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ABOUT STABILITY AND REGULARIZATION OF ILL-POSED ELLIPTIC
CAUCHY PROBLEMS: THE CASE OF C'! DOMAINS

LAURENT BOURGEOIS!

Abstract. This paper is devoted to a conditional stability estimate related to the ill-posed Cauchy
problems for the Laplace’s equation in domains with C*' boundary. It is an extension of an earlier
result of [Phung, ESAIM: COCV 9 (2003) 621-635] for domains of class C*°. Our estimate is established
by using a Carleman estimate near the boundary in which the exponential weight depends on the
distance function to the boundary. Furthermore, we prove that this stability estimate is nearly optimal
and induces a nearly optimal convergence rate for the method of quasi-reversibility introduced in [Lattes
and Lions, Dunod (1967)] to solve the ill-posed Cauchy problems.
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1. INTRODUCTION

The question of stability for ill-posed elliptic Cauchy problems is a central question in the fields of inverse
problems and controllability. Concerning the inverse problems for example, the aim is generally to retrieve
some unknown object, for example an obstacle or a distributed parameter, with the help of some boundary
measurements. These measurements are noisy data by nature. Given two sets of data the distance of which
is o, the problem of stability amounts to study the distance in term of o between the corresponding two retrieved
objects. In particular, a practical motivation is numerics: the better is the stability we obtain, the better is
the numerical reconstruction we expect. In this view, the stability for ill-posed elliptic Cauchy problems is an
important first step in order to study the stability of more complex inverse problems governed by elliptic PDEs,
as it may be seen for example in [1] concerning the inverse obstacle problem and in [6] concerning the corrosion
detection problem. The following paper is focused on this first step.

A number of authors have studied the stability for ill-posed elliptic Cauchy problems since the first con-
tributions of John [14] and Payne [20]. In the meantime, the so-called Carleman estimates have become a
very efficient tool to derive not only unique continuation properties (see for instance [5,22]) but also stability
estimates (see for instance [6,13,18,21,24]).

The obtained stability estimates take some various forms, depending on the geometry of the domain and on
the regularity of the function. But a classical and general result is that the stability estimates are, following
the vocabulary introduced by John [14], of Holder type in a subdomain which does not include a neighborhood
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of the boundary where limit conditions are unknown, and of logarithmic type in the whole domain, as it will be
described again in the following paper. In the particular case of the Helmholtz equation, the authors of [12,23]
analyzed the influence of the frequency on the Hélder and the logarithmic stability estimates, precisely on the
constant in front of these estimates.

Here we are interested in the influence of the regularity of the boundary on stability estimates, precisely on
the optimal exponent of the logarithmic stability estimate in the whole domain. In [1], a logarithmic stability
estimate is established in the case of a Lipschitz domain for functions of class C1® with 0 < o < 1, with the
help of doubling inequalities. The exponent of the logarithm is however unspecified in that paper. In [6], a
stability estimate is obtained in two dimensions in C*® class domains with 0 < a < 1 and for functions of
class C2. In [24], a stability estimate is obtained in domains of class C? for functions of class H", where 1 > 2
depends on the dimension. In these two last papers, the exponent is specified but not proved to be optimal.

In the following paper, we specify the exponent of the logarithmic stability estimate in the case of a domain
with C1! boundary for functions in H?2. Precisely, we prove that this exponent is any x < 1 and that the
value 1 cannot be improved. In this sense, our stability estimate in nearly optimal. The case of a domain
with Lipschitz boundary, which requires a completely different technique, is considered in [3]. The choice of the
functional space H? is motivated by a particular application of our stability estimate, which is the derivation of a
convergence rate for the method of quasi-reversibility to regularize the ill-posed Cauchy problems for the elliptic
operator P [17]. We hence obtain a nearly optimal convergence rate for the method of quasi-reversibility in the
whole domain, which is new and completes the result of [16] concerning this convergence rate in a subdomain.

The starting point of our study is the nice article of Phung [21], who obtained the following conditional
stability estimate for the operator P = —A. — k., k € R. For a bounded and connected domain  Cc RV of
class C°, if Ty is an open part of 9, then for all x € ]0, 1], there exist constants C,dy > 0 such that for all
§ €10, o], for all function u € H?(2) which satisfies

lullmz@) < M, [|PullL2(0) + [|ullgr o) + [[OnullL2rg) <6, (1.1)

where M is a constant,
M

(oM7) -2
A similar estimate holds with ||u|| g1 (. replacing ||u|| g1 (ry) + [|Onul|L2(ry) in (1.1) for any open domain w & €.
The label “conditional” stems from the first inequality of (1.1), which is required to obtain stability. We also
notice that despite u € H?(2), we only estimate ||ul|g1(q) in (1.2), which is due to the estimation of the
function u up to the part of the boundary 9 which is complementary to I'g (see the proof of Prop. 2.4).
In [21], the proof of (1.2) for C*° domains is mainly based on an interior Carleman estimate [8,11], as well
as a Carleman estimate near the boundary [19]. Precisely, the analysis of stability near the boundary follows
from a Carleman estimate in the half-space after using a local mapping from the Cartesian coordinates to the
geodesic normal coordinates, which separates normal and tangential second derivatives in the principal part
of the transformed operator. The Carleman estimates apply to the transformed operator and use microlocal
analysis.

The aim of this paper is to prove that the stability estimate (1.2) still holds for domains of class C1:! with the
same assumptions. Because it is based on geodesic normal coordinates, the technique used in [21] is not strictly
speaking applicable to domains of class C1'!'. By definition of a C''! domain, a particular mapping enables us
to flatten the boundary and then probably to continue the analysis on the transformed operator in the spirit
of [21], despite separation between normal and tangential second derivatives does not hold anymore.

The present paper is however devoted to an alternative technique that uses no local change of coordinates
and which is based on the distance function to the boundary. Precisely, we use Carleman estimates near the
boundary directly on the initial geometry and on the initial Laplace operator, by following the friendly method
of [9] instead of microlocal analysis, and the exponential weight is a function of the distance to the boundary.

