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Abstract

Copulas which are invariant under transformations by means of increasing bijections on the unit interval are investigated, and
the relationship to maximum attractors and Archimax copulas is discuEsede thisarticle: E.P. Klement et al., C. R. Acad.
Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé
Les copules Archimax et leur invariance par rapport aux transformations. On étudie les copules qui sont invariantes
par rapport aux transformations par les bijections croissantes de l'intervalle unité, et on examine la relation entre les attracteurs
des valeurs maximales et les copules ArchinRour citer cet article: E.P. Klement et al., C. R. Acad. Sci. Paris, Ser. | 340
(2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

Sklar's Theorem [10,12,13] states that each random veeol) is characterized by some copulain the
sense that for its joint distributiof/xy and for the corresponding marginal distributiofig and Fy we have
Hyy(x,y) = C(Fx(x), Fy(y)).
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In this Note we investigate transformations of copulas by functions in one variable. Such transformations play
a role in statistics: as an example,(X1, Y1), (X2, Y2), ..., (X,, Y,) are iid random vectors (characterized by
some copula’) then the random vectgmax(Xq, Xo, ..., X,), max(¥1, Y2, ...,Y,)) is characterized by thg, /,,-
transform ofC in the sense of (2) below witfa /, (x) = x¥/" [14].

Recall that a tvo-dimensiondlcopulais a functionC: [0, 1]2 — [0, 1] such thatC (0, x) = C(x,0) = 0 and
C(l,x)=C(x,1) =x for all x €[0,1], andC is 2-increasing, i.e., for alt, x*, y, y* € [0, 1] with x < x* and
y < y* for the volume Vot of the rectangléx, x*] x [y, y*] we have

Vole ([x, x*] x [y, y*1) = C(x,y) — C(x, y*) + C(x*, y*) — C(x*,y) > 0. (1)

Important examples of copulas are the&chet—Hoeffding bound& and W given by M (x, y) = min(x, y) and
W(x,y) =maxx + y — 1, 0), respectively, and thproductIT given byIT(x, y) = x - y. Obviously, each copula
C satisfiesW < C < M.

2. Transformations of copulas

If @ denotes the set of all increasing bijections frfnl] to [0, 1], then for eacly € @ and for each copul&@
consider the functio®, : [0, 112 — [0, 1] given by

Cy(x,y) =9 H(C(p(x), 0())). 2

In general,C,, is not necessarily a copula: considee @ defined byg(x) = x2 then W,, is not Lipschitz (see
[8, Example 1.26]) and, therefore, not a copula. Eviderdly< C implies D, < C,. Moreover, for allp, & € @
we always get(C,): = Cyoe. The transition fromC to C, preserves many algebraic properties, among them
commutativity and associativity as well as the existence of zero divisors and of idempotent elements.

If, for a copulaC and somep € @, we haveC, = C thenC is calledg-invariant As an immediate consequence,
eachyp-invariant copula isp(,)-invariant for eactn € Z, whereg ) = idjo,1; and, for eaclw € N, o) = ¢ 0 -1
ando—, = (w(n))_l. Also, if C is both g-invariant ands-invariant then it is(¢ o &)-invariant. Moreover(C is
p-invariant if and only ifC¢ is (6710 ¢ o £)-invariant for eaclt € @. The only copula which ig-invariant for all
@ € @ is the minimuma.

If, for a copulaC and somep € @, the limit lim,,_, o Cy,,, exists and is a copula, therj; =1lim,_.o Cy,, is
called agp-attractor of C. It is immediately seen that a copulais ag-attractor of some copul@ if and only if D
is p-invariant. Also, ifCj is a copula and” < Cj then for all copula) with C < D < Cj; we haveDj = Cy.

Observe that for each jointly strictly monotone copda(i.e., C(x,y) < C(x*, y*) wheneverx < x* and
y < y*) the diagonal sectiodc : [0, 1] — [0, 1] given byéc(x) = C(x, x) is an element ofd. Moreover, if C
is also associative thefi is §¢-invariant. In this statement, the associativity assumption may not be dropped: the
copulaC given byC(x, y) = %(min(x, y) + max(x + y — 1, 0)) is jointly strictly monotone but nai¢-invariant.

Now we first are interested under which conditiafis is a copula and under which conditions a copglés
p-invariant. Observe that, if €10, oo[ andg,, € @ is defined by, (x) = x”, then the produciT is ¢, -invariant
for eachp € 10, oo[, whereas the Fréchet-Hoeffding lower bouidis ¢, -invariant only if p = 1, andW,, is a
copulaonly ifp €10, 1].

As a consequence of [9, Theorem 7] we haveC iis an associative copula agde @, thenC,, is a copula if
and only if for allx, y, z € [0, 1] we havelp~1(C(x,z)) — o H(C(y, 2)| < lp~2(x) — o~ 1(y)|.

