C. R. Acad. Sci. Paris, Ser. I 348 (2010) 1263-1266

Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. |

www.sciencedirect.com

Complex Analysis/Algebraic Geometry

Microlocalization with growth conditions of holomorphic functions

Microlocalisation a croissance des fonctions holomorphes

Luca Prelli

Universita degli Studi di Padova, Dipartimento di Matematica Pura ed Applicata, Via Trieste 63, 35121 Padova, Italy

ARTICLE INFO ABSTRACT
Arfifl? history: In this Note we give some applications related to the microlocalization of subanalytic
Received 23 March 2010 sheaves. We show the existence of a natural action of microlocal operators on tempered

Accepted after revision 8 November 2010

¢ - and formal microlocalization, and we give some applications to D-modules. We show also
Available online 23 November 2010

the invariance under contact transformations of tempered and formal microlocalization.
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RESUME

Dans cette Note on donne des applications liées a la microlocalisation des faisceaux sous-
analytiques. On voit I'existence d’'une action naturelle des opérateurs microlocaux sur la
microlocalisation tempérée et formelle, et on donne des applications aux D-modules. On
voit aussi l'invariance par transformations de contact de la microlocalisation tempérée et
formelle.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Sheaves on subanalytic sites

We use the notations of [5,8]. Let X be a real analytic manifold and let k be a field. Let Xy, be the subanalytic site,
whose objects are open subanalytic subsets of X and coverings are locally finite in X. Denote by p:X — X, the natural
morphism of sites.

Let Mod(ky,,) be the category of subanalytic sheaves and Modg-c(kx) the category of R-constructible sheaves on X.
Consider the functors p~! and p, of inverse image and direct image associated to 0. The functor p~! admits a left adjoint,
denoted by py. The sheaf p|F is the sheaf associated to the presheaf Op,,(X) > U — F(U). The functor p, is fully faithful
and exact on Modg_c(kx) and we identify Modg.c(kx) with its image in Mod(kx,,) by 0.

Let X, Y be two real analytic manifolds, and let f: X — Y be a real analytic map. The six Grothendieck operations Hom,
®, fw, £~V fu, f' are well defined in the derived category of subanalytic sheaves.

2. Tempered and formal microlocalization

We use the notations of [3]. Let A be the diagonal of X x X, denote by § the diagonal embedding and let q1,¢2: X x X —
X be the projections. Set p;j = ¢qj o p, i =1, 2. The normal deformation of the diagonal in X x X can be visualized by the
following diagram

E-mail address: Iprelli@math.unipd.it.

1631-073X/$ - see front matter © 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.crma.2010.11.006


http://dx.doi.org/10.1016/j.crma.2010.11.006
http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:lprelli@math.unipd.it
http://dx.doi.org/10.1016/j.crma.2010.11.006

1264 L. Prelli / C. R. Acad. Sci. Paris, Ser. I 348 (2010) 1263-1266

TX—>Ta(X x X) —S> ¥ x x<—2-2

lrx lp/ (1)
F) q2

A4>Xqu:;x
1

Definition 2.1. Let F € D%_c(kx) and G € D? (kx,,). Denote by " the Fourier-Sato transform for subanalytic sheaves of [9].
We set phom(F, G) := p~!(s"'"RHom((p; ' F)2, p}G)".

This is isomorphic to ,o‘l,usA“RHom(qz’]F, q’IG), where w5 is the microlocalization functor for subanalytic sheaves of [9].

Now let X be a complex manifold, Xr the underlying real analytic manifold and X the complex conjugate manifold. One
denotes by Dy the sheaf of finite order differential operators with holomorphic coefficients, Og( and OY the sheaves of
tempered and Whitney holomorphic functions of [5].

Let us consider the normal deformation of the diagonal in X x X as in diagram (1). Let F € D%_C(CX), set D'F =
RHom(F,Cyx) and let (-)% denote the direct image for the antipodal map. We have the isomorphisms

w
pwhom(F, O%) ~tuhom(F, Ox) and phom(F, OY)~ (D'F ®(9x)a,
"
where tphom(-, Ox) and -%Ox denote tempered and formal microlocalization of [1] and [2] respectively.
w

3. Microlocal kernels

Let X be a complex manifold of complex dimension dx. Consider the sheaves of rings over T*X,
R 0.d R, -1 t(0,d
SX :de('u’Aog(x))(()) and SX f:p HdX/’LSAaOX(XXX)

of microlocal and tempered microlocal operators. They contain a subring, denoted by £x and called the ring of (finite-order)
microdifferential operators. We will not recall all the properties of this sheaf and refer to [10] for a detailed study. The
sheaves 5;15 and 5;1(“ are concentrated in degree dx and one has the ring inclusions £x C S;lf'f C 5;1}.