Our paper is organized as follows. The second section is devoted to the derivation of our stability estimate with
the help of a Carleman inequality. This is based on the local regularity of the distance function to the boundary,

|ullgr @) < C
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which is related to the regularity of the domain. In Section 3 we prove that such stability estimate in nearly
optimal. Lastly, in Section 4 we derive some convergence rates for the method of quasi-reversibility to regularize
the ill-posed Cauchy problems.

2. A STABILITY ESTIMATE IN DOMAINS OF CLASS O'!

2.1. About the regularity of the distance function

We consider a bounded and connected domain  C RY of class C1'. For x € Q, we denote dpq(x) the
distance function to the boundary 02, and we define the set

WaQ(I) = {y € 09, |x - y| - dag(x)},

where |.| denotes the Euclidean norm in RY. At any point y € 912, the outward unit normal is denoted n(y).
There are a number of contributions concerning the regularity of function dgg near the boundary. Among
these, the following theorem is proved in [7] (see Thm. 4.3, p. 219).

Theorem 2.1. If the domain 2 C RY is of class C1', then for all xo € 0L, there exists a neighborhood W(x)
of o such that if W(zo) = W(z0) N,

Vo € W(xzo), moa(x)={Psa(x)}

is a singleton and the map: W (zg) — RY
€T — PgQ (:E)

is Lipschitz continuous in W (xg). Moreover,
Vo € W(l‘o), Vdag(l‘) = 77?,(P8Q(I')).

As a result, Vdaq is Lipschitz continuous in W (xo), so doq € CY1(W(wy)), in particular the components of
V2daq belong to L (W (z0)).

Remark 2.1. As proved by a counterexample in [7], p. 222, when © is only of class C1%, with 0 < o < 1,
then dpn may be not differentiable in a neighborhood of Q. In particular, Vdaq is not a C° function in a
neighborhood of 0€2.

2.2. A Carleman estimate near the boundary

We consider o € 9Q, Ry > 0, and the set B = QN B(xo, Ry). We define HZ(B) as the restrictions to B of
functions in HZ(B(zo, Ro))-

Let the function ¢ satisfy ¢ € C1(B), Vi # 0 on B, and V21 € (L>°(B))V*¥V,

We define for € > 0,

K. = {1’ € Ea 'L/)(I’) > 5}'

In the following, v is chosen such that only two cases occur (see Fig. 1). In the first case Ky = B, the
boundary of K in then included in 9Q U dB(zo, Ry) and we denote 0Ky = BN oN. In the second case
{z, ¥(z) > 0} NI = 0, the boundary of Ky is then included in {z, ¥/(z) = 0} U dB(xo, Ry) and we denote
0Ky = {x € B, ¥(z) =0}.

Denoting ¢(z) = e*¥(*®) for a > 0, we have the following lemma.
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FIGURE 1. Two cases for definition of Ky and 0Kj.

Lemma 2.1. Let define u € C§°(B(z0, Ro)) and v = ue*® with A > 0.
With the following definitions

p1 = 202\ ¢(V1p.Vv)? dz,
Ko

pe=a* ) [ | Vy|tide, ps= a2)\/ o|V|?|Vo|? dz,
KU KO

dy =2a\ [ V.V Vudr, dy=—a) [ ¢(AY)|Vu|*dz,
Ko Ko

ds =203\ [ ¢|VY2 (V. Vo)vde, dy=40°X [ ¢(V'. V3. Vo) de,
Ko Ko

ds = 203X [ @3(VIp. V2. Vide, de=a3) [ ¢3(AY)|Vee? da,
KU KO

by = —2a\ ¢(v¢.vu)@ dl, by = aX ¢8—¢|vv|2dr,
8K, an 8K, 5‘n

by = —2a°\ ¢|w|%@ dl, by = —a®\3 ¢3|v¢|26—wu2 dr,
9K, an 9K, aTL

= [ (et a®aolVOP —ars(Bu)Pt e, p= [ (Pueds,
Ko Ko

we have

p1+ D2 +p3+dy +dy+dz+ds+ds 4 dg + by + bz + b3 + bs < po + p.
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Proof. We first find an expression of Pu as a function of v. Since u = ve™*?,

Ou  _ (Ov oY Ap
Ox; B (a% ¢ U)e ’
u v 821 N A o v\ .,
—az]2 = (a;ﬂ]2 —Oé)\¢am]2’()—06 )\¢ (a—z]) ’U—Oé)\¢a—m]a—m] €
ov 0 o _
(a Aq&—w >a/\¢ 1/’ re
Lj Lj
(% 0% ) o \? O 00 s (00 2\
= (asz —oz)«ﬁaszU —a“\¢ (a—m]) U_2a)\¢8:£j 8:E] A2 2 (a—m]) v]e "

whence
Au+ku= (Av+ kv —arp(AY)v — a®Ag|VY|*v — 2aAp(V. Vo) + o* A2 2| Vip|*v) e .
The above equation can be rewritten
—Pue*® = Mjv + Myv + Msv,
by denoting

Myv Av + a? N2 ¢%| V|2

Moy —2a\p(V).Vv) — 20*\p|Vep|2v

Msv = kv+a?Xp|VY|?v — adg(AyY)v.
It follows that
[ Myv + M2U||2L2(K0) = [|Pue?® + M3v||2L2(K0)7
whence
(Myo, Mav) 12 (k) < ||Pue?||32 k) + IMs0][72 ) -

We now develop that left-hand side term. Since Myv and Msv are both the sum of two terms, with obvious
notations we have

(Myv, Mav)r2(kyy = Ii1 + T2 + Io1 + Iao.
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By integration by parts in K, we obtain by using the Einstein notation for repeated indices,

I = —2a) d(Av) (VY. Vo) de

Ko

B ov 0. oY v
= 2()4)\/}([)6)%&%z <¢0x]0 >d —2a 6K0¢ (VwVv)

ov 0% Ov

dv Oy 81/1 ov
oA (b@xl O0x;0x; Ox; dz + 207X (Z)é):vz ox; 8% 030] d
v oY %
2Za dz — 20\ dr
+ ¢85E1 dxj Oz;0z; . o n(vw Vo)

