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RESUME

Si Ac{0,...,n—1}" soit E4 I'unique compact non vide de R™ tel que E5 = UaeA(%EA +
%). Nous montrons que deux tels ensembles auto-similaires totalement discontinus E4 et
Eg (avec A,B C {0,...,n — 1}™) sont lipschitziennement équivalents si et seulement si
#A = #B.

© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Deux espaces métriques (X1,d1) et (X2, d>) sont dits lipschitziennement équivalents, et I'on écrira alors X; >~ X», s'il existe
une bijection f:X; — X3 et une constante C > 0 telles que pour tous u, v € X1, C~1d(u, v) <d2(f (), f(v)) < Cdi(u, v).

Etant donné un entier n > 2 et un ensemble A C {0, ...,n — 1}, nous dirons que
1 a
EA=U(—EA+—) (1)
n n
acA

est 'ensemble auto-similaire déterminé par le motif initial {%[0, 1m + %}GGA.

Nous étudions ici I'équivalence lipschitzienne des ensembles auto-similaires du type précédent. L'équivalence lipschit-
zienne d’ensembles auto-similaires a été intensément étudiée (par exemple [1-4,6-9]). En particulier, pour m=1,n=>5 et
A1=1{0,2,4}, A, ={0,3,4}, il a été démontré [6] que E4, > E4,, ce qui répond a une question de David et Semmes [2,
Probléme 11.16]. Le théoréme suivant généralise le résultat de [6], qui se place dans lecasm=1 :

Théoréme 0.1. Soit A,B C {0,1,...,n — 1} tels que les ensembles auto-similaires correspondants E 4 et Eg soient totalement
discontinus. Alors E 4 ~ Ep si et seulement si #A = #B.

E-mail addresses: xilifengningbo@yahoo.com (L.-F. Xi), xiongyng@gmail.com (Y. Xiong).

1631-073X/$ - see front matter © 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
doi:10.1016/j.crma.2009.12.006


http://www.ScienceDirect.com/
http://www.sciencedirect.com
mailto:xilifengningbo@yahoo.com
mailto:xiongyng@gmail.com
http://dx.doi.org/10.1016/j.crma.2009.12.006

16 L.-F Xi, Y. Xiong / C. R. Acad. Sci. Paris, Ser. I 348 (2010) 15-20

De plus, nous avons :

Théoréme 0.2. Soit C1 C {0, 1,..., (n; —1)}™, C2 C {0, 1, ..., (np — 1)}™ et les ensembles auto-similaires Fc, = qucl (% Fe, +
%)(C R™) et Fc, = U, eq, (n1—2 Fe, + %)(C R™2) supposés tous deux totalement discontinus. Alors Fc, =~ Fc, si et seulement s'il

existe k1, ks € N tels que n’il = ngz et (#CM = (#Cy)ke.

Si ae ACR™, on pose Sq(x) = (x+ a)/n. On pose aussi Sg,..q, = Sq; © Sa, © -+ © Sq,. Pour tout entier t > 1, posons
v = Ua1-~a[eA‘ (Sa1~~at [0, 1]m)

Définition 0.3. On dit que E 4 est de type fini, s'il existe un entier M tel que pour tout entier k, chaque composante connexe de W,
contient au plus M cubes de taille n™*.

Avec ces notions, nous avons le théoréme suivant dont le Théoréme 0.1 est un cas particulier :

Théoréme 0.4. Soit A G {0,1,....,.n—1}"et E4 = UaeA(%EA + %) C R™ un ensemble auto-similaire. Alors les conditions suivantes
sont équivalentes :

(i) E 4 est totalement discontinu ;
(ii) Ea estde type fini;
(iii) Ea et X, 44 sont lipschitziennement équivalents, oit X, 44 désigne le systéme symbolique {1, ..., #A}*° muni de la métrique
dﬂ,#A (X]X2 e, Y1Y2 - ) - n*min{k‘)‘k#,"k}'

1. Introduction

Two metric spaces (X1,d;) and (X3, dy) are said to be Lipschitz equivalent, denoted by X >~ X», if there exists a bijection
f: X1 — X, and a constant C > 0 such that for all u, v e X1, C~1d;(u, v) <da2(f W), f(v)) < Cdi(u, v).