Let X,Y,Z be three manifolds. Let q;; be the (i, j)-th projection defined on X x Y x Z and let p;; be the (i, j)-th
projection defined on T*X x T*Y x T*Z. Let p?j be the composition of p;; with the antipodal map a and let § : X x Y x Z —
X xY x Y x Z be the diagonal embedding. Consider the following diagram:

a a
P12%P33

T*(XxY T*(Y x Z * * *
(X xY)xT*(Y x )%TXXTYXTZﬁ
S Y|idx pyxa

T*(X x Y) xy T*(Y x Z)=<—T*X x sz(Y xY)xT*Z

tB/ m] pq3 (2)
T*(X xY x Z)'TT*XX Y xT*Z
13
q137

T*X x T*Z P
The following proposition is the tempered analogue of Lemma 11.4.3 of [3]:
Proposition 3.1. Let K1 € D% (Cxxy) and K2 € D%__(Cyz). Suppose that q13 is proper on supp(q;, K1 ® g3 K2). Set K1 0 K5 =
Rq13g(q1_21 K1 ® q2_31 K3). There is a morphism

RpSs(p% ! whom (K7, 01 %87) @ pds ! jhom(Ky, 05%92))[dy] — phom(Ky o Ko, OL0492)). (3)

Corollary 3.2.

(i) Morphism (3) induces the ring structure on EE'f.
(ii) There is a morphism 85"( ® pwhom(F, (’)§<) — uhom(F, Og() which endows H* jthom(F, (’)§<) with a structure ofﬁjlf‘f-module
foreachk € Z and F € D%_C(Cx).



L. Prelli / C. R. Acad. Sci. Paris, Ser. I 348 (2010) 1263-1266 1265

Let X be a complex manifold. There is a natural morphism induced by the multiplication between tempered functions
and functions vanishing up to infinity

p~'RHom(F, (O%)) ® p~'RHom(D'(F ® G)s, O%) — p~'"RHom(D'Gs, OY),

for F,G € D%_C(Cx) and S closed subanalytic, the analogue of Proposition 10.6 of [4]. From this morphism we obtain a
morphism

p~'RHom((p3'F) . py' O%) ® p~'RHom((p3 ' D'(F ® G)) 5. Py OX) — p~'RHom((p3' D'G) 5. 7' OX)

which is the key point for the construction of (4) below.
Let us consider the diagram (2) with Z = {point}. Set px : T*X x T*Y — T*X, py : T*X x T*Y - T*Y, qx: X x Y — X,
gy : X xY =Y.

Proposition 3.3. Let G € D (Cx)and K e D%_C(Cny) such that supp(q;(1 G) Nsupp(K) is proper over Y. There is a morphism

Rp%, (ehom (K, OX%9) [dy] @ p§ ! thom(D' (K o G), OY)) — whom(D'G, OY). (4)

Corollary 3.4. There is a morphism S;lf"f ® phom(F, OY) — phom(F, OY) which endows H*puhom(F, OY) with a structure of
E;If’f—modulefor eachke Zand F € D%_C(CX).

Let X, Y be two complex analytic manifolds of the same complex dimension n and let 2x C T*X, 2y C T*Y be two open
subanalytic subsets. Let x be a contact transformation from £2x to 2y and let A be the Lagrangian manifold associated to
its graph. We follow the notations of [3], Chapter VIL

It is well known that then there exists K € D%_C(X x Y, (px, py)) simple with shift 0 along A with SS(K) € A and
s € phom(K, O%g?’))(px,p‘;) such that the correspondence £x p, > P — Q € &y p, such that Ps=sQ is an isomorphism of
rings. For the construction of such an s see [10], Chapter 1.

Theorem 3.5. For each F € D%_C(Y, py)and G € D%_C(X, px) the morphisms associated to s induced by (3) and (4)

@s : pthom(F, (’)@)py [n] — ;Lhom((D,’(‘F, 0%) Yt ;Lhom(D/(db;(‘G), (’)‘{,")py [n] — phom(D'G, OY)

px’ px

are isomorphisms. Here <1>1‘<‘ denotes the microlocal integral transform associated to K.
A consequence of the action of £x on tempered and formal microlocalization is the following.

Corollary 3.6. Let F D%_c (Cx) and let M be a coherent Dx-module. Assume that SS(F) N Char(M) C T X. Then for A =t, w we
have the isomorphism

RHomp, (M, D'F ® Ox) — RHomp, (M, p~'RHom(F, 0%)). (5)

Let M be a Dx-module and let A =t, w. One sets for short Sol* (M) := RHom,p, (01 M, O}(). Let SS(F) be the micro-
support for subanalytic sheaves of [6,7]. As a consequence of Corollary 3.6 we have

Corollary 3.7. Let M be a coherent Dx-module. Then SS(Sol* (M)) = Char(M).

Let f:X — Y be a morphism of complex manifolds. Using Corollary 3.7, the fact that f'F ~ f~1F[2dim¢ X — 2dim¢ Y]
if f is non-characteristic for SS(F), F € Db((me), and inverse image formulas for holomorphic functions with growth con-
ditions we obtain an analogue with growth conditions of the Cauchy-Kowalevskaya-Kashiwara theorem. Here f~' denotes
the inverse image for D-modules. -

Theorem 3.8. Let M be a coherent Dy-module, and suppose that f is non-characteristic for M. Then there is a natural isomorphism
fIRHom,p, (0 M, O}) = RHom,, p, (p1 f ~' M, O%) for h=t, w.
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