
1/

an
t
of

s et

tés
C. R. Acad. Sci. Paris, Ser. I 340 (2005) 725–730
http://france.elsevier.com/direct/CRASS

Partial Differential Equations

D-modules associated to the projective space ofn × n matrices

Philibert Nang1

Mathematics Section, International Centre for Theoretical Physics, Strada Costiera 11, 34014 Trieste, Italy

Received 8 March 2005; accepted after revision 30 March 2005

Available online 4 May 2005

Presented by Jean-Michel Bony

Abstract

Let us considerX the complex vector space of square matrices andP(X) the associated projective space. DenoteA the
quotient algebra of all SLn(C)×SLn(C)-invariant differential operators modulo those vanishing on SLn(C)×SLn(C)-invariant
functions. We show that the inverse image functorπ+, whereπ :X\{0} → P(X) is the canonical projection, establishes
equivalence of categories between the category of regular holonomicD-modules on the projective spaceP(X) and the quotien
category of gradedA-modules of finite type modulo those supported by{0}. Then we deduce a combinatorial classification
regular holonomicDP(X)-modules.To cite this article: P. Nang, C. R. Acad. Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

D-modules associés au projectif des matricesn × n. ConsidéronsX l’espace vectoriel complexe des matrices carrée
P(X) l’espace projectif associé. NotonsA l’algèbre quotient de tous les opérateurs différentiels SLn(C) × SLn(C)-invariants
modulo ceux s’annulant sur les fonctions SLn(C) × SLn(C)-invariantes. Nous montrons que le foncteur image inverseπ+,
où π :X\{0} → P(X) est la projection canonique, établit une équivalence de catégories entre la catégorie desD-modules
holonômes réguliers sur l’espace projectifP(X) et la catégorie quotient desA-modules gradués de type fini modulo ceux por
par{0}. On en déduit une classification desDP(X)-modules holonômes réguliers.Pour citer cet article : P. Nang, C. R. Acad.
Sci. Paris, Ser. I 340 (2005).
 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

SoientX l’espace vectoriel complexe des matrices carrées d’ordren, X̃ l’espace projectifP(X) = P
n2−1 asso-

cié,DX̃ (resp.DX) le faisceau des opérateurs différentiels sur le projectifX̃ (resp.X). Le groupeP(GLn(C)) ×
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P(GLn(C)) opère sur̃X par multiplication à gauche et à droite :((g,h),A) → gAh−1. Ce groupe an orbites
X̃k ⊂ X̃ les sous ensembles deP(X) des matrices de rangk. On se propose de classifier lesDP(X)-modules holo-
nômes réguliersM dont la variété caractéristique car(M) est contenu dans la réunioñΛ des fibrés conormaux au
orbitesX̃k :

car(M) ⊂ Λ̃ :=
n⋃

k=1

T ∗̃
Xk

X̃. (1)

Ils forment une catégorie abélienne que nous noterons Modrh
Λ̃

(DP(X)). Notons que plusieurs auteurs se sont inte
sés à la description de certaines catégories deD-modules holonômes réguliers notament [1,3,4,6,12,14–18].
décrire les objets de Modrh

Λ̃
(DP(X)), on se sert de la projection canoniqueπ :X\{0} → P(X). On étudie l’image

inverseπ+(M) d’un DP(X)-module holonôme régulierM dans Modrh
Λ̃

(DP(X)). SoientG := SLn(C) × SLn(C)

et Ā := Γ (X,DX)G l’algèbre de Weyl des opérateurs différentielsG-invariants. On noteA le quotient deĀ par
l’ideal J ⊂ Ā des opérateurs nuls sur les fonctionsG-invariantes. Soitθ le champ d’Euler surX. On introduit la
catégorieC dont les objets sont desA-modules gradués de type finiT tels que dimC C[θ ]u < ∞ ∀u ∈ T . Notons
C ′ ⊂ C la sous catégorie desA-modules engendrés par les sections homogènes de degré entier (i.e. section
lées par une puissance de(θ − p) avecp entier). SoitC0 ⊂ C′ la sous catégorie des modules portés par l’orig
{0}. PosonsC ′′ := C′/C0 la catégorie quotient correspondante. On a le théorème suivant :

Théorème 0.1.Le foncteur image inverseπ+ établit une équivalence de catégories entre la catégorieModrh
Λ̃

(DP(X))

et la catégorie quotientC′′.

