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Article history: In this Note we present some results on the Fucik spectrum for the Laplace operator, that
Received 10 May 2013 give new information on its structure. In particular, these results show that, if £ is a
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Presented by Haim Brezis operator —A in H},(Q). Notice that the situation is quite different in the case N =1; in

fact, in this case, the Fucik spectrum may be obtained by direct computation and one can
verify that it includes only two curves asymptotic to these lines. The method we use for
the proof is completely variational.
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Dedicated to the memory of our Fathers

RESUME

Dans cette Note, nous présentons des résultats qui donnent de nouvelles informations sur
la structure du spectre de Fucik pour l'operateur de Laplace. En particulier, ces résultats
montrent que, si £2 est un domaine borné de RN avec N > 1, alors le spectre de Futik a
un nombre infini de courbes qui ont comme asymptotes les droites {A1} x R et R x {A1},
ot A; est la premiére valeur propre de l'operateur —A in H(l)(.Q). La situation est bien
différente dans le cas N =1 ; en effect, dans ce cas, on peut vérifier qu'il y a seulement
deux courbes dans le spectre de Fucik, qui ont ces droites comme asymptotes. La méthode
de démonstration que nous avons suivie est complétement variationnelle.

© 2013 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Dans cette Note, nous présentons des resultats nouveaux (qui sont prouvés dans [7]) sur la structure du spectre de Fucik,
qui est important dans I'etude de certaines equations elliptiques (voir, par exemple, [1,3,2,4-6], etc.).

Soit £2 un domaine borné de RN ; le spectre de Futik pour l'operateur de Laplace —A in H(l)(Q) est défini comme
I'ensemble X de toutes les paires (c, 8) € R? telles que le probléme

Au—au” +But=0 dans2, u=0 surd (1)

a des solutions u # 0.
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Si A1 <Az < A3 <--- sont les valeurs propres de —A dans HE,(.Q), il est évident que X comprend les droites {1} x R,
R x {A1} et toutes les paires (1j,A;) Vi e N. Si N=1, il y a seulement deux courbes dans X, qui ont les droites {1} x R
et R x {A1} comme asymptotes (elles proviennent, respectivement, de (A2, A2) et de (A3, A3)). Au contraire, si N > 1, les
resultats présentés dans cette Note montrent que, dans X, il y a un nombre infini de courbes, qui ont les droites {1} x R
et R x {A1} comme asymptotes.

Les résultats principaux sont rassemblés dans le théoréme suivant :

Théoréme 0.1. Soit £2 un domaine borné, régulier et connexe de RN avec N > 2. Alors, pour tout k € N, il existe B, > 0, qui a les
proprietés suivantes. Pour tout 8 > By, il existe cx g > A1 et uy g € Hé(()), avec ulfﬂ #0et ukfﬂ # 0, telles que (1), avec @ = i g et
u = uy, g, est satisfait pour tout B > By. De plus, pour tout k € N, o g est une fonction continue de g et

(@) agp < agr1,p VB > max{B, frs1}:
(b) quand B — +o00, ag g — A1 etuy g — —eq in Hé(Q), ot ey est la fonction positive de H(l)(.Q), telle que Ae1 + A1eq =0in 2
et [petdx=1.
(c) Il exzste r > 0 tel que, pour tout B > P, on peut choisir k points x1 g, ..., X, g dans §2, qui ont les proprietés suivantes :
(1) dist(x; ., 082) >/ /BVie{l,... .k}, [xip—xj gl >2r//Bsii#];
I ; .
(2) u.k,/g(x) <0Vxe 2\ Ui, B(Xi’é, ﬁ) et u,:iﬁ ?-éO dans B(x; g, ﬁ) Viell,.. ..,.k}, |
(3) limg_, 1 e1(xi,p) =maxg e Vie{1,...,k}, limg_ 400 /BlXi g — Xj gl =00Si i j;
(4) si pp > 0etlimg_, 4o0(pp/B) = 0, alors

k

llm sup:|uk5(x)+e1(x)| xe.Q\UB(x,ﬂ pp)t =0;

= i=1

(5) si, VB > Bk, on définit s; x p = sup{ux g (X): x € B(xi g, 7//B)} et Ui p(x) = ﬁ”kﬁ(ﬁ +xi 5) Vx € /B($2 —xi p), alors
ona :limg_ 100 Uik ) =URX) Vxe RN, vk e N, Vie{1,...,k}, ot U est la solution radiale du probléme :

AU+UY=0 dansRY, U© =1.

