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RESUME

Soit {a;}{°, une suite strictement croissante d’entiers positifs (a; < a; pour i < j). En 1978,
: A : E n 1 1
Borwein a montré que, pour touF entier positif n, on a Y ;4 Ppem@ Ty = 1— o, avec
égalité si et seulement si a; = 2i~1 pour 1 <i <n+ 1. Soit 3 <r <7 un entier. Dans
1 G et nous montrons qu’elles sont
majorées, pour tout entier positif r, par une constante U,(n) dépendant de r et n. De plus,
pour tout entier n > 2, nous caractérisons aussi les suites {a;}{°; pour lesquelles I'égalité

n 1 _ fica
s Py R U, (n) est vérifiée.
© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

The least common multiple of consecutive terms in a given integer sequence was first investigated by Chebyshev [3],
who introduced the function ¥(n) = Zpkfn log p =loglcm(1, ...,n) and made an important progress for the final proof of
the prime number theorem. From Chebyshev’s work, one can easily deduce that the prime number theorem is equivalent
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to the asymptotic estimate loglcm(1, ...,n) ~ n. Since then, the least common multiple of sequences of integers received a
lot of attention from many authors. Heilbronn [9], Behrend [1], and Van der Corput [4] investigated inequalities involving
a least common multiple of integer sequence. Hanson [8] and Nair [14] got the upper bound and the lower bound of
lemy <j<p{i}, respectively. In [7], Farhi studied the series of the reciprocals of least common multiples of sequences of positive
integers. Recently, the topic has undergone important developments. For the detailed background information about the
latest progress on the least common multiple of integer sequences, we refer the readers to [5,6,10-13].

Let A = {a;}7°; be a sequence of positive integers. We call it a strictly increasing sequence if a; < a; holds for any two
positive integers i, j satisfying i < j. In the 1970s, Erdés once posed a conjecture involving the upper bound on the sum
of reciprocals of least common multiples of any two consecutive terms in a strictly increasing sequence of positive integers
(see [2]). In 1978, D. Borwein [2] proved the conjecture posed by P. Erdés and obtained the following interesting result.

Theorem 1.1. ([2]) Let {a;}{°, be a strictly increasing sequence of positive integers. Then for any positive integer n, we have
‘ 1 1

Y e <

— lem(a;, @it1) 2n

where the equality occurs ifand only ifa; = 21" for1<i<n+1.

In this paper, we mainly investigate the sum of reciprocals of least common multiples of consecutive terms in a strictly
increasing sequence of positive integers. Let A = {a;}{°, be a given strictly increasing sequence of positive integers and let
r > 3 be an integer. For any positive integer n, let

- 1
Sar(n)=
Ar ; lem(a;,
One then naturally asks the following interesting problem.

. 1.1
e Gier—1) (i

Problem 1.2. [s there a tight upper bound T,(n) for the sum S 4 ,(n)? If so, determine the exact value of T;(n) and characterize the
sequence A such that S 4 (n) = T;(n) holds.

For 3<r <7, we let

L(1—4), if3<r<4
1 1 .
2(1— —), ifr=>5,
U=yt T (12)
6(1_2_”)’ ]fr=6,
§(1—59), ifr=7,
and let
2Mifr =3,
CG(n)= . (13)
' 3x 2T ifa<r<7.
Then for n > 2, we have the following equality
1
Umn)—-Umn-1)= . 14
r(n) — Ur( ) 0 (14)

We can now state the main result of this paper.
Theorem 1.3. Let r be an integer with 3 < <7 and let A = {a;}{2, be a strictly increasing sequence of positive integers. Then for any
positive integer n,
Sarm) <Ur(n). (15)
Further, for any integer n > 2, the equality S 4 r(n) = Ur(n) holds if and only if
i, if3<r<5and1<i=<r-—1,
i, ifé6<r<7and1<i<4,
a; = 6, if6<r<7andi=>5, (1.6)
8, ifr=7andi=6,
C@i—-r+1), if3<r<7andr<i<n+r-—1.

Thus Theorem 1.3 answers Problem 1.2 for 3 <r <7.
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2. Proof of Theorem 1.3
In this section, we show Theorem 1.3. We begin with the following lemma.

Lemma 2.1. Let r > 2 be an integer and let A = {a;}{°, be a strictly increasing sequence of positive integers. Then for any two positive
integers n and m with m < n, we have

- 1 1 1
> < - (2.1)
4~ lcm(a;,
1=m

s Qigr—1) ~ Gmyr—2  Ongr—1

In particular, we have

n

Sarm=>" T

i=1

1 1 1
<

= . (2.2)
woQiyr—1) Q-1 dpyr—1

Proof. Since a;;,_» < aj;r—1 for any positive integer i, we have

lem(@itr—2, Giyr—1) _ 1eM(@itr—2, Gisr—1) _

Qitr—2 Qitr—1

1.

