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case of functions of normal operators. We show that if f belongs to the Holder class
Presented by Gilles Pisier Aa(R?), 0 <« < 1, of functions of two variables, and N; and N; are normal operators,
then || f(N1) — f(N2)|l < const|| flla,lIN1 — N2||*. We obtain a more general result for
functions in the space A, (R2) ={f: |f(¢1) — f(&2)| < constw(|¢; — &2])} for an arbitrary
modulus of continuity w. We prove that if f belongs to the Besov class Blm(Rz)v then
it is operator Lipschitz, i.e., || f(N1) — f(N2)| < const Hf”Blcl [IN7 — N2||. We also study

properties of f(N1) — f(N3) in the case when f € Ay(R?) and N — N, belongs to the
Schatten-von Neumann class Sp.
© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

On a obtenu dans Peller (1985, 1990) [10,11], Aleksandrov et Peller (2009, 2010, 2010)
[1-3] des estimations précises de f(A) — f(B), ou A et B sont des opérateurs autoadjoints
et f est une fonction sur la droite réelle R. Dans cette note nous obtenons des
généralisations de ces résultats pour les opérateurs normaux et pour les fonctions f
de deux variables. Nous démontrons que si f appartient a I'espace de Holder Ay (R?),
0 <a <1,alors || f(N1)— f(N2)|| < const| f|la,IN1 —N2||* pour tous opérateurs normaux
N7 et N. Nous obtenons aussi un résultat plus général pour les fonctions de la classe
Aw(@®?) ={f: |f(1) — f(22)| < constw(|¢1 — &2])}. Nous montrons que si f appartient a
I'espace de Besov B;](Rz), alors f est une fonction lipschitzienne opératorielle, c'est-a-
dire || f(N1) — f(N2)| < const ”f”Blcl |IN7 — N3|| pour tous opérateurs normaux Ni et N.

Nous étudions aussi les propriétés de f(Ni) — f(N2) quand f € Aq(R?) et Ny et N
sont des opérateurs normaux tells que N1 — Ny appartient a I'espace S, de Schatten-von
Neumann.
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Version francaise abrégée

Il est bien connu (voir [7]) qu'il y a des fonctions f lipschitziennes sur la droite réelle R qui ne sont pas lipschitziennes
opératorielles, c’est-a-dire la condition

|f(x) = f(y)| <constlx—y|, x,yeR,

n’'implique pas que pour tous les opérateurs auto-adjoints A et B I'inégalité

| f(A) = f(B)| < const| A — B

soit vraie.

Dans [10] et [11] des conditions nécessaires et des conditions suffisantes sont données pour qu'une fonction f soit
lipschitzienne opératorielle. En particulier, il est démontré dans [10] que pour qu'une fonction f soit lipschitzienne opé-
ratorielle il est nécessaire que f appartienne localement a I'espace de Besov B%l(R). Cela implique aussi qu'une fonction
lipschitzienne n’est pas nécessairement lipschitzienne opératorielle.

D’autre part il est démontré dans [10] et [11] que si f appartient a 'espace de Besov Blol(]Ri), alors f est lipschitzienne
opératorielle.

Il se trouve que la situation change dramatiquement si I'on considére les fonctions de la classe Ay (R) de Holder
d'ordre o, 0 <« < 1. Il est démontré dans [1] et [2] que si f apartient & Ay (R), 0 < «a < 1 (c’est-a-dire |f(x) — f(¥)| <
const |x — y|%), alors f doit étre holderienne opératorielle d’ordre ¢, c'est-a-dire

| f(A) = f(B)| < const|A— B|*.

Dans [1] et [2] un probléme plus général est considéré pour les fonctions dans I’espace

Ao®)={f: |f@1) = f(&2)| < constw(|t1 — 221)},

ol w est un module de continuité arbitraire.
Finalement il est démontré dans [1] et [3] que si A et B sont des opérateurs autoadjoints tels que A — B appartient a la
classe de Schatten-von Neumann S, p > 1, et f € Ay(R), 0 < <1, alors f(A) — f(B) € Sp/q-
Dans cette Note nous généralisons les résultats ci-dessus aux cas des opérateurs normaux (pas nécessairement bornés).
Nos résultats sont basés sur I'inégalité suivante :

| f(N1) = f(N2)|| < constor|| fllz=[[N1 = N2, (1)

oil f est une fonction bornée sur R? dont la transformée de Fourier a un support dans le disque {(x, y) € R?: x*> + y? < 02}
et N et N, sont des opérateurs normaux.
Pour établir (1), nous utilisons les intégrales doubles opératorielles et nous démontrons la formule suivante :

