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A GENERAL REPRESENTATION FORMULA FOR BOUNDARY VOLTAGE
PERTURBATIONS CAUSED BY INTERNAL CONDUCTIVITY
INHOMOGENEITIES OF LOW VOLUME FRACTION

YVES CAPDEBOSCQ! AND MICHAEL S. VOGELIUS!

Abstract. We establish an asymptotic representation formula for the steady state voltage perturba-
tions caused by low volume fraction internal conductivity inhomogeneities. This formula generalizes
and unifies earlier formulas derived for special geometries and distributions of inhomogeneities.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULT

Consider a conducting object which occupies a bounded, smooth domain Q C R™. For simplicity we take
0% to be C°, but this assumption could be considerably weakened. Let «o(-) denote the smooth background
conductivity, that is, the conductivity in the absence of any inhomogeneities. We suppose that

0<co<y@) <Ch<oo, €

for some fixed constants ¢y and Cp. For simplicity, we assume that 7o is C°°(€2), but this latter assumption
could also be considerably weakened. The function 1 denotes the imposed boundary current. It suffices that
NS H’l/Q(QQ), with faQ 1»do = 0. The background voltage potential, U, is the solution to the boundary value
problem

V.(y(@)VU)=0 inQ, (1)
oU
’Y()(IC)—an = on 99).

Here n denotes the unit outward normal to the domain 2.

Let we denote a set of “inhomogeneities” inside 2. The geometric assumptions about the set of “inhomo-
geneities” are very simple: we suppose the set w, is measurable, and separated away from the boundary, (i.e.,
dist(w,, 9Q) > dp > 0). Most importantly, we suppose that 0 < |w,| gets arbitrarily small, where |w,| denotes
the Lebesgue measure of w.. Let 4. denote the conductivity profile in the presence of the inhomogeneities. The
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function 9. is equal to o, except on the set of inhomogeneities; on the set of inhomogeneities we suppose that
4 equals the restriction of some other smooth function, v, € C* (), with

0<c <mz)<Ci<oo, ze.
In other words

- {2 e ®

The voltage potential in the presence of the inhomogeneities is denoted u.(x). It is the solution to

V- (’A)/C(I')VUC) =0 in Q, (3)

N
Fe(x) o ¥ on ON.

We normalize both U and u, by requiring that

/UdazO7 and /uedU=0.
oQ oQ

We note that the individual voltages U and u. need not be smooth (or even continuous) on 92, however, the
difference u. — U is smooth in a neighborhood of 052, due to the regularity of g, and the fact that w, is strictly
interior.

The aim of this paper is to derive a representation formula for (all possible limits of) (u. —U)|aq as |we| — 0.
This representation formula, in a most natural way, generalizes and unifies the specific formulas already derived
for a finite set of inhomogeneities of small diameter, and for a finite set of inhomogeneities of small thickness
(cf. [9] and [5]). The exact relation to these formulas (and others) is discussed in detail in a separate section.

Explicit representation formulas for the boundary voltage perturbations caused by internal inhomogeneities
are of significant interest from an “imaging point of view”. For instance: if one has very detailed knowledge
of the “boundary signatures” of internal inhomogeneities, then it becomes possible to design very effective
numerical methods to identify the location of these inhomogeneities. We refer the reader to [3,4,7] and [13] for
examples of numerical methods based on such specific formulas.

Before stating our main theorem we shall make some preliminary observations. Let 1, denote the char-
acteristic function corresponding to the set we, i.e., the function which takes the value 1 on the set and the
value 0 outside. Since the family of functions |we|~!1,, is bounded in L(f2), it follows from a combination of
the Banach—Alaoglu Theorem and the Riesz Representation Theorem that we may find a regular, positive Borel
measure p, and a subsequence we, , with |w,, | — 0, such that

M, dz —du. (4)

|we,,

The convergence refers to the weak™ topology of the dual of C°(£2). More precisely, for any ¢ € C°(Q)
o[ [ ode o [ oan
Wey, Q

