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Abstract

In this Note we first introduce the concept of pullback asymptotic compactness. Next, we establish a result ensuring the existence
of a pullback attractor for a non-autonomous dynamical system under the general assumptions of pullback asymptotic compactnes
and the existence of a pullback absorbing family of sets. Finally, we prove the existence of a pullback attractor for a non-autonomous
2D Navier—Stokes model in an unbounded domain, a case in which the theory of uniform attractors does not work since the non-
autonomous term is quite gener@b cite thisarticle: T. Caraballo et al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Un attracteur pullback pour un systéme de Navier—Stokes bidimensionel non autonome dans un domaine non borné.
Dans cette Note, on présente d’abord la notion de compacité asymptotique pullback. On établit ensuite un résultat d’existenc
d’'un attracteur pullback pour un systéme dynamique non autonome, sous les hypotheéses de compacité asymptotique pullback
d’existence d’une famille d’ensembles absorbants au sens pullback. On prouve finalement I'existence d’un attracteur pullback pou
un systéme de Navier—Stokes bidimensionel non autonome dans un domaine non borné, une situation dans laquelle, étant donn
la généralité du terme non autonome, la théorie des attracteurs uniformes ne peut pas étre apmliqoiéer. cet article: T. Ca-
raballoet al., C. R. Acad. Sci. Paris, Ser. | 342 (2006).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

La numérotation, les notations et la terminologie que nous utilisons se réferent directement a la numérotation, aw
notations et a la terminologie de la version anglaise.

On appelle processus sur un espace métriqoeute famille{U (z, 7); —oo < t <t < o0} d'applications conti-
nuesU(t,7): X — X, telle queU(z, t)x = x, et (3) est satisfaite. On suppose donnée une famille non #ide
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d’ensemblesD = {D(t); t € R} C P(X), ou on dénote paP(X) la classe de tous les sous-ensembles non vides
de X. On introduit les notions de processisasymptotiguement compact au sens pullback (Definition 2.1), de fa-
mille D-absorbante pullback (Definition 2.2) et feattracteur pullback (Definition 2.3). Notre résultat principal est
le suivant :

Théoreme 0.1.Supposons que le procesdus, ) estD-asymptotiquement compact au sens pullback, e@a@
estune familId)—Aabsorbante pullback. Alors, la famillé = {A(¢); t € R} C P(X) definie parA(t) = A(B,1),t € R,
ou pour chaqueD € D

A(D,1) = ﬂ(U U(m)D(r)),
s<t VTS

est unD-attracteur puﬂback poutl (-, -), et satisfait queA(r) = Upep A(ﬁ, t), pour toutr € R. De pIus,A est
minimal au sens que & = {C(r); t € R} C P(X) est une famille d’'ensembles fermés telle que

im _dist(U (t, 1) B(x), C(1) =0,

alors A(t) C C(1).

On applique le Théoréme 0.1 au systéme de Navier—Stokes bidimensionel non aut@ndares un domaine non
borné satisfaisant (1). On denete= vi1, etR, 'ensemble de toutes les fonctionsR — (0, +00) qui satisfont (6).
On definitD, comme étant la classe de toutes les familles- {D(); t € R} C P(H) pour lesquelles il y a une
fonctionrs € R, telle queD(¢) C B(O0, r5 (1)), et on démontre le résultat suivant :

Théoréme 0.2 Supposons qué € L2 (R; V') et satisfait/’ _ %[ f(£)]|2dg < +oo pour toutr € R. Alors, il existe

loc
un uniqueD,, -attracteur pullback, appartenant®,,, pour le processu¥ (-, -) defini par(4).

1. Introduction

Let © c R? be an open set, not necessarily bounded, with bourl@ryand suppose th&? satisfies the Poincaré
inequality, i.e., there exists a constant> 0 such that

k1/¢2dx <f|v¢|2dx for all ¢ € H}(O). (1)
o o
Consider the following 2D-Navier—Stokes problem (for further details see Lions [8] and Temam [14]):

2
ou du .
E-UAM—}-Z._E]-M!’E:]C(I)—VP n (T,+OO)XO,

l

divu =0 in(t,+00) x O,
u=0 on(t, +o0) x 30,
u(t, x) =uo(x), xeO.