= 222\ [ ¢(Vo.Vv)2dx +2a) [ ¢V V. Vode
Ko Ko

—|—a)\/ 6V V(VoP)dz — 200 [ ¢ n(w Vo) dr
Ko

0Ky

The third term of the above sum can be rewritten

I, = a)\/ oV V(|Vu|?) da
Ko

= —a\ i( aw)|V1j|2dx+a}\ qb |v |>dr
Ko al’z 3 8K,

= —a)\/ ¢(A¢)|Vv|2dx—a2)\/ B V|2 |Vv|2d:c+a)\/ ¢a—w|Vv|2dF.
Ko Ko 0Ky 8”
Similarly, we have

I, = —2a2)\/ | Vy[PvAv da
Ko
= 2a2)\/ V(9| V|?v).Vuda — 2%\ ¢|wj|%@dr
Ko Ko on

= 2a°)\ ¢|w|2(v¢.vu)udx+2a2A/ duV(|V|?). Vo da
Ko

Ko

+2a2)\/ ¢|V¢|Q|Vv|2d:c—2a2>\/ ¢|w|2vg—“dr
Ko 0Ky

2
Iy = —2a3)\3/ ¢3|Vw|2(V¢.VU)vdac=—a3)\3/ ¢3|V¢|28—¢6(“ ) do
Ko Ko al’z 8:@

= a3)\3/ div(¢®| V|2V v? daz — aBA3 ¢3|Vz/;|2?)—wv2df
Ko n

8K0
= 3a'\3 [ ¢P|Vy*e? dx+a3)\3/ Hdiv(|Vy|*V)o? da
KO KO
8¢ QdF

SO G
0Ko
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Lastly
Iy = 720/&3/ 3|V ro? da.
Ko

If we add all terms and simplify, we finally obtain
(Myv, M2v)12(ky) = p1 + p2 + p3 +di +do + d3 + dy + ds + dg + by + b + b3 + by.

Since
||M3U||2L2(K0) = Do, ||PU€A¢||%2(K0) =D
this completes the proof of the lemma. O

We obtain the following Carleman estimate in K.

Proposition 2.1. There exist K, ag, \g > 0 such that Ya > ag, VA > A, Yu € H3(B),
N [ VY [tute® da + PN [ 6| VY| Vul?e?? da
Ko Ko

<K [ |Pul*e®?dz + Ka)\/ B|VY||[Vu2e*  dl + Ka3\3 3|V Pue?  dr.
Ko 0Ky 0Ko

Proof. For u € C§°(B(x¢, Ro)), we denote v = ue*® and use the notations of Lemma 2.1. Since V) # 0 on B,

we have ) A
P2+ ds +ds > a3)\3/ o |Vt (a + W) v? dz,
Ko V|

2 () — A
p3+di+dy >k [ ¢V (a + W) |Vo|? dz,
Ko IV

where p_ (1) (resp. p4 (1)) is the smallest (resp. largest) eigenvalue of V21. Since u_ (1)) and A belong to
L>°(B), there exists a constant ¢ such that

2 () £ Ay
Vo[

>c¢ a.e.in K.

Hence, for sufficiently large « there exist constants K, K’ > 0 such that

p2 +ds +dg > Ka*\3 ¢3|V1/)|4712 dz,
Ko

p3+di +dy > K'oﬂA/ B|VY|*|Vu|* de.
Ko

Now we look at terms dz and dy.
|ds| < 2043)\/ B V|2 |Veh. Vo||v| da.
Ko
By using Young’s formula,

|d3]

IN

a2>\/ H(Vp.Vu)2dz 4+ o*X [ ¢|Vip|*v? da
Ko

Ko

IN

a2>\/ d(Vep.Vu)2dz + otX [ 3| Vy[*? da,
Ko

Ko

since ¢ > 1 in K.
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Hence we have

pr+ds > )| o(Vo.Vu)2dr —a') [ 3| Vy|*? da

Ko KO
> —a4)\/ 63|V *v? da.
Ko
il < 40®x [ ou()|Vu|Vole] do
Ko

with p(v) = max(|u— ()|, |u+(¥)]), and by using again Young’s formula,

da] < 20332 /K o) Vo do +20 [ on(w)| Tl da.

Since u(¢) € L>(B), there exists a constant C' such that

|é(:f|)2 < C a.e. in K.

Then, since ¢ > 1 in Ky,

|ds| <2Ca3N? [ @3 |Vy|*?de +2Ca [ ¢| VY| Vo|? da.
Ko KO

We now consider the case of py.
We have

k 1A¢)22

442 2 4
- 1 _ - .
po=aX | @IVl ( T EGveE alvepr) U

For A > 1 and sufficiently large «, we obtain

po <2222 [ 3| Vy|t? da.
Ko

If we gather all the above estimates, we obtain

P1+p2+p3+di +de+ds+ds+ds + ds — po

ZKOOé4)\3/ ¢3|V¢|4v2dx+K1a2)\/ B|VY|?|Vv|? du,
Ko Ko

with

As a result, when a and X are large enough, we have Ky, K7 > 0.
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Now let us consider |b;|, i = 1,2, 3,4. We have

by + bs] < 3 / 6|V|[ V|2 dT,
0Ky
1bs] < 20%A / 6|V [2|Vo[u] dT,
OKo
< a)\/ ¢|V¢||Vv|2df+a3)\/ ¢|Vy|*v? dT,
0K 9Ky

bs] < @®N? . |V Pv? dT.
0

Since ¢ > 1, for A > 1 we have
b1 + ba + b3 + ba| < 4a)\/ o| V|| Vo|? dT + 2a3)\3/ 3| Vp[3v?dl.
(‘)KU aKO

Applying Lemma 2.1, we obtain that for sufficiently large a, A, there exists a constant K > 0 such that

at\? ¢)3|V1/)|402dx+a2>\/ PV PAVolPde < K | |Pul*e®? da
Ko Ko Ko

+Ka>\/ S| V|| Vo2 dT + Ka3\3 3|V Pv? dT.
BK() 8K0

Now we replace v in the above estimate by its expression as a function of w.
v=uer Vo= (Vu)e + alpu(Vi)er?.