The measure p satisfies fQ dp =1, so it is indeed a probability measure. Due to the fact that the sets w, stay
uniformly bounded away from the boundary, there exists a compact set Ky C 2 which strictly contains we, in
the sense that

we C Ko CQ, and dist(we, 2\ Kp) > 6o > 0. (5)
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The support of p lies inside the same compact set K. We shall need the so called Neumann function N(z,y)
for the operator V - (79V). For y € Q, N(-,y) is the solution to the boundary value problem

Vg - (’}/O(x)va(ma y)) = 5?! in Q’
ON 1

’YO(.ﬁ)a—nm = m on 0f2.

The function N(z,y) may be extended by continuity to y € . For y € 99 the function N(-,y) may also be
interpreted as the solution to the boundary value problem

V- (VO(w)va(x’y)) =0 in Q7

ON 1
’)/0(.%)87 = —(Sy + m on 0(2

Theorem 1. Let w,, be a sequence of measurable subsets, with |we,| — 0, for which (4) and (5) holds. Given
any ¢ € H=1/2(0Q), with Joqdo =0, let U and ue, denote the solutions to (1) and (3), respectively. There
exists a subsequence, also denoted w., , and a matriz valued function M € L*(Q,du) such that

oU ON

(e, — U)(y) = |we, /Q (30 = 70)(e) My () 5 2 ) ) + of o,

) y € 0N

The values of the function M(-) are symmetric, positive definite matrices in the sense that
M;j(z) = Mji(z), and
mm{l,’m(m)} 6P < My ()6t < max{l,’m(”)} P, ©)

M (x) M (x)
£ € R™, p almost everywhere in the set {x : yo(x) # v (z)}-

The subsequence w,, and the matriz valued function M € L*(Q,du) are independent of the boundary fluz 1.
The term o(|we,|) is such that ||o(|we, |)||r=(a0)/|we,| converges to O for any fived 1» € H=/2, and uniformly

on {Y: [rodo =0, [¥llr2e0) <1}
Remark 1.
The variational formulations of the problems (1) and (3) yield

/ V(U —u.) - Voda = / (71 — v0)Vu, - Vodz, (7)
Q

We

for any v € H'(Q). Let y be a fixed point on 99, and let v,,, € C*(Q) be a sequence that converges to N(-,v)
in WH1(Q), and in C'(Kjy) (Ko being as in (5)). Using the fact that U — u, is smooth near 952, and the fact
that we C Ko, we may now, by insertion of v, into (7), and passage to the limit, conclude that

/ V(U = 1) - Vo N, y) da = / (1 = 90) Ve - Vo N (2, ) .
Q We

After integration by parts this yields

(e — U)(y) = / (1 — 0)(@) Ve - Vo N (2, y) da

We

= ol [ (1 = )| L, Tt VN o) @)
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Theorem 1 characterizes all possible limit points for the integral
/(fyl —0)(2)|we| Mu, Ve - VoN(z,9)dz, as |w] — 0.
Q

Note that the functions u. converge to U in H'(f2), and thus Vu. converge to VU in L2(f2); it is the fact
that these gradients do not converge in L>°(£2) which makes Theorem 1 non trivial, and which accounts for the
introduction of the polarization tensor M. The calculation of all possible limit points of the above integral shows
a lot of similarity to the calculation of limiting (effective) energy expressions by the technique of H-convergence.
At the center of our calculation is a variation of the compensated compactness technique developed by Murat
and Tartar [14].

Remark 2.

We note that the asymptotic formula in Theorem 1 is actually valid for all y in Q \ Ky, and not just for y
on 0. The remainder term in the asymptotic formula in Theorem 1 is not o(|we|) uniformly with respect to
the ellipticity constants ¢; and C;. Take for example 0 < ¢y < Cp < oo to be fixed, but let ¢; approach 0,
or let C7 approach co. In this case it is easy to see that there exist w,, with |we| — 0 for which u. converge
to a limit different from the background potential U, i.e., the remainder term is not even o(1) uniformly in ¢;
and C7. The bounds established for the polarization tensor M are optimal, they are “achieved” for instance by
inhomogeneities in the shape of thin “sheets”. For the inverse conductivity problem these polarization tensor
bounds immediately lead to optimal (small volume) inhomogeneity size estimates in terms of a single (integral)
boundary measurement, see [8]. Related size estimates have been derived, without any assumption of smallness,
in [1] and [12].

