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Abstract

We prove that the Ginzburg—Landau energy of non-constant travelling waves of the Gross—Pitaevskii equation has a lower
positive bound, depending only on the dimension, in any dimension larger or equal to three. In particular, we conclude that there
are no non-constant travelling waves with small energy. To cite this article: A. de Laire, C. R. Acad. Sci. Paris, Ser. 1 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Résumé

Non existence pour les ondes progressives d’énergie petite pour 1’équation de Gross—Pitaevskii en dimension N > 3. On
démontre que 1’énergie de Ginzburg-Landau des ondes progressives non constantes de 1’équation de Gross—Pitaevskii est bornée
inférieurement par une constante positive qui ne dépend que de la dimension, pour toute dimension supérieure ou égale a trois. En
particulier, on en déduit qu’il n’existe pas d’onde progressive non constante d’énergie petite. Pour citer cet article : A. de Laire,
C. R. Acad. Sci. Paris, Ser. I 347 (2009).
© 2009 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

On s’intéresse aux ondes progressives non constantes d’énergie finie pour 1’équation de Gross—Pitaevskii 10, ¥ =
AW + W (1 —|¥|?) dans RV x R, en dimension N > 3. Les ondes progressives pour cette équation sont des solutions
de la forme ¥ (x,t) = v(x; —ct,x1), x1 = (x2,...,Xxy), ou la fonction v vérifie I’équation

icdiv+Av+v(l1—[v*) =0 dans RV, (1)

Grace aux résultats de Gravejat [3], on peut supposer que la vitesse ¢ de I’onde progressive est telle que 0 < ¢ < v/2.
Le Hamiltonien associé a (1) est I’énergie de Ginzburg—Landau donnée par

1 1
E(v):E/|Vv|2+1/(1—|v|2)2.

RN RV
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Tarquini a montré dans [9] I’existence d’une valeur minimale £(N, ¢) pour 1’énergie de Ginzburg—Landau des
ondes solitaires, qui ne dépend que de la dimension N et de la vitesse ¢, ce qui implique que les seules solutions
possibles de (1) de vitesse ¢ avec une énergie plus petite que £(N, ¢) sont les constantes. Béthuel, Gravejat et Saut
[1] ont amélioré ce résultat en dimension trois, en démontrant qu’il existe une énergie minimale £ indépendante
de c. Dans cette Note on montre qu’il est possible d’étendre ce dernier résultat pour toute dimension N > 3. Plus
précisément,

Théoreme 0.1. Soit N > 3. Il existe une constante positive E(N), qui ne dépend que de N, telle que pour toute
solution non constante v de (1), on ait E(v) > E(N). En particulier, il n’existe pas de solution non constante pour (1)
d’énergie petite.

1. Introduction

The Gross—Pitaevskii equation id, ¥ = AW +¥ (1 — |¥|?) on RN x R, whose Hamiltonian is the Ginzburg—Landau
energy given by

1 1 2
E@) = / VP /(1 — 1w P),
2 4
RN RN

appears as a relevant model in several areas of physics: superfluidity, superconductivity, non-linear optics and the
Bose—Einstein condensation (see e.g. [4—6,8]). In this work, we investigate the energy of travelling waves to this
equation, i.e. solutions of the form ¥ (x,t) = v(x; —ct,x1), x1 = (x2,...,xn). Here, the parameter ¢ € R cor-
responds to the speed of the travelling waves. Using complex conjugation, we may restrict to the case ¢ > 0. The
equation for the profile v is given by

ic81v+Av+v(1—|v|2)=0 onRV. (2)
2. Main result

A result of Tarquini [9] states that there exists a minimal value £(N, ¢) for the Ginzburg-Landau energy of travel-
ling waves, depending only on N and c. This lower bound for the energy functional implies that non-constant finite
energy solutions of (2) of sufficiently small energy, with respect to their speed, are excluded in dimension N > 2.
Furthermore E(N, ¢) — 0 as ¢ — /2. This result has been recently improved by Béthuel, Gravejat and Saut [1] in
dimension three, proving that there exists some universal positive bound for the energy functional for non-constant
travelling waves.