‘We obtain

200 [ @3 |V fue? P da 4+ oP X [ o[ VA Vu2e? da + 20302 [ ¢V Pu(Vih. Vu)e? ? dx
Ko Ko Ky

<K |Pu|2e2k¢dx+KaA/ O| V|| Vul?e® dT
Ko 0Ky

+ 2K a?\? |V u(Vip.Vu)e* ? dT + 2K a3 \3 3|V Pu?e® ? dT.
BK() 8K0

We now use the following Young’s inequalities:

1
2a3)\2/ G2V Pu(Vip. Vu)e?*? dx| < —a4)\3/ ¢3|V1/)|4u2e2’\¢dx+a2)\r/ BV 2| Vul?e®? dz,
Ko r Ko Ko
with » > 0, and

202 \? G2V u(Vep. Vu)e? ? dl“‘ < a\ BV || Vul2e® dT + a3 $3| Ve Pue®  dr.
0Ky 0Ky 0Ky




724 L. BOURGEOIS

As a conclusion, if we choose 1/2 < r < 1, we obtain K > 0 such that for o, A large enough, and for all
u € CSO(B(CL'(),R())),

a4)\3/ <Z>3|Vw|4u2e2’\¢dx+a2)\/ B\ V2| Vul?e* da
Ko Ko

<K [ [Pul?e®dz+ Ka / IV Vul?eP dl + KoP X | ¢*|VipPu®e®? dT.
Ky 0K 0K

By density, the above result remains true for u € HOQ (B). O

Remark 2.2. In the following, we can use a simpler statement as in Proposition 2.1. Once we have fixed
a = ap > 0, we can drop « and ¢ from the Carleman inequality and obtain there exist K, Ao > 0 such that
VA > Ao, Yu € HZ(B),

A3 / u?e®? dz + A |Vu|2e2/\¢ de < K |Pu|2e”‘ls de + K\ |Vu|2e2/\¢ dl + K\? / u2e®* dr.
Ko Ko Ko O0Ko O0Ko

We hence obtain the same Carleman inequality as in Proposition 2.1 from [19].

2.3. Two stability estimates near the boundary

We consider a bounded and connected domain Q € RY with a C*! boundary 99, and T'y an open domain
of 9. This implies that there exist zg € I'g and 7 > 0 with 9Q N B(xg, 7) C To.

In this section we apply the Carleman estimate of Proposition 2.1 to obtain two stability estimates near the
boundary. We use approximately the same method as in [21], with however two main differences. First, we use
Carleman estimates involving weights e®¥1, e®¥2 where the functions 11,1 are defined hereafter and depend
on the distance function to the boundary, instead of a Carleman estimate in the half-space after a local change
of coordinates. Second, as concerns Proposition 2.4, we use the level curves of a well-chosen weight instead of a
perturbation of the domain in order to introduce the open domain w; € €2 in the right-hand side of the estimate.
Before deriving these two stability estimates, we recall the following useful proposition, which is proved in [21]
with the help of an interior Carleman estimate, and which is not influenced by the regularity of the domain.

Proposition 2.2. Let wg,w; be two open domains such that wg,w; € Q. There exist s,c,eq > 0 such that
Ve € 10,0, Vu € H*(Q),

C N
[l 1 (wy) < - (I1Pull 20y + Hull g1 we)) + €% |ul[ a0

For all ¢ € 02, we can choose the set W(xg) in Theorem 2.1 as B where B = QN B(xg, Ro), for some Ry
with 0 < Ry < 1. In the following, we will use the two functions 11, 1o defined in Q by:

Dn0) = R~ don(z) - 3r(2)°, (2.1)
Yal(e) =7 0 r(@)dan (@) + (1~ 7o r(x))don (o), (22)
don(x) = don(x) + 3 (don(x)” — r(@)"), (23)

with r(z) = |x — x|

Here, R > 0 is chosen such that 1); > 0 on B. We easily prove that for sufficiently small Ry and ro < Ro,
{d(z) > €} N B(xg, Ro) # 0 for all € with 0 < & < 7y. Furthermore, y is a C? function on [0, Ro] such that
~ =1 on the segment [0, 7], and which is non increasing on [rg, Ro] with 0 < v(Rg) < 1. Lastly we assume that
~'(r) + 2v(r) > 0 on [0, Rg]. Such a function v exists, take for example v(r) = (r — r¢) for r € [rg, Ro] with
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F(r) = (2r® + 2r + 1)e=2". Since v(r) € [0,1], we have {¢2(z) > £} N B(xg, Ro) # 0 for all & with 0 < & < 7.
We have the following result.

Lemma 2.2. The two functions 11 and 1o satisfy the following properties: for i = 1,2, 1; € CY(B), Vib; # 0
on B, and V?; € (L*=(B))N*N.

Proof. Theorem 2.1 implies that dpq(x) € C*(B) and V2dpq € (L>°(B))V*¥, which implies the same properties
for 1 and 1)s. - -
We first verify that Vi # 0 in B. Using Theorem 2.1, we obtain that in B,

Vi () = nly) — (x — o),

where y = Ppq(x). If for some @ € B we had Vi1 (x) = 0, then we would have |z — | = 1, which is impossible
since Ry < 1.
We consider now Vs, A straightforward calculation leads to

1
Vg = Vdaa — §V(7 or)(d3gq — %) + (1 — vy or)(deqVdaa — (x — x0)).

Now using the fact that Vdgg = —n(y) and V(yor) =~ or(z)(x — xo)/|x — x|, we obtain

r — X

|z — o

Viis = —nly) — 57 () (@B — ) e 4 (1= () (~doan(y) — (& — o))

If z € b with b = QN B(0,7), then Vipy = —n(y) # 0. Now assume that Vibs(z) = 0 for some x € B \ b. For
any 7(y) L n(y), we have

sz(x)ﬂ'(y)zoz—(I—Io)-T(l (") (d§9—7‘2)+1—7(7“))-

2|z — x|

Since dao(z) < 7(z) on B, v/ < 0 and 1 —+ > 0 on |rg, Ry], we have necessarily (z — z0).7(y) = 0, whence
x —x9 = —nn(y) for some n € R.
Furthermore,

Vipa(z)n(y) = 0= —1+ %’V’(T)(dgn —1*)sgn(n) — (1 — y(r))(doc — n),

that is

—%7’(7“)(772 — d3g)sgn(n) + (1 —y(r)(n — do) = 1.

