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THEORETICAL ASPECTS AND NUMERICAL COMPUTATION
OF THE TIME-HARMONIC GREEN’S FUNCTION FOR AN ISOTROPIC
ELASTIC HALF-PLANE WITH AN IMPEDANCE BOUNDARY CONDITION

MARIO DURAN!, EDUARDO GoODOY! AND JEAN-CLAUDE NEDELEC?

Abstract. This work presents an effective and accurate method for determining, from a theoretical
and computational point of view, the time-harmonic Green’s function of an isotropic elastic half-plane
where an impedance boundary condition is considered. This method, based on the previous work done
by Durdn et al. (¢f. [Numer. Math. 107 (2007) 295-314; IMA J. Appl. Math. 71 (2006) 853-876]) for
the Helmholtz equation in a half-plane, combines appropriately analytical and numerical techniques,
which has an important advantage because the obtention of explicit expressions for the surface waves.
We show, in addition to the usual Rayleigh wave, another surface wave appearing in some special cases.
Numerical results are given to illustrate that. This is an extended and detailed version of the previous
article by Duran et al. [C. R. Acad. Sci. Paris, Ser. IIB 334 (2006) 725-731].

Mathematics Subject Classification. 31A10, 35E05, 65T50, 74B05, 74J15.

Received June 10, 2008. Revised June 18, 2009.
Published online February 23, 2010.

INTRODUCTION

The Green’s functions for elastic half-spaces have been studied by many authors, because of their applicability
in important areas of science and engineering such as seismology, geophysics, and structural engineering. In
particular, the main motivation of the present study comes from a difficulty that arises in mining engineering,
during the rock blasting in an underground mine. When the blasting devices are set out, the engineers attempt
to take full advantage of the energy irradiated, but at the same time they desire to prevent the expansive
wave from concentrating an important amount of energy at the exploitation areas of the mine, as serious
damage could be caused. As a preliminary approach to this problem, we consider a linear isotropic elastic
model, where the ground is represented as a half-plane and the underground mine can be described as a local
perturbation of the boundary. Additionally, an impedance boundary condition, also named in related literature
non-absorbing or passive boundary condition, is imposed in order to have a more general description of the
surface dynamics. We propose that the computation of resonant states associated with this domain can provide
a basic knowledge about the most probable directions that waves could take to radiate the energy generated.
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To compute numerically these resonant states, a boundary integral equations method is proposed. However, such
methods require evaluation of boundary integrals containing the associated Green’s function, hence the need of
an efficient procedure for computing the Green’s function, capable of yielding accurate enough expressions.

The standard method for obtaining half-space Green’s functions employs application of Fourier or Laplace
transforms in space to the partial differential equation of motion, as well as in time when dealing with transient
problems. Systems of ordinary differential equations are achieved, which can be analytically solved, leading
to the Green’s function transferred to the Fourier or Laplace domain. This procedure has been widely used
by many authors, nevertheless, the calculation of the inverse transforms in a numerically efficient way is not
a simple matter, and there exist different approaches to this problem in related works. In 1974, Johnson [13]
considered time-domain isotropic elasticity in a half-space and employed Cagniard-de Hoop inversion. The same
method was applied in 1999 by Richter and Schmid [17] for a half-plane, including application to BEM. The
Cagniard-de Hoop inversion has been proved to be a useful method for the transient case, but there is not direct
application to time-harmonic problems. The case of layered half-spaces has been widely studied in seismology,
and there are inversion methods specially adapted for this kind of solids. In 1983, Franssens [11] used a modified
propagator matrix method for calculating the associated 2D Green’s function. Another references about this
kind of methods can be found in Chapter 4 of the book by Jensen et al. [12]. The anisotropic case has received
more attention in recent years, in particular, general anisotropic half-spaces has been studied in 1996 by Wang
and Achenbach [20] and in 1997 by Spies [18]. Wang and Achenbach did not deal with any Fourier or Laplace
transforms but they constructed directly the solution by superposition of transient plane waves. The solution
was expressed as integrals on finite domains, however, this method was limited to source points placed on the
surface. Spies applied Fourier transforms in space and time, but no methods to calculate the inverse transforms
were proposed. More recently, in 2007, Chen and Dravinski [4,5] considered time-harmonic Green’s functions
for a triclinic half-space, using a double Fourier transform. The inversion was made by employing contour
integration and Gauss-Legendre quadrature.

In this paper we deal with an isotropic elastic half-plane and embedded point sources. Although the
anisotropic case could be considered as more attractive due to its generality, the obtention of explicit ex-
pressions that characterize the surface waves becomes more difficult. As we will see, the impedance boundary
condition has a direct influence on the surface waves that appear, and none of the works mentioned above deal
with this kind of boundary condition. A slightly similar condition can be found in the paper by Linkov [15],
where a model of the rupture process associated with a propagating crack was proposed. The Appendix of this
work presents quite general interface conditions for two bonded elastic half-planes, including elastic, softening
and viscous deformation. By neglecting one of the two half-planes, it is possible to approach our problem from
another point of view.

The method used in the present work to compute the associated Green’s function is based on recent works by
Duran et al. [9], and Durdn et al. [10] for the acoustic case with impedance boundary conditions. The half-plane
Green’s function of the Helmholtz’s equation was theoretically determined in [9] and numerically implemented
in [10]. The Fourier transform is applied only in the horizontal sense, and the spectral Green’s function (that is,
transferred to the Fourier domain) is expressed as a sum of two terms. The first one can be analytically inverted
and it corresponds to the full-plane Green’s function. The second term takes into account the particular effect of
the half-plane and, in order to make an accurate computation of its inverse Fourier transform, it is decomposed
into a sum of three new terms, where two of them contain singularities in the spectral variable (pseudo-poles and
poles) and they can be analytically inverted, whereas the remaining term is regular, decreasing at infinity, and
its inverse transform is numerically approximated via a backward FFT algorithm. In particular, the poles of the
spectral Green’s function have special significance, because each pair of poles is associated with the existence
of a surface wave. These poles are determined from the roots of an algebraic equation, which in general has to
be numerically solved. The well-known Rayleigh wave is obtained as a function of the impedance. Moreover,
we have found that if the impedance takes a certain value, which only depends on the physical parameters of
the elastic medium, a new surface wave appears.
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1. BASIC MATHEMATICAL MODEL