Enfin la catégorieC′′ se décrit à l’aide d’espaces vectoriels de dimension finie reliés par des morphismes v
certaines conditions (cf. 3.3).

1. Introduction

Let X be the complex vector space of square matrices of ordern, X̃ its associated projective spaceP(X) =
P

n2−1. As usualDX̃ (resp.DX) will refer to the sheaf of differential operators oñX (resp.X). The group
P(GLn(C))×P(GLn(C)) acts oñX by right and left multiplication:((g,h),A) → gAh−1. This group hasn orbits
X̃k ⊂ X̃ the subsets ofP(X) of matrices of rankk. Our purpose is to classify regular holonomicDP(X)-modules
M whose characteristic variety char(M) is contained in the union of conormal bundles to the orbitsX̃k :

char(M) ⊂ Λ̃ :=
n⋃

k=1

T ∗̃
Xk

X̃. (2)

They form an Abelian category we shall denote by Modrh
Λ̃

(DP(X)). Note that several authors were interested

the description of certain categories of regular holonomicD-modules such as [1,3,4,6,12,14–18]. To describe
objects in Modrh

Λ̃
(DP(X)), we use the canonical projectionπ :X\{0} → P(X). We study the inverse imageπ+(M)

of a regular holonomicDP(X)-moduleM in Modrh
Λ̃

(DP(X)). DenoteG := SLn(C)×SLn(C) andθ the Euler vector

field on X. We show thatπ+(M) is generated overDX\{0}by a finite number of global ‘homogeneous sectio
of integral degree’ (i.e. sections annihilated by a power of(θ − p) with p an integer). Moreover, these sectio
areG-invariant. In the sequelĀ := Γ (X,DX)G will denote the Weyl algebra onX of G-invariant differential
operators. We denoteA the quotient ofĀ byJ ⊂ Ā the ideal of operators vanishing onG-invariant functions. Let
us introduce the categoryC consisting of gradedA-modules of finite typeT such that dimC C[θ ]u < ∞ ∀u ∈ T .
DenoteC ′ ⊂ C the subcategory of gradedA-modules generated by ‘homogeneous sections of integral deg
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Next, denoteC0 ⊂ C ′
the subcategory consisting of modules with support at the origin{0}. Now, putC ′′ := C ′

/C0
the associated quotient category. We have the following theorem:

Theorem 1.1. The inverse image functorπ+ establishes an equivalence of categories between the cat
Modrh

Λ̃
(DP(X)) and the quotient categoryC′′.

Finally, the quotient categoryC′′ := C′/C0 can be encoded by means of finite dimension complex vector sp
related by morphisms satisfying certain conditions (see 3.3).

2. Review

First, we refer the reader to [2,7–11] for notions on analyticD-modules. RecallX = Mn(C), X̃ = P(X).
We denote byXk (resp. X̃k) the subset of matrices inX (resp. X̃) of rank k. Let Λ := ⋃n

k=0 T ∗
Xk

X (resp.

Λ̃ := ⋃n
k=1 T ∗̃

Xk
X̃) be the union of conormal bundles to these strata. Denote by Modrh

Λ(DX) (resp. Modrh
Λ̃

(DP(X)))
the category whose objects are regular holonomicDX (resp.DX̃)-modules with characteristic variety contain
in Λ (resp.Λ̃).

