8. For any 1/2 < s < min(sq, sq), there exists a constant C' > 0 independent of h such that
IRgk — Ru8r.hllgcur,o) < C P IPkllg:(o) -
Proof. Let us first notice that, by virtue of Theorem 7.1, g € H*~/2(divp,T) for all 1/2 < s < s¢ (recall that
divr g = 0). Now, applying Theorem 7.6 we deduce that Rgy € H*(curl,Q) for all 1/2 < s < min(sg, sa).
Thus Zp, o Rgy, is well defined.
Now, as Rin8k.n — Zn,aRer € NDp(Q) Nker v,, we have that

(Rngk,n — In.aoRek, Ru8k.h — ZnaREk)H(curl,0) = (R&k — Zn,aREk, Ru8k.h — Zn,oREk)H (curl,0)
< Hng - IthngHH(curl,Q) HRhgk’h - IthngHH(curl,Q) .

Therefore, we obtain from the triangle inequality that

Hng - Rhgkvh”H(curl,Q) < 2 Hng - z-h»Q,R'g'If||H(cu!‘l,Q)
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and the the interpolation error estimate (32) gives
IRgk — Ru8k.nllp(eurto) < C1 h° IRkl (curtoy  (1/2 < s <min(sq, sa)).
The result follows now from Theorem 7.6 and the trace theorem in H*(Q). g

7.4. Convergence analysis of problem (45)
Let us begin with the following auxiliary lemma.

Lemma 7.9. For any 1/2 < s < min(sq, sq), there exist constants C1 and Cs independent of h such that

la(Rgk — Rngr.n, @) < C1h° [|Allicurs,o) mgx{Hpk”s,Q + ||¢k||s+1/2,A} Vq e X,

and
|a(Rgk, Rge) — a(Rugk,n, Rugen)| < C2 b7 mgX{llpk\\s,Q + ||<l5kHs+1/z,A} :

Proof. Let us first bound the term ||Rgy — Rhgk,hHH(le q)- By the triangle inequality
| Rgk — Rhgk,h“H(curl,Q) < |IRgk — Rhgk,h”H(curLg) + | Ru(8r,n — gk,h)“H(mrl,Q) .
Now, on the one hand, Proposition 7.8 yields
Hng — Rhgk,hHH(cuer < C3h® HngHHS(curl,Q) (1/2 <s < min(sQ, SQ))

and on the other hand, applying Proposition 7.7 we obtain

IRk (8k,n — 8hh) i (curt,0) < C4 18k,n = 8k llm-1/2(dive 1) -

The triangle inequality, the continuity of the tangential trace in H(curl, Q) and the fact that the functions pg,
Zh,oPk and Vzy , are rotational free, permit one to arrive at the following estimate

18k,n = 8khlle-1/2(dive ry < I8k = 8knllg—1/2(aive,r) + 185 — 8kbllir-1/2 @ivr )
<C 7 + H -~V H .
< Cs {pk 1.QPklo,q T || Pk Ehfly o

Finally, Corollary 7.5 and the interpolation error estimate (32) give

& — 8rnllir o) < Co b max { 1wl g + 68l 5100 ) forall 1/2< s < sq.
Combining the last estimates we deduce that
IRgx — Rhgk»hHH(curl,Q) < Crh? m]?X{HPkHS,Q + ||¢k||s+1/2,/\} ) (49)
for all 1/2 < s < min(sg, sq).
The first estimate of the Theorem follows directly from (49) since the continuity of the sesquilinear form

a(-, -) on H(curl, Q) yields

|a(ng7 (Al) - a(Rhgk,}H a)| S 08 HaHH(cur],Q) Hng - Rhgk7h||H(curl7Q) .
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On the other hand,

la(Rgk, Rge) — a(Rugk,h, Ru8en)| < |a(Rgr — Ru8k,h, RE)| + |a(Ru8k,h, R — Riuge,n)l
< Cs |Rgk — Ru8k,n

‘H(curl,ﬂ) HRg@HH(cml,Q)

+Cs || Rugk,h

‘H(curl,Q) ”Rge - Rhgé’h”H(curl,Q)

and HRhgk»hHH(curl @) is uniformly bounded in %. Indeed, Proposition 7.7 and the continuity of the tangential
trace in H(curl, Q) may be used to obtain the estimate

HRhgk,h”H(curl,Q) < Cg Hgkvh||H_1/2(divF,F) = Cg "Yrvzk,hH

H-1/2(divp,T)

< Co H62th = Cho H6zth
0,Q

H(curl,Q)
and Corollary 7.5 gives

|9z, , < On max{pells o + Bl 20}
Consequently, (49) permits also to obtain the second estimate of the Theorem. O

Theorem 7.10. Assume that the family of triangulations {7, (I")}, induced by {7}, on I is quasi-uniform.
If the ezact solution h := ((ﬁ,ﬂ) ,)\) of (27) belongs to (Hr(curl,Q) NX x (CB> x H'=1/2(T) N Hgl/Q(I‘)

with 1/2 < r < 1, then, for h is sufficiently small, problem (45) admits a unique solution and there exists a
constant C' independent of h such that

Hh—hhH +18 = Bul + 1A = Anll_1 21

H(curl,Q)

<cw (hs,g +llourt bl g + 1A _yjap + mx {19l + 1660}

for all 1/2 < s < min(r, sg, sq).

Proof. Tt follows easily from (7.3) and (7.9) that

‘A (fh a> — An (fh a>‘ <C m’?X{HPkHS,Q + H¢kHs+1/z,A} h?

EH dlw Vh,geW
W||01||w qe (50)

and
F@ ~ Fa(@) < Co max {Ipall,q + I8l 1/0 L [l Vi €W (51)

for all 1/2 < s < min(sq, sq)-
As a consequence of (50), problem (45) is well posed if 4 is sufficiently small and we deduce immediately the
following Strang’s type abstract error estimate:

[f-ful <c i {Hﬁ_aH |A<a7v~v>—Ah<a,€v>|} 7@ — Fu(@)
w A%%

N + sup — + sup ——=——"—-
AEW), wWeEW), W]l GEW,, lallw

The result is now a direct consequence of (50), (51), (35) and the interpolation error estimate (32). O
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