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RESUME

Dans cette Note, nous prouvons une condition nécessaire et suffisante pour que I'opérateur

de Hardy pondéré
Hu,wf(x)=U(X)/f(f)w(f) dt
0

agisse de facon compacte de LP©)(0, oo) dans LIV (0, co).
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1. Introduction

A differential equation involving a p(x)-growth condition arises from modeling of electrorheological fluids and has been
the subject of various investigations, such as a study of boundedness problems for classical integral operators in variable
Lebesgue spaces and a progress in the regularity theory of the nonlinear partial differential equations with nonstandard
growth condition. In connection, we refer to the monographs [6,9,12,30,19,17] and papers like [1,27,5,35,39,4,32].

A boundedness problem for the weighted Hardy operator was studied in variable exponent Lebesgue spaces LP") in [36,
37,13,15,16,18,20,21,28,33,3]. A case of general weight functions and log-regularity assumption on the exponent functions
was studied in the works [7,8,2,24,22], where a necessity and sufficiency condition was obtained. Separate necessity and
sufficiency conditions have been proved in [13], not applying the log-regularity condition.

In recent works [23,25,26], a study was started of a necessity and sufficiency condition for the boundedness of Hardy’s
operator which does not use a regularity condition on the exponent function. In particular, in [23], a monotone exponent
function p : (0,1) — (1, 00) was characterized, such that the Hardy operator be bounded in LP©)(0, ).

In cases different from boundedness, the compactness problem for the Hardy operator was little studied. In order to
study the compactness problem for potential type integral operators in variable exponent Lebesgue spaces, we refer the
reader to [29,13,12,38,11].

In this paper, we establish a necessary and sufficient condition on v(-), @w(-) and exponent functions p(-), q(-) governing
the compactness of the weighted Hardy operator

Hu,wf(X)ZU(X)/f(f)w(t)dt
0

from space LP™ (0, co) into LI®) (0, o0).
2. Auxiliary assertions, notation

To prove our main results, we need some auxiliary results. The following general assertions on compact operators are
well known (see, e.g., in [10,34]).

Theorem 2.1. Let T € L(X, Y) be a compact operator. Then T maps a weakly convergent sequence in X to the strongly convergent
sequencein Y.

Theorem 2.2. Suppose X, Y are Banach spaces. If {T,} : X — Y is a sequence of compact operatorsin L(X,Y)and || T, —T ||x—y— 0
forsome T € L(X,Y), then T is compact.

We need the following assertion due to Schauder.

Theorem 2.3. Suppose X, Y are Banach spaces. A bounded linear operator T : X — Y is compact if and only if its adjoint T* : Y* — X*
is compact.

We need also the following assertion on equivalent conditions related to Hardy’s operator (see, for example, [14,31]).

Theorem 2.4. For —oo <a < b < oo, «, B and s positive numbers and f, g measurable functions positive a.e. in (a, b), let

X

b
F(X)=/¢(t)dt; G(X)Z/g(t)dt

a

and

Bi(x; &, ) == F()*G(x)”,

o

b
By(x:ct, f.5) 1= /¢(t)c<t)%dt Gy,

X B
/ SOFH)7 dt | Fo,

a

B3(x;a, B,5) :
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X B
B 0, B, 5) i= /¢(t>c(r>%dr G,
, p
Bs(x; @, B, 5) := /g(r)F(r)“T“dt F(x)~°.

X

The numbers

By:= sup Bi(x;,B) and B; = sup Bij(x;«, B,s), i=2,3,4,5,

a<x<b a<x<b

are mutually equivalent. The constants in the equivalence relation can depend on «, 8 and s.

Denote by xp characteristic function of the set E C R.
Let : (0, 00) — (1, 00) be a measurable function on the interval (0, co). We define the space L™ (0, co) as consisting of
all measurable functions f : (0, c0) — R such that the modular

pry(f) = [ £ GOl dx
0

is finite. If r™ =esssup r(x) < oo, then
x€(0,00)

- f
'|f||v<*)<o,oo>:'nf{k>01 Pre) (X <o

defines a norm on L") (0, 00).
In the study of the compactness of the weighted Hardy operator