F(ND) = f(Ny) = f / f@, yyll) / (Xl’yZ)dEl(Zl)(Bl_Bz)dEz(Zz)

dEq(z1)(A1 — A2)dEx(22),

+/ fx1,y2) — f(x2,y2)
X1 —X2
(C2
ol Ni et N, sont des opérateurs normaux dont la différence est bornée, E1 et E; sont les mesures spéctrales d’N; et d’N».
Ici Xj =Rer, yj =]ij, Aj =ReNj, Bj =lmNj, j= 1,2.
En utilisant (1) nous démontrons que si f appartient a la classe de Besov B}xﬂ(Rz), alors f est une fonction lipschit-
zienne opératorielle et

| F(ND) = f(N2) || < const || fllgr_ g2 N1 — Nz

pour tous opérateurs normaux Ni et Nj.
D'autre part, si f appartient 3 la classe de Hélder A4 (R?), 0 <o < 1, alors

| f(N1) = f(N2)| < const]| f| o, 2 INT — N2||*

pour tous opérateurs normaux Ni et Nj.
Supposons maintenant que @ est un module de continuité et

w*(x):x/ﬂdt x>0,

X
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alors

| f(N1) = f(N2) | < const || f]| o, g2y@x(IIN1 — N2l))

pour tous opérateurs normaux Ni et Nj.
Finalement nous démontrons que si f € Aq¢(R%), 0 <« <1, et N; et Ny sont des opérateurs normaux dont la différence
appartient a I'espace de Schatten-von Neumann Sp, p > 1, alors f(N1) — f(N2) € Sp/a et

[f(ND = f(N2) g, < const il g, @) INT = N2llS,-
1. Introduction

In this Note we generalize results of the papers [10,11,1,2], and [3] to the case of normal operators.
A Lipschitz function f on the real line R (i.e., a function satisfying the inequality | f(x) — f(y)| < const|x — y|, X,y € R)
does not have to be operator Lipschitz, i.e.,

|f(A)— f(B)| < const||A— B

for arbitrary self-adjoint operators A and B on Hilbert space. The existence of such functions was proved in [7]. Later in
[10] and [11] necessary conditions were found for a function f to be operator Lipschitz. In particular, it was shown in [10]
that if f is operator Lipschitz, then f belongs locally to the Besov space B%l(R). This also implies that Lipschitz functions
do not have to be operator Lipschitz. Note that in [10] and [11] stronger necessary conditions are also obtained. Note also
that the necessary conditions obtained in [10] and [11] are based on the trace class criterion for Hankel operators, see [12,
Ch. 6].

On the other hand, it was shown in [10] and [11] that if f belongs to the Besov class B}xﬂ (R), then f is operator
Lipschitz. We refer the reader to [9] for information on Besov spaces.

It was shown in [1] and [2] that the situation dramatically changes if we consider Holder classes A, (R) with 0 <o < 1.
In this case such functions are necessarily operator Holder of order «, i.e., the condition | f (x) — f(y)| < const|x—y|%, x, ¥y € R,
implies that for self-adjoint operators A and B on Hilbert space,

| f(A) = f(B)| < const| A — B|*.

Note that another proof of this result was found in [8].

This result was generalized in [1] and [2] to the case of functions of class A (R) for arbitrary moduli of continuity w.
This class consists of functions f on R, for which |f(x) — f(y)| < constw(|]x — y|), x, ¥y € R.

Finally, we mention here that in [3] properties of operators f(A) — f(B) were studied for functions f in Ay (R) and
self-adjoint operators A and B whose difference A — B belongs to Schatten-von Neumann classes Sp.

In this paper we generalize the above results to the case of (not necessarily bounded) normal operators. Throughout the
paper we identify the complex plane C with R2.

2. Double operator integrals and the key inequality
Our results are based on the following inequality:

Theorem 2.1. Let f be a bounded function of class L (R%) whose Fourier transform is supported on the disc {¢ € C: |¢| < o}. Then

| f(N1) = f(N2)| < consto [Ny — Na||

for arbitrary normal operators N1 and N, with bounded difference.

To prove Theorem 2.1, we obtain a formula for f(N7)— f(N3) in terms of double operator integrals. The theory of double
operator integrals was developed in [4,5], and [6]. If E; and E; are spectral measures on X7 and A> and @& is a bounded
measurable function on X; x A%, then the double operator integral

f / (51, 52) 1 (s1)T dE3(s2)
X1><X2

is well defined for all operators T of Hilbert-Schmidt class S, and determines an operator of class S,. For certain functions
@ the transformer T +— ff(deJdEz maps the trace class Sy into itself. For such functions @ one can define by duality
double operator integrals for all bounded operators T. Such functions @ are called Schur multipliers (with respect to the
spectral measures E; and E;). We refer the reader to [10] for characterizations of Schur multipliers.