Hence for any positive integer i, multiplying 1/lcm(a;tr—2, ai+r—1) by both sides of the above inequality, we obtain that

1 1 1
< — . (2.3)
lem(@iqr—2,Qiyr—1) ~ Gigr—2  Qitr—1

Obviously, for any 1 <i <n, we have

1 1
< .
lem(ay, ..., @i4r—1) = lem(@iyr—2, Giyr—1)

It then follows from (2.3) that

n n
1 1 1 1 1
;1 lem(a;, = 2:( B )= B

s Qigr=1) = Qipr—2 Gigr—1" Omir-2  Gnir—1

as desired. This completes the proof of Lemma 2.1. O

Lemma 2.2. Let r be an integer with 3 <r <7 and let A = {a;}{°, be a strictly increasing sequence of positive integers. Then we have

Sar(M) =UrM). (2.4)

Proof. It is easy to see that S 4 (1) can reach the maximal value only when Icm(ay, ..., a;) takes the minimal value. Since
A ={a;}2, is a strictly increasing sequence of positive integers, lcm(ay, ..., ar) has at least r distinct divisors. Obviously,
ai,...,ar are r distinct divisors of lcm(ay, ..., ar). Then by classified discussion on the number of distinct prime divisors
of the integer Icm(ayq,...,ar), one can easily derive that the smallest positive integers having at least r distinct divisors
for r =3,4,5,6,7 are respectively 22,2 x 3,22 x 3,22 x 3 and 23 x 3. So we get that S4,(1) <U;(1) for 3<r<7 as
desired. O

Lemma 2.3. Let 3 <1 < 7 be an integer and let A = {a;}{°, be a strictly increasing sequence of positive integers. Let n > 2 be a positive
integer. If ap4r—1 < Cr(n), then we have

Sarm) <Ur(n). (2.5)
Proof. If 3 <r <5, then we obtain by Lemma 2.1 that

1 1
_ < _
ar—1 an4r—1 r—1 C(n)

Sar(n) < =Ur(n)
as required.

If r=6 and as > 6, then, by Lemma 2.1, we get:
1 1 1

1
Sasn) <—— <= ———=Usm).
A a5 anps 6 Co(n)
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If r=6,a5 =5 and ag > 7, then we have ay =1,a; = 2,a3 = 3, a4 = 4. Hence, by Lemma 2.1, we obtain:

n

Sa6(n) = ! +Z !
AB lem(1,2,3,4,5,06) ' & lem(@;, -, Giys)

1 1 1 1 1 1

< + <
6 7 as apys 6 C(n)

If r=6,a5 =5,a6 =6 and a; = 7, then, by Lemma 2.1, we have

Ug(n).

i0+4;_0 <Us(2). ifn=2
Sas(m) = <l-T4lo < usm), ifn=3,

,,,,,

If r=6,a5 =5,a6 =6 and ay > 8, then by Lemma 2.1 we derive that
o5 +a5 <Us@), ifn=2

Sae(m) =<
A6 1 1_1,1 1 =Us(n), ifn>3.

0t o0 T a <7 sta

1 1
s ~6 8717 a7 anys -6 Cem)

If r=7 and ag > 8, then we obtain by Lemma 2.1 that

5A7(n)§l— LI Uz(n).
’ G5 Gnys 8  Co(n)
Ifr=7,a6 =6 and a; =7, then aq; =i for 1 <i <5. It follows from Lemma 2.1 that
a5+ a5 <U7(2), ifn=2,
Sa7(n) < 41%+41%+41%<U7(3) ifn=3,
0 T D lcm(a, ..... Ge) 879 5+ a5~ an+6 <Ur@), ifn>4.

If r=7,a6 =6,a7; =8 and ag =9, we can deduce by Lemma 2.1 that
11%+31ﬁ<u7(2) ifn=2
0+ZI 3lcm(a, Tie) ___+__ gn+6 <Uz(n), ifn>3.

.....

Sa7(n) =

If r=7,a6 =6,a7; =8 and ag > 10, we can derive from Lemma 2.1 that

S < s <Ur2), ifn=2
A7) < ]

,,,,,

10+——— <U7()), ifn>3.

If r=7,a6 =6 and a7 =9, then one can derive from Lemma 2.1 that

n

1

1
-+
9 a7 anys

Sa7(n) = < U;(n).

