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Abstract

The aim of this Note is to give interior error estimates for problems in periodic homogenization, by using the periodic
unfolding mehod. The interior error estimates anetained by transposition without anypplementary hypotisés of regularity
on correctors. This error is of orderTo cite thisarticle: G. Griso, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Estimation intérieure de I'erreur en homogénéisation périodique. On s’intéresse dans cette Note a I'erreur intérieure
dans les probléemes d’homogénéisation périodique. Les techniques utilisées sont celles de I'éclatement périodique. L'estimatior
intérieure de I'erreur est obtenue pamhéthode de transposition sdaire d’hypothéses supplémaines de régularité sur les

correcteurs. Cette erreur est d’ordrdPour citer cet article: G. Griso, C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Cette Note présente la suite d'un travail [4,5] surtil@stion de I'erreur dans le probléme d’homogénéisation
périodique. Dans ces articles on a montré que I'erreur est d’etfsous des hypothéses minimales de régularité
des correcteurs. On montre ici que I'erreur intérieure est d’ardre

Les premieres estimations de I'erreur dans le mrotd d’homogénéisation périodique ont été données dans
[1,3,6]. Dans ces travaux on fait 'hypothése que les correcteurs appartienféehtay) (¥ = 10, 1[" est la
cellule de référence); I'estimation obtenue était&f.

La premiéere partie de cette Note est consaérées théoremes de projection. Le domaihest de frontiére
lipschitzienne. On donne (Théoréme 2.1) un majorant de la distance entre I'éclaté d’une fonctidnszipet
I'espace Hpo(Y: L?(£2)) pour la norme deH(Y: (H(£2))") puis (Théoréme 2.2) un majorant de la distance

entre 'éclaté du gradient d'une fonction d&'($2) et I'espaceV, HX(22) & V, Hye(Y; L3(£2)) pour la norme
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de[L2(Y; (H1(£2)))]". Ces résultats s’appuient sur le théoréme maestle défaut de périodicité d’une fonction
harmonique appartenanti&!(Y) (voir [5]). Les majorants obtenus dépendent & la fois dde la norme de la
fonction dansH1(£2) et de la normeH* de cette fonction dans un voisinage d’ordrée la frontiére de?.

La seconde partie de cette étude est consacrée a I'estimation intérieure de I'erreur. On cherche a mesurer |
distance entre la solution d’'un probleme de diffusion a coefficients périodiques et fortement os@)attsa
limite qui est la solution du problemg) donné sous la forme éclatée. Dans cette Note on se restreint au cas
d’un domaines2 ¢ R” de frontiére assez régulieré1), de la condition aux limites homogéne de Dirichlet
et d'un second membre appartenant%2). Dans une premiére étape on part du probl&®een choisissant
comme fonction-tes¥ + &> ;4 pe Qs(%)xi(g), v e Hol(Q) N H2($2). On transforme ensuite par éclatement
I'égalité obtenue puis on applique le Théoréme 2.2 a la fonegtfom’estimation supplémentaire demandée par le
Théoreme 2.2 du gradient @& au voisinage de la frontiére de est obtenue grace au Théoreme 4.1 de [5]. La
méthode de transposition donne I'estimatichde I'erreur. Dans une seconde étape on obtient 'estimafibde
I'erreur dans tout ouvert fortement inclu daf?sgrace a I'estimatior.? précédente. Ces erreurs sont d’orglre

Dans un article a venir on donnera les démonstratiotasltiis et on ajoutera a cette étude le cas de la condition
aux limites homogéene de Neumann et le cas d’un ouvert de frontiére polygaral®)(ou polyédralef = 3).

Ce travalil utilise les notations de [2,4,5].

1. Introduction

In the periodic homogenization problem we have obtained an error estimate (in [5]) without any regularity
hypothesis on the correctors. It was supposed that the solution of the homogenized problem belbfg2)to
This holds true with a smooth boundary and homogen&arishlet or Neumann limit conditions. The exponent
of ¢ in the error estimate is equal tg2.