La difference entre les cas N=1 et N > 1 est encore plus évident si on remplace la condition de Dirichlet u =0 par la
condition de Neumann 3—3 =0 sur 952. En effet, si Ay <Xy <Az <--- et ¥ sont, respectivement, les valeur propres et le
spectre de Fulik pour I'operateur —A avec la condition de Neumann sur 942, alors la premiére valeur propre est A1=0, les
droites {0} x R et R x {0} sont contenues dans X et, si N =1, il n’y a aucune courbe contenue dans X qui ait les droites
{0} x R et R x {0} comme asymptotes ; au contraire, si N > 1, les resultats presentés dans cette Note montrent que, dans X,
il y a un nombre infini de courbes qui ont ces droites comme asymptotes.

La méthode de démonstration est complétement variationnelle ; pour tout g > 0, la solution u est obtenue comme point
critique de la fonctionnelle fgz(u) = [, [|Dul* — B(u*)?]dx, definie sur V = {u € H'(£2): [,(u™)?dx=1} (tandis que o est
obtenu comme multiplicateur de Lagrange).

1. Introduction

Let us consider the Dirichlet problem:
Au+gx,u)=0 in$2, u=0 onas2,
where £2 is a smooth bounded connected domain of RN and g is a Carathéodory function in 2 x R such that

. g(x, ) . gxt)
lim =—=q«, lim

t——00 t t——+o00 t

=B Vxe$2,

with « and B in R. This problem may lack of compactness in the sense that the well-known Palais—-Smale compactness
condition fails if the pair («, 8) belongs to the Fu&ik spectrum ¥, defined as the set of all the pairs (@, 8) € R? such that
the Dirichlet problem

Au—oau” +But =0 ing, u=0 ondR (2)

has nontrivial solutions (u € Hé(.Q), u#0).

After the first papers [1-3], many researches have been devoted to study problems of this type; so now there exists a
very extensive literature on this subject (see, for example, [4-6] and the references therein).

In [4-6], we obtained solutions of problems of this type using a new variational method that does not require to know
whether or not («, ) € ¥ and, in addition, may be useful to obtain more information on the structure of X.

Let us denote by A1 < Ay < A3 < --- the eigenvalues of —A in Hg)(.Q); obviously, X' contains all the pairs (A, Aj) Vi € N,
that are the unique pairs («, 8) of X such that o = 8, and includes the lines {A1} x R and R x {11} (which are isolated
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in X, as proved in [2]); if &« # A1, B # A1 and («, B) € X, then & > A1, B > A1 and the Fucik eigenfunctions u corresponding
to (o, B) are sign-changing functions; moreover, (¢, 8) € X if and only if (8, «) € X because a function u solves (2) if and
only if —u solves (2) with (8, @) in place of («, B).

If N=1, ¥ may be obtained by direct computation. It consists of curves emanating from the pairs (A;, ;) Vi € N; if i
is an even positive integer, there exists only one curve, while, if i is odd, there exist exactly two curves emanating from
(Ai, Aj). All these curves are smooth, unbounded and decreasing (i.e., on each curve, o decreases as § increases); moreover,
on each curve, o tends to an eigenvalue of —A in Hé(.Q) as S — +4o0; conversely, for every eigenvalue 1;, there exist
exactly three curves asymptotic to the lines {);} x R and R x {A;}: they pass, respectively, through the pairs (Ai_1, A2i_1),
(A2is A2i) and (A2i+1,A2i+1)- In particular, if N =1, there are only two nontrivial curves of ¥ asymptotic to {A1} x R and
R x {A1}.

The situation is quite different in the case N > 1. In fact, the results we present in this Note (which are proved in [7]
using the method developed in [4-6]) show that, if N > 1, there exist infinitely many curves of the Fulik spectrum X,
asymptotic to the lines {A1} x R and R x {A1}.

The difference between the cases N =1 and N > 1 becomes even more evident if in (2) we replace the Dirichlet bound-

ary condition by the Neumann condition g—ﬁ =0 on d52.

Let us denote by 0 =X < Ay < A3 <--- and by ¥, respectively, the eigenvalues of —A and the Fu¢ik spectrum with the
Neumann boundary condition. If N = 1, a direct computation shows that no curve of the Fufik spectrum X is asymptotic
to the lines {0} x R and R x {0}. On the contrary, if N > 1, the results presented in this Note show that in ¥ there exist
infinitely many curves asymptotic to the lines {0} x R and R x {0}.

The method we use for the proof is completely variational. For all 8 > 0, we consider the functional fg defined by
fp) = [,[IDul*> — B(u*)?]dx, constrained on the set V = {u € H!(£2): [,(u™)?>dx = 1}. The functional fz is defined
in H&(Q) or in H(£2), respectively, in the case of Dirichlet or Neumann boundary conditions. In both cases, the Fucik
eigenfunction u is obtained as constrained critical point for fg on V, for all 8 > 0, while « arises as the Lagrange multiplier
with respect to the constraint V. The Fucik eigenfunction u we obtain in this way, corresponding to the pair (o, 8), presents
a prescribed number of bumps; this number may be fixed in an arbitrary way and it remains constant on each curve of the
Fucik spectrum that we construct using this method. Finally, notice that this method allows us also to describe in a natural
way the asymptotic behaviour, as o or 8 tend to +oo, of the obtained eigenfunction u; in particular, we show that the
bumps of u concentrate near suitable points (of §2 or of 39£2) and we describe the asymptotic profile of the rescaled bumps.