Hy.w: LPP(0, 00) — LI¥(0, 00)

we shall use the exponent functions p, q: (0, o0) — (1, o) and the weight functions v, @ assuming them to be measurable
and to have non-negative finite values almost everywhere in (0, co). Concerning these functions, we assume the summability
properties

w@)P'® e 110,0), vE)I™ eLl(a,co0) (2.1)
for any a > 0. Also these functions are assumed to verify

lim V(x) = liT W (x) = o0,
X—+00

x——+0
where
oo X
Vx) = / vy, Wx) = / w(y)? Vdy.
X 0

Let V, W be the above functions. Denote by A the class of measurable functions y : (0, c0) — R such that there exists
a number y(0) € R and 3§ > 0:

sup |y(x) — y(0)|In < 00. (2.2)

x€(0,8) W (x)
Denote by A the class of functions y : (0, c0) — R such that there exists a number y(co) € R and 3p > 0:

1
X:(Ei}) ly(x) — y(o0)|In Vo = (23)

The above introduced conditions (2.2) and (2.3) are crucial in the proof of Lemmas 2.7-2.12, which, in turn, are essen-
tially in the proof of our main result (Theorem 3.1). Note that an estimate of the exponential term x?® through x*© from
upper and below is well known (see, e.g., [8,18]). In its proof, a log condition is used. The meaning of our Lemmas is that

such estimates may be valid also between different exponential terms (where not necessarily the same argument is taken).
The following result is taken from [24] (see, also [7,21]).
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Theorem 2.5. Let p, q € Ag N A be measurable functions such that
1<p~,q .p*.q" <oo and q(0) > p(0), q(c0) > p(0).
Then the inequality
1Hv,o f () ll130.©0,00) < C1llFOILp0)(0,00)
holds for every measurable function f if and only if

1 1
Bs= sup V(t)1@O W (t)»P O < oo
O<t<$§

and

1 1
Cp= sup V()T W ()P < oo

p<t<oo

forsome0 <8 < p < oc.

Remark 2.6. It is not difficult to see from the proof [24] that
C1=0(Bs+Cp) as 6 -0, and p — oo.

In this paper, we prove also the following auxiliary assertions.
Lemma 2.7. Let W (a) < 1. Then it follows that

-1 — L
W (t) p<s>zEW(t) PO, 0<s<x<t<a.

Proof. Using the condition (2.2) for the exponent p(-) it follows that

W (©)75 = W ()79 W (t) 79 719

— W (OO W ()75 70 W ()70 70

_c _c
< W(t)ﬁ L lnﬁ L ln%
- W) W)

1 1 In l
WO ()"0
W(t)

1
=W ()™ .

This completes the proof of Lemma 2.7. O
Lemma 2.8. Let W (a) < 1. Then it follows that

_aw 1 _9O
W (t) r® EEW(t) 0, O<x<t<a.

Proof. By using condition (2.2) for the functions q(-), p(-) it follows that

9 _ g0

4@ 0
W (t)r® = W (t)r©® W (t)r® pO

90 9
pC

90) 1 p@® ~ p®)
<W©)
WD)

C

C
<C logﬁ W(t)% L lﬂgﬁ
- W (t)

C
<awo it (L)
B W)
20
:CzW(t)P(O)

since W (x) < W (t).
This completes the proof of Lemma 2.8. O

(2.7)



E Mamedov, S. Mammadli / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 325-335

Lemma 2.9. Let W (a) < 1. Then it follows that

1
W (x)1® > EW(x)q“”, 0O<x<a.

Proof. From (2.2) for the function q(-), it follows that

W (x)q(X) - W (X)Cl(o) W (X)q(X)fq(O>

C
> W x)IOW (x) 7w

1
= W),
c ()

This completes the proof of Lemma 2.9. O
We also use the following simple assertions.
Lemma 2.10. Let V (b) < 1. Then it follows that

1 1 1
V(i) 70 EEV(t) 7®, b<t<Xx<s<oo.

Proof. Using condition (2.3), it follows that

1 1 1 1
V() 760 =V TOV ()76 7@
1 1 1 1 1
=V TOV )76 dO V()70 7w
C

_Cc
<V OT® (L)'“ﬁ (L)'"ﬁ
40 V()

2C
_1 1 In 1
<V@Ht)Iw | — 4G
V(t)

1
=CV(H)T®.