But, since 7/ < 0,1 —+v >0 and dopq < |n| < Ro < 1,

— 57 () — dBg)senln) + (1= 7(r))(n — doe) < ~37'(1) +1 = ~(r),

and —y'/2+ 1 — v < 1 since 7' 4+ 2y > 0, which is a contradiction. O
Now we prove the two following estimates.

Proposition 2.3. Let zg € Ty and 7 > 0 such that QN B(xg,7) C Ty. There exists a neighborhood wy of g,

there exist s,c,eq > 0 such that Ve € ]0,e0[, Yu € H?(2),

C s
[ull 71 (rwe) < . (I1Pull L2y + lull g1 gy + |[OnullL2(ry)) + €° [|ullm1 (-
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Proposition 2.4. Let xg € 0N2. There exist a neighborhood w of xo and an open domain wy € S such that for
all k €0, 1[, there exist c,eq > 0 such that Ve €]0,&0[, Yu € H?(Q2),

[ullzr (onw) < €€ (I1Pullzz(o) + [l wy)) + &% l[ullarz(o)-

Proof of Proposition 2.3. We apply Proposition 2.1 and Remark 2.2 with function ¢» = v defined by (2.1).
Here Ky = B since ¢y > 0 on B and 0Ky = B N 9N (see the definition at the beginning of Sect. 2.2 and
the left-hand side of Fig. 1). We assume that Ry < 7 so that 0Ky C T'g. We consider zy and z; such that
0 < 21 < 20 < R, with \/2(R — 21) < Ry. This last condition implies that {x € Q, 11 (x) > 21} C B(xo, Ro).
Next, we define v = xu, where x is a function in C§°(B(zo, Ro)) such that x =1 on K, .

Thus we have v € H2(B), and there exist K, g > 0 such that for fixed (sufficiently large) a and for all
A > Ao,

/ (02 + |Vo2)e?* de < K | Po|?e?* da + K)\Q/ (v? + |Vo|?)e?* dT.
Ko

Ko aKO

We hence obtain

/ (u® + |Vu|?)e** dz < K'/ | Pul?e** dz
K

E) Ko

+K’/ (u2+ |Vu|2)62)‘¢dl‘+K/>\2/ (u2+ |VU|2)62)‘¢dF,
Ko\Kz, 0K,

By denoting h(z) = e**, and since ¢ > zp in K., Y1 < R in Ky and ¢; < z1 in Ky \ K., (see the left-hand
side of Fig. 2), it follows that

emh(z“)HUH%{l(Km) SK/e2Ah(R)||Pu||%2(KO) +K/ezm(Z1)||u||§{1(K0)
1K AZeAh(R) (||u||§{1(6K0) + ||6nu||%z(3Ko)> ;
and thus for sufficiently large A,

ull i1 (1., ) K" APPERCD (|| Pu| 2 gy + |[ull i1 011c0) + 10l L20k0) )

+ K" A BGE)=RED) |y .

Taking into account the fact that h(R) — h(zo) > 0 and h(z9) — h(z1) > 0, by changing variable A — ¢ we obtain
that there exist s, ¢, o > 0 such that for all ¢, 0 < & < &g, for all u € H%(Q),

C N
lallzr ey < 2 (I1Pull L2(xc0) + ull i (o10) + [10null L2(0k0) ) + €% Ul (i50)-

This ends the proof since Ko C Q, 0Ky C T'g and K., = {x € Q, daa(z) +r%()/2 < R — 2} can be written
Q Nwg, where wy is a neighborhood of xg. O

In order to prove Proposition 2.4, we need the two following lemmas.

Lemma 2.3. Let s, 3, A and B denote four non negative reals such that 3 < B. If 3c,e9 > 0 such that Ve,
0<e<eo,

g<fA+4eB,
g
then

s 1

6§CAS+1BS T,
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FI1GURE 2. Left: proof of Proposition 2.3. Right: proof of Proposition 2.4.

where C(s) = max(D(s), D(S)),

s

s

D(S) = c5+1 (5# + 3_$)7 D(S) — (C/SEgSJrl)) SH1 .

C(s) is a bounded function on each interval [0, Sp].
Proof. We denote e, and fiin the minimizer and the minimum of

Je)=<A+<B

respectively, that is
1

cA Y\ 5Tt A L
min = | T ) min = D(s)A+T B5+1 s
: (sB) / (5)

with
s 1 s
D(s) = ¢sH1 (st 4§ s+1).
One should distinguish two cases. First, if €9 > emin, the result follows with C' = D(s).

If 9 < €min, one has
cA o
o < | —
0 X sB )

B<A (c/ss(()s+1)) .

and hence

Using assumption 8 < B, we obtain

s 1 s 1

+1 < D(S)As+1Bs+1

)

with

s

D(s) = (efsep) ™
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and the result follows with C' = D~(s) To prove that C(s) is a bounded function of s € [0, so] for fixed e, we
just have to verify that D(s) and D(s) are continuous on [0, o], in particular at 0. O

Lemma 2.4. If Q C RY is a bounded, connected and Lipschitz continuous domain, and if dpo(z) denotes the
distance of x to O, then Vr €10,1/2[, Vu € H"(),

with C' > 0 depending only on r and on €.

u
I
d@Q

< CJul
L2(9)

H™(Q)

Lemma 2.4 is known as Hardy’s inequality and is proved for example in [10], p. 6.

Proof of Proposition 2.4. The first step consists in finding an estimate far away from xzg, by applying Propo-
sition 2.1 and Remark 2.2 with function ¢ = 15 defined by (2.2)-(2.3). Here Ky = {z € B, ¥»(z) > 0} and
0Ky = {z € B, ¥a(z) = 0} (see the definition at the beginning of Sect. 2.2 and the right-hand side of Fig. 1).
We consider the domains K, ,» = {z € B, z < y(x) < 2'}, with 0 < 2 < 2/ <rp. Forve ﬁg(B), there exist
K, \op > 0 such that for fixed (sufficiently large) o > 1 and for all A > )\,

|Pv|2e2k¢ dz + K)\Q/ (U2 + |Vv|2)e2”\¢ dr.