Given an integer n > 2 and a set A C {0,...,n — 1}™, the unique compact subset of R™ such that
Ea=J L )
A= n AT
acA

will be called, self-similar set with initial cubic pattern {%[0, 1M+ %}ae,q.

Here, we study the Lipschitz equivalence of self-similar sets with initial cubic patterns. The Lipschitz equivalence between
self-similar sets has been extensively studied ([1-4,6-9]...). In particular, for m=1, n=5, and A; ={0, 2,4}, A, ={0, 3,4},
it is proved [6] that Ea, ~~ E4,, which answers a question [2, Problem 11.16] by David and Semmes about the Lipschitz
equivalence of self-similar sets with different “patterns” (or “rules” in Sections 2.5, 11.7 and Chapter 13 of [2]). The following
Theorem 1.1 extends the result of [6], which takes place in R:

Theorem 1.1. Let A and B be subsets of {0, 1, ...,n — 1} such that the corresponding self-similar sets E 4 and Ep are totally discon-
nected. Then E4 >~ Ep if and only if #A = #B.

With a little more effort, we can get

Theorem 1.2. Let C; C {0, 1, ..., (ny — 1)}™, C2 C {0, 1, ..., (n2 — 1)}™2 and suppose that both

= l a mi = i e m2
FC]_CU (anC1+nl)(cR ) and Fc,= U(nch”an)( R™)
1€Cq ceCy

are totally disconnected. Then Fc, ~ Fc, if and only if there are k1, ko € N such that nlfl = nlf and (#Ck = @#Cy)ke.
2. Preliminaries
2.1. Symbolic system and graph-directed sets

Let ¥, be the set {1,...,1}* (n,]>2) with the metric d, (x1X2---, y1y2---) =n~ Mnk%#) The next lemma follows
from [1,4] or Proposition 11.8 of [2]:

Lemma 2.1. (%, 1, dn, 1) = (Zn, 1, dny 1,) if and only if there are kq, ky € N such that n’l<1 = ngz and l’;‘ = l';z.
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We recall the notion “graph directed sets” [5]. Let (X,d) be a compact metric space and G = (V, I') a directed graph
such that, for each edge e € I', there is a corresponding similarity T, : (X, d) — (X, d) with ratio ro <1 (i.e., d(Tex1, TeX2) =
red(x1, x2) for all xq, xy € X). Assume that for each vertex j € V, there is at least one edge starting from j. Then there is a
unique family {K;}icy of nonempty compact subsets of X such that for any i € V,

Ki=J [ Tek)), (3)
jev eeS,-'j
where &; ; is the set of edges linking i to j. If (3) is a disjoint union for each i € V, we say that {Ki}ijcy are dust-like

graph-directed sets on (V, I'). Theorem 2.1 of [6] yields the following lemma:

Lemma 2.2. Suppose {K;}icv and {K[}icv are dust-like graph-directed sets on (V, I') satisfying (3) and K] = UjeV Uees,»j Té(l(}),
where T, : (X', d") — (X', d") for some compact metric space (X', d’). If for each e € I" the corresponding similarities T, and T, have
the same ratio pe, then K; ~ K{for eachieV.

2.2. Connectedness

For ae A CR™, set Sq(x) = (X +a)/n. Write Sg,...q, = Sa; © Sa, 0 - - - © S, The Hausdorff distance between two subsets E
and f of R™ is defined to be dy (E, F) = max[supyeg d(x, F), supyer d(E, y)].
Due to compactness, we get the following lemmas:

Lemma 2.3. Suppose { Xy} are connected compact subsets of [—r,r]™ (r > 0). Then there exist a subsequence {k;}; and a connected
dy .
compact set X such that Xy, — X asi — oo.

Lemma 2.4. Let {Y,~}f:1 be totally disconnected compact subsets of R™. Then Y = Uf=1 Y; is totally disconnected.

For every subset X C R™, let int(X) and dX denote its interior and boundary respectively.
Considering the unit cube [0, 1]™ and its neighbors of the same size, we have

[-1.21"= (J (10, 11" +h).
he{—1,0,1}m

Set

]

U Sﬂ1~~~ak([0’ ”m) +h>' (4)

M > aqay---ape Ak

k= U (

he{-1,0,1}
Lemma 2.5. Suppose that E 4 is totally disconnected. Then there exists an integer k such that for any connected component x of &y
with x N[0, 11™ #£ @, x is contained in (—1,2)™.