As formulated here, Theorem 1 applies only to isotropic conductivities 79 and 7;. The representation part
immediately generalizes to anisotropic 7’s, with the corresponding asymptotic formula reading

oU ON

Ber 91, ) y € (orye N\ Ky).

(e, —U)(y) = |we,

/Q My (@) (n — o) (@) (2,9) dpu(z) + olfwe,
Remark 3.

Suppose the background conductivity g is a constant, and let ®(x,y) denote the standard “free-space” Green’s
function for the operator V - (7oV ) = y0A

@(z,y): 10g|x7y|a m:27

2710
q) - - o 2—m > 3.
(z,9) @ m) A, lz—y[*™, m=3

The constant A,, is the area of the unit sphere in R™. Straightforward integration by parts shows that

ON 0 0P 0P
7(1,2) = ’Yoa—xj ” N(Z,y)a—%(yvz)dffy + 6_3@(93’2)
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(z,2) € QA x Q, x # z. Based on the asymptotic formula in Theorem 1 we now calculate

0 (e, = D)0 o 02) 4o, = ] | (160) = 30)Mo )50
o ([ Mg .2 d0, ) dute) + ol )
= bl [ (n(e) = 20) My @) 5 T2 2) )
ol [ () = 2000 G S 0. 2) (o) + ol )

ou 0%

= (tey =)&) = o [ (@) =000y ()5 52 .2 i) + of o,

)

for any z € Q\ Ky. By rearranging terms we get

0

oUu 0d
(e, — U)(2) — 0 / (e, — ) ) 22y, 2) doy = |,
a0 é)ny

[ @) =00t )50 S (o) + of,

);

z € Q\ Ky, and by letting z tend to a point on 92 we now obtain

(e, = 0)) =20 [ (e, =0V )5 020y = 2| [ () = 20) My (@) T T2 0.2) ) + ol ),

z € 0, as an alternate asymptotic formula relating boundary data of (u., — U) to data characterizing the
location of the internal inhomogeneities. The integral on the left-hand side should be interpreted as a standard
double layer potential.

2. PRELIMINARY CONVERGENCE ESTIMATES

In this section we shall examine exactly how the u, converge to U. As mentioned earlier this convergence
does not take place in W1>°(Q), however, it does take place in H(Q), as well as in C%?(Q), for some 3 > 0.
We shall consider functions that are defined slightly more generally than u. and U. Given F € H~1(Q) (here
interpreted as the dual of H'(Q)) and f € H~'/2(09Q), with [, Fdz = [,, fdo, let V and v. denote the
(variational) solutions to

V- (y(x)VV)=F inQ, 9)
’70(30)?)—‘; = f on 99,
and
V- (Je(x)Vve) = F inQ, (10)
Ove

Je(@) 5 = f onoQ,

respectively. The functions V' and v, are normalized by |, 9V do =0 and /. 90 Vedo = 0.

Lemma 1. Let V and v, be as introduced above, let Ky C €2 be a compact set that strictly contains all we, as
in (5), and let o be any positive number. There exists a constant C' such that

lve = Vi) < Clwe2 (1 Fllcom o) + I1F -2 (@) + 1l mr-172000) -
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Furthermore, given any n > 0, there exists a constant Cy, such that
1y1
[ve = Vlizz() < Colwe| 2T 77 7" (| Fllco.o (ko) + 1F lr-1(0) + 1]l -1/2(50)) -
The integer m* is defined by m* = max{m, 2}, where m is the dimension of the ambient space.