In the following theorem E;{ and E; are the spectral measures of normal operators N1 and N;. We use the notation
Xxj=Rezj, yj=Imzj, Aj=ReNj, Bj=ImNj, j=1,2.
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Theorem 2.2. Let N1 and N, be normal operators such that Ny — N is bounded. Suppose that f is a function in L> (R2) such that its
Fourier transform F f has compact support. Then the functions

&Lhﬁefauyw—f@uyﬁ and thﬁﬁfwhyg—f@Lm)
Yi—y2 X1 — X3

are Schur multipliers with respect to E1 and E, and

F(NY) = F(N2) =f f(’“’yyll) - 5(’“’ Y2) 4k, (21)(B1 — B2) dEa(22)
// SO, y2) = 2. ¥2) 4 71y — Ag) dEs(z). @)
X1 — X2

3. Operator Lipschitz functions of two variables

A continuous function f on R? is called operator Lipschitz if

| f(N1) — f(N2)| < const|[Ny — Na
for arbitrary normal operators N1 and N, whose difference is a bounded operator.

Theorem 3.1. Let f belong to the Besov space B! ool (R?) and let N1 and N, be normal operators whose difference is a bounded operator.
Then (2) holds and

| FND) = F(N2) | < const [ fllg1_ g2, INT — Nall.

In other words, functions in Blol(]Riz) must be operator Lipschitz.

As in the case of functions on R, not all Lipschitz functions are operator Lipschitz. In particular, it follows from [10]
that if f is an operator Lipschitz function on R?, then the restriction of f to an arbitrary line belongs locally to the Besov
space Bl,.

The next result shows that functions in Blol (R?) respect trace class perturbations.

Theorem 3.2. Let f belong to the Besov space B}xﬂ (Rz) and let N1 and Ny be normal operators such that Ny — N, € Sq. Then
f(N1) — f(N2) € S1 and

| F(ND = f(N2)[[g, < const | flig_ z2)IN1 — Nalls,-

4. Operator Holder functions and arbitrary moduli of continuity

For o € (0, 1), we consider the class Ay (R?) of Holder functions of order «:

2y def [f(z1) — f(22)]
(R ) {f ”f”Aa(RZ) _z?;égz |z1 — 22| < OO}

The following result shows that in contrast with the class of Lipschitz functions, a Hélder function of order o € (0, 1) must
be operator Holder of order c.

Theorem 4.1. There exists a positive number c such that for every o € (0, 1) and every f € Aq(R2),

| £ (N1 = FIN2) | <@ =) I fll o 2y INT = Na||*
for arbitrary normal operators N1 and No.

Consider now more general classes of functions. Let @ be a modulus of continuity. We define the class A, (R?) by

Ao(R?) def{f: 11l s, a2y = Sup |f(z1) — f(22)] - oo}.

n#z, ©(z21 —22|)

As in the case of functions of one variable (see [1,2]), we define the function w, by

mmﬁffﬂgm x> 0.

X
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Theorem 4.2. There exists a positive number c such that for every modulus of continuity w and every f € A, (R?),

| f(Nv) = fF(N) || <cllf Il 4, 2y (INT — N2l

for arbitrary normal operators N1 and N».

Corollary 4.3. Let w be a modulus of continuity such that

w4 (x) < constw(x), x>0,

and let f € A, (R2). Then

| f(N1) = f(N2)| < const || f]| o, w2y@(IIN1 — N2||)

for arbitrary normal operators N1 and N».
5. Perturbations of class S

In this section we study properties of f(Ni) — f(N2) in the case when f € Aq(R2?), 0 <« <1, and N; and N, are
normal operators such that Ny — N belongs to the Schatten-von Neumann class Sj. The following theorem generalizes
Theorem 5.8 of [3] to the case of normal operators.

Theorem 5.1. Let 0 < o < 1 and 1 < p < oo. Then there exists a positive number c such that for every f € Ay (R?) and for arbitrary
normal operators N1 and N3 with N1 — N3 € Sp, the operator f(N1) — f(N2) belongs to S, and the following inequality holds:

[FND) = F N2 [, < elflla, ) INT = N2IS,

For p =1 this is not true even for self-adjoint operators, see [3]. Note that the construction of the counterexample in [3]
involves Hankel operators and is based on the criterion of membership of §, for Hankel operators, see [12, Ch. 6].
The following weak version of Theorem 5.1 holds:

Theorem 5.2. [et 0 < « < 1 and let f € Ay (R?). Suppose that Ny and N are normal operators such that Ny — N, € S1. Then
F(N1)— f(N2)eS1 . ie,

si(f(N1) — f(N2)) < const| f]| o, w2y (1 + )% j>0.