1 1
iyt 1
lem(1,2,3,4,5,6,9) = lem(a, ..., ai+6) 8

If r=7,a6 =6 and a; > 10, then we obtain by Lemma 2.1 that

n

1 1 1

1
S n)= -
A7) lem(1,2,3,4,5,6,a7) +;1cm(ai,...,ai+6) 8 10 + an+6

< U7(n).

If r=7,a6 =7 and ay; = 8, then ag > 9. Hence, we obtain by Lemma 2.1 that

11@+11@<u7(2) ifn=2
Saz(m < ] ,
84 + Zl =3 Iem(a;, ..., al+6) + ag m <U7(m), ifn=3.
If r=7,a6 =7 and a; > 9, then for any positive integer n > 2, we obtain by Lemma 2.1 that

n

Sa7(n) = ! +Z !
A7 lem(aq, az, a3, a4, as,7,a7) 5 lem(ai, ..., dit6)
1 1 1 1 1

1
<=
84 anye 8 9 a7 anys

< U7(n).

This ends the proof of Lemma 2.3. O
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Now we are in a position to give the proof of Theorem 1.3.

Proof of Theorem 1.3. First, we show the inequality (1.5). For n =1, by Lemma 2.2, we have S 4,(1) < U(1).

Now we let n > 2 be an integer. By Lemma 2.3, we know that S 4 ,(n) < U;(n) also holds if an4r—1 < Cr(n). Thus, it
remains to deal with the case that a;.,—1 > C;(n). We consider the following two cases.

CASE 1. aj4r—1 > Cr(i) for 2 <i <n. Then by Lemma 2.2, we have

Sar(m) <Sar(l)+ +ot <Ur()+ ot

— = U,(n).
) Cr(n) ) Cr(n)

CaSE 2. ajir—1 < C;(j) for some integer 2 < j <n and a;r_1 > C;(i) for j+ 1 <i <n. Then, we obtain by Lemma 2.3
that

Sarm =Sar()+ <Ur(j) + =Ur(m).

aG+n T am aG+n T am

This completes the proof of inequality (1.5).

Further, it is immediate that S 4 ,(n) = U,(n) holds for n > 2 if the first n 4+r — 1 terms of the sequence A are of the
form (1.6) for 3<r<7.

Suppose next that S 4 .(n) = U,(n) for n > 2. Since the inequality S 4 ,(m) < U,(m) holds for each integer m with 1 <
m <n, we have by (1.4) that

1 1
=S n)y—S n—-1)>Umn)—Umn—-1)= .
lcm(an, --~,an+r—1) .A,r( ) A,r( ) = Ur(n) r( ) Cr(n)

It is easy to see that apyr—1 > Cr(n) is impossible since it will lead to the fact that m < ﬁ Hence, we have
anyr—1 < Cr(n). Lemma 2.3 tells us that apyr—1 < Cr(n) will lead to the fact that S 4 ,(n) < U;(n). So anyr—1 < Cr(n) is also

impossible. Consequently, we have
antr—1 = Cr(n).
By (1.5) with n — 1 in place of n, we obtain by (1.4) that

1
Uun—1)=S -1H=S - >U
rM=1)>=S4r(n—1)=S54,(Mn) (@ ) = r(n) )

=U;(n—1).

So we have
Sarn—1)=U;n—1).

By repeated discussion as above, one can easily derive that
Sar(@)=Ur@)foreach1 <i<nandajy;—1 =Cr(i) for2 <i <n.

Now we have

] .

I ifr=3,

5, ifr=4,
Sarh=u;m={ >

12 if5<r<6,

1 .

>4 ifr=7.

So by the proof of Lemma 2.2, one can easily derive that S 4 (1) arrives at the maximal value if and only if ar = C;(1) and
aj=jfor1<j<r—1when3<r<4,andaj=jfor 1<j<4, a5=06 and ag =12 =Cs(1) when r =6. It is easy to see
from S45(1) = 11—2 that {ai, ay, as, as, as} must be a 5-element subset of {1, 2,3, 4,6, 12}. But ag = C5(2) =12 when r =5.
So we get {ar,ay, a3, as,as} ={1,2,3,4,6} when r=5. From S 47(1) = 21—4, one can deduce that {aq, ay, as, aa, as, ag, az}
must be a 7-element subset of {1,2,3,4,6,8,12,24}. But ag = C7(2) =24 when r = 7. Hence we obtain that aj = j for
1<j<4,a5=6,a6 =28 and a; =12 =C7(1) when r =7. This concludes the proof of Theorem 1.3. O
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