This problem is set in a suitable abstract framework by considering the usual abstract spaces:
V={ue (Cgo((’)))z; divu =0},
H = the closure ol in (L?(®))? with norm| - |, and inner product:, -), where
2
(u,v) = quj(x)vj(x) dx, foru,ve (Lz((’)))z.
=10

V = the closure oV in (Hol((’)))2 with norm || - ||, and associated scalar prodygt -)), where

2

du; 0v;

((u,v)) = Z /8—;8; dx, foru,ve (H&(O))Z.
i,jzlo i i
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It follows thatV ¢ H = H’ C V', where the injections are continuous and dense.
Finally, we will use|| - ||« for the norm inV’ and{-, -) for the duality pairing betweekl andV’.
Consider the trilinear formhronV x V x V given by

2
a .
b(u,v,w) = Z /uia—ijwjdx, u,v,wev,
l,j=10
defineB:V x V — V' by (B(u, v), w) = b(u, v, w), for u, v, w € V, and denoteB («) = B(u, u). Assume now that

upeH, f e L,ZOC(R; V’). For eachr € R we consider the problem:

uel?(t,T;V)NL®(,T; H) forall T >rt,

%(u(z‘), v) +v((u@®),v)) +(B(u@®)),v)=(f@),v) forallveV, @)
in the sense of scalar distributions @n +o0),
u(t) = uop.

It follows [14] that problem (2) has a unique solutiar;; t, ug), that moreover belongs ©°([z, +00); H).

It is known that the theory of global attractors previously developed for autonomous systems is no longer valid
to analyse the long-term behaviour of this kind of problems, and it is necessary to use some techniques for non-
autonomous systems. Having several possible options (e.g. kernel sections [4], skew-product semiflows [13], etc.)
we will use the already well established theory of pullback attractors (Crauel et al. [5], Langa and Schmalfuss [7],
Kloeden and Schmalfuss [6], Schmalfuss [12]) since it allows to handle more general non-autonomous terms, and i
works under the presence of random environments as well.

In order to prove the existence of the attractor we will exploit an approach which is based on the use of the energy
equations which are in direct connection with the concept of asymptotic compactness, and which permits us to obtair
informations on the asymptotic behaviour of our systems when the inje€tiosn H is not compact (as in our case
of unbounded domain). This method was first used by Ball (see e.g. [1]) in the context of autonomous dynamical
systems, and by tukaszewicz and Sadowski in [9] (and later also in [10]) to extend to the non-autonomous situation
the corresponding one in the autonomous framework (see Rosa [11]), but relateéfbton asymptotic compactness.

Now we are interested in the case withauiformity properties.

In Section 2 we introduce the concept of asymptotically compact non-autonomous dynamical system, and establis!
a general result ensuring the existence of a minimal pullback attractor under assumptions of asymptotic compactnes
and existence of a family of absorbing sets. Then, we prove the existence of a pullback attractor for our 2D Navier—
Stokes model in an unbounded domain in which the external force needs not be bounded, neither almost periodic nc
translation compact. It is enough that this term satisfies an appropriate integrability condition.

2. Pullback attractors for asymptotically compact non-autonomous dynamical systems

Although it is possible to state all our analysis using the cocycle formalism (see [3]), which has proven also very
useful, in particular, in the case of random dynamical systems, we prefer to use the language of evolutionary processe
since it seems to be more appropriate for our situation.

Let us consider a process (also called a two-parameter semigtoum) a metric spaceX, i.e., a family
{U(,1); —o0 <t <t <400} of continuous mapping8 (¢, t): X — X, such that/ (r, t)x = x, and

Uit,t)=U@,nNUG,t) forallt <r <t 3)

SupposeD is a nonempty class of parameterised dots {D(t); t e R} C P(X), whereP(X) denotes the family
of all nonempty subsets .

Definition 2.1. The proces#/ (-, -) is said to be pullbacl-asymptotically compact if for any< R, anyﬁ e D, any
sequence, — —oo, and any sequencs, € D(t,), the sequencfl (¢, 7,,)x, } is relatively compact irX.

Definition 2.2. It is said thatB € D is pullbackD-absorbing for the proceds(-, -) if for any ¢ € R and anyﬁ e D,
there exists ag(z, D) < ¢ such that

U(t,7)D(r) C B(t) forallt <oz, D).
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Definition 2.3. The faminA ={A(?); t e R} C P(X) is said to be a pullback-attractor forU (., -) if

(i) A(z)is compact for alk € R,
(i) A is pullbackD-attracting, i.e.,

lim distU(r,7)D(r), A(t)) =0 forallD e D, andallr € R,
T—>—0Q
(i) A isinvariant, i.e.,
Ut,1)A(t) = A1), for —oco <1<t <+o00.

Remark 1. Observe that Definition 2.3 does not guarantee the uniqueness of pullbattkactors (see Caraballo

and Langa [2] for a discussion on this point). In order to ensure uniqueness one needs to impose additional conditiol
as, for instance, the condition that the attractor belongs to the same fBmilysome kind of minimality. However,

we do not include this stronger assumption in the definition since, as we will show in Theorem 2.4, under very genere
hypotheses, it is possible to ensure the existence of a global pullbatitactor which is minimal in an appropriate
sense.

