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Abstract

Let « be a positive locally finite Borel measure & A natural way to construct multifractal wavelet serig(x) =
Y isokezdjiVjx(x) is to setld; x| = 277 0=/ ro) (k27 (k + 1277 )P0, whereso, po > 0, so — 1/po > 0. Under
suitable conditions, the functiofi, inherits the multifractal properties of. The transposition of multifractal properties works
with most classes of statistically self-similar multifractal measures. Several perturbations of the wavelet coefficients and their
impact on the multifractal nature &, are studied. As an application, the multifractal spectrum of the celebrétedscades
introduced by Arnéodo et al. is obtainéii cite thisarticle: J. Barral, S. Seuret, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Séries d’ondelettes issues de mesures multifractaléstant donnée une mesure borélienne posjtiviéfinie surR, il est
naturel de lui associer une série d’'ondelefipgx) = > ;>0 rez ).k V. k (x) €n prescrivant ses coefficients d’ondelettes de la
fagon suivante : on posé; x| = 27/ 0=1/P0) (k277 (k +1)277))}/Po, ouisg, po > 0,50 — 1/po > 0. Nous montrons com-
ment les propriétés multifractales de la mesuigeuvent se transmettre a la série d’ondelefiesNous étudions la stabilité de
la construction apres perturbation des coefficients d’ondelettes. Ce travail permet de calculer le spectre multifractal des cascades
aléatoires d’ondelettes d’Arnéodo etBbur citer cet article: J. Barral, S. Seuret, C. R. Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

In this Note and in [2], we propose a natural construction of functignbased on a measupeand on a wavelet
basis{y;k}; rezz- We focus for the exposition on the one-dimensional case, extensions to higher dimensions are
immediate. Lety be a wavelet in the Schwartz class, as constructed for instance in [10]. The set of functions
{Wjx=v(2 - —k)}, where(j, k) € Z2, forms an orthogonal basis éZ(R). Thus, any functiory € L?(R) can
be written (note that we choose af° normalization for the wavelet basis and the wavelet coefficients)
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f= Z Zdj,kwj,k, whered; ; is the wavelet coefficient of : d; 4 := 2/ / FOY, ) dr. (1)
JEL keZ R
Given a positive Borel measufeonR, so, po > 0, so — 1/po > 0, the wavelet serieB,, is defined as
Fu)y =Y S 427560710y (k277 (k +1)277)) 70y 4 (). )
j>0keZ

For our purpose, we assume without loss of generality that the suppeiisahcluded in[0, 1].

The notions of multifractal spectra and multifractal formalisms used in the following statement are defined in
Section 2. The multifractal spectrum yields, thanks to their Hausdorff dimension, a geometrical information on the
singularity sets of a function or a measure. We establish that the control of the Hausdorff multifractal spgctrum
of u yields a control on the Hausdorff multifractal spectrdp) of F,:

Theorem 1.1.Let u be a positive Borel measure whose support is include,i], and sg, po > 0 such that
so — 1/po > 0. If u obeys the multifractal formalism for measures at singulawity O, then F,, (defined in(2))
obeys the multifractal formalism for functions/at= so — 1/ po + o/ po, anddp, (h) = d, ().

Theorem 1.1 is a satisfactory bridge between multifractal analysis of measures and multifractal analysis of func-
tions. The wavelet series modEg), possesses the remarkable property that its multifractal nature is still controlled
after some natural multiplicative perturbations of its wavelet coefficients (see Section 3). This makes it possible
to solve the problem of computing the Hausdorff multifractal spectra of the random cascades in wavelet dyadic
trees (see [1] and Section 3). Indeed, these cascades, often used as models for instance in fluids mechanics a
in traffic analysis, can be considered as perturbed versiof @fheny is a canonical cascade measure [9], and
their spectrum becomes accessible via this approach.

2. Definitions; proof of the transposition of the multifractal properties from u toward F,
2.1. A multifractal formalism for functions

Let I C R be a non-trivial open interval, a functiofi € Li%.(1), and xo € I. The function f belongs

to Cfc’o if there exists a polynomialP of degree smaller thafz] such that there exist€ > 0 such that
|f(x) — P(x —x0)| < Clx — xo|" for all x € R close enough tag. The pointwise Holder exponerdf f at xg
is thenh ¢ (xo) =suph: f € C)’C'O}. The level sets of the functioh, are denoted! = {xel:hy(x)=h},h>0.
Then the Hausdorff multifractal spectrum 6fis defined as the mappinty : /2 — dim Ef, where dimE' stands for
the Hausdorff dimension of a sét . ‘

For any couple(j, k) e N* x Z, setl;  =[k27/, (k+1)27/). Then, ifx e R, Vj > 1, there exists a unique
integerk; , such thate € 1;, .. Let us consider (as [7] does) for every= 0 k € Z andxo € R the wavelet leaders
of f defined byL; = sup;; K27 el ldjr x|, as well asL ;(xo) = SURk—k; g 1<1 L jok- The wavelet leaders
decay rate provides a pointwise Holder exponent characterization.