LetW be the Weyl algebra onX. Denote byG := SLn(C)×SLn(C) andĀ := Γ (X,DX)G ⊂ W the subalgebra
of G-invariant differential operators. Letx = (xij ), d =t (∂/∂xij ) be matrices with entries inDX. The groupG acts
on these matrices by:(g,h) · (x, d) = (gxh−1, hdg−1) ∀(g,h) ∈ G. Denote by Tr the trace map. We setδ = det(x),
∆ = det(d), θ = Trxd . ConsiderJ := {P ∈ Ā, Pf = 0 ∀f = f (δ)} the two sided ideal inĀ of operators vanishing
onG-invariant functions. PutA := Ā/J . We recall (see [16, Corollary 4, p. 75]) the following proposition:

Proposition 2.1.The quotient algebraA is generated overC by δ, ∆, θ such that

[θ, δ] = nδ, [θ,∆] = −n∆, δ∆ =
n−1∏
l=0

(
θ

n
+ l

)
, ∆δ =

n∏
l=1

(
θ

n
+ l

)
.

Now, let us denote byC the category consisting of gradedA-module of finite typeT such that dimC C[θ ]u < ∞
∀u ∈ T . We recall [16, Theorem 9, p. 77] the following result which will be effectively used in the next sectio

Theorem 2.2.The categoriesModrh
Λ(DX) andC are equivalent.

3. Study of the inverse image

Definition 3.1. Let N be aDX-module. A sections in N is said to be homogeneous of integral degreep ∈ Z, if
there existsj ∈ N such that(θ − p)j s = 0.

As in the introduction, denote byC ′ ⊂ C the subcategory consisting of gradedA-modules of finite type gen
erated by homogeneous sections of integral degree. Denote byC0 ⊂ C ′

the subcategory consisting of modul
supported by the origin{0}. We considerC′′ := C ′

/C0 the corresponding quotient category. LetM be an object in
Modrh

Λ̃
(DP(X)). In this section, we study the inverse image ofM by the canonical projectionπ :X\{0} → P(X). It

is a regular holonomicDX\{0}-module (see [11, Corollary 5.4.8]). We show thatπ+(M) is an object in the quotien
categoryC′′. To do so let us first recall thatM has a good filtrationM = ⋃

k∈Z
Mk (see [11, Corollary 5.1.11])

By using the Cartan Theorem A (see [5], [19, Lemme 7]) we can see that for a large enough integern, the module
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Mk⊗OP(X)
O(n) is generated overOP(X) by its global sections andHj(P(X),Mk ⊗O(n)) = 0 for j > 0 (see Car-

tan Theorem B in [5], [19, Lemme 8]). NextM⊗O(n) is aD(n)-module (withD(n) := O(n)⊗DP(X) ⊗O(−n)).
Then the sections inπ∗(M⊗O(n)) give the homogeneous sections of integral degreen in π+(M). Thus the reg-
ular holonomicDX\{0}-moduleπ+(M) is generated by homogeneous sections of integral degreep ∈ Z. Moreover
these homogeneous generators are invariant under the action ofG. We have the following theorem:

Theorem 3.2.π+(M) is generated overDX\{0} by a finite number of global homogeneous sections of “inte
degree” andG-invariant.

3.1. Characterisation ofπ+(M)

In this subsection, we deal first with the extension of the inverse imageπ+(M). In other word, we see that the
exists a regular holonomicDX-moduleN whose restriction onX\{0} is isomorphic toπ+(M) that is there is a
surjective morphismN → π+(M). Note i : X\{0} ↪→ X the open embedding. We considerN := i+(π+(M))

the direct image ofπ+(M) by the inclusioni. It is a regular holonomicDX-module (see [11, Theorem 6.2.1])
Modrh

Λ(DX) which extendsπ+(M) (see [13, Proposition 2.3]). Next, since the category Modrh
Λ(DX) is equivalent

to the categoryC (see Theorem 2.2), we can see thati+(π+(M)) corresponds to an object in the categoryC.
Therefore by using Theorem 3.2, we can see thatπ+(M) is an object in the quotient categoryC′′. We have the
following proposition:

Proposition 3.3. For any objectM in Modrh
Λ̃

(DP(X)), the inverse imageπ+(M) is an object in the quotien
categoryC′′.