Proof. Suppose on the contrary that for any k there are connected components x, C Z} and points x; € [0, 1]™ N ¥, and
Yk € 0[—1,2]" N xx with h € {—1,0,1}". By Lemma 2.3, we can take a subsequence {k;}; such that x,, — x* € [0,1]™,

d ,
Yk, = y*€9[—1,2]", and xy, X I for some connected and compact set I" with I" C Uhe(q,o,]}m(EA +h), x* e I'N[0,1]™,
and y* € I'N3[—1, 2]™. However {Jp¢_1,9,1ym(Ea +h) is totally disconnected by Lemma 2.4. This is a contradiction. O

2.3. Finite type
For any integer t > 1, set ¥; = Ual--»a[eAT (Saqy--q. [0, 11™).

Definition 2.6. We say E 4 is of finite type if there is an integer M such that for every integer k, any connected component
of ¥, contains at most M cubes of side n~k.

Remark 1. Here is an equivalent definition of the finite type property: E4 is of finite type, if there are positive integers Mo
and ko such that for every integer k, any connected component of Wy, contains at most Mo cubes of side n—kko

In this subsection, we always assume that E 4 is of finite type. Fix an integer k* large enough so that

#AX > M? and (VmMn* <1/3. (5)
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Then for any connected component x of W, diam(x) < (mM)n=¥" < 1/3. For any vertex z = (z1, ..., zm) € {0, 1}™ of
[0,11™, set A, ={(¥1,..., ¥m): ¥i=1—z; for some i} and

Az ={x: x isaconnected component of ¥ and x N A, = @}.

For any connected component x of ¥+ and any i € NN [1,m], since diam(y) < 1/3, the set x intersects at most one of
the following sets {(y1,...,¥m): yi=1} and {(y1,...,¥m): yi =0}, ie, x € A+ for some z € {0, 1}™. That means the set
Uze(O.]}m Az k= consists of all connected components of Wj-. Taking subset A, of A, y+, such that

lPk* = U U X and Al,k* N AZ/,k* =0 (6)
201V yeA, e

for z#27 €{0,1}™. Here A, and A, + may be empty.

We call D C Z™ a type, if (Jycp([0, 11" +d) is connected. We say D and D; are equivalent, denoted by D1 ~ D, if
there exists z € Z™ such that D; = D, + z. We say that one type D3 is generated by type D4, if there exist z€ Z™ and an
integer | > 1 such that | ycp, ([0, 11™ +d) is a connected component of (e p, [Wik- + dn % 4 2.

If E4 is of finite type, then there are finitely many types {D1,..., D)}, with N(A) < 21@™"]  generated by type
Do = {0} and such that D; = D; for any i # j. Given D; € {Dg, D1, ..., Dn(a)} and z € {0, 1}, we fix a point d,; € D; such
that d,; + z is an extreme vertex of UdeDi([O, 1]™ + d). Here the phrase extreme vertex means that if d,; +z € [0,1]™ +d’
with d’ € D;, then d’ =d_;. Set

Gi= | ( U x+dz,,-> and Hiz[U(wwd)}\Gi. 7)

Ze{0.1J™ * yeA, 4 deD;
2.4. Combinatorial lemma

Lemma 2.7. Let p, q, and {l;}ice> be positive integers with ;o li = pq. Suppose there exists an integer r < p such that l; <r for all
i€ 2 and #{i: l; = 1} > rq. Then there is a decomposition 2 = ngl £2; such that forevery 1 <s <q, Ziegs li=p.

Proof. It is trivial for ¢ = 1. Suppose this inductive assumption on q is true for g=1,..., (k—1).

Set g =k. Take ® C {i: Il = 1} with #(®) =rk and select a maximal subset A; of £2\® such that ZieAl li < p, we
conclude that } ;i i > p —r. Otherwise, 3 ;. li < p —r, take ip € (2\A1)\O, then 3 i A, i li < (P —1) +1 < p, which
contradicts the maximality of Aq. Now, p—1 < Z,-Em l; < p. Choose subset ®; of ® such that #(®1) =p — Z,-Em l; <r. Set
£21 = A1 U Oq, then Ziem I; = p. Applying inductive assumption on (k — 1) to 2/’ = 2\2; and #{ie 2’: [ =1} >rk—-1),
we get a decomposition 2’ = Z:z 25 with Zieﬂs li = p (s > 2). Therefore, the assumption for ¢ =k is true. 0O

3. Proof of Theorem 1.1

In fact, Theorem 1.1 is a consequence to the following theorem:

Theorem 3.1. Suppose A C {0, 1, ..., n — 1} with cardinality #A <n™. Let E4 = UaeA(%EA + %) be the corresponding self-similar
set in R™. Then the following statements are equivalent:

(i) Eja is totally disconnected;

(ii) E 4 is of finite type;
(iii) Ea and Xy, 44 are Lipschitz equivalent.