Proof. By simple manipulation of the variational formulations of (9) and (10), and the use of interior estimates
for V' (¢f. [11], Cor. 6.3 and Th. 8.24)

/ 4 V(ve = V) - Vwdz
Q

_ ‘/(fyony)VV-de:E
Q
< Clwe Y2 VV || oo (oo |V 20
< Clwel? (IIFll oo (xo) + 1F I m-1(0) + 1l r-1/2(00) VW] £2(0)

so that [[ve — V|| 1) < Clwel'/2 (|| Fllcoo ko) + 1F I r-1(0) + I1flz-1/2(50)) as asserted by the first statement
in this lemma. We also have

/ YV —=V) - Vwdzr = /(70 — 4V - Vwdz, we HY(Q). (11)
Q Q

Select w as the solution to

V- (yVw) =V —v inQ,
ow 1
— =— [ (V—-u)d Q,
A |8Q|/Q( ve)dz ond

normalized by [,,wdo = 0. Elliptic estimates show that ||w|| g2(q) < Cllve — V| 12(q), and after insertion of
this w into (11) we now obtain

/(U€ ~V)dex = / YV (ve — V) - Vwdx
Q Q

/(’yo —¥e)Vve - Vwdz
Q

1/q 1/p
< C( |Vv€|qu) (/ [Vw? dx)
We Q
1/q
< 0y </ [Vl dz) llwl| 2 ()

1/aq
< Cy < [Vve|? dx> lve = VL2, (12)

provided p and q are related by % + % = 1, and provided we require that g > W%TJ:Q (so that 1 < p < n%i”jg,

and therefore, by Sobolev’s Imbedding Theorem ( [, |[Vw|? dz) 1/p < Cpllwl| g2y, ¢f. [11], p. 155). For any
l<qg<?2

Vel Loy < IV (ve = V)llLa@o + IVVLa@w.

< / 1dx> 19 (e — V)l 220y + e YNV oy

IN

IN

C (el 1/ 4 o /1) (I Fllcon o) + IFll 10y + 11l -1/200) (13)
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with s = % — 2. A combination of (12) and (13) yields
1/q
lve = VL2 < Cy < [Vl d:c)
< Colwel T (IFllco (o) + 1E -1y + I1f la-1/200) +
for any W%T*Q < q < 2. We note that % approaches ”;m“ = 771* + % from below as q approaches WQLTJ:Q from

above. The previous estimate now immediately implies that, given any 1 > 0, there exists a constant C;, such
that

141
lve = Vlizag@) < Cylwel> ™77 ([|Fllco (o) + 1 Fllr-1() + 1l -11200)) »

the second statement of this lemma. O

Remark 4.

Let Ky be a compact subset of ) that strictly contains all w,, in the sense of (5). A combination of the
L?-estimate in Lemma 1 with the interior estimate (of De Giorgi-Nash-Moser type) found in [11] (Th. 8.24),
yields

lve = Vigos@ < Colwel ™" (1Fllco.s o) + I1F -1y + I llm-1/2000)

for some 3 > 0. For this estimate we have also used the fact that V- (v0V(ve —V)) = 0 away from w,, and the
fact that %(’u6 —V) =0 on 99, to ensure that the L?norm of v. — V “bounds” the C%% norm (appropriately)
away from w.

3. PROOF OF MAIN RESULT

We shall use the notation V@ and v¥ for the solutions to the problems (9) and (10) in the special case
when F = 277‘;, f =omn;, nj being the j'th coordinate of the outward normal vector to 9. Notice that V) is

given by a simple formula: V) = T — ﬁ fBQ z;do. Due to Lemma 1 we may estimate

H| w6|711w5Vv£j)‘

:/ |w6|71‘V’u§j)‘dm
v o,
g/ |w€|’1‘V(v§j)—V(j))‘dm+/ |w5|’1‘VV(j)‘d:c

1/2

< el (/wémx)m (/Q’V(véj) —I/U’))’2 dx) +1

<C. (14)

By extracting a subsequence, also referred to as w,, from the sequence given in Theorem 1, we may thus
suppose that

|w6n|_11w€n dx — dp, and,

-1 iv(i) dz — dM;;.