The aim of this work is to give further error estimates with again minimal hypotheses on the correctors.

Section 2 is dedicated to Theorem 2.2 which is the d&seaol to obtain new estimates. This theorem is related
to the periodic unfolding method (see [2,5]). We show that for @rig H1(£2), wheres? is a bounded open set
of R” with Lipschitz boundary, there exists a functigpin L2(£2; leer(Y)), such that the distance between the
unfolded 7; (V.¢) and Vy¢ + V,¢; is of ordere in the spacdL?(Y; (H(£2)))]" provided that the norm of
gradienty in a neighbourhood (of ordet) of the boundary of2 is less thare/2. This result is based on the
theorem that measures the periodic defect of a harmonic function belonghhty 1) (see [5]).

In Section 3, we give the distance between the solutfadiffusion problem with strongly oscillating periodic
coefficients(3) and its limit. This limit is the solution of problertb) given in its unfolded form. We consider the
case of an open s&? with sufficiently smooth boundary’®1) and homogeneous Dirichlet limits conditions, the
right-hand side of the homogenized problem beind.fis2). In Theorem 3.1, we show by transposition that the
L? error estimate and the interior error estimate is of oedéthe required condition in Theorem 2.2 is obtained
thanks to the estimates of Theorem 4.1 of [5].

The detailed demonstrations including the case of a doaivith polygonal ¢ = 2) or polyhedral boundary
(n = 3) will be presented in forthcoming article.

Throughout this study we use the notation of [2,4,5].

2. Preliminary result

Let 2 be a bounded domain R"” with a Lipschitzian boundary. We denote
Qe ={x e 2 |dist(x, 12) <kvne}, 2o ={x eR"|distx, 2) <kvne}, ke{l,23},
2. =Int U e(s+?)>, Go={6eZ"|eG+Y)NR £V}, Y=101["

I STon

There exists a linear and continuous extension opefafoom H1($2) into Hl(ﬁgyg) such that
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||VP(§0)||[L2(§S,3\Q)]/1 < C||V§0||[L2(§£.3)]n and ||P(¢)||L2(Q£ B C(”@”LZ(Q) +elVell [L2(%2,, 3)]/1)

In the sequel any function belonging ¥%(£2) is extended into a function belonging Hbl(Qg 3). The extension
of ¢ is still denotedy. We now can define and evaluate the local averdgey) (respectively theQi-interpolate
9 (¢)) in all cells contained nﬂg 3 (resp. Qg 2) (see [2] for details).

Theorem 2.1. For anyg belonging toH (£2), there existsj, in L?(£2; Hy(Y)) such that

IIWEIILZ(Q;H:L(Y)) < C{Ilwlle(g) +ellVollirzo)y 1.
17 (9) = Ve ll acy . ey (1)
< Ceflell Lz +ellVelay} + Cvelllelzs, , + ellVeliz@, )
The constants depend only ¢h

In [5] we proved that”,];(@) Wa”[-[l(y H Y (2) S Ce{”(ﬂ”LZ(Q) + 8||V¢||[L2(Q)]n} since for any function
W € Hy(£2), we havell¥ || 125, ,) < CelV¥ |12y
If ¥ belongs toH1($2), we only have||¥/||Lz(§€ ) S Cf||W||H1(Q) This accounts for the presence of the

supplementary terrﬂf{llwlle(Q Sl ellVel2a, 2)]n} in the second estimate ¢1). The proof is similar to
that of Proposition 3.3 of [5]. We measure theipdic defect (cf. [4,5]) of the unfolded af, 7. (p) in the space
HY(Y; (HY(£2))"), then apply Theorem 2.3 of [5].