Our aim is to extend the result of Béthuel, Gravejat and Saut [1] in any dimension larger than three, and therefore
also to improve the non-existence theorem of Tarquini [9]. More precisely, our main result is

Theorem 2.1. Let N > 3. There exists some positive constant E(N), depending only on N, such that any non-constant
finite energy solution v of (2) satisfies E(v) > E(N). In particular, there are no non-constant solutions of (2) with
small energy.

3. Proof of main result

In dimension N > 3, it follows from [3] that the speed of non-constant finite energy solutions of (2) satisfy 0 < ¢ <

1
. From Lemma 3 1n [9], we deduce that —|v oo (RNY < v)2WN+D “where 1S a positive constant,
/2. From L 3in [9], we deduce that |1 — [v]?[| Lo gry < K (N)E (v) here K (N) is a positi
depending only on N. Therefore, choosing a possibly smaller constant £(N), we may assume that v satisfies

1
xeRY) > 3)

We recall that v is a smooth function (see e.g. [2]), and then in view of (3), v may be expressed as v = ,oei‘”, where p
and ¢ are scalar functions, and ¢ is defined modulo a multiple of 277. Defining also the quantity n = 1 — p2, we have

A% —2An+ *3in = —2A(1Vv* + 0 — cndig) — 2¢d1 div(n Vo). (4)

inf{|v(x)
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Applying the Fourier transform to (4), we obtain

7€) = L () F (), (5)

where

N 2 N

~ —~ §7 -
F&=2Ro§) ~2c)  —5RiI() +2c)

Ak

£ RI©), ©)

j=2

Ro=|Vv|>+n% Rj =ndje, j€{l,..., N}, and
£|2

&1+ + 21€|> — c2¢]

Now we recall two results of Béthuel, Gravejat and Saut. The first one corresponds to Lemma 2.9 in [1], and the
second one is an immediate extension to R" of some part of the argument used in Lemma 2.15 (see inequality (2.65)

in [1]).

Lc(§) = (7

Lemma 3.1. Let v be a non-constant finite energy solution to (2) satisfying (3). Then,

E@) <7172 g,

Lemma 3.2. For any 1 < g < 09, there exists a positive constant K (N, q), depending only on N and q, such that

1
1Fllpa@myy < K(N,g)E(v)7.

We denote L. the operator given by ,a(?) =L, f , Vf € S(RV). We recall that in the case that there exists a
constant K such that || L. (f)|l gy < K11 f | L wnNy)» Lc is called a Fourier multiplier from L? to LY. We notice that
identity (5) implies that n is the value of the multiplier operator associated to L., evaluated in the function F' given
by (6), that is

L(F)=n. ®)

In order to complete the proof of Theorem 2.1, we need the following lemma, whose proof we postpone to the next
section:

Lemma 3.3. Let ¢ € (0, +/2]. For any 21\,2—71 o< % and ﬁ < q < 00, L. given by (7) is a Fourier multiplier from

L? to L1, with % = ql + a. More precisely, there exists a positive constant K (N, «, q), depending only on N, o and q,
such that

LD pomy S KN, )N fllp@yy, VS € LP(RY). 9)
In view of (8), applying Lemma 3.3, with o = 21\/2——1 and g = 2, we deduce that there exists a positive constant
K (N), depending only on N, such that

<K F - . 1
Inllz2@yy < KNI ||L2<221/Vv+31>(RN) (10)

Combining Lemmas 3.1, 3.2 and (10), we conclude that
20112 2 2N+3
E@) <72, < T K (N)E@) 1 (11)

Since ¢ € (0, /2], inequality (11) implies that E(v) > (14K(N))# , which finishes the proof of Theorem 2.1.
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4. Proof of Lemma 3.3

Here we use the standard multi-index notation, i.e. if k = (ky,...,ky) € NV, E=(1,...,&n) € RY then D* =
k k N N ckj
! -0, [kl =7  kj and € =TT;_, £

