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Abstract

The homogenization of periodic dielectric structures in harmonic regime usually leads to an effective permittivity tensor
&, It has been observed by Bouchitté and Felbacq [Waslom Media 7 (1997)45-256], that in the high contrast case
(high conductivity fibers), this tensor depends on the angular frequenty this Note, we enlight a new effect induced by
microscopic resonances which leads in parallel to a possibly negative effective permefﬁfimm (although the original
medium is assumed to be nonmagnetic i.es 1). To cite thisarticle: G. Bouchitté, D. Felbacg, C. R. Acad. Sci. Paris, Ser. |
339 (2004).

0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Homogénéisation de diélectriques prés des résonances et magnétisme artifidi#slomogénéisation de structures diélec-
triques périodiques en régime harmonique fait apparaitre en général un tenseur de permittivité effbatizeste remarqué
par Bouchitté et Felbacq [Waves Randdfedia 7 (1997) 245-256] que dans le cas desf@ontrastes (fires de grande
conductivité), ce tenseur peut dépendre de la fréquenBans cette note, nous mettons en évidence un effet nouveau di a des
micro-résonances et qui conduit, malgré I'alseinitiale de propriétés magnétiques (ue= 1), a une perméabilité effective
) qui peut éventuellement étre négatifFeur citer cet article: G. Bouchitté, D. Felbacg, C. R. Acad. Sci. Paris, Ser. |
339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version frangaise abrégée

On considére le probléme de la diffraction d’'une onde monochromatique par une structure composée d’'une
matrice diélectrique contenue dans un cylindre= 2 x R, ou £2 est un domaine d&?2 et dans laquelle sont
plongées des tiges paralléles, infiniment longues et de trissfermittivité. Les sections de ces tiges sont réparties
nY périodiquement dan€ ou 5 est un petit paramétre donné¥t= [—1/2, 1/2[2. Elles occupent un domaine
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Dy := Uie/,, n(i + D) ou D € Y est un ouvert régulier connexe ainsi que son complémeritdire Y \ D et ou

I,={ie 72: n(i + D) € £2}. La structure diffractante dont la perméabilité est supposée constante est caractérisée
par sa permittivité (relatived, = a,]‘l oua, est la fonction définie SUR? par :
n” 1
ap(x):=— sixeDy,, ayx):=— sSixef2\D,, a,x):=1 six eR? \ £2.
& Ee
La dépendance temporelle étant erf’, on supposera que est un réel positif (diélectrique sans pertes) et que
la constante; est un complexe de partie imaginaize0. Le facteur em? choisi dans les fibres correspond a un
diametre optique constant pour chacune d’entre elles. Le nombre di@sdelefini pak = w/c, olc est la vitesse
de la lumiére dans le vide. La structure est éclairée par une onde incidgrufarisée linéairement efi; de sorte
que le champ magnetique toig)(x1, x2) verifie :

div(a,Vu,) + k?u,; =0 surR? u, —u' satisfait la condition d’onde sortante (3)
On introduit, pour tout» > 0, la solutionM,, dansH(D) (quand elle existe) du probléme :
AM, + k’c;M, =0 surD, M,=1 surdD
et on pose (voir (6) et (7) pour des formes explicites) :

1M (@) = |Y*|+/dey.
D

Théoreme 0.1Supposons que ne prend pas un certain ensemble discret de val@aasdition(5)). Alors la suite
{uy} reste bornée dansﬁ]C(IRiz) et converge & échelles versg(x, y) := u(x) M, (y) ou M,, est déterminée par

(6) etu est I'unique solution danHléc(IRiz) du systeme

div(A®TVu) + k21 (w)u =0 sur 2,
Au+k’u=0 surR?\ £,
(Vu)yt - n=(A*Vu)~.n, ut=u" surde,
u — u' vérifie(3),
ol 1M (w), A®T sont donnés paf7), (8), et les indicest indiquent les traces extérieures et intérieures.

Il est important de noter que, d’aprés (7), la partie réelle.®f&«w) est négative sur une réunion dénombrable
d’intervalles. Cela correspond a des bandes dgigéce ou les ondes ne peuvent pas se propagesziéosndes
interdites photoniques). Cet effet important est lié a des résonances internes. |l peut avoir lieu sans aucune dissip:
tion d’énergie (i.e. aveg; ete, réels positifs).