Let us consider a locally perturbed half-plane €2, representing the ground. Its boundary is denoted by I'. We
assume this domain to be constituted by an elastic, homogeneous, and isotropic medium. Let u : Q. — C? be
the displacement field of the perturbed half-plane, satisfying the time-harmonic elasticity equation:

divo(u(z)) + pwu(z) =0 x € (., (1.1)

where p is the solid density and w is a given pulsation or angular frequency. The stress tensor o is described by
the isotropic Hooke’s law:

o(u(z)) = Adivu(z) I + p(Vu(z) + Vu(z)"), (1.2)
where A\, > 0 are the Lamé’s constants, and I is the 2 x 2 identity matrix. In a geophysical framework, the
normal stresses on the ground surface are made equal to the atmospheric pressure exerted by the air, which can
be neglected in practice, since it has no influence on the elastic waves that occur in the ground. Therefore, we
assume null normal stresses on I', that is,

o(u(z))n-n =0, zel, (1.3)

where n denotes the unit outward normal vector to I'. In addition, we could also suppose shear stresses to be
null, obtaining a Neumann boundary condition (free-traction) on I'. Alternatively, shear displacements could
be set to zero, leading to a mixed boundary condition on I', which corresponds to a Neumann one in the normal
sense and a Dirichlet one in the tangential sense. In the present work, we consider a Robin-type boundary
condition in the tangential sense, which assumes that shear stresses are proportional to shear displacements
on I'. This assumption is mathematically expressed as

oclu(@))n -r=wZu(x) T xel, (1.4)

where 7 denotes the unit tangent vector to I and Z is the surface elastic impedance, which could be complex in
general, but in the present work we treat only the case where Z is real. From a physical point of view, as (1.4)
establishes a linear relation between stresses and displacements, the impedance Z can be regarded as a shear
stiffness modulus associated with the surface. If Z is negative, the surface behaves in a way similar to that of
a spring-mass system, where forces are opposite to displacements, that is, a hardening phenomenon. On the
contrary, if Z is positive, we obtain that both quantities have the same sign, which can be assimilated to a surface
softening phenomenon in the linear elastic range (¢f. [15]). Furthermore, it is worth to remark that if Z = 0,
we retrieve the free-traction boundary condition, and if |Z] — 400, we approximate the mixed boundary
condition mentioned above. Hence, our impedance boundary condition can be regarded as an intermediate case
between these two. Both relations (1.3) and (1.4) can be written in vector form as

—o(u(x))n+wZ(u(x) - 7)7=0 xel. (1.5)

Therefore, the time-harmonic elasticity system with an impedance boundary condition in a perturbed half-plane
is expressed as follows:

divo(u(x)) + pw’u(x) =0 in Q, (1.6a)
—o(u(x))n+wZ(u(x) - 7)T = f(x) onT, (1.6b)
+ Outgoing radiation conditions when || — +o0, (1.6¢)

where a non-homogeneous data f is added to the right-hand side of (1.6b). For the sake of simplicity, the
function f is assumed to have compact support. When determining resonant states, f is set to zero and
we look for complex numbers w (the resonances) and non-zero displacement fields w (the resonant states) satis-
fying (1.6). Additionally, radiation conditions at infinity have to be prescribed in order to ensure mathematical



674 M. DURAN ET AL.

well-posedness of the model. From a physical point of view, these radiation conditions eliminate solutions that
correspond to incoming waves, allowing only outgoing waves, which have the right physical sense. The obtention
of an explicit form for the radiation conditions associated with (1.6) constitutes a complex matter, and it is
beyond the scope of the present work.

To solve (1.6) by integral equation techniques, it is necessary to know the associated Green’s function in the
non-perturbed half-plane. By convention, we consider the upper half-plane R2 , defined as

R% = {z = (z1,22) € R*/ 25 > 0}. (1.7)

Notice that in this case, vectors n and T become (0,—1) and (1,0), respectively. Let & and y be the receiver
and source points, respectively, with @,y € R3. The Green’s function of (1.6), denoted by G = G(z,y), is a
2 x 2 matrix function with complex values. Its column vectors, denoted by g; = g;(z,y) (j = 1,2), must satisfy

divm Um(g](way)) +pw29j(way) = _6(1: _y)éj in R?H (183')
0z(g;(,y))e2 +wZ(g;(x,y)-€1)é1 =0 on {z3 = 0}, (1.8b)
+ Outgoing radiation conditions when || — o0, (1.8¢)

where 6(z — y) is the Dirac mass evaluated at  and centered at y, and &, is the jth canonic vector of R2. The
variable  is added as a subindex in order to emphasize that all the involved derivatives are with respect to «.

For a broader framework about Green’s functions and their use in integral equations for time-harmonic
problems, see Bonnet [3], Colton and Kress [6], Linkov [14], and Nédélec [16].

2. SPECTRAL GREEN’S FUNCTION

To solve system (1.8), a partial Fourier transform in the horizontal variable x; is applied, which uses a special
Fourier variable s normalized by w. Let us denote this transform by F,,, defined as

+oo
(I)(Sv 1‘2) = [fwfﬂ (Sa 1‘2) - / (Z5(£L'1, 1'2) eiin(zliyl) dzy, (218“)
w [t )
$(a1,22) = [F; @] (w1, 22) = 2_/ (s, o) (71791 d, (2.1b)
™ — 00

where for the sake of simplicity, the dependence on the source point y is not explicitly written for the time
being. Applying F,, to system (1.8) both for j =1 and j = 2 yields

092G . oG A
C22W(S, x2) +iws (Cig + Co1)z—(s,22) — w2(32011 —pl)G(s,22) = —6(x2 —ya2) I, (2.22)
x2 al‘g
oG . 5
Caa 5 (5,0) + w (is Cln + Z11) G(5,0) = 0, (2.2b)
2

which corresponds to a matrix ODE’s system for G= F.G. The matrices Cj; are defined by

C1j11  C1j21 .
Ci = J J , 1<4,1<2, 2.3
it [ C2511  C2j21 } =)= ( )
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where the coefficients c¢;;1; are given by