Wen 0.% €
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The convergence in both cases refers to the weak* topology of the dual of C°(Q), and M;; (as well as ) are
regular Borel measures with support inside Ky. Let ¢ € C°(2), then by the very definition of the measure M;

/Qd)d./\/lij

1im|w€w|_1/ 1o, ivéj)qbdac
2 Q n amz n
< lim Iwenl_l/ Lo,
| L
,1/ 1
Q €n
: —1/2 9 Gy _ i)
< lim |we,, | (v — V)
n o 0301 €n
o
+/ VOl gl du
o |0z

1/2
SC(AWFM) |

As a consequence of this estimate it follows that the functional

9 ,
(6D = V) o} d

R0

—+ hm |w€n %
K3

|¢| dx

) 1/2
dz </ |we,,
Q

1/2
of s

-1
1(4)5,”

¢ — /QfﬁdMij

may be extended to a bounded linear functional on L?(£2,du). Therefore, by Riesz’s Representation Theorem,
it is given by

/¢M@=/¢Mﬂm
Q Q

for some function M;; € L?(Q, dyu). In other words

o
|we, |~ 1., a—ugﬂ dz — dM,; = My; dp. (15)
“n xl n

The following central lemma establishes the constitutive relationship between lim |w6n|_11w€n %ugn dx and
the gradient of the background potential. Its proof is based on a variation of the clever “integration by parts
technique” originally developed by Murat and Tartar in the context of H-convergence (the Div—Curl Lemma)
cf. [14].

Lemma 2. Let U and u. denote the solutions to (1) and (3) for some ¢ € H=Y?(Q), with Joq¥do =0. Let
We,,, With |we,| — 0, be a sequence for which (4), (5) and (15) hold. Then (vi — 7o)|lwe, | Lo, 52 Ue, da is
convergent in the weak* topology of the dual of C°(Q), with

. _ 1o} oU
lim (1 — y0)|we, |1, a—xjue dr = (1 — ’YO)Mz'ja—:Ui du. (16)

Proof. 1t suffices to prove that we may extract a subsequence such that

_ 0
(71 - 70)|W67L llen 6—%UE" dz
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converges to the limit given by the right-hand side in (16). The fact that the limit is independent of the particular
subsequence then guarantees that the entire sequence will be convergent. We may repeat the argument which
led to (14), in order to conclude that

I wel ™ 1w, Ve llzag) < CllYlla-1/2(00),

so that, upon extraction of a subsequence

|we,,

0
M., —u. dz — dy;
en ax] n

in the weak* topology of the dual of C°(82). In order to complete the proof of this lemma we must show that
/Q¢(71 =) dv; = /Q¢(71 - Vo)g—g dM,;, (17)
for all ¢ sufficiently smooth (e.g. ¢ € C*(Q)). We first observe that
/nyeV(ue —U)- V(P ¢)dz = /Q(y0 —50)VU - V(0D ¢)de, (18)
and
[0V =0) 9O da = [ (0 =) T da (19)
We then calculate
/Q’AyEV(uE ~U) - V(@¢)dz = /QfAyEV(uE —U)- (wgﬂ) ddz + /Q 4V (ue — U) - (Vo)olD dz
- /Q%V(ug ~U)- (vugﬂ')) dda —|—/Q’y€V(uE —U)- (Vo)VD dz
+0 (Ilue = Ullm @ v = VO ll12(0) )
- /QfAyEV(uE —U)- (vugﬂ')) $dz + /Q 7oV (ue — U) - (Vo)VD dz

n / (e —70)V (e — U) - (VEVD da + o (Jwe])
Q

I
\
—
2>

(e — U)WVl - Vo da — / (e — )2 g dz
Q Iz

+ o+
S— e — o

2

(ue = U)yvonj¢do —|—/ YoV (e —U) - (Vo) VD dz
Q

2

(71 = 70)V(ue = U) - (V)VY) dz + o (|we])