This completes the proof of Lemma 2.10. O
Lemma 2.11. Let V (b) < 1. Then it follows that
B C T _ P
V) 70 > EV(t) 7 b<t<Xx<oo.
Proof. From (2.3) for the functions p(-), q(-), it follows that

_r® _ Pl (o) _p'®
V() 70 =V () 7V ()i d®

_pl(oo) B l 1 _pl(c0)
> V() V() Vo = EV([‘) g, O

Lemma 2.12. Let V (b) < 1. Then it follows that
’ 1 ’
V(x)P® > EV(x)p ) x>b.
Proof. From (2.3) it follows that
1% (X)P/(X) -V (X)P'(OO) %4 (X)P/(X)*P/(OO)

C
> V(0P IV (0 70

1 /
=V, o
V™

329
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3. Main result

The main result of this paper is the following assertion.

Theorem 3.1. Let p, q € Ao N A be measurable functions such that
1<p~,q7,p".q" <oo and q(0) = p(0), q(c0) = p(o0).
Then operator H,, , is compact from LP®)(0, 0o) to L1 (0, 00) iff
1 _1
lim B, =0, where Bg= sup V(t)1©@ W (t)r©®
a—0 O<t<a
and

1 _1
lim Cp, =0, where Cp= sup V()i W (t)r'c,

b—o0 b<t<oo

Proof. Sufficiency. Let f be a function from space LP()(0, o). Following [13], for 0 <a <1 <b < oo set

P1f(®) :Xo,a(X)U(X)/f(t)w(t) de,
0
P2f (%) = Xap(®U(R) / FO o d,
0
P3f(x) = Xap()UX) / f®) w(t)dt,
b
Pyf(x) =xb,oo(>c)v(x)/f(t)w(t) dt,
0

PSf(X):Xb,oo(x)v(x)/f(t)w(t)dt-
b
Then

5
Hyof®) =Y Pif(.

i=1

(3.1)

(3.2)

Taking into account Lemma 2 from [11], we find that P3 is a norm limit of a sequence of finite rank operators, while P, and

P4 are finite-rank operators. Now using Theorem 2.5, Remark 2.6, conditions (2.1), and lirr})Ba =0, )
a—

that
X
1PLF Ol 000,00y = | V) / O o) de < 0B lpoga) — 0
0] L90)(0,a)
as a— 0 and
X
1P £ ()l 400,00 = || ) f fOw®dt < OCHIIFllLp0) (prooy = O
b L9C) (b, 00)

as b — oo. Hence
I Hu,wf —P2—P3—=P4llper a0 =< IP1ll + IPs5ll ) racy
=0(By)+0(Cp)—>0a a—>0, b— oo.

This and Theorem 2.2 complete the proof of the sufficiency part of Theorem 3.1.

lim C, =0, it follows

(3.3)

(34)
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Necessity. Consider the family of test functions
_1
t P
feto = / o(0)P Ddr X000 0P P >0,
0
It follows that

Ppy (ft) =
~5 p()

n | p(x)
:/ /w(r)p/(r)df X(O,t)(X)a)(x)p/(x)*l "

0 0

t . »
- /a)(x)p/(x)dx /w(t)p/(f)dl— L

0 0

Therefore,

Ppo(ft) < 1.

It follows from the elementary properties of the variable exponent norm (see, e.g., [6,9]) that

I fe®)Lro) 0,00 < 1

Therefore, and by Holder’s inequality, we have:

/ft(X)go(X)dx =k®) I f1C) l2p6(0,00) 1X0.0 D@ O 161 0,00y = O
0

331

as t — 0 for all ¢ € LP'O(0, 00). Since LP'¥)(0, o) is the conjugate space for LP()(0, o0), it follows that the sequence { f;}

converges weakly in LP)(0, c0) to 0 as t — 0.

Now, by the compactness hypothesis of the operator Hy , and Theorem 2.1, it follows that the sequence {Hy « ft}

converges to 0 in the norm of L9)(0, co). Therefore,
Pq(y(Hu,wft) = 0 as t - 0.
On the other hand,

pq(-)(HU,wft) =
1 a®)
) X t p(s)
=/ U(X)/ /a)('c)p/(”dr X0.0)@()P O w(s)ds dx
0 0 \o
1 q(x)
t X t p(s)
z/u(x)‘w‘) / /w(r)p/(’)dr w(s)P Ods dx
0 0 \o

(by Lemma 2.7),
t
> @0)77" / VETOW (IO W (1) 509 dx
0
(by Lemma 2.8),

t
_q+
> ZC—W(t)‘%/u(x)q<">W(x)q(X>dx
1
0

(by Lemma 2.9),

(3.5)
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1 90

t q(0)
/ DETOW (070 dx
0

1 _
> — | W(t) P
5 ®)