Proposition 2.1[7]. Let f be a function belonging t6* (R), for somes > 0, decomposed intfl). Then,Vxp € R,

.. logL;
hy(xo) =liminf;_ l%g{;;o).

Recall that the Legendre transform of a concave funggiatefined on an open intervélcC R is the mapping
*1h € Ri> ¢*(h) =infyer(gh — ¢(q)) € RU{—o0}.

The scaling functior§ ; associated witly is defined in [7] by the formula (with the conventiofl & 0Vp € R)
EripeR > Ep(p) = liminf ;o0 —j Y00y Y 4y ILj k1P € RU {—00, +00}. The following result yields an
upper bound ofl; in terms ofg-';’i.
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Theorem 2.2[7]. Let f and ¥ as above. The scaling functidyy does not depend otf, and for anyh > 0,
dp(h) < (&p)*(h).

Definition 2.3. The functionf is said to obey the multifractal formalism/at> 0 if d ¢ (h) = g;ﬁ (h).
2.2. A slight modification of the box multifractal formalism for measures
Definition 2.4. Let 1 be a positive Borel measure ¢d, 1], andxg < (0, 1).

logu(ljk; )

— The lower and upper Holder exponent @fat xg are o, (x0) = liminf;_, o |og2—.ji'XO and &, (xo) =
log (1,

. ) _ . .
lim SUP;_, 400 Tz_j’o. Whengu(xo) = &, (xp), their common value is denoteg, (xg). Then, the left

logu(ljk; . 1)

— )% " and

and right lower Holder exponents ¢f at xo are defined byg;(xo) = liminf;_, 1 & log2 7

|09M(1_/,kj.x0
log2-/
— For everyx > 0, let us introduceEl = {x € (0, 1) N Suppu): ap(x)=a, a,(x) 2a, gj;(x) > al.

— The mappingl,, :« > 0+ dim(E%) is called the multifractal spectrum pf.

. +1)
af, (xo) =liminf ;1

As for functions, a scaling functior), can be associated withas the mapping,, : ¢ € R — liminf ;_, —jt
log; Y o<k<2i (1) ). It follows from [4] that dimEg) < 75 (a).

Definition 2.5. The measurg: is said to obey the multifractal formalismat> 0 if dim(EL) = T (@).

Large classes of statistically self-similar measures fulfill this formalism (see [3]), and thus Theorem 1.1 applies
to the corresponding wavelet serigs.

2.3. Sketch of the proof of Theorem 1.1

The proof we propose is based on Proposition 2.1 and Theorem 2.2 (see [11] for an alternative proof). Let
a > 0 andh = so — 1/ po + o/ po. For Fy,, for every couplej, k), L; , = d; ;. Hence, due to Proposition 2.1, one

haskl; c E:”. This yieldst;;(a) = d, (@) < dF, (h). Notice then thar, (p) = p(so — 1/ po) + 7, (p/po)- Thus,
Theorem 2.2 implies thatr, (h) < rlj(a).

3. Wavelet coefficients perturbation and application to thew-cascades of Arnéodo et al.

The perturbation we consider consists in multiplying the wavelet coefficients by the terms of a real se-
quence((j, k) ;>0,0<k<2i- Consider the wavelet serie, (2) and define, whenever it existg}, " (x) =

Y50, ockez ik (FE)Wia () With dj i (FESY = dj i - 70 (j, k) = £277 60 YP0) (15 )M Pose (5, k).
3.1. Principles of the multiplicative perturbations

Let us consider the following properties for (j, k) «:

(Py) limsup;~* max log|z(j,k)| <0, (P liminf ;=1 min  log|(j, k)| >0,
j— o0 0<k<2/ -1 j—oo 0<k<2i—1
(P3) T ={x:limsupj~tlog|m(j,k;,)| <0} =0,  (Pa(d)) 0<d<1land dinTl <d.
Jj—>+00

Proposition 3.1[2]. If (7(j, k)) .« satisfiesP1) and (Py), then the two wavelet serigs, and F/,°" have the same
exponents at every poing. MoreoversF/,l)en =&p,.
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If (w(j, k)« satisfies(P1) and (P3), thenVa > 0, dj, (o) < dppet(so — 1/po + o/ po) with equality ifa <
! I3

rl’L(OJF) and . obeys the multifractal formalism at
If (w(j, k)« satisfies(P1) and (Pa(d)) for somed € [0, 1), thenVa > 0 such thatd, («) > d, d, (o) <
dFEert(so —1/po + @/ po), with equality ife < 7, (0™) and . obeys the multifractal formalism at

3.2. Examples of perturbation of wavelet series

— Uniform control onz (§, k): (P1) (resp.(P-2)) holds almost surely if the (j, k) are identically distributed with
a random variable with finite moments of every positive (resp. negative) order.