o

(ue — U)WV . Vodr — / (e — U)%d)dx (20)
Q J

(ue = U)yvonj¢do —|—/ YV (e —U) - (Vo) VD dz
Q

2>

_|_

(71 = 70)V(ue = U) - (VO)VYU) dz + 0 (|wel) -

_|_

g\%\

o
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Here we have used Lemma 1 to estimate the difference ij ) _ V(j), as well as the difference u. — U. We also

calculate

[ 2090 —0)- V96 s = [ 0¥~ 0)- (FVO) oo+ [ 20V~ V) (FV O s
Q Q Q

9o

f/ Yolue — U)VVY) . Vg da — / (ue —U)

Q Q

4 [ = Opansodo + [ 0V —0) (VoD s
o0 Q

A direct combination of (20) and (21) (and Lemma 1) gives

/ 4V (ue — U) - V(v ¢) da = / YoV (ue —U) - V(VI ) dx +/ (11 — Y0)V(ue — U) - (Vo)V) da
Q Q We
+o(|wel)

so that, due to (18) and (19),

(o — 71)Vue - V(VI p) dx — / (0 — 71)Vue - (Vo)V ) dz

We

/ (0 = 1)U V() dr = /

We

+/ (Yo —71)VU - (V)VD) dz + o (Jwe|)

€

= / (30 =) Vue - YV ¢ da + / (Yo — 11)VU - (Vo)ol? dz

We

+0 (VD) o 2oy el V2 [V 1 ) + 0 (el

= / (vo — 1)V - VV @) ¢dx+/ (vo —71)VU - (V$)ol) dz + o (|we|) .

We

After rearrangement and a rescaling this yields
/(% —)VU - |w 1, Vo) ¢pdz = / (70 — 1) |we| Mo, Ve - VVD g dz 4 o(1). (22)
Q Q

Passing to the limit along the subsequence we,, (using that VU is smooth inside Q, and that dM;; has compact
support) we now obtain

0 o )
/qu(%_%)aindM”:/qu(%_%)a_ziv(])dw:/qu(%_%)dyj’

which is the desired identity (17). This completes the proof of Lemma 2. 0
We are presently ready for:

Proof of Theorem 1. Let w,, be a subsequence for which (4), (5) and (15) hold. Clearly such a subsequence
exists, and it is completely independent of the boundary flux 1. We recall the identity (8), which asserts that

(e, — U)(y) = |we,| /Q(% —70)(x)|we, | ., Ve, - VoN(z,y)dz, y € Q.
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Let Ky C Q denote a compact set that strictly contains the sets w,,. Given any y € 02, it is possible to find a
vector valued function ¢, € CY(Q) such that

by(x) = VoN(z,y), Ve K.

Using Lemma 2 we now get

(te, —U)(y) = |we,

/Q (1 = 10) (@) | L, Vite, - oy (x) da
0
= e, / (1 — %><x>|wen|-11wm it (04(a), o
=l [ (= 3000 o (64, dit ol

oUu ON
= bl [ (0= 20) My S ) ula) + ol ),

which verifies the asymptotic statement in Theorem 1. By (equi-)continuity and compactness it follows im-
mediately that [|o(|we,|)|| 2= (a0)/|we,| — O for any fixed ¢ € H~1/2(09Q), and uniformly on {¢ : [, ¢ do =
0,[|¥lL2(a0) < 1}. In the following section we show that the tensor M;; has the stated symmetry- and positivity
properties.

