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Abstract

Let us considerX the complex vector space of square matrices B¢x) the associated projective space. Dendt¢he
guotient algebra of all SI(C) x SL,, (C)-invariant differential operators modulo those vanishing op@&L x SL;, (C)-invariant
functions. We show that the inverse image functdr, wherer : X\ {0} — P(X) is the canonical projection, establishes an
equivalence of categories between the category of regular holor®d+modules on the projective spaéX) and the quotient
category of gradedi-modules of finite type modulo those supported{By Then we deduce a combinatorial classification of
regular holonomi®px)-modulesTo citethisarticle: P. Nang, C. R. Acad. Sci. Paris, Ser. | 340 (2005).

0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

D-modules associés au projectif des matrices x n. ConsidéronsY I'espace vectoriel complexe des matrices carrées et
P(X) I'espace projectif associé. Notonsl'algebre quotient de tous les opérateurs différentielg(@L x SL, (C)-invariants
modulo ceux s'annulant sur les fonctions,$C) x SL, (C)-invariantes. Nous montrons que le foncteur image inverse
ol 7 : X\{0} - P(X) est la projection canonique, établit une équivalence de catégories entre la catégdhiendeliles
holonémes réguliers sur I'espace projeti) et la catégorie quotient de$-modules gradués de type fini modulo ceux portés
par {0}. On en déduit une classification dPg x)-modules holonémes régulielour citer cet article: P. Nang, C. R. Acad.

Sci. Paris, Ser. | 340 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

SoientX I'espace vectoriel complexe des matrices carrées d’ordfél;espace projectiP(X) = P*~1 asso-
cié, Dy (resp.Dx) le faisceau des opérateurs différentiels sur le projéctffesp.X). Le groupeP(GL,(C)) x
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P(GL,(C)) opere surX par multiplication & gauche et a droitg(g, h), A) — gAh~L. Ce groupe a orbites
X C X les sous ensembles @&¢X) des matrices de rarig On se propose de classifier [Bgx)-modules holo-
ndmes régulierg/1 dont la variété caractéristique ¢Arn) est contenu dans la réuniohdes fibrés conormaux aux
orbitesX; :

carM) C A := U T)i;k)?. 1)
k=1

lls forment une catégorie abélienne que nous noteronﬂ(/lbﬂ(x)). Notons que plusieurs auteurs se sont interés-

sés a la description de certaines catégoriePdrodules 'ﬁolonﬁmes réguliers notament [1,3,4,6,12,14-18]. Pour
décrire les objets de M@}HDP(X)), on se sert de la projection canonigueX\{0} — P(X). On étudie I'image
inverser ™ (M) d’un Dp(x)-module holondme réguliet dans MO(%'(’DP()()). SoientG := SL,(C) x SL,(C)

et A:=I'(X,Dx)¢ lalgébre de Weyl des opérateurs différentiélsnvariants. On noted le quotient ded par

lideal 7 c A des opérateurs nuls sur les fonctigidgnvariantes. Soi# le champ d’Euler suk. On introduit la
catégorieC dont les objets sont de4-modules gradués de type fifiitels que ding C[0]u < oo Yu € T. Notons

C' c C la sous catégorie de$-modules engendrés par les sections homogénes de degré entier (i.e. sections annu-
Iées par une puissance @e— p) avecp entier). SoitCo C C’ la sous catégorie des modules portés par I'origine

{0}. Posong” := C’/Cq la catégorie quotient correspondante. On a le théoréme suivant :

Théoréme 0.1Le foncteur image inverse™ établit une équivalence de catégories entre la catég\(d[idr/?(Dp(x))
et la catégorie quotient”.

Enfin la catégori€” se décrit a I'aide d’espaces vectoriels de dimension finie reliés par des morphismes vérifiant
certaines conditions (cf. 3.3).

1. Introduction

Let X be the complex vector space of square matrices of ordéf its associated projective spaBeX) =
P*-1 As usualDy (resp.Dy) will refer to the sheaf of differential operators on (resp. X). The group
P(GL,(C)) x P(GL,(C)) acts onX by right and left multiplication((g, &), A) — gAh~L. This group has orbits
X C X the subsets oP(X) of matrices of rank. Our purpose is to classify regular holonord x)-modules
M whose characteristic variety cli@r!) is contained in the union of conormal bundles to the orKits

chatM) c A:= | T)i(“ki. )
k=1

They form an Abelian category we shall denote by l(/);l‘(mp(x)). Note that several authors were interested in

