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Abstract

We state an extension theorem for invariant manifolds of diffeomorphisms near a ‘normally hyperbolic’ invariant torus. W
this result in particular to the resolution of equationsLUj

(f ) = θj (1� j � n− 1) where theUj ’s are linear diagonal vector field
and theθj ’s are germs at 0 of smooth functions onRn. To cite this article: B. Abbaci, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Prolongement de variétés invariantes et applications. Nous énonçons un théorème de prolongement de variété inva
et nous en donnons une application à la résolution des équationsLUj

(f ) = θj (1 � j � n − 1) où lesUj sont des champ
de vecteurs linéaires diagonaux et lesθj des germes en 0 de fonctionsC∞ de Rn vérifiant certaines conditions.Pour citer cet
article : B. Abbaci, C. R. Acad. Sci. Paris, Ser. I 341 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Hypothèses

Soit h : (M,Σ) → (M,Σ) un germe enΣ := Tr × {(0,0,0)} de difféomorphismeC∞ de la variétéM :=
Tr × R� × Rm × Rq donné parh(θ, x, y, z) = (e(θ, x, y), f+(θ, x, y), f−(θ, x, y), g(θ, x, y, z)). On suppose qu
les germes enΣ de W+ := Tr × R� × {(0,0)} et W− := Tr × {0} × Rm × {0} sonth-invariants et que celui d
W := Tr × R� × Rm × {0} a un contact infini avec son image parh le long deW+ ∪ W−. On suppose en outre (« h
perbolicité normale ») que les automorphismes linéairesAθ ∈ GL(R�) etBθ ∈ GL(Rm) définis parAθ := ∂f+

∂x
(θ,0,0)

etBθ := ∂f−
∂y

(θ,0,0) vérifient

sup
θ

|Aθ | < 1 et sup
θ

∣∣B−1
θ

∣∣ < 1. (HN)

On a alors le théorème de prolongement suivant [1] :
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Théorème 0.1. Sous ces hypothèses, tout germe enΣ de sous-variétéV deM � W− de classeC∞, h-invariant et
ayant un contact infini avecW le long deW+ se prolonge de manière unique en un germe enΣ de sous-variété̃V de
M de classeC∞ invariant parh, qui a un contact infini avecW le long deW−.

Indications sur la démonstration [1]

Dans un voisinage de{y = 0} dansM �W−, la sous-variétéV est le graphe d’une applicationφ : Tr ×Rn ×Rp →
Rq de classeC∞ telle que ∂j φ

∂yj (θ, x,0) = 0 pour toutj dansN. On prouve le théorème en montrant que, dans
voisinage de{(x, y) = (0,0)} dansM , la sous-variétéV se prolonge de manière unique en le graphe invariant ph

d’une applicationC∞ (encore notéeφ), et que∂j φ

∂xj (θ,0, y) = 0 pour toutj dansN.

Remarque 1. L’adhérence du domaine de définition de l’applicationφ initiale ne contienta priori aucun ouver
deW−. L’unicité vient donc de l’invariance par le difféomorphismeh.

La démonstration du Théorème 0.1, qui figurera dans une publication plus développée [2], ressemble à
théorème qui fait l’objet de la section (A.6.1) de l’appendice 6 de [3]. Celui-ci, qui joue un rôle central d
linéarisation des germes d’actions deRp ([3], Chapitre 3), résulte immédiatement du Théorème 0.1, ainsi qu
énoncés des sections (A.6.3) et (A.6.5) de l’appendice 6 de [3].

Plutôt que d’y revenir, nous allons prouver un énoncé [1] qui ne figure pas dans [3].