Abou  ifi=j=k=1,

A ifi=jand k=1# 1,

Cijkl = 12 ifi =k andj =1 7& i, (24)
I ifi=1and j =k # 1,
0 in any other case,

and I} = élélT. The matrix function G denotes the spectral Green’s function. As it was done in [9] for the
Helmholtz equation, we attempt to express G as a sum of two terms:

~

G(s,x2) = G\P(Sa z2) + aB(SaxQ)a (2.5)

where GF is a term associated with the full-plane and GP is a term that takes into account the half-plane’s
surface and the boundary condition considered. In order to calculate the solution to (2.2), we start by solving the
homogeneous equation of (2.2a) on both sides {0 < o < yo} and {x2 > y2}. After that, suitable transmission
conditions are imposed at 22 = y2. Notice that if the right-hand side of (2.2a) is set to zero, then the differential
equation becomes the same for both columns of G , 80 it is possible to write the homogeneous equation in vectorial
form:

Coo "' (22) + iws (C12 + C21) 7' (22) — w?(s*°C1y — pI) r(22) = 0, (2.6)
where s is assumed to be a parameter. Any solution of (2.6) can be expressed as a linear combination of terms
of the form

r(x9) = we W2, (2.7)
where v € C is a scalar and w € C? is a vector, which are unknowns and not depending on y. Substituting (2.7)
in (2.6) and expanding, leads to a characteristic equation:

A(s,v)w =0, (2.8)

where

A(s,v) = 1V2Cg — vs (Cg1 + C12) + s°Ch1 — pl. (2.9)
Thus, the pairs (v,w) in (2.7) are the non-trivial solutions of the characteristic equation (2.8). In particular,
the scalars v have to be such that A is singular, that is,

det A(s,v) = 0. (2.10)
Replacing (2.9) in (2.10) and expanding, leads to a polynomial equation for v:
(VP + (s> = s1)) (v* + (s> — s7)) =0, (2.11)

where sy, and sy are the longitudinal and transversal slownesses, respectively, defined by

p P
= =/t 2.12
w= it ek (2.12)

which satisfy s;, < sp. Equation (2.10) has four independent solutions. They are

v+ =105(s), vi- = —i0(s), vp+ =107(s), vp- = —i0p(s), (2.13)

where 0;,(+) and 67(-) are the following functions:

Or(s) = /s> — s, Or(s) = y/s? — s2. (2.14)



676 M. DURAN ET AL.

FIGURE 1. Domain of complex maps 0y,(-) and 67(-).

Even though s € R, these are complex maps, therefore, an exact meaning has to be given to the square roots.

We put

01,(s) =+s —spVs+sL, Or(s) = /s — spv/s + s,
and we consider particular branches in the complex plane to define each root, as indicated in Figure 1. The
exact definitions are:

01,(s) = —isy, exp</0 ﬁ du>, Or(s) = —isy exp</0 ﬁ du). (2.15)

When dealing with these definitions, 6,(s) and 67 (s) have always non negative real part for s € R (for more
details, see [9,10]). Then, the vectors w are computed by substituting the associated values v in (2.8):

0 ) O ) R ) A

The general solution of (2.6) can be expressed as a linear combination:

r(xe) = ap+e” Wt w s +ap-eT 2w o 4 apre T2 Wy 4 ap-e” YT 2w (2.17)

for general complex coefficients o+, ap—, ar+, and ap-. Moreover, r(z2) has to verify a boundary condition
at xo = 0, which can be easily obtained from (2.2b):

Caz 7' (0) + w (is Coy + Z11) 7(0) = 0. (2.18)
Replacing r(z2) from (2.17) in (2.18) leads to the next identity:
ap+vr+ +ap-vp- + aprvrs + ap-vp- =0, (2.19)
where the vectors v; are obtained from the vectors w; (j = L™, L™, T, T~) by means of the relation

v; = (l/jCQQ —5Co9 + iZIl)wj. (2_20)
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Substituting (2.13) and (2.16) in (2.20) yields
[ —s(2ubL(s)+ Z) [ —s(2ubL(s) - Z)
Vp+ = [ i,u(sQ—i—GT(s)Q) , V- = —i,u(sQ—i—HT(s)Q) g (2.21a)

i,LL(SQ + GT(s)Q) +i07(s)Z ] 7 vy = |: 7ilu,(52 + QT(S)Q) +i07(s)Z ] .

v = [ 2us Op(s) 2us Op(s) (2.21D)

As each column of G is expressed in the form (2.17), we use a concise notation to write G directly. For this,
we define the matrices

W, = [wL+‘wT+], W_ = [wa‘wa}, (2.22)
which fulfill the properties
1
-1
=— det =det W_. 2.2
Wy T, Wy, et W et W. (2.23)
Additionally, we define the diagonal matrix
D) = diag [¢0+()22, tr()ez ], (2.24)
which satisfies
D(z2) = diag [e_i"”’ﬁ“, e_iWT“”Q}, D(—z9) = diag {e_i“”L*“, e_i"”’T*“] (2.25)

The spectral Green’s function G is then expressed as follows:

~ WiD(z2)Ay + W_D(—x2)A_ if 0 < a2y <y,
G(S’%){ +D(x2)Ay (—22) < a3 <y (2.26)

W+D(I2)B+ + W_D(—xg)B_ lf X9 Z Y2,

where Ay, A_, By, and B_ are unknowns matrices depending on s and ys. These matrices are determined
by using the radiation conditions when x5 tends to infinity, the transmissions conditions at x5 = ys, and the
boundary condition at xz3 = 0 given by (2.19). Let us begin by analyzing the case when zo — +oo. If
|s| > sp, then 7 (s) is real, positive and the functions e~?2(*)*2 and e~«?2(5)*2 are exponentially increasing and
decreasing in xs, respectively. On the contrary, if |s| < sp,, then 01 (s) is purely imaginary and both the above
exponential functions behave oscillatorily in zs. Indeed, it can be easily verified that in accordance with our
definition of complex square roots, the imaginary part of 0 (s) is negative. Consequently, e“?*()*2 contains
waves that travel in the —z5 sense, that is, incoming terms, whereas e~“?2 ()22 contains waves that travel in the
4z sense, that is, outgoing terms. The analysis for the functions 7(s), e“?7(9)#2 and e~«?7(*)*2 is completely
analogous. We want to eliminate any exponentially increasing term in xs, because it has no physical meaning,
and all the incoming terms, in order to fulfill the radiation conditions at infinity. It is easy to observe that all
these undesired behaviors occur in the matrix D(z2) (see (2.24) and (2.26)), therefore, it is natural to set