the description of certain categories of regular holonofimodules such as [1,3,4,6,12,14-18]. To describe the
objects in Mo%‘(Dp(x)), we use the canonical projectiant X\ {0} — P(X). We study the inverse imaget (M)

of a regular holonomi®px)-moduleM in Modr/?(Dp(X)). DenoteG := SL,,(C) x SL,(C) and®d the Euler vector

field on X. We show thatr * (M) is generated ovePx\ (o;by a finite number of global ‘homogeneous sections
of integral degree’ (i.e. sections annihilated by a powefdof- p) with p an integer). Moreover, these sections
are G-invariant. In the sequell := I"'(X, Dx)¢ will denote the Weyl algebra oX of G-invariant differential
operators. We denotd the quotient ofd by 7 c A the ideal of operators vanishing éhinvariant functions. Let

us introduce the categoty consisting of graded{-modules of finite typel” such that dima C[0]u < oo Yu € T.
DenoteC’ C C the subcategory of graded-modules generated by ‘homogeneous sections of integral degree’.
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Next, denotey C C the subcategory consisting of modules with support at the of@jinNow, putC” :=C'/Co
the associated quotient category. We have the following theorem:

Theorem 1.1. The inverse image functor* establishes an equivalence of categories between the category
Mod}‘(Dp(X)) and the quotient categoxy’.

Finally, the quotient category/’ := C’/Co can be encoded by means of finite dimension complex vector spaces
related by morphisms satisfying certain conditions (see 3.3).

2. Review

First, we refer the reader to [2,7-11] for notions on analf®ienodules. RecallX = M,,(C), X = P(X).
We denote byX; (resp.Xx) the subset of matrices i (resp. X) of rank k. Let A := Ui—o Ty X (resp.
A=, T}‘?ki) be the union of conormal bundles to these strata. Denote byj¥g) (resp. Mod(Drx)))
the category whose objects are regular holonofjc (resp.Dy)-modules with characteristic variety contained
in A (resp.A).

Let W be the Weyl algebra ok . Denote byG := SL,,(C) x SL,(C) andA := I'(X, Dx)¢ ¢ W the subalgebra
of G-invariant differential operators. Let= (x;;), d =' (3/dx;;) be matrices with entries iPx. The groupG acts
on these matrices byg, 1) - (x,d) = (gxh~1, hdg™) ¥(g, h) € G. Denote by Tr the trace map. We set det(x),

A =det(d), 0 =Trxd.Consider7 :={P € A, Pf =0" f = f(8)} the two sided ideal itd of operators vanishing
on G-invariant functions. Putl := 4/.7. We recall (see [16, Corollary 4, p. 75]) the following proposition:

Proposition 2.1.The quotient algebrad is generated ove€ by s, A, 6 such that
n—1 9 n 0
[0,8]1=n8, [0,A]l=—nA, 8A=l_[<—+l>, AS:H(——l—l).
1=0 \" =1 \"

Now, let us denote by the category consisting of gradedmodule of finite typel" such that dimg C[0]u < oo
Yu e T. We recall [16, Theorem 9, p. 77] the following result which will be effectively used in the next section.

Theorem 2.2.The categorieModT(Dx) andC are equivalent.

3. Study of the inverse image

Definition 3.1. Let V be aDx-module. A section in V' is said to be homogeneous of integral degreeZ, if
there existg € N such that® — p)/s =0.

As in the introduction, denote b§/  C the subcategory consisting of graddeémodules of finite type gen-
erated by homogeneous sections of integral degree. Denaflg byC' the subcategory consisting of modules
supported by the origif0}. We considet’” := C'/Co the corresponding quotient category. et be an object in
Modr/?(D]p(X)). In this section, we study the inverse imageMdfby the canonical projection : X\{0} — P(X). It
is a regular holonomi®x j0;-module (see [11, Corollary 5.4.8]). We show thdt(M) is an object in the quotient
categoryC”. To do so let us first recall tha¥t has a good filtration\ = (., M (see [11, Corollary 5.1.11]).
By using the Cartan Theorem A (see [5], [19, Lemme 7]) we can see that for a large enoughrintbgenodule
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Mi®0,y, O(n) is generated ovedp(x) by its global sections and’/ (P(X), My @ O(n)) =0 for j > 0 (see Car-
tan Theorem B in [5], [19, Lemme 8]). Net! ® O(n) is aD(n)-module (withD(n) := O(n) @ Dp(x) @ O(—n)).
Then the sections in* (M ® O(n)) give the homogeneous sections of integral degrieer ™ (M). Thus the reg-
ular holonomicDy\ (g;-moduler ™ (M) is generated by homogeneous sections of integral dggee®. Moreover
these homogeneous generators are invariant under the actibr/éé have the following theorem:

Theorem 3.2.71 (M) is generated ovePy (o) by a finite number of global homogeneous sections of “integral
degree” andG-invariant.