/ (v + |[Vu]?)e** dr < K
Ko K,

Ko

Let € be such that 0 < ¢ < rg. Denoting again h(z) = e“*, since g > ¢ in Ky, P2 < Ro in Ky and 95 =0
on 0K, we obtain

62/\}1(6)||’U||%11(K5,T0 < Ke%h(RO)HPUH%%KO) + KA22O) <||v||§{1(6K0) + ||anv||%2(8Ko)) )
and hence, by using a classical trace theorem,
||U||H1(K5,,-0) < K/eA(h(Ro)—h(e))||PU||L2(KO) +KI)\G_/\(h(E)_h(O))||'U||H2(K0)-
We notice that h(e) — h(0) > as > ¢ and A < (2/£)e**?, whence there exist d, L > 0 such that
dx L _ox
1ol (k. ) < LePPollL2 (o) + Loe™ [0l a2 (1c0) -

Next, s > 0 and g > 0 are uniquely defined by e = 1/p and e=** = p*. It follows in particular that s = ¢/d,
and for 0 < p < pg = e~ Vo € HZ(B),

1 .
ellollm k..., < ;LEHPUHB(KO) + 17 Lol 2 ()

We apply Lemma 2.3 with s = ¢/d, 8 = ¢|[v[|m1 (k. ), A = Le[|Pv||r2(x,) and B = L||v||g2(k,). There

exists C' (independent of €) such that for & with 0 < & < ro, for v € HZ(B),

d
= (/1 e+d
Wl (k. ) < C ([[PllL2(xp)) = <g||v||H2(K0)) :

At this step we reproduce exactly the same calculations as in [21]. We introduce now s > 0, such that

d
(E*%(erl))m (ES)sid — (l) o ,
g




ABOUT STABILITY OF ELLIPTIC CAUCHY PROBLEMS 729

it follows that

£ d

—4d(s et s :
olln 1.y < € (e7EF NP2y ) ™ (¥ ol r2000)) T -

Moreover,
d(e d(e 1
__(é_l’_ ) _(é+ ) og _7

and for small ¢, if we introduce p > 1,

(which is obtained by remarking that log1/e#~1 < 1/e#~! for small ). This leads to

d d(s+1)
E*E(SJFI) < gp—1=F ,

and finally, Vs > 0, ¥ > 1, 3¢ > 0 such that for sufficiently small e, Vo € HZ(B),

—£
e+d

" s _d_
[ollar 1.y < € (e NPOllz2c) ) T (¥ ol 2 a00)) 7 -

By using the fact that Va,b > 0, ¥p € [0,1], a?b!~* < a + b, we obtain

[ollzr sy < € (e WPOl2201c0) + & ol 20 ) -

We denote I. = K. N B(xg,79), and J. the complementary part of I. in b with b = Q N B(xg,ro) (see the
right-hand side of Fig. 2). Since for © € B(xzg,ro) we have ¢5 = daq, it is easy to verify that I. C K. ,,. We
finally have

ollzn 1y < C (=" 1Pollzzgicy) + £ ol ) - (2.4)

The second step consists in finding an estimate of |[v|[z1 () uniformly in e, with the help of Lemma 2.4 in the
domain b for v € HZ(B). Tt follows that for all 7 € ]0,1/2],

7

[[vllz2(.) < Celvllar@y < Cel[vllgirzm-

v
I
dab

<C|
L2(b)

H7(b)>

and since dgp < dyg = P2 < € in J.,

By using a classical interpolation inequality and a Young’s inequality, it follows that Vn > 0,

2r
1/2 1/2 €
mmwaéaammammw@sc(;wmmm+mwm@)

Since the above inequality is also true for the first derivatives of v, it follows that Vr € ]0,1/2[, 3C’ > 0 such
that Vn > 0,

2r
9
lollnca =€ (S el +albllngy ) (25)

Using |[v[| g1y < [[v]|mr 1) + |vl| a1 (s.), and gathering (2.4) and (2.5), we obtain

CcC/E S €2T
[o[lgr@py) < C (e 1| Po|| (o) + € ||U||H2(B)) +C’ (7||U||H2(B) +77||U||H1(b)) -
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Choosing s = 2r and 7 such that C'n = 1/2, we obtain Vr € ]0,1/2[, Vi > 1, 3¢ > 0 such that for sufficiently
small €, Vv € H3(B),

ol 1) < € (/=" [Pl a(aco) + = el 2 ) )
where C'is a new constant. We obtain that V& € ]0,1[, 3¢ > 0 such that for sufficiently small e, Vv € H3(B),

1ollzr1 ey < /2 NPllza(ic) + e l[vll 2 (m).

The third step consists in coming back to a function v € H?(2). To this end we consider a function x €
C§°(B(zo, Ro)) such that x = 1 in B(zo,r) with 0 < rg < r1 < Rp, and v = xu € HZ(B). Applying the

previous estimate to v, and denoting D, ., = B(xo,2’) \ B(zo,z) for z < 2/, one obtains there exists a new
constant C' such that

lullzny < Ce/* (I1Pull2(co) + 1ullir (oD ) ) + Celullieay.

Given the particular definition of 15, we have KoN D, r, C Q. Indeed, assume that x € KoN D, r, and
doq(x) =0, then

Yale) = =5 (L= or(@) [z — 2ol < —3(1=1(ra))rd <0,

which is not possible. We conclude that there exists a neighborhood w of g and an open domain w; € €2 such
that Vk € 10, 1[, there exist ¢,g9 > 0, Ve € ]0, e[, Vu € H?(),

ullzr (@nw) < €€ ([1Pullzzio) + |[ull @) + %[l g2,

which completes the proof. O

Remark 2.3. It is natural to wonder if the proofs of Propositions 2.3 and 2.4 are still applicable to domains
that are less smooth than C'!, in particular Lipschitz domains. The answer is clearly no. Indeed, as can be
seen in the proof of our Carleman estimate in Proposition 2.1, the choice of 11 and 2 as set in (2.1)—(2.3) is
not possible when  is not C'! any longer, because in such situation (see Rem. 2.1) the components of V2daq
and hence of V2, (i = 1,2) may be not functions any more in the classical sense. This is the reason why for
Lipschitz domains, in particular, another technique has to be used (see [3]).