The concave elements ih have the remarkable property that they transform each copula into a copula:

Theorem 2.1. For eachg € @ the following are equivalent

(i) The functiony is concave.
(if) For each copuleC the functionC,, is a copula.
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3. Archimax copulas

Note that, because of the Lipschitz continuity, a copliii ¢,-invariant for eaclp €10, oo[ if and only if C is
p1/n-invariant for each: € N. Following [6] (compare also [4]), a copule™® is said to be thenaximum attractor
of the copulaC (or, equivalentlyC belongs to the maximum domain of attractiondd) if for all (x, y) € [0, 1]
we have lim_, o C*(x1/", y/my = C*(x, y).

Evidently, each copul@ which isg,-invariant for eaclp €]0, oo[ is a maximum attractor of itself, i.eC* = C.
The set of all maximum attractor copulas will be denoted\dy Putting

A= {A:[O, 11— [0,1] | Ais convex and max, 1 — x) < A(x) forall x € [O, 1]},

from [11,14] (compare also [5]) we know that each maximum attractor captilzan be expressed in the form
C*(x, y) = o90y)-A((l0gx)/ log(xy)) @

for someA € A. Evidently,IT is the weakest maximum attractor amis the strongest one. The class is closed
under suprema and weighted geometric means. Althduidielongs to the maximum domain of attraction/of
there are copulas not belonging to any maximum domain of attraction.

Example 1[3]. For the strict copula&l whose additive generator [0, 1] — [0, co] is given by

log?x .
1(x) =log?x + 2”‘53|n% if neZand 217 <log?x < 2'*?x,
lim,,—. 0o C"(x1/", y1/") does not exist for, e.g9(x, y) = (3. ).

Now we clarify the relationship betwees,-invariant copulas and the clagg of maximum attractors (com-
pare [1]):

Proposition 3.1. For a copulaC, the following are equivalent

(i) CeM.
(i) Cy, =C forall p €]0, oo[.
(i) Cy, =Cy, = C for somep, g €0, oo[ such that'lg% is irrational.
Observe thaCC,, = C for some singlep € ]0, oo[ is not sufficient to guarante€ € M (see Example 1 for
p=2).
If £:[0, 1] — [0, oc] is a convex, decreasing bijection (and, therefore, an additive generator of some strict copula
Cq) and if A € A then the copuld’; 4 defined by

L A
Cralx,y)=t ((t(x)+t(y)) A<t(x)+t(y))) )

was called arArchimax copuldn [4]. It is obvious that the classl; = {C; 4 | A € A} contains bothM and the
strict copulaC(;y, and we always hav€(;y < C; 4 < M. Moreover,M = A _|oq (note thatC(_ jog) = IT).

For a fixed convex, decreasing bijection[0, 1] — [0, oo] and for p € 10, oo[ definer,:[0, 1] — [0, 1] by
Tp(x) = t~1(p - t(x)). Evidently, 7, € @ for eachp €]0, oo[. Note that a strict copula i€, is p-invariant with
respecttosomg e @ ifandonly ifrop=p -1, i.e., if o =1, for somep € 10, ool.

In complete analogy to Proposition 3.1 we have:

Corollary 3.2. Let7:[0, 1] — [0, c0] be a convex, decreasing bijection such thétis not convex whenever
p €10, 1[. Then for each copul@’ the following are equivalent
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0] C;,=C for eachp €10, ool.
(i) Cr,=Cr,=C for somep, g € 10, oo[ such that'lg% is irrational.

Proposition 3.3. Each Archimax copul&; 4 is tp,-invariant for eachp < 10, oo[.

However, not each copula which fs,-invariant for eachp €]0, oo[ is an element of4;: take the function
1:[0,1] — [0, o] given by7(x) = log?x (which generates som@umbel copulasee [10, Table 4.1, (4.2.4)]
and [7]); thent,, (x) = xv? and 1T is t,-invariant for eactp € 10, oo[, but IT ¢ A,.

Putting B = {A, | t:[0, 1] — [0, oc] is a convex, decreasing bijectigrwe can determine maximal elements
of B:

Theorem 3.4. Let: [0, 1] — [0, oo] be a convex, decreasing bijection and defifie= inf{i € 10, 1] | * is convex.
ThenA ;- is a maximal element @ with the property that all of its elements arg-invariant for eachp < 10, ool.

Example 2. Consider the convex, decreasing bijectia0, 1] — [0, co] defined byt (x) = % — 1 (observe that
it satisfiest’(17) = —1) which generates the copuld, given byC = ﬁ The corresponding family
(Tp) pelo,00f IS then determined by, (x) = m Therefore C(, is the weakest copula which tg-invariant
for all p €]0, oo[, and eachC; 4 € A, is given by

Xy
Xy +AL=x)y/(x+y—2x) - (x +y—2xy)
Note that the functions, are multiplicative generators of the family of Ali-Mikhail-Haqg copu24.0].

Cralx,y)=

Evidently, Ci) is the weakest associative copula whicljsinvariant for all p € 10, oo[. Whether it is also
the weakest copula which is,-invariant for all p €]0, oo is still an open problem. As a partial answer to this we
have the following result:

Theorem 3.5. Let¢:[0,1] — [0, 0] be a convex, decreasing bijection such thi@l~) # 0. ThenCy, is the
weakest copula which ig,-invariant for all p € 10, oo[.
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