3.1. Characterisation of + (M)

In this subsection, we deal first with the extension of the inverse imdggé). In other word, we see that there
exists a regular holonomiPx-module A whose restriction orX'\ {0} is isomorphic tor T (M) that is there is a
surjective morphismV' — 7+ (M). Notei : X\{0} — X the open embedding. We consid&T:= i (m T (M))
the direct image ofr ™ (M) by the inclusioni. It is a regular holonomi®x-module (see [11, Theorem 6.2.1]) in
ModT(DX) which extendsr T (M) (see [13, Proposition 2.3]). Next, since the category BZI(dﬁIX) is equivalent
to the categonC (see Theorem 2.2), we can see thatr ™ (M)) corresponds to an object in the categ6ry
Therefore by using Theorem 3.2, we can see #1atM) is an object in the quotient categofyf. We have the
following proposition:

Proposition 3.3. For any objectM in Modr/?(Dp(X)), the inverse imager* (M) is an object in the quotient
categoryC”.

3.2. Equivalence of categories

Now, let AV be an object in the quotient categaﬁ/ﬁl, we associate to it the module
No = i+(DX®A/T/’) (3)

with i : X\{0} — X the inclusion. This last is a regular holonomic module dgfo;. Then we can see that its
direct imager (Np) by the projectionr is an object in the category Mf/',{thﬂ»(X)). Since for any objeciM in

Modr/?(D]p(X)), we can associate to it an object (M) in the quotient categorg” (see Proposition 3.3), we have
then constructed two functors

at: MOdrb(DP(X)) — ",
4 4
T4 - MOd;?('Dp(x)).

We get the following theorem:

Theorem 3.4.The inverse image functor* establishes an equivalence of categories between the category
Mod’/?(DP(X)) and the quotient categoxy/’.

3.3. Diagrams associated to gradedmodules

Let us mention that the objects in the quotient categ8fty= C’/Co can be understood by means of finite
diagrams of linear maps. This section consists in the classification of such diagrams. To put it more precisely,
a graded4-moduleT in C’ defines an infinite diagram consisting of finite dimensional complex vector sfaces
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(with (6 — p) being nilpotent on eaclf,, p € Z) and linear maps between them deduced from the acti@h of
8, A

2T, 2Ty (5)
satisfying the relations of Proposition 2.1 and the followiig- p)7,, C T,

8A=§(§+1>~-~<%+n—1), A8=<§+1)~~-<§+n> onT,. (6)

First, for any module i€y supported by{0}, let us describe the corresponding diagram.

Remark 1. The module3;g)x is generated by an element,. such thabe_,> = —n?e_,2 andse_,2 = 0. Then
its associated graded-moduleT has a basige,,) wherem = —n? —nk (k € N) such thate_,> = 0 and satisfying
the following system:

Oy =mey (m=—n?—nk, keN),

Aey = ey,

S= 2 (7)
m4+n\(m+2n m+n
s () (57 (5 o
n n n
Sincede_,2> =0 (i.e.87_,2 = 0), the arrows at the right &_,> in the diagram vanish.
Now, any object in the quotient categaty is a diagrarrf =T modulo Co (T €C)

B
2T, 2Tppn & ---moduloCy, peZ, (8)

A

satisfying the previous relations (6). Such a diagram is completely determined by a finite subset of objects and
arrows. Indeed, we distinguish two cases:
(@) If p =0 modnZ, thenT is completely determined by a diagram with+ 1) elements

§ § §
T_ 22T _pn-1) 2 T-p@n-2) - T, = To modulo Co. 9)
A A A

In the other degreesor A are bijective. Indeed, we hatg ~ 6 To >~ T, andT_,2 ~ A*T_,2~T_,2_,, (k €N)
thanks to the relations (6). The operafat (resp.As) on T, has only one eigenvalue(Z + 1)(£ +2) .- (£ +
n—1) (resp.(2 + 1)(£ +2)--- (£ +n)). Then the equatiodA = n;:ol(g +1) (resp.As =[_ (¢ + D) has a
unique solutiory of eigenvaluep if p is not a critical value. Here = 0, —n, —2n, ..., —n? thus it is always the
case.

(b) If p #£0 modnZ (p integer), thers and A are bijective. Thud is completely determined up to a isomor-
phism by one elemerft, modulo Co equipped with the nilpotent action ¢ — p).
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