O

4. PROPERTIES OF THE POLARIZATION TENSOR

The identity (22) immediately extends to the case when U and u, are replaced by V and v, satisfying (9)
and (10) (F € C%(Ky)). In particular we may insert V = V@ and v, = v to arrive at

/ (70 = 71)VV - |we| M0, Vo) pdz = / (70 — 71)|we| 1o, VOl - YV g da + o(1).
Q Q

Passing to the limit along the subsequence w,,, using the limiting relationship (15), we now obtain

ov @
/(70 —7)Mij ¢pdp = /(’YO - ’Yl)a—Mkj odu
Q Q x
6V( J)
= /Q(% — ) Myi——— ¢ dp

= /Q(’Yo —m)Mj; ¢du,
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which verifies the symmetry of M, in the sense of (6). To verify the bounds in Theorem 1 we calculate

€& / (M — Y0)|we| M1, VO - VYV gdz = & lwe| ! / (1 =)V - vV ¢de
Q We
+eglod [ (=207 [0 - VO] - 9V da
Q
&gl / (n =) (v = V)V vV da

= &gl [ (1 =TV TV gas
6w / (e =0V |0 = VO)g| - WV da +0(1)
Q
= &6l [ (1 =TV TV gas
sl [ 49 [0 - VO] TV - o) do
Q
sl [ 49 [0 - VO] - 7o ds
Q
~&lod [ 07 [ = VO] - IV da -+ of1)
Q
= &ijlwe ™! ( / (1 =)V VvV gde
—/ 4.V — @) . v (v — ) ¢dx> +0o(1). (23)
Q
We introduce the notation

) 1 )
V=vig =z - —=—— ido ) & d v =v9¢.
& (Jc S an a) i, and v v &

A combination of the estimate (23) with the limiting relationships, (4) and (15), that define the measure y and
the tensor M, now yields

/Q (1 — o) Mty ddu = Jwe, | / (11— 10)|VV]? ¢ da (24)
e, / 5|V (V = ve,) 2 ddz + o(1),
Q

for any ¢ € C*(Q) (and the subsequence w,,). We shall make use of the following estimate concerning the
second term of the right-hand side.

Lemma 3. Let V and v, be as introduced above. For any fived ¢ € C1(Q), ¢ >0,

o 2
|w€|_1/‘y€|V(V—v€) > ¢dz < |w6|_1/ vaﬁ pdz + o(1).
Q We 1
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Proof of Lemma 3. From (23) it follows immediately that

""6'71/ﬁ€'v<v —v)® ¢de = Iwgl*/ (71 = )| VV[? ¢da
~Jwe| ™! / (71 = Y0) 1w, Ve - VV ¢ da + o(1)
Q

- |we|*1/ (= 20)V(V —v0) - YV dda + o(1),

€

and thus

1/2
|w6|_1/ ’A)/elv(v _'Ue)|2 pdr < |WE|_1 (/ ’A)/€|V(V _UE)|2 ¢d$)
Q w

€

1/2
x(/w (%;71%)2|VV|2¢<1$) +o(1),

€

for any ¢ € C(Q), ¢ > 0. A combination of this with the fact that a®> < ab+ ¢ = a? < b + 2¢ for a,b and c
positive, gives the desired estimate. Il

We are now ready to complete the proof of the inequalities for the tensor M, as stated in Theorem 1.
According to (24) we have

/Q (11— 70) Myt d < Jwe, |1 / (11— 70)[VV[? édz + of1),

Wen

and according to (24), and the estimate in Lemma 3, we also have

/Q (1 — )Moy bt > fo, | / (1 — ) VVP pde

€n

N2
oo [ ROV s o)
We 1

n

= |we,

*1/ (m 770)%|VV|2 odx + o(1),

€n

for any ¢ € C1(Q), ¢ > 0. After passage to the limit along the subsequence w,, a combination of these two
inequalities shows that

(- ’YO)(@%(@KF < (1 —70) (@) Mz ()65 < (1 —0) (@) €, £ eR™,

p almost everywhere in  (here we use that the rationals are dense in R™, that the terms involved are continuous
in &, and that a countable union of sets of measure zero again has measure zero). By cancellation of the common
factor (71 — v0)(x) we conclude that

min {1, E(m)} €2 < M;;(2)&:€; < max {1, E(x)} €2, € eR™,
71 Y1

u almost everywhere in the set {z : vo(x) # v1(x) }, as stated in Theorem 1.
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5. SOME PARTICULAR CASES

