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RESUME

Nous utilisons des méthodes de comparaison, comme dans le cas des conditions au bord
dynamiques, pour démontrer que le phénoméne de Fujita est également vérifié dans un
domaine extérieur sous les conditions au bord de Robin.

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

In an exterior domain £ of RN which boundary 32 is of class C2, we consider the following parabolic problem

du=Au+uP ingfort>0,
u+au=0 ondRfort=>0, (1)
u-,0)=¢ in 2,

where p > 1 is a real number, @ a non-negative continuous function on 32 x R* and ¢ a continuous function in 2. We

aim to prove that the well-known Fujita phenomenon (see Refs. [2,5,6,8] and [10]) remains true under the Robin boundary
conditions. Throughout, we shall assume that « is non-negative

a>0 ondf2 xRT, (2)
and, in order to deal with classical solutions, we need some regularity on o
o eC(02 x RT). (3)
To use the comparison method (see the truncation procedure described in Section 2 of [8]), we need
P eC(2), 0< ¢l <00, ¢ >0, lim  @(x)=0. (4)
IXll2— 00
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From [4], the unique classical solution of Problem (1) u € C(£2 x [0, T)) N C%1(£2 x (0, T)) with maximal existence time
T > 0 satisfies T = oo and u is called a global solution or T < co and u blows up in finite time in the L°°-norm. In the
second case, we have

lim sup u(x, t) = oo.
Txem

2. Main results

Using the comparison method described in [8], we just need to find some appropriate sub-solutions to prove the blow-up
case (1 <p <1+2/N) and some adequate super-solution to obtain the global existence case (p > 1+ 2/N).

Theorem 2.1. Suppose that conditions (2), (3) and (4) are fulfilled. Then all non-trivial positive solutions of Problem (1) blow up in
finite time for p € (1,1 + 2/N). Moreover, if N > 3, blow up also occurs for p =1+ 2/N.

Proof. Ab absurdo, suppose that there exists @ and a non-trivial ¢ satisfying the hypotheses above, and such that the
solution u of Problem (1) with these parameters is global. By the truncation method and with the comparison principle
from [3], we construct a global solution v of the following Dirichlet problem

dv=Av+vP in 2 x (0,+00),

v=0 on 952 x (0, +00),

v(,0)=¢y ing,
where 0 < ¢o < ¢ and @g € Co(£2). Thanks to the results of Bandle and Levine results [2] (see [1] for the one-dimensional

case), we obtain a contradiction because the solution v must blow-up in finite time. If N >3 and p =1+ 2/N, the contra-
diction holds with Mochizuki and Suzuki’s results [7] and [9]. O

Theorem 2.2. Under hypotheses (2), (3) and (4), for N > 3 and

1+2
> b
P N

Problem (1) admits global non-trivial positive solutions for sufficiently small initial data ¢.

Proof. Consider the classical solution of the following Neumann problem

dv=Av+vP inf2fort=>0,
hv=0 onds2 fort > 0,
v(-,0)=¢ in 2.
By hypothesis (2), @ > 0 and by definition of v, we obtain

hv+av=av >0 onas2fort>0.

Thus, v is clearly a super-solution of Problem (1). The comparison method previously used leads to 0 < u < v in £ and
for t > 0, where u is a solution of (1) with the parameters « and . If the initial data ¢ is small enough, the function v
is global, see Levine and Zhang’s results from [6]. Hence, the solution u cannot blow up in finite time, and it is a global
solution. O

The global existence theorem is true only for high dimensions (N > 3) because Levine and Zhang’s results are no more
satisfied in dimension 2. For this special case, we impose a restriction on the coefficient «: suppose that there exists a
positive constant ¢ > 0 such that

a>c ondf2 xR, (5)
We use another super-solution, already used before by Bandle and Levine’s in [1].

Theorem 2.3. Let @ be a coefficient satisfying (3) and (5), ¢ an initial data with (4). For

142
>1+—,
P N

Problem (1) admits global positive solutions for sufficiently small initial data ¢.
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Proof. Let U be the function defined in £2 x [0, c0) by
Ux,t) = A(t + tg)™* exp(—”x”%)
’ 0 At+to) )

where u=1/(p — 1), top > 0 and A > 0 will be chosen below. A simple calculus of the derivatives leads to

QU — AU > D2 Ukt in x [0, 00)
’ - ) YN ) X ,00).
‘ 2(t + to)

Since of N — 2 > 0 by definition of 1, and with UP~1 < AP~1(t +t9)~!, we just need to choose A > 0 sufficiently small to
obtain

U — AU >UP in$2 x [0, 00).
On the boundary 952, hypothesis (5) gives
—X-V(X)
2(t+to)

—Xx-V(X)
> (m—i—c)U(X,t). (6)

WU, +alUi,t) > ( +Ot(x,t)>U(x,t)

As 8%2 is compact, and with to sufficiently big, this last term is non-negative. Thus, if 0 < ¢ < U(-,0) in £, the function U
is a global bounded super-solution. 0O

In dimension one, an exterior domain does not exist, but we can consider the case 2 =R\ [a, b] with a < b two real
numbers. We obtain:

Theorem 2.4. Let @ be a coefficient satisfying (3) and ¢ an initial data with (4). For

p>3,

Problem (1) admits global positive solutions for sufficiently small initial data ¢.

Proof. Use the same super-solution U as in the previous proof. Modifications only appear in Eq. (6). Up to a translation,
and thanks to the symmetry of the problem, we can treat only the case §2 = (0, c0). On the boundary, we have x =0 and
d,U = 0. Thus Eq. (6) is satisfied for all @ > 0. O

Remark 1. As in Bandle and Levine’s results [1], we can consider a more general non-linear reaction term of the form
t9)|x[5uP. In this case, we prove that the Fujita exponent is 1+ (2 +2q +5)/N. If p <1+ (24 2q + s)/N, then nontrivial
positive solutions of

du = Au+t9)|x||5uP  in £2 x (0, +00),
Iu+oau=0 on 352 x (0, +00), (7)
uG,0)=¢ in 2,

blow up in finite time. If p > 1+ (2 4+ 2q + s)/N, then there exist non-trivial global positive solutions if ¢ is small enough.
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