Theorem 2.2. For any belonging toH (2), there exists). in L?(£2; Hpo(Y)) such that
||§08||L2(_Q;Hl(y)) S C||V§0||[L2(_Q)]n,
17e (Vxp) — Vip — Vy@s”[LZ(y;(Hl(Q))/)]n < C€||V¢||[L2(Q)]n + C\/5||V¢||[Lz(§£.3)]n.
The constants depend orl.

(2)

The idea is to take in H1(£2) and write it asp = ® + ¢ where® = Q. (¢). We use the following estimate:
”V¢”[L2(Q)]” + ||¢||L2(Q) + 8||V¢||[L2(_Q)]n < C”V(ﬂ”[LZ(_Q)]n (See [2]) and apply Theorem 2.1 to the func-
tion ¢. We obtain||¢g||,dz(f2 iy < ClIVellL2g) and||Z.(eVig) — }¢8||L2(Y;(H1(Q)),) < CelVolLzoyp +
Cf||V¢||[L2(Q « (recall thatZ; (e V@) = V, 7. (§)).

Asin Theorem 3 4 of [2] we prove that

|7 (V@) = Vi@ || 2y 1y < CEIVOIL2@)p + CVENVEIl 2.5, -

Finally, we show thalle VIl y1(0)yp < CellVellip2()pn +C\/E||V¢||[Lz(§£ NI from which the second estimate
of Theorem 2.2. '

3. Interior error estimate

In this section2 is a bounded domain iR” with a sufficiently smooth boundargtl).
We consider the following homogenization problem:

o et [a(z)vet-vu=[rv. wwent@. 3)
2 2
where f belongs toL?(£2) and whereA is a square matrix of elements belonginglt@‘gr(Y), satisfying the

condition of uniform ellipticityc|£|2 < A(y)& - &€ < C|£]% a.e.y € Y, with ¢ andC strictly positive constants.
We have shown (see Theorem 4.1 in [5]) that
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llp® —¢||L2(_Q)+HV<P - Vo — ZQs<8f>VXz( )

1

< CVellflipze) (4)

[L2()]

where(®, ¢) € Hl(.Q) x L2(£2; H, er(Y)/R) is the solution of the limit problem of unfolding homogenization
// Vi @D-{-V)ga} {V W+le /f&l/ VY, w)eHO(Q)xLZ(Q Her(Y)/R) (5)

We recall that the correctorg, i € {1, ..., n}, are the solutions of the variational problems

Xi € HpelY), /A(y)Vy(Xi () + )V ¥ (N dy=0, Vi € HyolY).
Y

They allow us to expresgin terms of Vo: o =37 g—ixl- and to give the homogenized problem satisfiedtby

/.AV(DVII/ =/fw V¥ € Hi(2) (6)

A(yi+xi) 0yi+x))
whereA;; = i Yo7 g [y an 2O D (see [3)).

Theorem 3.1. Let 2’ be a subdomain such th&’ cc §2. The solution of probler(8) satisfied the following error
estimate

" — —sZ%(M)xz(')

The constant depends @ on £2” and ons2.

< Cellfllre)- (7)

HL(2)

Idea of the proof. The solution® of the homogenized probler6) belongs toHol(Q) N H2(2) and we

HE(2) N H2($2). In (3) we takeW + & Y7 pe Qe (5%) i (%) as test function wherg, (x) = inf(dS(.02) 17,
and we transform the left-hand side by unfolding.

We then apply Theorem 2.2 to functigri. Due to the estimate QfV§0£||[L2(§£.3)]n we obtain| ]Q AV (p° —
Q)VY| < Cell fllL2(2)1¥ | y2(2) WhereA is the matrix of problent6). This gives|¢® — @ 2oy < Cell fll L2(o)-
We now write the variational problems satisfied py® and (p®, p¢) where p(x) = dist(x, 9£2). Proceed-
ing as in Proposition 4.4 in [5] and thanks to ti& estimate ofg® — @ we obtain |p(Vg? — V& —

Y1 Qe GRIVyxi D2y < Cell fll12(), hence?). O
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