Lemma 4.1. Let ¢ € (0, «/5]. For any k = (k1,...,kn) € {0, I}N, m= k|, 1 <m < N, L. is a smooth function on
RM\{0} and
k _ gk 2 &2
D*L.(§) = Pn.c(1€1%. 7). (12)

(€% +2|& 2 — 2gym+!

where Py, . is a two-variable polynomial of degree m + 1. More precisely, for x,y € R,

m
P, ) =ym@x" 4+ 3" ymij(oxy, (13)
1<i+j<m

where {)/,,,,,‘,j};”j=1 and yy are polynomial functions of the variable c. Furthermore, in the case k1 = 1, setting

U = VYm. 1.0, Bm = VYm.0.1 and Ay (c) = W we have
am () = (=)™ 122" =1 — 112, (14)
B (c) = (—=1)"T122"2(m — 1)1 (2 (n — 1) — 2n), (15)
Am () = (=) 122" =2y — DI(m — 1)c>. (16)

In particular, Ay, is a well defined and bounded function on (0, v/2).

Proof. The differentiability of L, is immediate. The case m = 1 is checked explicitly, since we have
25
(1§1%+ 2182 — c2€1)?

We fix now m, with 1 <m < N. Let us suppose that (12) and (13) are valid for some 1 < n < m. We take any

dLc(E) = (—161* — P&l + 281,518 17). (17)

r=(r1,...,rn) € {0, 1}"V such that |r| =n + 1 and define j* = max{l < j < N | rj =1}. Then j* > 1, and we
consider 7 = (71, ..., n) € {0, 1}V given by 7; =r;(1 —é; j*), i, j €{l,..., N}. Therefore, || = n and we have,
%-r

D"Lo(£) =0k (8]'05 ... 83 L) (€) = Pot1c(1E17 D).

(1§14 +2/€% — c2g])n+2

where

Pusrc (€17, E2) =20c Pa c(1E1%, E2) (1E1* + 21817 — PE]) — (n+ D(41E1> +4) Pu (1617, E7). (18)

Using this inductive argument, we conclude the first part of the lemma, that is, identities (12) and (13). In order to
deduce, in the case k1 = 1, that the coefficients of lower terms are explicitly given by (14) and (15), we use the same
inductive argument but we replace the polynomial expression (18) by the following one
n+1
Pup1c(r, ) =70(@x" 7+ 3" i j(©x'y —dnay(e)x — (2% (c) + 40+ DBa(e))y,
2§l’l/+:j()<n

for some {yyi j}} =1 ¥, polynomial functions of the variable c¢. The formulas (14) and (15) allow us to finish the
induction. Finally we notice that identity (16) is an immediate consequence of (14) and (15). O

An important property that follows from identities (14)—(16) is that for small values of &, we may compute an
explicit bound for P, ., that is

Lemma 4.2. For any c € [0, V21 and 0 < |E] < 1, k = (1, ka, ..., ky), m = |k|, we have |Pm,c(|§|2,§12)| <
K(N)(&|* +21)* — czélz), where K (N) is a positive constant depending only on N.
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Proof. The only delicate terms of P, . to estimate are the ones associated to |& |2 and 512, this is a, (¢)|€]* + B (0)& 12
Indeed, the other terms of Py, (|& |2, & 12) are easily bounded by K (N)|& |4, for some constant K (N) depending only
on N. For example,

1
[ 11 @[ETIE < S 111l oego, gy (61 +1E1) < KVIEL < KN (EL* + 2161 — 7€),

where we used that the L°-norm in [0, «/E] of the functions y;, ; ; only depends on the dimension. Next we derive
the bound for a,, (¢)|€|> + Bm (C)EIZ. Denoting £ = ro, where 0 < r < 1 and o = (01, 01) € SV™!, this is equivalent
to prove that

3K > 0, Ve € [0, V2], Yo1 €[0, 11, Vr € (0,11, |atm(c) + 07 Bm(0)| < K (r* +2 - c?o?). (19)
Using the continuity of ¢, and B,,, inequality (19) automatically follows from