2.4. Derivation of the final estimate

Our final estimate for C!! domains results from Propositions 2.2, 2.3 and 2.4. Precisely, Proposition 2.3
enables us to “propagate” Cauchy data on I'y to a neighborhood of any smooth point zy of 'y, in particular
to an open domain wy € €). Proposition 2.2 enables us to “propagate” data from this open domain wy to any
other open domain w; € 2. Lastly, Proposition 2.4 enables us to propagate data on an open domain w; € €2
up to a neighborhood of any point x € 9.

Theorem 2.2. Let Q be a bounded and connected domain Q C RN with a CY' boundary 0Q. If T is a non-
empty open domain of OS2, then
Vi €10,1[, 3c,e0 > 0, Ve € 10,50, Yu € H?(R),

ull ) < /s (I1Pull 20y + l[ull (o) + 110nullL2ro)) + € [l 20 (2.6)

From Theorem 2.2 we obtain the following corollary.
Corollary 2.1. With the assumptions of Theorem 2.2, Vi € ]0,1[, 3C, 6o > 0 such that V6 € )0, o[, Yu € H?(S2)
with
llull 2y < M, |[Pullp2q) + [[ullar o) +[10nullL2(ry) <6,
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where M is a constant,
M

||U||H1(Q) < CW'

Proof. We deduce from Theorem 2.2 that for € < g,
|l ) < /56 + Me". (2.7)
Denoting f(e) = /%6 + Me" for € > 0, the minimizer €, of f solves

M c ef/s
g(gmin) = 77 g(E) = EE”+1 :

The function g is non increasing with g(0+) = 400 and g(+00) = 0, so that the above equation has a unique
solution €, for each & > 0.
If €9 > Emin, then by choosing € = e.,i, in (2.7) we obtain that

lullms oy < (S0 +1) Mefay = CMej (2.8)

min min*
For sufficiently small 8, £, is sufficiently small to have for some ¢’ > ¢,

M '
5 _ Q(Emin) < e /Emin_

It follows that epin < ¢’/log(M/d), and we obtain the required result by plugging this estimate in (2.8). If

€0 < Emin, We obtain g(gg) > M/d, and thus

M
[l gy < M < g(eo)d = CM—/&

The result follows from the fact that for small 6, M/é > (log(M/§))". In our proof, C is independent of u,
M, 6. O

Remark 2.4. Let I'; denote the complementary part of Iy in 9€2. It follows from Corollary 2.1 that that for
all k €]0,1],

M
(log(M/5))~’
for all u € H?(Q) such that Pu = 0, ||u||g2(q) < M for some constant M > 0 and ||ul| g1 (ry) + |[Onul|2(rg) < 6
for sufficiently small §. This estimate should be compared to the one proved in [6] for 2D functions in C2()
with the help of a Carleman estimate obtained in [4].

[ull g2 oy + 10nullg-172(ry < C(K)

It is useful to complete Theorem 2.2 with the following one in a truncated domain, which is more classical
(see for example [13]). Tt results from Propositions 2.2 and 2.3.

Theorem 2.3. We consider a bounded and connected domain @ C RN of class C*1. IfT'g is a non-empty open
domain of 99, then 3s,c,e0 > 0 such that Ve € ]0, o[, Yu € H*(Q),

(LI Y

|l o,y < = (I[Pull2) + lullgr gy + 10nullL2(ry)) + % |ul| ), (2.9)

c ,
llulliz@,) < < (I1Pull 2oy + lullmoremo) + 10nullmsawy)) + & [lullm @), (2.10)

where Q, is defined, for small p > 0, by Q, = {z € Q, d(z,T1) > p}, and Ty is the open domain of IQ such
that To NIy =0 and 9Q =Ty UT;.
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Proof. The estimate (2.9) is an obvious consequence of Propositions 2.2 and 2.3. The proof of (2.10) requires
the following regularity estimate, which is easy to derive. For p’ > p, there exists C' > 0 such that for all
v € H?(Q) with v|p, = 0 and (9,v)|r, = 0,

Wllm20,,) < Clollar @, + 1Pvllz2,))- (2.11)

We can define (u|r,, dpulr,) € H3?(Tg) x HY/?(Tg) for u € H?(Q), and a continuous extension F : (go, g1) €
H3/2(Dg) x HY?(Ty) — @ € H?(Q) such that (i|r,, dni|r,) = (g0, 91) (see [10], p. 37).

Let us suppose that @ = E((u|r,, Ont|r,)). Since v := u — @ satisfies (2.9) with v|p, = 0 and J,v|p, = 0, and
since v satisfies (2.11) as well, we obtain that for small p > 0,

C S
1oll2(,) < Zl1Pvll2@) + & vl o).

We obtain the estimate (2.10) by coming back to the function u and using the continuity of E. O

3. ABOUT THE SHARPNESS OF THE STABILITY ESTIMATE

In this section, we prove that the estimate (2.6) is nearly sharp in a sense we define later on. In this view,
we take P = —A, Q is the 2D rectangle )0, X[ x ]0,Y[ and T’y is the segment ]0, Y[ on the y axis.  is not a
domain of class C1'1. Nevertheless, (2.6) holds in © for functions u defined in ]0, X[ x R such that u € H?(Q)
and u(z,y +Y) = u(z,y), for all (z,y) € ]0, X[ x R. We prove this simply by using Propositions 2.2, 2.3, 2.4
and the Y-periodicity of function u along the y axis.

The estimate (2.6) is nearly sharp in the following sense: there does not exist a function ¢ — g(g) with
lim._,¢ g(g)/e = 0, such that for some ¢, > 0, for all € € ]0, ], for all u such as described above,

ull oy < e ([|Aul| 2y + [l o) + [18null2ry)) + 9(e) [l m2(0)-

In other words, g cannot decrease faster than ¢ when e tends to 0. Since in (2.6) g(e) = ¢ for all k¥ < 1, this
proves that (2.6) is nearly sharp.