We have the following result

Theorem 2.4. Suppose that the proce&q, -) is pullbackD-asymptotically compact and théte Dis a family of
pullbackD-absorbing sets fot/ (-, -). R R
Then, the familA = {A(r); t € R} C P(X) defined byA(r) = A(B, 1), t € R, where for eachD € D

A, =) < Jua t)D(t)),

st VTS
is a pullbackD-attractor for U (-, -) which satisfies in addition that (r) = Up.p A(ﬁ, 1), for t € R. Furthermore,
A is minimal in the sense that@ = {C(); t e R} C P(X) is a family of closed sets such that
lim dist(U(z, 7)B(t), C(1)) =0,
T—>—00

thenA(r) C C(1).

Proof (Sketch). The proof follows from the properties of the omega I|m|t51£{ﬂ§ t). Indeed, it follows that/l(D 1)
is a compact nonempty set for dl € D and allr € R. Moreover, the famlly{A(D t),t € R} pullback attractsD, is

invariant in the sense of Definition 2.3, and satisfies thég, 1) = Upep A(D, t). The minimality property follows
immediately (see [3] for more details).

Remark 2. The family A is said to be forward attracting if
lim dis{(U(r,7)D(z), A(t)) =0 forall D e D, and allt € R.
t—+00

Itis interesting to investigate when a pullback attractor also attracts in the forward sense. In this respect, if the pullbac
attraction is uniform, i.e. if it holds

lim supdist(U (7,1 —s)D(r —s), A(1)) =0 forall D e D,

Nad OOIER
then, equivalently, it also holds the uniform forward attraction property

lim supdist(U(r + 7, 7)D(z), A(t + 1)) =0 forall D eD.
1=>+00 L
As far as we know, apart from the result by Chepyzhov and Vishik [4], which ensures existence of a uniform forward
(and so pullback) attractor when the univef3és formed by fixed bounded sets and there exists a fixed compact set
uniformly forward absorbing, this is still an open problem in the non-uniform case.
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3. Application to non-autonomous 2D-Navier-Stokes equations in unbounded domains

Let us now apply the theory to our model. To construct the associated evolutionary process to (2), let us considel
the unique solutiony(-; , ug) to (2).
Define

U, t)ug=u(t;t,ug), t<t,upeH. (4)
From the uniqueness of solution to problem (2), it follows that
Ui, Dug=U@, U, t)ug, forallt <r <t, upe H. (5)

Also, it is a standard task to prove that for alk ¢, the mappingU (z,t): H — H defined by (4), is continuous.
Consequently, the familjU (¢, ), T <t} defined by (4) is a proceds(-, -) in H.
From now on, we denote = vi;. Let R, be the set of all functions: R — (0, +00) such that

, _Iirpooe‘”rz(t) =0, (6)

and denote byD, the class of all familiesD = {D(t); t € R} c P(H) such thatD(r) c B(0, r5(t)), for some
rp € Ro, WhereB(0, r5(¢)) denotes the closed ball ili centred at zero with radiusg; ().
Now, we have

Theorem 3.1. Suppose thaf € LFOC(R; V') is such thatfiOO et ||f(.§)||§d§ < +4o0 for all ¢ € R. Then, there exists

a unique global pullbackD, -attractor belonging tdD,, for the procesd/ defined by4).

Proof (Sketch). Letr € R andug € H be fixed, and denote(r) = u(z; t,ug) = U(¢, T)ug, for all ¢ > 7. It easily
follows

d
G @ ) 20 u®)|* =0 & |u)|* + 2" (1 (0). u (). (7)
and
t
ef”|u(t)|2ge“|uo|2+%fe"S | £®|?ds forallr <. ®)

LetD e D, be given. From (8), we obtain for alp € D(t), and allr > 7 that
t
2 _ o-0),2 e £ 2
U@, t)uo|” < e rp@+— [ € f©)]dk (9)
—0o0

For eachr € R, denote byR, (r) the constant given byR, (1))? = 2eTw ffoo e f(&)||2d&, and consider the family
B, of closed balls i/ defined byB, (1) ={v € H; |v| < R,(¢)}. Itis straightforward to check tha, € D,, and
that B, is pullbackD, -absorbing for the procegs(-, -).

LetD e D, a sequence, — —oo, a sequenceg, € D(t,) andr € R, be fixed. To prove that from the sequence
{U(t, tn)uo,} we can extract a subsequence that convergéswe follow a scheme similar to that one in [9] but with
necessary changes.
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