— Gaussiant (j, k): Both (P1) and(P3) hold almost surely if ther (j, k) are independent centered Gaussian ran-
dom variables with variance(;, k) such that lim_.oc j~*MaX<2i_1 11090 (j, k)| = 0. Then F*" yields
a Gaussian process with controlled Hausdorff multifractal spectrum (thanksg) tio its increasing part. If,
moreover (j, k) ~ N(0, 1) andu is quasi-Bernoulli [4] relatively to the dyadic basis, then the conclusions
of the first assertion of Proposition 3.1 hold.

— Lacunaryz (j, k) Fix p € (0, 1]. Suppose that the(j, k) are i.i.d. binomial random variables with parame-
ter p. If p < 1/2 then(P1) and(P4(1+log,(1— p))) hold almost surely; ip > 1/2 thenT = ¢ almost surely
(see [5]). These lacunary wavelet series and those studied in [6] are of very different nature.

3.3. Applications to wavelet cascades on the dyadic tree of [1]

Let. A= {0, 1}. For everyw € A* = U,;oAj (A% :={#}), let I, be theb-adic subinterval of0, 1], semi-open
to the right, naturally encoded hy.

On the one hand, in [1], a random variab is chosen as followsP(|W| > 0) = 1, —oo < E(log|W|) < O,
and there existg > 0 such that for every: € [0, 5], f(h) = inf,cr(hg + 14 log, E(JW|?)) < 0. Then, a se-
quenceW,,)wea+ Of independent copies @ is chosen, and a random wavelet setieis defined by its wavelet
coefficients as followsd; i (F) = W, Wuw, - - Wagupw; if j =0, 0<k <2/ andly, = I;;.

On the other hand, lefWy,..w; tweas = {IWuyw; [/2ZE(IWD}wear, and for everyj > 1 let u; be the
measure obtained by distributing uniformly the Ma8s,; Wayw, - Wgwg-w; ON Twywyw; and such that
w;(R\ [0,1]) = 0. With probability one,.; converges vaguely to a measweas j — oo; moreover, one has
E(WlogW) < 0 by construction so sugp) = [0, 1] [8]. Then consider the serieB, with parametersg = 2
and po = 1, and its perturbatio*" by the sequencer(j, k) = (u;(I;)/u(I; 1))V, One hasid; x(F)| =
2060=1/P0)J (2B (|W1))J 27 6OV POI W,y o Wiy, = 2@HogGEAWD) |4, . (FR*™)|. This enables to establish the
following result as a consequence of the first assertion of Proposition 3.1.

Theorem 3.2[2]. Suppose thaW < 1, P(W = 1) < 1/2 and all the moments o/ are finite. Let{/imin, Amax] =
{h: f(h) > 0}. With probability 1, one hagg(h) = f(h) for everyh € (hmin, Amax) -

References

[1] A. Arnéodo, E. Bacry, J.F. Muzy, Random cascades on wavelet dyadic trees, J. Math. Phys. 39 (8) (1998) 4142-4264.
[2] J. Barral, S. Seuret, From multifractal measures to multifractal wavelet series, J. Fourier Anal. Appl. (2005) in press.
[3] J. Barral, S. Seuret, Inside singularity sets of random Gibbs measures, J. Stat. Phys. (2005), in press;
J. Barral, S. Seuret, Renewal of singularity sets of statistically self-similar measures, Preprint, 2004.
[4] G. Brown, G. Michon, J. Peyriére, On the multifractal analysis of measures, J. Statist. Phys. 66 (3—4) (1992) 775-790.
[5] A.H. Fan, Limsup deviations on trees, Anal. Theory Appl. 20 (2004) 113-148.
[6] S. Jaffard, On lacunary wavelet series, Ann. Appl. Probab. 10 (1) (2000) 313-329.
[7] S. Jaffard, Wavelet techniques in multifractal analysis, Proc. Symp. Pure Math. 72 (2) (2004).
[8] J.-P. Kahane, J. Peyriére, Sur certaines martingales de Benoit Mandelbrot, Adv. Math. 22 (1976) 131-145.
[9] B. Mandelbrot, Intermittent turbulence in self-similar cascades: divergence of high moments and dimension of the carrier, J. Fluid.
Mech. 62 (1974) 331-358.
[10] Y. Meyer, Ondelettes et Opérateurs, Hermann, 1990.
[11] S. Seuret, Analyse de régularité locale. quelques applications a I'analyse multifractale, Thése, Ecole Polytechnique, 2003.