B, =0, (2.27)

and then we only keep the terms that behave as desired, which are contained within the matrix D(—z3). Let
us study now the transmission conditions at x5 = yo. We assume G to be continuous at xo = ys, that is,

W_D(—yg)B_ = W+D(y2)A+ + W_D(—yg)A_. (2.28)
However, G is not differentiable at this point. Then, its first derivative has a jump at xo = ya, given by
[aé

. 0G . 0G
5 s - Jim S (am) = lim 2 ) (2.20)
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Computing the derivatives from (2.26), replacing (2.22) and combining with (2.28), (2.14) and (2.12) yields

oG o 2pw
| (5) =~ o G N D) A (2.30)
where
N = diag [9,;(5), GT(S)] (2.31)

Consequently, the second derivative of G in the sense of distributions corresponds to a Dirac mass centered
at y2 and multiplied by the jump of the derivative of G at x2 = y2. Substituting G from (2.26) in (2.2a) and
combining with (2.23), (2.28) and (2.30) gives A,:

1
Ay = ——— D(—y)W. N1 2.32
+ 2w ( y2) + ( )

Notice that at the moment, we have the solution to (2.2a) (taking into account the right-hand side). Finally,
the boundary condition at o = 0 given by (2.19) is imposed to each column of G, obtaining;:

ViAL +V_A_ =0, (2.33)
where the matrices V; and V_ are defined from the vectors v+, vy-, v+, and vy as follows:
Vi = [vp+ o], Vo = [vp-|vp-]. (2.34)
Then, replacing (2.32) in (2.33), we determine A_:
A= 2piwV:11/+D(—y2)W+N—1, (2.35)
and substituting (2.32) and (2.35) in (2.28) gives B_:

B = ——(D(yg)W, - V:1V+D(fy2)W+)N_1. (2.36)

After that, replacing (2.27), (2.32), (2.35), and (2.36) in (2.26), the terms of the sum in (2.5) can be determined.
The first term G* is given by

1
——— Wy D(zg — y2)W, N ! if 0 <o <y,

~ 2
GP (s, 12) = e (2.37)
——W_D(y, —2)W_N""! if 29 >y,
2pw
and the second term GB is given by
~ 1
GB(s,29) = —— W_D(—22)V_ 'V, D(—y2) W, N~ L. (2.38)

2pw
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Replacing (2.22), (2.24), and (2.31) in (2.37), yields GP, which is a symmetric matrix, whose components are

~ 1

G (s,m) = 2p—w(3291;(5)7167“)%(5)'9327?/2' — O (s) em 0 (le2mnal), (2.39)
GF (s, 12) = 21Sw sign (g — yo) (e~ “0r (a2 vl _ o—wr(laz=val) (2.39b)
~ 1

GE (s,19) = 2w (L(s) e~wIr()lea—yz| _ 529T(s)*1e*“’9T(5)|“792|). (2.39¢)

From now on we call this term full-plane term. On the other hand, substituting (2.22), (2.34), (2.24), and (2.31)
in (2.38), we obtain the components of GZ:

~ 1 2 _ -1
OFi(5,m2) == 5= ((25° = 54)" ~ 45°00(5) b (s) + 755 02(5)7)
« (SQQL(S)il((ZSQ . S%)Q + 4529L(5) HT(S) + ,LL718% QT(S)Z)ewaL(s)(szr?ﬂ)

+ QT(S)((ZSQ o S%)2 + 4529L(5) GT(S) o ‘LL718%~ QT(S)Z)efweT(s)(Ier?ﬂ)

— 45725 — 57)0p(s) (e~ (Or(IratOr(uz) 4 e_“(eT(s)meL(s)y?)))v (2.40a)
AB is 2 2)2 2 —1.2 -t
G5y (s,x9) = — 2w ((25 —s7)" —45%0.(s) Op(s) + p~ s QT(S)Z)

« (((252 N S%)Q + 4829L(8) QT(S) + M—ls% GT(S)Z)e—wBL(S)(3$2+y2)
+ ((28* — SQT)2 + 45201, (s) 07 (s) — p~ s> HT(S)Z)e*“’GT(S)(“JFW)
—4(25” — 57) (01.(s) Op(s) e~ r(Iratorluz) 4 526_‘”(9“8)“%“8)1}2)))’ (2.40D)

~ i -1
G5 (s,22) :2;—2 ((252 - 52T)2 — 45201, (s5) 07 (s) + p sk QT(S)Z)
« (((252 N S%)Q + 4829L(8) QT(S) + M—ls% GT(S)Z)e—wBL(S)(3$2+y2)

+ ((28* - SQT)2 + 45201, (s) 07 (s) — p~ s> HT(S)Z)e*“’GT(S)(“JFW)

— 4(25° — 52) (S2e—w(9L(s)wz+9T(s>yz> +05(s) 07 (s) e—w(GT(S>w2+‘9L<S>y2))), (2.40c)
AB 1 2 2)2 2 -1.2 -t
G35(s,x9) = — o ((25 —s7)" —45%0L(s) Op(s) + p~ s QT(S)Z)

X (9,;(5)((252 - s2T)2 + 45201, (s) 07 (s) + pu~ s> HT(S)Z)e_“eL(S)(”2+y2)
+ s207(s) 1 ((25% — SQT)Q +45%01(5) 07 (s) — p~Ls% HT(S)Z)e*“’GT(S)(“JFW)
C42(92 2 —w(0r(8)z2+071(s)y2) —w(Or(s)z2+0r(5)y2)
45*(2s* — s57.)0L(s) (e +e )). (2.404d)

Henceforth we call this term boundary term.
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3. EFFECTIVE CALCULATION OF GREEN’S FUNCTION

In order to obtain an effective expression for the desired Green’s function G(x,vy), it is necessary to calculate
accurately the inverse Fourier transform of the spectral Green’s function G(s,z3), given by

+oo .
G(z,y) = %/ G(s, x3) es(@1-v1) g, (3.1)

— 00

This computation is made separately for the terms GP (s,x2) and GB (s,22) obtained in the previous section.
Furthermore, substituting (2.39) and (2.40) in (3.1), it is possible to verify a priori that the components of the
Green’s function fulfill the symmetries

Gll(l?, y) = Gll(ya 17), G12($7y) = G21 (y7 $)7

(3.2)
G21(33, y) = G12(y, 33)7 G22($7’!J) = G22(y7 $)7

for all ¢,y € R3. In other words, it holds that G(z,y) = G(y, x)T.