1. Introduction

The diffractive properties of a homogeneous material, at a given frequerarg ruled by two physical quanti-
ties: its permittivitys and its permeability:. In the range of frequencies used in optic&y) = ¢’ + i” wheres’
ranges over alR (it can be negative for metals) anl > 0 (if we assume a time dependence ). In contrast
almost all materials are nonmagnetic thatig) remains very close to 1. Recenthe question has been raised to
know whether it is possible to produce artificial magmattsy homogenization. In particular Pendry [6] suggested
to use periodic arrays of split ring resonators in 1999. This idea was followed in 2001 by Smith and Schultz [7] who
obtained experimentally plausible evidence of a negative effegtiathough no clear mathematical explanation
was given.

In this Note, we present a model inspired by [3] with a very simple geometry for which we can prove this effect.
It consists in a periodic array of rods with high permittivity, possibly embedded in a lossless dielectric matrix.
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Such a geometry was used in [5] to obtain frequency dependent effective permittitfties. The heterogeneous
structure is placed in a cylindér = 22 x R, wheres2 is a domain ofR?. It is composed oés-parallel, infinite rods
whose sections ang-periodically disposed if2, wherey is a given small parameter antl=[—1/2, 1/2[%. The
rods occupy a region of spaék, := Uieln n(i+ D) whereD € Y is a connected open domain with smooth bound-

ary suchthatr* := Y\ D isconnected anf], = {i € 72: n(i + D) € 22}. The structure, whose relative permeability
is assumed to be equal to 1, is characterized by its relative permit{jyitya;l wherea,, is defined orR? by:
n* 1
ap(x):=— ifxeD,, ax)=— ifxe2\D, ayx):=1 ifx e R? \ £2. Q)
& Ee
The scaling inn? appearing inD,, corresponds to a constant optical diameter of the fibers. We choose a time
dependence in®*" and we assume that the dielectric constanif the matrix is a positive real number whereas,
in the fibers, the parameter is a complex number whose imaginary parti€. The wave numbek is defined by
k = w/c, wherec is the speed of light in vacuum. The structure is illuminated by a p-polarized incideni fiedd
that the total magnetic field, (x1, x2) satisfies:

div(a,Vuy) +k?u, =0 onR?, )
and the diffracted field‘,’f = u, — u' satisfies the Sommerfeld radiation condition:
%—iku=0< 1 ) asr — 400 3
or Vir)’ '

Our interest is the asymptotic behaviongfasn tends to 0. It turns out that, due to the degeneraey, af the
rods, the sequenda,} fails to be strongly relatively compact ib?. Our aim is to characterize its two-scale limit
in terms of the solution of some homogenized diffraction problem. For the notion of two-scale convergence and
related topics we refer to [2].

2. The artificial magnetism
In order to state our main result, we consider the eigenvalues.@ < Ap < --- < A, --- of the following
Dirichlet problem
—Ag=i¢ onD, ¢=0 ondD, (4)
and we denote, the associated normalized eigenfunctions’-j&(D), so that{g,} is an orthonormal basis of
L?(D). We will assume that? (recall thatk? = w?/c?) satisfies the condition

k%ei & {hn: n € Jo} WhereJo::{n>1:/¢n7é0}. (5)
D
Then, we set
() =1 +Z Ke ») (6)
My (y) = 1y« W/%L(Dny,
D
. 2
1 (w) = /M dy_1+ZJ:A—k28 </g0n> @)
ne D

Next, in a S|m|Iar way as for the homogenization of Neumann problems on perforated domains, we introduce the
2 x 2 symmetric matrix defined by:

T Y*| 1 + / (Vwi1|Vwy) dy, (8)

Y*
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where fori € {1, 2}, w; is aY-periodic solution inngc of the nonhomogeneous Neumann problem:

. ow; .
—Aw; =0 inY¥, awl =-—n; onaD (n=(n1,ny) isthe outer normal dd), 9)
n
and I, denotes the identity matrix. Finally, we set:
2
1 fOI’xGRZ\Q I forx e Re\ £2,
LX) = ’ A = 10
w@.x) {ueﬁ(w) forx € 2, x) Laef forxe Q. (10)

The main result of this Note is the following

Theorem 2.1.Letw be such tha(5) holds and letV,, be defined by6). Then the solutiom,, of (2) is uniformly

bounded inLﬁ)C(RZ) and two-scale converges, as— 0, towardsug defined by

uog(x,y) :=u(x)My,(y) ifxe$2, ug(x,y) :=u(x) ifxeRz\.Q,

whereu is the unique solution it} (R?) of the following scattering problem

{div(A(x)Vu) +K2u(@, x)u=0 onR2 (11)

u —u' satisfieq3).