Une application du théorème de prolongement

Étant donné un entiern � 2, on posep := n − 1 et l’on considèrep champs de vecteursU1, . . . ,Up linéaires dia-
gonaux surRn ; ils commutent donc deux à deux. Si l’on noteU : Rp → gln(R) l’application linéairev �→ ∑p

i=1 viUi ,
on aU(v) = ∑n

i=1 λi(v)xi
∂

∂xi
. On suppose que les formes linéairesλi : Rp → R ainsi définies vérifient les hypothès

suivantes :

(H1) L’actionU esthyperbolique, c’est-à-dire que lesλi sontp àp indépendantes surR.
(H2) Elle est dans ledomaine de Siegel, c’est-à-dire que l’enveloppe convexe desλi contient l’origine.

Étant donnés des germesθj : (Rn,0) → R de fonctionsC∞, on veut résoudre les équations

LUj
f = θj pour 1� j � p. (Ej )

Théorème 0.2. Si lesθj satisfont aux conditionsLUj
θi = LUi

θj pour 1 � i < j � p (évidemment nécessaires) et
sont nuls à tous les ordres le long des hyperplans de coordonnées, alors les germes de fonctionsf : (Rn,0) → R de
classeC∞, nuls à tous les ordres le long des hyperplans de coordonnées et vérifiant(Ej ) pour 1� j � p forment un
espace affine de dimension infinie.

Remarque 2. On en déduit le même théorème pour des germesUj nuls en 0 de champs de vecteurs commutant d
à deux et « génériques », car ils sont simultanémentC∞-linéarisables [3].

Le Théorème 0.2 et cette généralisation restent vrais [2] pourn > p +1, mais il faut alors remplacer les hyperpla
de coordonnées par les « sous-espaces fortement invariants » [3] de l’actionU : en nombre fini, ce sont les sou
espaces instables des différents champs de vecteursU(v). La démonstration, qui utilise les idées du Chapitre 3 de
est plus complexe que celle donnée ci-après pourn = p + 1.

Les Éqs. (Ej ) jouent un rôle essentiel dans la linéarisation des structures de Poisson [4,1,2].

Idée de la preuve du Théorème 0.2

Pour ε > 0 assez petit,Qp := {x ∈ Rn: |x2| = · · · = |xn| = ε} coupe chaque orbite de la restriction
Rn

� {x2 · · ·xn = 0} de l’action linéaire(t, x) �→ eU(t)x de Rp sur Rn transversalement en un seul point. En u
santp fois le Théorème 0.1, nous montrons quetout germefp en{x1 = 0} de fonctionC∞ surQp s’annulant à tous
les ordres en{x1 = 0} est la restriction d’une unique solutionf de notre problème.
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1. Introduction

Hypotheses. Let h : (M,Σ) → (M,Σ) be a germ atΣ := Tr × {(0,0,0)} of a C∞-diffeomorphism of the manifold
M := Tr × R� × Rm × Rq given byh(θ, x, y, z) = (e(θ, x, y), f+(θ, x, y), f−(θ, x, y), g(θ, x, y, z)). We suppose
that the germs atΣ of W+ := Tr × R� × {(0,0)} andW− := Tr × {0} × Rm × {0} areh-invariant and that the germ
of W := Tr × R� × Rm × {0} has an infinite contact with its image byh alongW+ ∪ W−. Moreover, we assum
(‘normal hyperbolicity’) that the linear automorphismsAθ ∈ GL(R�) andBθ ∈ GL(Rm) given byAθ := ∂f+

∂x
(θ,0,0)

andBθ := ∂f−
∂y

(θ,0,0) satisfy

sup
θ

|Aθ | < 1 and sup
θ

∣∣B−1
θ

∣∣ < 1. (HN)

Then, we have the following extension result [1]:

Theorem 1.1. Under those hypotheses, anyh-invariant germ atΣ of aC∞-submanifoldV of M �W− having infinite
contact withW alongW+ has a unique extension to anh-invariant germ atΣ of a C∞-submanifold̃V of M , which
has infinite contact withW alongW−.

Indications on the proof [1]

In a neighbourhood of{y = 0} in M � W−, the submanifoldV is the graph of aC∞ mapφ : Tr × R� × Rm → Rq

such that∂
j φ

∂yj (θ, x,0) = 0 for all j ∈ N. The proof consists in establishing that, in a neighbourhood of{(x, y) = (0,0)}
in M , the submanifoldV can be extended in a unique way to theh-invariant graph of aC∞ map (again denoted byφ),

and that∂
j φ

∂xj (θ,0, y) = 0 for all j ∈ N.