3.1. The full-plane term

To calculate G (x,y), it suffices to compute the inverse Fourier transforms of the next three functions
(see (2.14) and (2.39)):

SQefw\/szfsg |zo—ys2|

wl(sa 1‘2) = 52 82 ’ (333.)
— S

Va(s, my) = /5% — s2e “V*’ =8 [w2 =2 (3.3b)

P3(s, x2) = isign(ze — ya2) wy/st=sg len—ya| (3.3¢)

where sy > 0 is given. In the calculations, the following integral formulas are required (¢f. [1]):

; \/226% cos (c€) d¢ = Ko(aV/b? + c?), (3.4a)

/ R /b2 ai- 2 Ki(av/b? +¢2), (3.4b)

€2+a2
/ Lo tVErte? — sin (c€) d¢ = \/% K1 (a0 + &), (3.4¢)

/ £eTVET gin (¢€) dE = 2622 Ko (avb? + ¢2), (3.4d)

where Ko(-), K1(-) and Ks(-) denote the modified Bessel functions of the second kind of order 0, 1 and 2,
respectively (see [2] for their definition and properties). These functions can be expressed in terms of the
Hankel functions of the first kind as follows (c¢f. [2]):

Ko(s) = gi”“H,(})(is), (3.5)
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where s € C and n € N. Additionally, we resort to the next recurrence relations for Hankel functions (c¢f. [2]):

jsH“():ﬁH;”() HY (), (3.64)
2 i) = H, () + HL, ), (3.6b)

The inverse Fourier transform of (3.3c) is computed by employing formulas (3.4), identity (3.5), and rela-
tions (3.6), obtaining

iw 1 T — 2
P inarn) = o8 (o 1 osor) = B wsar) 200 (3.7a)
iw 1 To — y2)?
F Mo (w1, 22) = 5 8 52 ( s Hfl)(wsor) + Hél)(wsor) (27672342)) ’ (3.7b)
iw r — Ty —
]-—le?;(xla IQ) — 2 2 H(l) (LUSOT') ( 1 ylzg 2 y2)7 (37C)

where r denotes the distance between x and y, that is,

r=lo—yl=(x1—11)?+ (22 — y2)* (3.8)

Using formulas (3.7) with sg substituted by s, or st as appropriate, we obtain the following expression for the
components of GF (z,y):

GE(x,y) = i <a(r) 55 + bir) Y@ = yj)), 1<ij<e, (3.9)

r

where a(+), b() are the functions given by

L (Hl(l)(wsTr) -0 Hl(l) (wsLr)), (3.10a)

_ g -
a(r) o (wsrr) wsTr

b(r) = HQ( )(ws r) — 3% H. (wsLT), (3.10b)

and 8 = sp/sp. The expression (3.9) corresponds exactly to the full-plane Green’s function of the time-
harmonic elasticity system (see [3,7] for details).

3.2. The boundary term

The boundary term GP(z,y) requires special attention, because GPB has singularities (pseudo-poles and
poles) that make difficult the calculation of its inverse Fourier transform. For that reason, these singularities are
previously removed by subtracting certain suitable terms, whose inverse transforms are analytically calculable.
The advantage of this approach is that the remaining term is regular and its inverse Fourier transform can be
numerically approximated. Hence, this procedure decomposes the term GB into a sum of three terms:

GP(s,22) = GP™8(s,25) + GBPP (s, 25) + GP PN (s, 13), (3.11)
where GBeg corresponds to the regular part, GBPsP i the part of pseudo-poles and GBPol is the part of poles.

Their inverse Fourier transforms are denoted by GP ¢ (z, y), GPPP(z, y) and GBP°!(x,y), respectively, and
they are separately computed as described below.
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3.2.1. Pseudo-poles

Singularities known as pseudo-poles (or half-order poles) are present in the diagonal components @ﬁ and @2%,
due to the factors 07 (s)~! and O7(s) !, respectively. Specifically, G has two pseudo-poles at s = 457, whereas
GE, has two pseudo-poles at s = +sp. These singularities can be removed by subtracting the terms

PN 1
Gﬁ,psp(sva) = ,pr 529L( )~ lefweL(s)(a:2+y2)7 (3.12a)
PN 1
GEPP (s, 19) = ~5pw $207(s) " temwIT () (@2ty2), (3.12b)

As components éi and é% have no pseudo-poles, the term GBpsp ip (3.11) corresponds to a diagonal matrix.
Once the subtraction is done, the term GZ — GBPP can be written as follows:

(éB - GB’pSp)(s,xg) = —2;)% ((252 - ST) —45%01,(s) 07 (s) + p~ s GT(S)Z>7lx(s,x2), (3.13)

where x(s,22) is a 2 X 2 matrix function whose components are
Y11 (S, 1,2) _ QT(S) (854 —wOr(s)(z24y2)
+ ((25* - 52T)2 + 45201, (s) 07 (s) — p~ s> HT(S)Z)e*“’eT(S)(“JFW)
— 452 (252 _ S%) (e—w(9L(S)1‘2+9T(S)y2) + e—W(GT(S)m""BL(S)y?))), (3.14a)
X21(8, T2 715(((25 - SQT) +45%01(5) Op(s) + p~tsk HT(S)Z)e_“eL(s)(”2+y2)
+ (( SQT) +45%01(5) 07 (s) — p~Ls% HT(S)Z)e*“’eT(S)(“JFW)
4(25 o ST) (HL(S) eT(S)e—w(eL(S)QJ2+9T(S)y2) + SQG—W(GT(S).’E2+9L(S)Z!2)))7 (3.14b)
X12(8,22) = — is(((252 — 52T)2 + 45201 (5) O7(s) + p~tsk HT(S)Z)e*“’eL(S)(“*W)
+ ((2s* - 52T)2 + 45201, (s) 07 (s) — p~ s> HT(S)Z)e*“’eT(S)(“JFW)
_ 4(252 _ S%) (SQe—w(HL(s)xz-i-GT(s)yz) +0; (S) GT(S)e—w(GT(S)$2+aL(S)y2)))7 (3.14(;)
Xa2(8,x2) = QL(S)((QSQ — 52T)2 +45%01(5) Op(s) + p~Lsk QT(S)Z)e*“’GL(S)(“JFW)
+ 252 (45291;(3) - /FISQTZ)e_“BT(S)(“"’y?)
— 457 (25% — 52.)0p(s) (e~ Or ()2t 07 ()y2) | o=w(Or($)z2tOL(s)v2)), (3.14d)
These functions do not have any singularity. Moreover, it is straightforward to verify that yi1, x22 are even

functions in s, and 21, x12 are odd functions in s. Then, the inverse Fourier transform of (3.12) is analytically
computed by employing formulas (3.4), (3.5), and (3.8), obtaining