Remark 1. The limit equation in (11) is to be understood in thstdbutional sense. It can be written as a system
composed of:

— the homogenized equation & div(ATVu) + k246 (w)u =0,
— the Helmholtz equation oR? \ £2: Au + ku =0,
— the transmission conditions 0®2: (Vu)* - n = (A*fVu)~ -n,ut =u~.

In the first equatiom ¢ stands for the inverse of the effective permittivity tensor whereédsw) represents the
frequency dependeeffective permeability.

Remark 2. It turns out thatV/,, given in (6) solves the Helmholtz equationw + k%s;w = 0 on D with boundary
conditionw =1 ondD . Actually this solution exists iff (5) holds and it is unique providea; # A, for all n
(which is always true wheg has a positive imaginary part). When condition (5) is violated, it is possible to prove
thatu, — u in Lﬁ)c whereu vanishes o2 and solves the Dirichlet exterior problem for Helmholtz equation on
R2\ £2.

Remark 3. We emphasize that, due to tihedependence of the two-scale limig(x, y), the convergence di:,}
cannot be strong ih?(s2) unlessu = 0. The weak limit ofu,, in L2(£2) is given byii(x) = u(x)y,jﬁ(w) (which
differs fromu(x)). In contrast, away from the structure, we have that> u strongly inCﬁ;&(Rz \ £2).

To conclude this section, we mention some important physical issues linked to the behaibasfa function
of the frequencyv. The key point is that electromagnetic waves ruled by the homogenized equation (11) cannot
propagate and are damped insideavhen 6" < 0 (ase, > 0, A% is a definite positive matrix). According to (7),
this damping happens on a countable union of frequeneyvats. Such forbidden bands are photonic band gaps.
It is worth noting that this effect is due to internal resonances and not to energy dissipation. In particular we may
takee; to be a positive real number. The behaviopsf (w) in this case is quite simple: la; = c,/A,, /&; where
{An,: | € N} are the{r,, n € Jo} sorted in ascending order. Thefif(w) decreases continuously frommo to —oo
on each intervalwy, w;+1) passing through zero at a unique paipt The interval[a;, w;+1] forms a photonic
band gap.
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3. Sketch of proofs

Stepl. We first assume tha#,} is bounded iriﬁ)c(IR{z). Then, as,, satisfies Helmholtz equatiqin Jrkz)u,7 =

0 onR?\ £2, it is relatively compact irC22.(R3 \ £2). Multiplying Eq. (2) byir, and integrating by parts on a ball
Br :={|x| < R} whereR is fixed so large tha c B, we derive that

sup{/an(x) |w,7|2} < +o0. (12)
Bpr

From (12), we deduce that the sequegg nVu,) wherey, := Vuanz\D7 is bounded inL2(Bg). Then, possibly
after extracting subsequences, we may assume that

unAuO(xv )’), Xn_“XO(xv )’), nvun_\\DO(}Q )’)7 (13)

whereuo(x, y), xo(x, y), Do(x, y) are functions inL?(Br x Y) (extended by periodicity to alf € R?). In what
follows, H; denotes the space &t periodic functions inf.

Lemma 3.1.(i)) For a.e.x € £2, the functiornug(x, -) belongs toHﬁl, is constant ort* and satisfies the equation

Ayuo+ k?ejug=00nD. Forx € Bg \ £, up(x, -) is constant over al¥ .
(i) For a.e.x € £2, the functionyo(x, -) is divergence free.