3.2. Equivalence of categories

Now, letÑ be an object in the quotient categoryC ′′
, we associate to it the module

N0 := i+
(
DX⊗AÑ

)
(3)

with i :X\{0} ↪→ X the inclusion. This last is a regular holonomic module overDX\{0}. Then we can see that i
direct imageπ+(N0) by the projectionπ is an object in the category Modrh

Λ̃
(DP(X)). Since for any objectM in

Modrh
Λ̃

(DP(X)), we can associate to it an objectπ+(M) in the quotient categoryC′′ (see Proposition 3.3), we hav
then constructed two functors{

π+ : Modrh
Λ̃

(DP(X)) → C′′,
π+ :C′′ → Modrh

Λ̃
(DP(X)).

(4)

We get the following theorem:

Theorem 3.4. The inverse image functorπ+ establishes an equivalence of categories between the cat
Modrh

Λ̃
(DP(X)) and the quotient categoryC′′.

3.3. Diagrams associated to gradedA-modules

Let us mention that the objects in the quotient categoryC′′ := C′/C0 can be understood by means of fin
diagrams of linear maps. This section consists in the classification of such diagrams. To put it more p
a gradedA-moduleT in C′ defines an infinite diagram consisting of finite dimensional complex vector spacT
p
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(with (θ − p) being nilpotent on eachTp, p ∈ Z) and linear maps between them deduced from the actionθ ,
δ, ∆:

· · · � Tp

δ

�
∆

Tp+n � · · · (5)

satisfying the relations of Proposition 2.1 and the following(θ − p)Tp ⊂ Tp,

δ∆ = θ

n

(
θ

n
+ 1

)
· · ·

(
θ

n
+ n − 1

)
, ∆δ =

(
θ

n
+ 1

)
· · ·

(
θ

n
+ n

)
onTp. (6)

First, for any module inC0 supported by{0}, let us describe the corresponding diagram.

Remark 1. The moduleB{0}|X is generated by an elemente−n2 such thatθe−n2 = −n2e−n2 andδe−n2 = 0. Then
its associated gradedA-moduleT has a basis(em) wherem = −n2−nk (k ∈ N) such thatδe−n2 = 0 and satisfying
the following system:

S =


θem = mem (m = −n2 − nk, k ∈ N),

∆em = em−n,

δem =
(

m + n

n

)(
m + 2n

n

)
· · ·

(
m + n2

n

)
em+n.

(7)

Sinceδe−n2 = 0 (i.e.δT−n2 = 0), the arrows at the right ofT−n2 in the diagram vanish.

Now, any object in the quotient categoryC′′ is a diagram̃T = T modulo C0 (T ∈ C′)

· · · � Tp

δ

�
∆

Tp+n � · · ·modulo C0, p ∈ Z, (8)

satisfying the previous relations (6). Such a diagram is completely determined by a finite subset of obje
arrows. Indeed, we distinguish two cases:

(a) If p ≡ 0 modnZ, thenT̃ is completely determined by a diagram with(n + 1) elements

T−n2

δ

�
∆

T−n(n−1)

δ

�
∆

T−n(n−2) · · ·T−n

δ

�
∆

T0 modulo C0. (9)

In the other degreesδ or ∆ are bijective. Indeed, we haveT0 
 δkT0 
 Tnk andT−n2 
 ∆kT−n2 
 T−n2−nk (k ∈ N)
thanks to the relations (6). The operatorδ∆ (resp.∆δ) on Tp has only one eigenvaluep

n
(
p
n

+ 1)(
p
n

+ 2) · · · (p
n

+
n − 1) (resp.(p

n
+ 1)(

p
n

+ 2) · · · (p
n

+ n)). Then the equationδ∆ = ∏n−1
l=0 ( θ

n
+ l) (resp.∆δ = ∏n

l=1(
θ
n

+ l)) has a
unique solutionθ of eigenvaluep if p is not a critical value. Herep = 0,−n,−2n, . . . ,−n2 thus it is always the
case.

(b) If p �= 0 modnZ (p integer), thenδ and∆ are bijective. Thus̃T is completely determined up to a isomo
phism by one elementTp modulo C0 equipped with the nilpotent action of(θ − p).
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