Two particular cases that have already been studied, and for which very specific information has been
derived about the measure p and the polarization tensor M;;(z) concern (1) a finite collection of well separated,
diametrically small inhomogeneities and (2) a finite collection of well separated, thin inhomogeneities. In the
first case w, = Uz 121 + €By, where z; € , 1 =1,..., K, is a set of K distinct points and each B CR™is a
bounded smooth domain containing the origin. In the second case w, = Ul 1w where each w! has the form
wh={2'+mm): 2’ €0y, In| <e}; o0 CR™ 1 =1,...,K, is a set of nonintersecting smooth surfaces, and
n(z') denotes a smooth, unit, normal vector field to o;. Since we suppose z;, B; and o; are fixed, no extraction
of a subsequence is necessary.

For the voltage potential corresponding to a finite collection of well separated (interior) inhomogeneities one
obtains (¢f. [10] and [9])

om l)@U ON 1

(e = U)(w) = ¢ Z% WM 5o 5 ) + 0 (%)
oUu ,  ON
=|we|/% 10)@) My () 5 (@) 5 09) i+ of ]
with
1 1 (l) 1 0

Byl 4, d M, dz.

n= Z|B|ZI 00 and - Mig(er) = M) = oo | 5-04(2)d=

Here ¢; (m > 2) denotes the solution to

V. -(v(2)V.¢;) =0 in R™,

¢i(z) —2z; = 0 as |z| — 0.

To include the case m = 1, the correct condition to impose is V.¢,(z) —e; — 0 as |z| — oo. The function v(z)
is the rescaled conductivity, given by v(z) =y for z € By, v(z) = v for z € R™ \ B, (supposing for simplicity
that 4o and ~; are constants). Higher order terms of the expansion have been derived in [2].

For the voltage potential corresponding to a finite collection of well separated, thin inhomogeneities one
obtains (¢f. [5] and [6])

(ue — = 262/ 71— Y0)( (l)( )SZ(gg)gAj(m y)do, + o(e)
|we|/ Y1 — Y0) () My (x )gi]l( )g ](Jc ,y) dp + o(|wel)-

Here p = m Z{il 0y, With d,, being the “Dirac measure” supported on o;, and A(o;) being the “area”
of o;. M;;(x), € oy, is a positive definite symmetric matrix whose first n — 1 eigenvectors form a basis for
the tangent space to o;, and whose last eigenvector is the normal. The eigenvalue corresponding to the normal
direction is vp /1, the eigenvalues corresponding to the tangential directions are all equal to 1. Notice that these
eigenvalues are extreme, in the sense that they (simultaneously) “achieve” the bounds established in Theorem 1.

Without giving any details of the analysis we shall describe one additional special case of our general formula,
namely that corresponding to a set of inhomogeneities in the form of a “very fine scale” periodic array of small
balls. The periodic array has period €, and the balls are centered in those period cells that fall inside some smooth
subdomain w cC Q. Each ball has radius e1*% for some d > 0. The conductivity, as before, equals o outside



the balls, and equals 7, inside the balls. As e — 0 the volume fraction of balls (inside w) approaches 8 = ¢,,e™¢,
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d

so the total volume of the inhomogeneities approaches ¢,,e™?|w|. The wellknown Maxwell-Claussius—Mossotti
formula asserts that this low volume fraction array of balls (to order 8 = ¢,,,e™?) behaves like an effective
medium with conductivity vo + (De — 70)1w, where the constant D, is given by

D, - _ Y1 — Y .
D+ (m — 1)y 1+ (m— 1)

For y € 092 we may now (essentially by means of a small amplitude perturbation formula) derive that

where M is the tensor M;; =

(ue — U)(y) / (De — ~40)VUVN(z,y) dz + o (e™)

= cmemd/ — ¢VUV1.N z,y)dz + o (em?

w(% 70)71+(m71)70 (z,y) (em9)
oU ON

= loel | (1 =200y T 5 ) o)

%5@-, and p is the standard Lebesque measure, restricted to w, and

normalized by ‘71‘ .
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