3K >0, Ve €[0,+2), ¥p €0, 1], |otm () + 0B (c)| < K (2 = c?p). (20)
We shall prove (20) arguing by contradiction. If (20) were false, there would exist sequences

Ky, — 00, ¢, €[0,v2), ¢, —¢el0,vV2], pn— pel0,1], 1)
such that

|t (en) + puB(cn)| > Ku(2 = chpn) 2 0. (22)

In particular,
2 2
lim Cnfon —0.
n—00 |otp, (i) + P Bn (i)l

From the continuity of «,, and B,,, the denominator in (23) is bounded, so that (23) implies 62,5 = 2, and hence
¢=+/2and o =1.Settinge, =1—p, and 5, = %, we write

(23)

2— cﬁ Pn 1+ sncﬁ
|t (cn) + on B (cn)l | Am (cn) _Sn,Bm(Cn)l.
Passing possibly to a subsequence, s, — §, with 5 € [0, co]. We note from Lemma 4.1 that 8,, and A,, are bounded
functions of c. If 5 € [0, c0), we take the limit in (24), so that in view of (23), we deduce that § = —%, which is a
contradiction. We may handle the case 5§ = oo in a similar way, with the difference that we first divide the numerator
and the denominator of the r.h.s. of (24) by s,,. Then passing to the limit, we deduce that ¢ = 0, which gives us again
a contradiction. O

(24)

Now we are able to deduce an uniform bound (with respect to the speed) for L.:

Proposition 4.1. Let ¢ € (0, V2] and k = (k1, ko, ... k) € {0, 3N, with |k| < N. Then for any |&| > 1,

K(N)
|DL®)] < R (25)
and forany 0 < || < 1,
K (N)|&k
ID*Lo(®)] < (NI ((1 = kDIER + ki (181 + 2812 — 262)). (26)

(€% +21€17 — &) K+
where K (N) is a constant depending only on N.
Proof. From (12) and (13), with m = |k|, we conclude that for any |§| > 1,

|D*Le(®)] < KNIEIT" 4 P (117 £7) | < K (NI 7745 P,
which proves (25). To derive (26), we note that in view of (12), it is enough to prove that for any 0 < |§]| < 1,

| P (1E1 €7)| S KN (1= kDIEP + ki (5]* + 215> - 2&7)). 27)
If k1 =0, inequality (27) is trivial. In the case k; = 1, this bound corresponds exactly to Lemma 4.2. O
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Proof of Lemma 3.3. Firstly, we notice that the condition N > 3 implies 0 < @ < 1, so that the set of valid pairs

p =1 and g > 1 is not empty. From Proposition 4.1 we conclude that, for any |&| > 1, k = (k, ..., ky) € {0, l}N,
k| <N,
N
. K(N)
[ J1&1 D Le)| < TSR K(N), (28)
j=1

provided that o < %, for some constant K (N) depending only on N. On the other hand, if 0 < |§] < 1, we set
& =ro,withr >0and o = (01,0,) € S¥~!. Then we have that ;1 <rloLl, forany j € {2,..., N}, and also that
E1* +21&|? — 262 > r?(r? + 202), for any ¢ € (0, v/2]. From (26), we conclude that

ﬁ |§.|a+k_,- |DkL (é)’ < K(V) rmkl_k‘+1)+D‘N|0L|°‘(N—1)+2(|k|—k1)
- B P2k=ki+D (12 4 262 Ikl —ki-+1
< K(N) maX{r, |O'J_|}a(2N_1)_2 < K(N). 09)
forany k = (ky, ..., ky) € {0, 1}V, |k| < N, on condition that & > 737

Finally, from (28) and (29) we have that for every 21\%1 <a< %,
sup{[&/ - £ T DFL ()

and therefore Lemma 3.3 is now an immediate consequence of Lizorkin’s multiplier theorem (see e.g. [7]). O

£ eRV\(0}, ke {0, 1}V k| < N} < K(WN),
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