B psp 182 (L Ly gy @ —y)?
- H _H =) .
G117 (x,y) m (wsLF 1 (wspT) 5 (wsLT) - , (3.15a)
i 1 (1 —w)?
GB psp 1 H( ) H(l) -~ 7 1
(x,y) = 4# (wsTr (wspT) — Hy ' (wsyT) - , (3.15b)

where

T=/(x1 —y1)? + (w2 + 12)2. (3.16)
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3.2.2. Poles

The poles of the spectral Green’s function are removed from the term GB — GBpsp given by (3.13), which
does not have pseudo-poles. As the matrix function x(s, z2) is regular in s, all the poles come from the common
denominator in (3.13). These poles are located at those values of s such that this denominator vanishes, that
is, they are solutions to the equation

(25% — s2T)2 — 45201, (5) 07 (s) + p~ %07 (s) Z = 0. (3.17)

This equation can not, in general, be solved analytically. So it is necessary to employ numerical procedures,
and this matter is discussed in the next section. Nevertheless, as (3.17) only depends on s? (see (2.14)), we
can establish a priori that the poles correspond to pairs symmetrically located with respect to the origin in
the complex plane. Thus, we take two solutions, namely, s = § and s = —3, with %e(é) > 0, and we assume
that GB — GBP*P has two simple poles at these locations. The method we use to extract the poles is based on
subtracting a simple term from GB - GB ‘PSP which behaves in the same way at the neighborhood of each pole
and is regular elsewhere. We express this term as follows:

GPPOl (s, 20) = _2/)% (s i - CH (8, 22) + . Jlr 3 C (5, :cg)), (3.18)
where CF(8,22) and C~ (5, z2) are the residue matrices of the poles at s = § and s = —3, respectively. These
matrices correspond to the next limits

CT(3,29) = —2pwslir£_1§(s —3) (éB - GB’pSp)(s, x2), (3.19a)
C™(3,12) = ~2pw lim (s + 8)(GP — GPP) (s, 20). (3.19b)

Combining with (3.13), we obtain

(s = 5) x(s, 72)

Ct(8,22) = lim_ - : (3.20a)
578 (252 — s2.)7 — 4520, (s) O (s) + p~'s%07(s) Z
O (4,22) = lim (s +8) x(s,v2) (3.20D)

s=—5 (252 — SQT)Q —45201,(s) 01 (s) + p=ts2.0r(s) Z

Because of the evenness or oddness of each component of x(s, z2) (see (3.14)), it is direct to verify that the next
symmetries hold:

Cf—l (§, 1‘2) = _Cl_l (§, 1‘2), CE(é, 1‘2) = 01_2(§,$2), (3 21)
C;_l(g,l‘g) = 02_1(§,x2), C;_Q(g,l‘g) = —02_2(§,l‘2). .
Hence, to simplify notation, we put c¢;;(§,x2) = C;jf(§,x2), and the matrices C(8,x2) and C~(3,13) are
expressed as follows:
. c11(8,2) c12(8,22) . —c11(8,22)  c12(5,22)
Ci(8,20) = . R , C_(8,x20) = R . , 3.22
+(8,72) c21(8,2) c22(8,22) (5,22) c21(8,2)  —c22(5,22) ( )
where the coefficients ¢;; (8, z2) can be computed by using L’Hépital’s rule:
. _ Xij (8, 22)
cij(8,x2) = (3.23)

L (252 — 52) — 4520,,(s) Or(s) + p1s2.07(s) Z) |

s=3§
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FIGURE 2. Contours in the complex plane for cases (a) 1 —y1 > 0 and (b) 21 —y; <O0.

The inverse Fourier transform of (3.18) is analytically computed. In order to determine the diagonal terms of
GB — GBPP_ the next inverse transform has to be calculated:

1 1 w [T/ 1 1
1 - _ N 1ws(;cl—y1)d . 24
Fo <s—§ S+§>(az,y) 27r/ <3—§ 5+§)e ° (3:24)

—00

Let us assume that § is strictly real. In that case, the computation of the integral in (3.24) must be carefully
made, because the functions 1/(s— §) and 1/(s+ §) are not integrable in R. In order to overcome this difficulty,
the pole at s = § is regarded as the limit

§= lim & = lim &+ ie. (3.25)
e—0t e—0t

Therefore, the calculation is made assuming that the poles are placed at s = £5°, where € > 0 is fixed. This
procedure takes out both poles from the real axis and the inverse Fourier transform becomes correctly defined
in the classical sense. Notice that the pole at s = § is displaced to the upper complex half-plane, whereas the
pole at s = —§ is displaced to the lower complex half-plane. This particular choice of sign for the imaginary
part of each pole gives the solution having the right physical sense, that is, outgoing waves (for a more detailed
explanation, see [9,10]). Once the inverse transform has been computed, we take the limit ¢ — 0% at the
expression we have obtained. Let us define the function f. = f.(s) as the term under the integral sign in (3.24)
when § is replaced by §°, that is,

fa(s):( L1 )eiws(xl—yﬂ. (3.26)

s— 58 s+ 5§°

This function has two complex simple poles at s = §° and at s = —§°. The integral in (3.24) is computed by
application of Cauchy’s residues theorem. This calculation is separately performed for the cases x1 —y; > 0
and z; — y; < 0, dealing with different clockwise-oriented contours in the complex plane for each case. These
contours are shown in Figure 2, where R > |§°| is a parameter destined to tend to infinity. When z7 — y1 > 0,
we integrate along the upper contour, which consists of two parts, namely, the straight line IE and the upper
semicircle SE (see Fig. 2a). Notice that only the pole at s = §° lies inside this contour, then it follows from the
residues theorem that