3~

)

(by Theorem 2.4),

: q(0)
> (3 [V(t)TW(t)ﬂl‘))] ) (3.7)

From this inequality and (3.5) it follows that

1 1
V()i W (t)P"® — 0 as t — 0. (3.8)

Now, from (3.8) it follows that B; — 0 as a — 0.
Notice, in the proof of inequality (3.7), we have applied Theorem 2.4 under setting

[e%e) t
F(t):=V(t) = / vx)I¥dx;  G(t):=W(t) = / w(x)P ®dx
t 0
and
o= p=—1_ L 500 = v, gx) =P,
q0)° p'(0)’ p(0)’
Then

t
By(t:a, B,5) = /¢(X)G(X)%dx GO~

1 (3.9

q(0)

t
= / v(x)IPW ()70 dx W (t)" 7
0

(by Theorem 2.4),

1
> CBy(t.ar, ) = CFO*G(OF = CV (O T0 W (1) 70
To prove the necessity of the second condition (3.2), set the new family of test functions
1
00 T7®

fi0 = [ VOIVAT | Ko ® VIV 1,
t

Let the operator Hy, ., be compact from LP®) (0, co) to L1°)(0, 0o0). It is not difficult to see that the conjugate operator is
o0
HY (%) :w(x)ff(t)v(t) dt.
X

Then it follows from Theorem 2.3 that the conjugate operator Hj, ,, is also compactly acting from 170 to LP'O),
Now,

Py (f) =
__1
o0 &)

o0
- f / v(0)?®dr X(t.00) Q) U (x) I dx
0

t

q' ()

o0 o0 -1

= /U(x)q(")dx /v(r)q(’)dr =1.

t t
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Hence,

Py (fr) < 1.
Therefore,

Il fe() ”Lq/(')(O,oo)S 1.

By Holder’s inequality, we have
o0
/fr(X)w(X) dx| <k(P) 1 fe()ll 1000, 00) 1 Xt.00) VP 1190 (0,00) = O
0

as t — oo for all ¢ € L90)(0, 00). Since LI (0, 00) is the conjugate space of L) (0, 0o), from here we get that the sequence
{f:} converges weakly to 0 in L7 ) (0, co) as t — oo. Then by assumption, the sequence {H}, , ft} converges to 0 in the norm

of LP'0(0, 0o). Therefore,

Py (Hy  ft) = 0 as t — oo. (3.10)
On the other hand,
Py (Hy o ft) =
_ p'(®)
oo oo / 00 76
:/ a)(x)/ /U(t)q(r)dt X(t.00) V()10 Tu(s) ds dx
t x \t
1 p'(x)
o o X q/(s>
> /w(x)p/(x) / /v(r)q(t)dr v(s)9® ds dx (3.11)
t x \t
(by Lemma 2.10),
[o¢]
+ / / ,M
>0 /a)(x)P Wy x)P @y () 7w dx
t
(by Lemma 2.11),
o0
274" P , ,
> —V(O T / oX)P OV (x)P Pdx
! t
(by Lemma 2.12),
_1_—p(c0)
o0 p(c0)
1 1 / /
> | VO T / wX)P PV (x)P (*dx
2 t
(by Theorem 2.4),
1 1 p'(00)
>Cs3 [V(t)m W(t) P’<°°>] . (3.12)
From this inequality and (3.10), it follows that
1 _1
V(t)a® W (t)r'>) — 0 as t — oo. (3.13)

Now, from (3.13) it follows that C, — 0 as b — oc.
The necessity of Theorem 3.1 has been proved.
Notice, in the proof (3.12), we have applied Theorem 2.4 under the settings:

00 t

F(t):=V(t) = / v)IWdx;  G(t):=W(t) = / w(x)P ®dx

t 0
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and
o= p=—1_ 5= L =001, g =w@?P Y.
gq(co) p’(00) q'(c0)
Then
b ﬁ
Bs(t; o, B,5) = /g(X)F(X)aTﬁdX Fi)™
t 1 (3.14)
b p’(0)
= /a)(x)p,(")V(x)p/(‘”)dx V(t)fq’(lTn
t

(by Theorem 2.4),

> CBi(t,a, B) = CF(H*G(t)P = CV(t)‘KlTﬂW(t)ﬁ.

This completes the proof of Theorem 3.1 0O
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