2. The main results

Let us first consider the Fucik spectrum in the case of Dirichlet boundary conditions.

Theorem 2.1. Let £2 be a smooth bounded connected domain of RN with N > 2. Then, for every positive integer k, there exists p > 0
having the following properties. For all B > By, there exist o g > A1 and uy g € Hé(Q), with u,iﬁ £ 0 and U g # 0, such that
(2), with a = o g and u = uy g, is satisfied for all B > Bi. Moreover, oy g depends continuously on g for allk € N, a g < Q1,8
VB > max{B, Br+1}, Ak p — A1, as B — +oo, while ug g — —eq in Hé([)), where eq is the positive function in Hé(.(z) such that
Aei+2re1 =0in 2 and [,e?dx=1.

In addition, there exists r > 0 such that, for all B > By, there exist k points x1 g, ..., X g in £2, having the following properties:
dist(x; g, 02) > r//Bfori=1,... .k |xip —xj gl >2r//B fori+#j, up(x) <OVxe R\ U;‘:1 B(x; g,1/+/B) and u,j_ﬁ £0in
B(xip,r/+/B) fori=1, ...,k Moreover,

lim eq(xjg) =maxey, fori=1,...,k, and lim \/E|x,-,ﬂ—xj,,g|:oo fori+j.
B—+o0 2 B——+00

If pg >0VB > B and limp_, 1o (0g~/B) = 00, then limg_, 4 sup{lug g(x) +e1(x)|: x € 2\ Ui'(=1 B(xi g, pp)} =0.
If, Vk e N, Vi € {1,...,k}, VB > By and Vx € /B(2 — x; g) we set U; g(x) = (1/5; 1 p)Uk,p(X/~/B + Xi p), Where s g =
sup{ug,g(x): x € B(x; g, 1/+/B)}, then the rescaled function U; x g converges as  — oo to the radial solution U of the problem:

AU+UT=0 inRV, Uu@©y=1 (3)

and the convergence is uniform on the compact subsets of RN,

Let us point out that the asymptotic behaviour of uy g, as  — +oo, is different in the cases N=2 and N > 2. In fact,

if N =2, we have limg_, ;o sik g =0 for every k € N and i € {1,...,k} while, if N > 2, limg_, ;o Sj kg = ¢, where c is a
positive constant depending only on N and supg, e;. This different behaviour is strictly related to the fact that, if U is the
radial solution of problem (3), then infgy U = —oo for N = 2, while infpy U > —oco for N > 2.

Remark 1. The eigenfunction uy g given by Theorem 2.1 presents k bumps that, as 8 — o0, concentrate near the points
X1,8, - .., Xk, g, approaching maximum points of e1; moreover, if the distance between two concentration points tends to zero
as B — +o0, then the approaching rate is less than the concentration rate, so that the bumps remain quite distinct. Notice
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that one can construct eigenfunctions of different types, with k bumps localized near points of the boundary of £2, that
also give rise to infinitely many curves of the Fucik spectrum, asymptotic to the lines {11} x R and R x {A¢}. In fact, under
the assumptions of Theorem 2.1, for every positive integer k there exists f; > 0, having the following properties. For all
B > Pr. there exists @ g > A1 and vy g € H}(£2), with v,:rﬁ #0 and v, # 0, such that (2), with o =@k s and u = vy,
is satisfied for all 8 > f. Moreover, for all k € N, ay,p depends continuously on 8, & g < &gt1,8 VB > max{B, fr+1} and
Qrp — M, as B — +oo, while vy g — —eq in HE,(.Q). Furthermore, the k bumps of vy g concentrate, as g — +oo, near
k points approaching the boundary of 2, and the concentration rate is greater than the approaching rates between two
distinct concentration points or between the concentration points and the boundary.

Notice that, if the boundary of §2 consists of more than one connected component, then one can construct eigenfunctions
Vg as in Remark 1, but with the bumps localized near prescribed connected components of 952. In analogous way, if for
example there exists an open subset A of £2 such that supy, e; < sup,er, then one can construct solutions ug g as in
Theorem 2.1, with the k bumps localized near k concentration points x1 g, ..., Xk, g, with rescaled bumps having the same
asymptotic profile (still described by the radial solution U of (3)), but with the concentration points that, as 8 — o0,
approach maximum points of e1 in A (i.e. x; g — X; as B — 400, with x; € A and e (x;) = maxaeq fori=1,... k).