/ fe(s)ds +/ fe(s)ds = 271 Res fe(s). (3.27)
It st §=3¢
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As the contour is clockwise oriented, the following limit is immediate:

R—+oo J_ o \s—5 s+ 5°

e LY ste
/ fe(s)ds ——— ( - )el‘”é(“_yl)ds. (3.28)
I

Moreover, it is straightforward to prove the estimation

2RI Rsin (e
L(s)ds| < | e whsinb@i—y)qg 3.29
/S,;f(s) = ’ 529
and as 1 — y1 > 0, it follows from (3.29) that

On the other hand, the residue of f. associated with the pole at s = §° is computed as follows:

_ &€ . . ae
Res fo(s) = lim (s — &) f(s) = lim (1 - u)e‘“‘("(’“_yl) = W (@—v), (3.31)

s—8° s—8¢ S + §¢

Consequently, taking the limit R — 400 in (3.27) and replacing (3.28), (3.30), and (3.31) leads to the identity

+o0 1 1 ) . A
/ ( = T)e‘“s(”l‘y” ds = 27i e (@1—w), (3.32)
s — &§¢ s + s¢

—00

which is valid when 1 — y1 > 0. In the case 1 — y1 < 0, we integrate along the lower contour, which consists
of the straight line I; and the lower semicircle S5 (see Fig. 2b). The procedure is analogous to the previous
case, but this time it is necessary to take into account that this contour only encircles the pole at s = —§°. We
finally obtain the identity

oo 1 1 iws(z1—y1) o iws® (z1—y1)
- eWs1TY) dg = 2rie 1o (3.33)

3 g€
o s— 5 s+ s

which is valid when z; — y; < 0. In the general case, both identities (3.32) and (3.33) can be expressed in a

single form: .
/ < L1 )ei“8<”1—y1> ds = 2miel™ I -wl, (3.34)

_ g€ g€
oo \S—S s+

Finally, taking the limit ¢ — 07 in (3.34) and replacing in (3.24), we obtain

1 1 -
F-1 Ly) =i ws|z1—y1| 3.35
“ (s§ s+§)<w y) =iwe 539

In order to determine the off-diagonal terms of GZ — GBPP_ it is necessary to compute:

1 1 w [T IR
F1 -2 lws(z1=y1) g, 3.36
¢ <5_§+S+§>(m,y) 27r/ <3—§+5+§>e ° (8:36)

—0o0

The development for calculating the integral in (3.36) is completely analogous to that already done for (3.24).
The final result is

N 1 1 3 : wSs T, —
72 (s 4 ) =it e o
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If § has a nonzero imaginary part, the inverse Fourier transform of (3.18) can be computed directly by using
the Cauchy’s residues theorem, leading to the same result in function of §. Then, substituting (3.35) and (3.37)

in (3.18) yields the components of GZ:P°l:

i

Gy (. y) = -2 c11 (8, w2) €8 lmvil
G\ (@, y) = —2ip co1(8, 72) sign(zy — yy) @8 1 —vil,
G\ (@, y) = —2ip c12(3, 7o) sign(zy — yy) @8 11 —vil,
G (a0, y) = —2%) Con (8, w2) €8 11 vl

(3.38a)

(3.38b)

(3.38¢)

(3.38d)

where explicit expression for the coefficients ¢;; can be obtained by replacing (3.14) in (3.23) and expanding:

. =9T—A(§)<4<2§2 ) 86,6) 608 _4§2<9L(§) N eT(é)) ot ST Z) -1

8 o0r(3) = 0.(3) Or(3)
« (8§467WGL(§)(I2+y2) + ((2§2 _ S%)2 + 4=§29L(=§) 9T(<§) _ (§) ) —wb7(8)(x2+y2)
— 45 ( E _5%) (e—w(QL(ﬁ)a:2+9T(§)y2) +e—w(9T(§)$2+9L(§)y2))>, (3393.)
: ) (s 00(3)  0r®)\ st T
021(s,x2):1<4(23 —5%2) —86L(8) 0r(5) — 43 ( + + 1 — 7
’ ( ) 01.(3) 0r(3)
x (282 = 53)7 4 45%0,.(5) 0 (3) + (8)2)e“0r () @2tv2)
+((282 = 52)° + 45%0.(8) 00 (8) — s QT(g)Z)e—wOT(S)($2+y2)
B 4(2§2 %) (QL( )QT( ) —w(0r(8)z2+07(3)y2) + (§26*W(9T(§)9’32+9L(5’)742)))7 (339b)
) , e f02(3) | 0r(3) 8 -
= —i(4(28° - 80L(5)0r(3) —48° == 'Lz
c12(8, x2) i 4(25% — s2) — 80L(5) Or(8) — 45 <9T(§) + 0.03) +p 02(3)
x (((25}2 — 52)7 1 45%01(3) 07(3) + p 53 07 (8) Z ) e 0r (D) @atua)
+ ((2§2 — 5%) + 4529L( )GT( ) M_ls% QT(g)Z)e—wHT(g)(M-‘rw)
o 4(2§2 o S%) (éQe—w(HL(é)xz-i-GT(ﬁ)yz) + GL(§) 9T(§)e—w(9T(§)1‘2+9L(§)y2)))7 (339(‘,)
e o 2 06 (og 2 o) a2 (L) L 0@ oy s N
= 4(25° — — 846 o -4 Z
en.2) =1 (4028 = o)~ 80,9)00(6) — 4 (G5 + P ) 4t 5T
x (((287 —s%) +45%01,(3) 07 (8) + p sk 9T(§)Z)e_“9L(§)(“+y2)
+28%(48% — 7 sR0L(5) 71 Z) e wIT()(waty2)
42282 - $2) (e 0L (B)rat0r(3Iuz) 4 e—wa(é)xweL(s)ya))), (3.39d)

The expressions (3.38) and (3.39) complete that presented in the previous article [8].
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3.2.3. Regular part