Remark 1. The closure of the definition domain of the initialφ contains a priori no open subset ofW−. Thus,
uniqueness comes from the fact we wish to construct anh-invariant graph.

The proof of Theorem 1.1, which will be included in a more developed paper [2], looks like the proof
theorem in Section (A.6.1) of [3], Appendix 6. The latter plays a central role in the linearisation of germsRp

actions ([3], Chapter 3); it follows at once from Theorem 0.1, and so do the statements in sections (A.6.3) and
of [3], Appendix 6.

Instead of these applications, we shall prove a result which cannot be found in [3].

1.1. An application of the extension theorem

Given an integern � 2, setp := n−1 and considerp linear diagonal vector fieldsU1, . . . ,Up onRn; in particular,
[Ui,Uj ] = 0 for 1 � i < j � p. If we denote byU : Rp → gln(R) the linear mapv �→ ∑p

i=1 viUi , we have tha
U(v) = ∑n

i=1 λi(v)xi
∂

∂xi
. Suppose that the linear formsλi : Rp → R satisfy the following hypotheses:

(H1) The infinitesimal actionU is hyperbolic, i.e. anyp of theλi ’s are linearly independent.
(H2) It is in the ‘Siegel domain’, i.e. the convex enveloppe of theλi ’s contains the origin.

Given germsθj : (Rn,0) → R of C∞ functions, we wish to solve the equations

LUj
f = θj for 1� j � p. (Ej )

Theorem 1.2. If the θj ’s satisfy the obviously necessary conditionsLUj
θi = LUi

θj for 1 � i < j � p and vanish at
every order along the coordinate hyperplanes, then the germsf : (Rn,0) → R which vanish at all orders along th
coordinate hyperplanes and solve the equations(Ej ) for 1� j � p form an infinite dimensional affine space.

Remark 2. This implies the analogous theorem for generic germsUj of mutually commuting vector fields vanishin
at 0∈ Rn, for they can be simultaneouslyC∞-linearised [3].
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Theorem 1.2 (and this generalisation) remain true forn > p + 1, provided the coordinate hyperplanes are repla
by the ‘strongly invariant subspaces’ [3] of the actionU : these are the unstable subspaces of the various v
fieldsU(v), and they form a finite set. The proof [2], which uses the ideas of Chapter 3 in [3], is more comple
for n = p + 1.

The equations (Ej ) play a key role in the linearisation of Poisson structures [4,1,2].

2. Proof of Theorem 1.2

2.1. Choice of a good presentation of the action; ‘quasi-quotients’

SettingΘ(v) := v1θ1 + · · · + vpθp, the problem we wish to solve is equivalent to

∀v ∈ Rp LU(v)f = Θ(v)

and therefore, in (Ej ), we can takeU1 := U(e1), . . . ,Up := U(ep) for any basis(e1, . . . , ep) of Rp.
As the action is hyperbolic, the hypothesis 0∈ Conv(λ1, . . . , λn) reads

0 =
n∑

i=1

αiλi with α1 > 0, . . . , αn > 0. (1)

We choose the basis(e1, . . . , ep) of Rp as follows:ek is determined by the conditions

λ1(ek) = · · · = λk(ek) = 1 and λj (ek) = 0 for k + 1< j � n,

which imply λk+1(ek) < 0 because of (1). To check that the vectorse1, . . . , ep are linearly independent, assum∑p

k=1 µkek = 0 and applyλn, . . . , λ2 to this equality to getµp = · · · = µ1 = 0.
Given some smallε > 0, and settingQd := {x ∈ Rn: |xj | = ε for n− d < j � n}, 0� d � p (henceQ0 = Rn), we

have the following: for 1� k � p, the vector fieldUk := U(ek) is tangent toQp−k and each orbit of its restriction t
Kp−k+1 := Qp−k � {xn−k = 0} intersectsQp−k+1 transversally, at exactly one point (thus,Qp−k+1 is a realisation
of the quotient ofKp−k+1 by the action ofR generated byUk).