Now, let us describe the properties of the Fuik spectrum in the case of Neumann boundary conditions. Let us consider
the Neumann problem:

a
Au—au” +But =0 ing, 8_5:0 on ds2. (4)

If N =1, the Fucik spectrum can be obtained by direct computation. In this case we have 0 = M < iy <hi3<---and the
Fuc¢ik spectrum consists of the lines {0} x R and R x {0} and of infinitely many curves C,, C3,... having the following
properties: for every i > 2, C; is a smooth, unbounded, decreasing curve, emanating from (i, ;) and asymptotic to the
lines {X;/4} x R and R x {};/4} (notice that ;/4 is an eigenvalue of —A in H!(£2) if and only if i is an odd positive integer
and, in this case, 1;/4 = X(i+])/2). Therefore, if N =1, no curve is asymptotic to the lines {0} x R and R x {0} and every

nontrivial pair («, B) of the Fulik spectrum satisfies o > x/4 and g > X,/4, with 1, > 0.
The situation is quite different if N > 1, as shown by the following theorem.

Theorem 2.2. Let $2 be a smooth bounded domain of RN with N > 2. Then, for every positive integer k, there exists i > 0 having the
following properties. For all 8 > By there exists arp>0andiyg e H'(£2), with ﬁl‘:ﬁ # 0 and ﬁk__ﬂ # 0, such that (4), with @ = @y g
and u = Uy g, is satisfied for all B > By. Moreover, for all k € N, & g depends continuously on B, Gy, g < k41,8 VB > max{B, Bi+1}
&g — 0, as B — +oo, while iiy s — —[meas(£2)]"Z in H'(£2).

For all B > By, there exist k points X1 g, ..., X, g in §2, having the following properties:

(1) img— 400 +/Bdist(X; g, 082) =00 fori=1, ...,k limg_ o0 /BlXip — Xj gl = 00 fori # j;

(2) there exists a positive constant T such that i g(x) <0 Vx € £\ U?‘:] B(X; p,7/+/B) and supfily g(x): x € B(Xi g,7/+/B)} >0
fori=1,....k VB> B

(3) if ps > 0VB > By and limp_, 1« (pp+/B) = 00, then limg_, 10 SUp{|iix s (x) + [meas(2)]~/2|: x e 2\U_, B&i g, pp)} =0.

Moreover, if we set §; x g = sup{iiy, g (x): X € B(X; g, 7/+/B)} and 0,;,(’,3(;() = (1/8i,k,p)lik, g (x//B + Xi,g) VX € /B(82 — X; p), then:

(@) if N =2,we have limg_, o Si kg =0VkeN,Vie{l,... k};

(b) if N > 2, we have limg_, o S; kg = C, where C is a positive constant depending only on N and meas(£2);

(c) for N > 2, Ui,k,,g converges as 8 — +oo to the radial solution U of problem (3) and the convergence is uniform on the compact
subsets of RN,

Notice that, also in the case of Neumann boundary conditions, there exists an infinite number of curves of the Fucik
spectrum, asymptotic to the lines {0} x R and R x {0} and corresponding to eigenfunctions ¥ g, which, unlike iy g, present
k bumps localized near the boundary of £2. In fact, if £2 is a smooth bounded domain of RN with N >2 and if I" is a
union of connected components of 352, for every positive integer k there exists f > 0 having the following properties. For
all B > fy, there exist & g > 0 and fi 5 € H'(£2), with ﬁlj,ﬂ #0 and i , #0, such that (4), with & =Gy and u =y,
is satisfied for all B > B. Moreover, for all k € N, Qi p depends continuously on 8, & p < 1,8 VB > max{ﬁk,ﬁk+1},
@ p — 0, as B — 400, while fiy s — —[meas(£2)]""/2 in H'(£2). For all B > f, there exist k points &1,,..., % in 2,
satisfying limg_, 100 /B dist(X; g, I') =0 for i =1,...,k, such that the k bumps of il; g concentrate near those points as

B — +o00. Moreover, if we define §i,k,5 and lA],-,k’ﬂ in an analogous way as $; g and U,-,k,ﬁ in Theorem 2.2, then the same
properties as (a) and (b) of Theorem 2.2 hold, respectively, in the cases N =2 and N > 2. If (up to a subsequence) X; g — X;
as B — +oo, then &; € I' C 942; if v; denotes the outward normal to 92 in &%; and if we set H; = {x e RN: (x- ;) <0},
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then we have limg_, 1 lAJi,k, p(X) =U(x) Vx € H;, where U is the radial solution of problem (3); moreover, the convergence
of Oi,k,ﬁ to U is uniform on the compact subsets of H;.
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