We prove this by contradiction. Assume lim._,g g(g)/e = 0. We define, for X > 0 and Y = 27, the following
sequence of functions, which is inspired from the famous example of Hadamard

my
)

U (2,Y) = d(x)em (T, y), em(z,y) =e""e

with m € N and ¢ is a C? function defined in R by

¢p=0 <0
p>0 0<z<A
p=1 x=>A,

with X > A > 0.

We have of course uy, € H?(2), um(z,y +Y) = uy(z,y) for all (z,y) €10, X[ x R, and the definition of ¢
leads to tm,|r, = 0 and (Ozum)|r, = 0. From the stability estimate, we obtain that for all m € N and for all
e <egp,

]|z 0y < e[| Atm]|z2(0) + 9(€) | [uml|2(0)- (3.1)
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After some simple calculations, we have

O , Oum .

W - (m¢+¢)em(m,y), a—y - (Zmd))em(:ﬂ,y),

82 m / 17 82 m . /
G = (64 2me + ey, G = im(mo + &)ew(x.9)
82 m / 1
Gy =~ Ben(w.y), Aum = (2md + ¢ )en(r,y).

Now let us consider the estimate (3.1). Concerning the left-hand side, we obtain after some simple calculations
and by using the fact that ¢(x) = 1 when z € [A, X] that

[tm |1 () = Crv/m/e2mX — e2mA, (3.2)

for some constant C; > 0. Concerning the right-hand side, by using the fact that sup;_g ; o Sup,cg lp ()] <
+o0 and ¢'(z) = 0 when x € [4, X],

||Aum||L2(Q) < Co/my/e2mA — 1, ||Um||H2(Q) < Cgm3/2\/ e2mX _ 1, (3.3)

for some constants Csy, C's > 0. Combining the estimates (3.1), (3.2) and (3.3), we obtain that for all m and all

e <egg,
Ve2mX _e2mA < Cet/e\/e2mA 1 4 Cg(e)my/e2mX — 1,

for some constant C' > 0. Dividing the above equation by ve2mX — 1, we obtain

V1 — e—2m(X—A) c/Ee—m(X—A) V1 — e—2mA

< (Ce

val _e—2mX val _e—2mX

It remains to select n such that 0 < n < X — A and define the sequence (gp,)m such that e,, = 1/(km) with
k= (X —A—-n)/c>0. Hence we have e/em~m(X=4) — o=mm_ The left-hand side of (3.4) converges to 1 when
m — +00, while the first term of the right-hand side tends to 0 when ¢ is replaced by &,,, as well as the second
term since g(1/m)m — 0 when m — +oo. Thus, we have found a contradiction.

+ Cg(e)m. (3.4)

Remark 3.1. To the author’s knowledge, the validity of (2.6) in the limit case x = 1 is an open problem, even
for domains of class C*°.

4. APPLICATION TO THE METHOD OF QUASI-REVERSIBILITY

In this section, we use the stability estimates obtained before in order to derive some convergence rates for the
quasi-reversibility method, and therefore to complete the results already obtained in [16] in truncated domains.
The method of quasi-reversibility, first introduced in [17], enables one to regularize the ill-posed elliptic Cauchy
problems. Specifically, we consider a domain €) as described in the statement of Theorem 2.2, and a truncated
domain €, as defined in the statement of Theorem 2.3.

Now we assume that u € H?(Q) solves the ill-posed Cauchy problem with (go, g1) € H*/%(T'g) x H'/?(Ty):

Pu=0in
ulry = go (4.1)

é?nu|p0 = Jg1.
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Given some noisy data (gg,gg) € H3/?(T'g) x H'/?(Ty) with

1195 — gollmzr2(r) + 1197 — 91llmrrzrg) < 0,

we consider the formulation of quasi-reversibility for a« > 0: find ug € H?*(Q), such that Yo € H?(Q), v|r, =
8nv|p0 = 0,
(Pug, PU)L2(Q) + a(ug, ’U)Hz(g) =0

UZ|F0 = gg (42)

n“g|Fo = gla
Using Lax-Milgram theorem, we easily prove that formulation (4.2) is well-posed. If we denote u, = u2, which
is the solution of quasi-reversibility without noise, we obtain for some constant Cy > 0,

o
l[ug — “aHH?(Q) < COE' (4.3)

On the other hand, we easily prove by using (4.1) and (4.2) that there exist constants Cy,Cy > 0 such that
[|ua — u||H2(Q) <y, ||P(uq— u)||L2(Q) < Cyv/a. (4.4)

Using (4.4) and then Corollary 2.1, Theorem 2.3 (combined with Lem. 2.3) for function u, —u € H?(£2), we
obtain there exist v €]0,1/2[, C(x) > 0 for all x € ]0,1[, such that for sufficiently small o > 0,

[ua — ullm2(q,) < Ca”, (4.5)
1
_ Loy < - - . .

Choosing o« = o in (4.3), we obtain exactly the same estimates for ug — v as in (4.5) and (4.6) simply by
replacing the regularization parameter a by the amplitude of noise ¢ in the right-hand side.

Remark 4.1. In [2], Theorem 3 is not optimal in the sense that we can obtain the Holder convergence rate (4.5)
and not only a logarithmic convergence rate as stated in the theorem.

Remark 4.2. It should be easy to prove Theorem 2.2 and Corollary 2.1 for some more general elliptic operators,

for example
N
==Y Oilai;(z)d5u) +Zb )dju + c(z)u,
i,j=1
if we assume that the coefficients b; (j = 1,...,N) and ¢ all belong to L>°(12), that the coefficients a,; are
Lipschitz continuous in €, satisfy a;; = aj; and for some constant a > 0,

N
Z r)6& > alE?, VreQ, VEeRN.

Remark 4.3. There is an analogy of our result with case of the stability estimate for the parabolic equation
with the reversed time direction, that is the problem of finding the initial condition from the lateral Cauchy
data in the time interval |0, 7'[. One obtains for that problem a Holder stability estimate of the solution in the
incomplete time interval Ja, T'[ with a > 0 [18] and one obtains a logarithmic stability estimate when a = 0 [15].

Acknowledgements. The author thanks M.V. Klibanov for being at the origin of Remark 4.1 and J. Le Rousseau for his
lesson in global Carleman estimates. He also thanks the referees for their valuable comments.
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