As theUj ’s commute, they generate the linear action(t, x) �→ eU(t)x of Rp on Rn and eachQd with d > 0 is the
quotient ofRn

� {xn−d+1 · · ·xn = 0} by the linear action ofRd generated by our newU1, . . . ,Ud .
We shall prove inductively that, ifε is small enough,anygermfp at{x1 = 0} of a smooth function onQp vanishing

at all orders at{x1 = 0} is the restriction of a unique solutionf of our problem.

2.2. End of the proof

Given an integerk < p, we make the induction hypothesis thatfp has a unique extension to a germfp−k at
{x1 = · · · = xk+1 = 0} of a smooth function onQp−k , satisfying

LU(ej )f = Θ(ej ) for 1� j � k

and vanishing at all orders along the intersections of the coordinate hyperplanes withQp−k . By the very definition
of fp, this is satisfied ifk = 0. We shall show that, ifε is small enough, the Cauchy problem{

LUk+1f = Θk+1 := Θ(ek+1),

f |Qp−k
= fp−k,

(2)

(whereUk+1 = U(ek+1)) has a unique solution inQp−k−1, whose germfp−k−1 at {x1 = · · · = xk+2 = 0} satisfies the
induction hypothesis withk := k + 1, yielding Theorem 1.2 afterp steps.

As Qp−k−1 is the disjoint union of the affine(k + 2)-planes inRn parallel toRk+2 × {0} and passing throug
the points ofΣp−k−1 := {x ∈ Rn: xj = 0 for j � k + 2 andxj = ±ε otherwise}, we may assumeε small enough
for Θk+1 to be defined in a neighbourhoodOp−k−1 of each pointop−1 of Σp−k−1 in Qp−k−1, and we shall apply
Theorem 1.1 to the germht

k+1 : (Qp−k−1 × R, (op−k−1,0)) → (Qp−k−1 × R, (op−1,0)) given by

ht
k+1(x, y) =

(
gt

k+1(x), y +
t∫
Θk+1

(
gs

k+1(x)
)
ds

)

0
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for some fixedt > 0, wheregt
k+1 denotes the flow ofUk+1|Qp−k−1. In the coordinate system(x1, . . . , xk+2), this

flow readsgt
k+1(x) = (etλ1(ek+1)x1, . . . ,etλk+2(ek+1)xk+2) = (et x1, . . . ,et xk+1,etλk+2(ek+1)xk+2). Thus, since we hav

λk+2(ek+1) < 0, the hypotheses of the Theorem 1.1 are satisfied byht
k+1 with r = 0, � = k + 1, � = q = 1,

Aθ = etλk+2(ek+1) and Bθ = et if we put the (k + 2)-nd factor in first position. Thus,W+ is the xk+2-axis and
W− = {xk+2 = y = 0}. The germV to be extended is the (germ at 0 of the) graph of the smooth functiof

defined in a neighbourhood ofW+ � {0} in Qp−k−1 � W− as the solution of the Cauchy problem (2). Inde

if τ :Qp−k−1 � W− → R is given by g
−τ(x)
k+1 (x) ∈ Qp−k (there is a simple explicit formula!), this solution

f (x) = fp−k(g
−τ(x)
k+1 (x)) + ∫ τ(x)

0 Θk+1(g
s−τ(x)
k+1 (x))ds. Applying the extension theorem, we get a submanifoldṼ

which is the graph of our functionfp−k−1.
This function vanishes at all orders along the coordinate hyperplanes partly because of the extension the

partly becausefp−k andΘk+1 do. It satisfiesLUj
f = Θj := Θ(ej ) for 1 � j � k sincefp−k does,[Uk+1,Uj ] = 0

andLUj
Θk+1 = LUk+1Θj .
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