Proof. (1) = (2): By Lemma 2.4, there exists an integer ko such that for any connected component x of Zy, with x N
[0, 1]™ # @, x is contained in (-1, 2)™. This means that, for all integer k > 1, any connected component of Y1)k, contains
at most (3n*0)™ cubes of side n~*+Dko By Remark 1, E, is of finite type.
(2) = (3): Let k* be the integer defined in Section 2.3. Since X #4 =~ D Ay it suffices to show that E4 =~ Dol A" -
Suppose there are finitely many types {Do, ..., Dn(a)}. For any connected component x of ¥, there is a set D(x) C Z™
such that x = n% UdeD(X)([O, 11™ 4 d). By replacing [0, 1]™ by E4 in (7), we define G; in analogy to G;:

Gi= U [nl U U (EA+d>+dz,i]. (8)

ze0.1)m-" i, deD(x)

We also set H; = [UdeDi(EA +d)]\ G;. Then for every type D;, we get a compact set
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Fi = U(EA—i-d):C_;iUI:I,'. (9)
dED,‘

Set A(G;) =1 and A(H;) = #D; — 1 for each i. Then A(G;), A(H;) < M.

Set K € {Go, ..., Gy} U {H1,..., Hya). Now, for K = G; or Hj, we set K = G; or H; respectively. Then K consists
of A(K)(#A)X" small copies of E4 with ratio n=%". Therefore, in the same way, K has at least A(K)(#A)X" /M connected
components, where each connected component contains at most M cubes of side n=¥". Every connected component can be
written as n%[z—{— UdeDj([O, 1™ +d)] with type D; in (Do, ..., Dnay} and z € Z™. It follows from (9) that

1

2+ Hjl (10)

1 1 -
?[z—i- U(EA+d)]=n,7[Z+Gj]U

dEDj

This means that K contains at least A(K)(#A)X" /M pairwise disjoint parts of the form n%[z +Gj] or n%[z + Hj]. Here
by (5),

A F#AK /M = A(K)M. (11)
By setting g = A(K), p = #A)X" and r =M < p and applying (11) to Lemma 2.7, we get the decomposition

K=KiUKU---UK; g, (12)
where
_ 1
Ki= e U [zs + Ls] (13)
sef2(K,i)

with z; € Z™ and Ls € {Go, ..., Gnay} U {H1, ..., Hyea)) satisfying
> MLy =#AK. (14)
seR(K,i)

Therefore, {Go, ..., Gy} U {H1, ..., Hyea)} are dust-like graph-directed sets satisfying (12)-(14).
For integers o, B with 1 <o < g < (#A)X', a subset T of T eaye is defined by 38— (axa--1 x1 e NN [, B1).

Take y hol- {X1x2X3---: X1 =y and Xpx3--- € EO’?}. Then there is a natural similitude from 25 to y * 25 with ratio n=".
Note that
—o+1 : : 1 2
Z‘lﬁ , = are isometric, ¢ =2l usiuU...U Y, (15)

and for a sequence {Aq, ..., A:} with A + - + A; = #A)X,

t
1 Atetag
=+ D tetnga41) (16)
j=1

At

k*
Mthj :

where there is a natural similitude from Z‘f" to1xX
By (15)-(16), we obtain that

41 with ratio n™

N(A)+1
1 1 AMH]) wA(H2) MHneay)
DH NN > NURD S v R )4 }
are dust-like graph-directed sets on the graph determined by (12)-(14) and each similitude has ratio n~*". Here 2{\(6") = 211

forall 0<i< N(A)_.
By Lemma 2.2, Go(= E4) and 21] are Lipschitz equivalent. Thus E4 and Zpke rayer are Lipschitz equivalent.
(3) = (1): This is obvious. O

Proof of Theorem 1.2. This theorem follows from Lemma 2.1 and (iii) of Theorem 3.1. O
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