Proof. (i) Applying (13) to test functions(x, y) such thatp(x, -) is compactly supported i or in Y*, we easily

derive that, for almost alt € £2, Vyuq(x, -) belongs toLﬁ)C and satisfies

Vyuo(x,-)=Do(x,-) onD,  Vyup(x,)=0 onY* (14)

By the connectedness property f, the second equality implies thag(x, -) as an element oHﬁl, is constant
onY*. Forx € Bg \ £2, uo(x, -) is obviously constant since, by (12),,} is bounded inH1(Bg \ 22).

Now multiplying (2) by a test functiom,, := ¢(x, x /) compactly supported ife and integrating by parts, we
obtain

/ann . |:<ng0 + %Vy<p>:| (x, %) dx = kZ/unng(x, %) dx. (15)
2 2

First we takep compactly supported it x D. Then passing to the limit in (15) and localizing.in we derive
that div, Do(x, ) + k2ug(xo, -) = 0. In view of (14), we deduce the Helmholtz equation satisfiedippn D.
Taking nowg compactly supported is2 x Y* and multiplying (15) by, before passing to the limit, we derive that
diVy x0=0. O

Let us denote by (x) the constant value associated wiff(x, -). We have

Lemma 3.2.u belongs toH *(Bx) and there exists an element € L?(2; H;(Y)) such that

x0(x, y) = (Vux) + Vyur(x, y))ly=(y) ifxe2,  xolx,y)=Vux) ifxeBr\2. (16)

Proof. By the uniform extension lemma applied to the perforateds3&tD, (see [1]), there exists a bounded
sequencdii,} in H(£2) such thati;,, = u,, on Bg \ D,. Clearlyu defined above is the unique possible cluster
point of {i,} in L?(B). Thereforeu belongs toH(B) and xo(x, y) agrees with the two-scale limit dvi,}

on 2 x Y*, whereas it vanishes of? x D. Thus (see [2]), there exits an elementof L2(£2; H}(Y)) such
that (16) holds onf2. On Bg \ £2, the correctou; vanishes since (see below) the convergence> u holds in
CRMR?\2). O
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Lemma 3.3.For a.e.x € £2, we have

(i) uo(x, ) =u(x)My,() if (5)holds andug(x, -) = 0 otherwise.
(i) [y xo(x,y)dy = A®TVu(x).

Proof. (i) We writeug(x, y) = u(x)(1+ w(y)) where, by Lemma 3.1y € H}(D) satisfiesAw + k?w =k? on D.
Then, fork?; # A,, we express uniquely in terms of its components on the bagis,}. This representation
formula can be extended to &f satisfying (5) by using a continuity argument. When (5) is violated, the equation
in w has no solution and we are ledu¢x) = ug(x, y) =0.

(i) By Lemma 3.1,x0(x, -) given by (16) is divergence free. Thug(x, -) solves a Neumann problem off
whose solution agrees, up to an additive constant, mith, y) = (d1u) (x)w1(y) + (32u) (x)w2(y) wherews, wz
are defined in (9). The conclusion follows by substituting the latter expression in (16) and by integratingin

In order to complete step 1, we simply @lpge that, according to (1), (13), we have

8—1i)(0(x, y) ifxef,

ap Vu, = oo(x, y) = .
e ' L—liwoc) if x € Bg\ 2.

Therefore, in view of Lemma 3.1 and of the assertion (ii) of Lemma 3.3, taking into account (10) and (7), we infer
that the weak limits in2(Bg) of {u,} and{a, Vu,} are given respectively by

fi(x) = / wo(x, y) dy = p(u(x), o (x) = / o0(x. y) dy = A(x)Vu(x). (17)
Y Y

The limit equation in (11) follows from (17) by passing to the limit in (2). Eventually, the radiation condition (3),
which can be written in the Kirchhoff integral form (see éample [4]), is preserdesince by the hypo-ellipticity
of Helmholtz equation, the convergengg— u holds in fact incfgi:(Rz \ £2).

Step2. We prove thatu,} is bounded inLﬁ)C by contradiction assuming th, || 2, = t, — oc. Dividing

the incident wave' by t,, we apply the conclusions of step 1 to the normalized solufigns- u, /1, to find a limit
which, by the uniqueness of the solution of system (lsljdéntically zero. Then we conclude to a contradiction
by proving thati, — 0 strongly inL2(Bg). O
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