Once the terms corresponding to pseudo-poles and poles have been subtracted from (A?B, the following term
remains: N N N N
GBre8 (s, x0) = GB(s,20) — GBPP(s,19) — GB PO (s, 1y), (3.40)
which is regular, because all its singularities in s have been removed. Furthermore, GB decreases fast at infinity
in s, since GB — GBpsp g exponentially decreasing. The inverse Fourier transform of GBreg is numerically
approximated by an inverse discrete Fourier transform (IDFT). In order to perform this computation, we resort
to an algorithm of backward Fast Fourier Transform (FFT). Both the spatial and spectral domains are truncated
in a symmetric way by considering the intervals [—Zmax;, Zmax) and [—Smax, Smax] Where Tpmax > 0 and Spax > 0
are maximum values for |z1| and |s|, respectively. These domains are discretized by taking N equispaced
samples for both variables. Thus, if ¢(z1) is a function and ®(s) is its Fourier transform F,,, their discrete
approximations ¢, and ®,,, are

_2minm 2w smax

Pn =

mmax 27rl7L7n

MZ

, 0<n,m<N-—1. (3.41)

||t12

m=0

This algorithm gives a numerical approximation of G”*¢(x,y) in a bounded region of Rﬁ_.

4. NUMERICAL COMPUTATION OF POLES

The poles of the spectral Green’s function are determined by solving (3.17). This equation can be expressed
in terms of sz, and sy by substituting (2.14) in (3.17):

(25% — 52T)2 - 452\/32 — S%\/52 — 82 4 p st /82 — 52 Z = 0. (4.1)

In general, (4.1) can only be solved by numerical methods. Nevertheless, when Z = 0 an analytical solution is
possible. In this case, this equation becomes:

(25% — s2T)2 — 452\/52 - S%\/SQ —s2=0. (4.2)

Replacing sy, and st from (2.12) and expanding, we obtain that s? is a root of a third degree equation:

2+ asx® + a1z +ap =0, (4.3)

where the coefficients ag, a1 and as are given by
to— — s 0 — s5, 0y — _s7(3s7 —2s%) (4.4)
K K *
16(3 — 52) 26— 22 —52)

This polynomial equation can be analytically solved by means of well-known explicit formulas for their roots.
In the general case Z € R, the roots of (4.1) are numerically approximated by a Newton’s algorithm.

Next, we present a numerical example of calculation of poles. The elastic medium we consider is limestone,
which is a sedimentary rock whose physical parameters are approximately (cf. [19]):

p = 2.400 [kg-m3], E =170 [GPa], v=0.3, (4.5)

where E is the Young’s modulus and v is the Poisson’s ratio. The Lamé’s constants can be obtained by the

well-known formulas
vE E

N " - =
T F I

(1+v)(1—2v) (4.6)
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FI1GURE 3. Dependence of Rayleigh slowness with Z.

Replacing the values of E and v from (4.5) in (4.6) yields the following values for A and p:
A = 40.3846 [GPal, = 26.9231 [GPal, (4.7)
and replacing these values in formulas (2.12) we obtain the following numerical values for the slownesses:
sp = 1.5959 x 10~ [s:m™], s = 2.9857 x 107% [sm~1]. (4.8)

Applying the foregoing procedure, we have found that for all Z in R, there exist two real poles at the locations
s =sp and s = —sp. The positive quantity sr corresponds to the Rayleigh slowness, which is associated with
the well-known Rayleigh surface wave, guided by the infinity boundary. Its value varies with the impedance Z
as indicated in Figure 3, where we can observe that sr is an increasing function of Z, which approaches
asymptotically s when Z decreases to —oo. Moreover, we have found by numerical evidence that for certain
values of Z, the spectral Green’s function has two additional poles, which are in general complexes. These poles
can be written as s = £(s4 + 104) where s4 and d4 are positives quantities. The whole curve described by
the positive pole as a function of Z in the complex plane is shown in Figure 4, where the zones corresponding
to true poles of the spectral Green’s function are emphasized. Notice that these poles are located at the zone
sp < MRe(s) < s, this is due to the definition of the complex square roots considered in (4.1) (see Fig. 1). The
dependence of s4 and §4 on Z is shown in Figures 5a and 5b, respectively, where the solution area is indicated
again. Figures 4 and 5 put in evidence that there exists a positive value of the impedance, which we denote
by Z*, such that the imaginary part d4 vanishes. In this particular case, G has two additional real poles and
there appears another surface wave, whose slowness is denoted by s*. Indeed, the exact values of Z* and s* can
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FIGURE 6. Components of G (real part) with Z = Z;: (a) Gi1, (b) Gia, (¢) Ga1, (d) Gaz.

be analytically calculated. In effect, replacing s = s* in (4.1) and assuming s;, < s* < sy gives

1
(s7 — 25*2)2 - i(4s*2\/s*2 — 5% — " 5% Z*)ws% — 52 =0. (4.9)

Notice that the first term is real and the second term is pure imaginary. Hence, in order to fulfill equation (4.9),
both terms have to vanish separately. The first term yields s*, whereas the second term (together with the
value of s* just obtained), gives Z*. These values are

2 2
s = % sT, Z* =2/ % —52. (4.10)

Replacing the numerical values of sp, sz, and p from (4.7) and (4.8) yields
s =21112 x 107* [sm™], Z* =17.4421 [MPa-sm™1]. (4.11)

It is important to notice that when Z approaches Z*, the imaginary part of the additional pole becomes small
(see Fig. 5b). This phenomenon produces abrupt variations in the spectral Green’s function, which, although
are not true singularities, they can cause numerical problems in computing the FFT. Therefore, even if the
additional poles are complexes, it could be necessary to extract them in some cases.

5. NUMERICAL RESULTS OF THE GREEN’S FUNCTION

Next, we present some numerical results of the Green’s function. The elastic material corresponds to lime-
stone, and a frequency f = 5 [Hz| is assumed, that is, a pulsation w = 27f = 31.4159 [rad-s~!]. The source
point y is fixed at (yi,y2) = (0.500 [m]). The FFT is performed with N = 2!¢ points. Three cases were
simulated, assuming Z; = 0 [MPa-sm™1], Z, = Z* = 7.4421 [MPa-sm~!], and Z3 = 60 [MPa-ssm~!]. The
results are presented in Figures 6, 7, and 8, respectively. Each figure shows contour plots in @ = (21, x2) of each
component of G (real part). The numerical values have been scaled to [0,1] in all cases.
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