Here s;(T) is the jth singular value of a bounded operator T.
On the other hand, the conclusion of Theorem 5.1 remains valid even for p =1 if we impose a slightly stronger assump-
tion on f.

Theorem 5.3. Let 0 < o < 1 and let f belong to the Besov space BY | (R?). Suppose that N1 and N, are normal operators such that
N1 — Ny € S1.Then f(N1) — f(N2) € S1/a and

[fND = FN2) g, < constlifllpe )Ny = Nall§,
We conclude this section with the following improvement of Theorem 5.1.

Theorem 5.4.Let 0 < oo < 1and 1 < p < co. Then there exists a positive number c such that for every f € Aq(R?), everyl e Z,, and
arbitrary normal operators N1 and N, with bounded N1 — N, the following inequality holds:

l l
DG ) = [T <l I ) Do (55Nt = N2)?

j=0 j=0
6. Commutators and quasicommutators

We can generalize all the results listed above to the case of quasicommutators f(N1)Q — Q f(N3) and obtain estimates
for such quasicommutators in terms of NyQ — Q N2 and NYQ — QN;. Here Q is a bounded operator. In particular, if Q is
the identity operator, we arrive at the problem of estimating operator differences f(N7) — f(N2) that has been considered
above. On the other hand, if Ny = N, = N, we arrive at the problem of estimating commutators f(N)Q — Q f(N) in terms
of NQ — QN and N*Q — Q N*.



558 A. Aleksandrov et al. / C. R. Acad. Sci. Paris, Ser. 1 348 (2010) 553-558

References

[1] A.B. Aleksandrov, V.V. Peller, Functions of perturbed operators, C. R. Acad. Sci. Paris, Sér I 347 (2009) 483-488.
[2] A.B. Aleksandrov, V.V. Peller, Operator Holder-Zygmund functions, Advances in Math. 224 (2010) 910-966.
[3] A.B. Aleksandrov, V.V. Peller, Functions of operators under perturbations of class Sp, J. Funct. Anal. 258 (2010) 3675-3724.
[4] M.S. Birman, M.Z. Solomyak, Double Stieltjes operator integrals, Problems of Math. Phys. Leningrad. Univ. 1 (1966) 33-67 (in Russian). English transl.:
Topics Math. Physics, vol. 1, Consultants Bureau Plenum Publishing Corporation, New York, 1967, pp. 25-54.
[5] M.S. Birman, M.Z. Solomyak, Double Stieltjes operator integrals. I, Problems of Math. Phys. Leningrad. Univ. 2 (1967) 26-60 (in Russian). English transl.:
Topics Math. Physics, vol. 2, Consultants Bureau Plenum Publishing Corporation, New York, 1968, pp. 19-46.
[6] M.S. Birman, M.Z. Solomyak, Double Stieltjes operator integrals. III, Problems of Math. Phys. Leningrad. Univ. 6 (1973) 27-53 (in Russian).
[7] Yu.B. Farforovskaya, The connection of the Kantorovich-Rubinshtein metric for spectral resolutions of selfadjoint operators with functions of operators,
Vestnik Leningrad. Univ. 19 (1968) 94-97 (in Russian).
[8] Yu.B. Farforovskaya, L. Nikolskaya, Operator Holderness of Holder functions, Algebra i Analiz. (2010), in press (in Russian).
[9] J. Peetre, New Thoughts on Besov Spaces, Duke Univ. Press, Durham, NC, 1976.
[10] V.V. Peller, Hankel operators in the theory of perturbations of unitary and self-adjoint operators, Funktsional. Anal. i Prilozhen. 19 (2) (1985) 37-51
(in Russian). English transl.: Funct. Anal. Appl. 19 (1985) 111-123.
[11] V.V. Peller, Hankel operators in the perturbation theory of unbounded self-adjoint operators, in: Analysis and Partial Differential Equations, in: Lecture
Notes in Pure and Appl. Math., vol. 122, Dekker, New York, 1990, pp. 529-544.
[12] V.V. Peller, Hankel Operators and Their Applications, Springer-Verlag, New York, 2003.



	Functions of perturbed normal operators
	Version française abrégée
	Introduction
	Double operator integrals and the key inequality
	Operator Lipschitz functions of two variables
	Operator Hölder functions and arbitrary moduli of continuity
	Perturbations of class Sp
	Commutators and quasicommutators
	References


