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Abstract

We establish a Mordell type exponential sum estimate (see Mordell [Q. J. Math. 3 (1932) 161-162]) for ‘sparse’ polynomials
fx)= Z{Zl aixki , (a;, p) =1, p prime, under essentially optimal conditions on the exponertgl< p — 1. The method is
based on sum—product estimates in finite fiflgsand their Cartesian products. We also obtain estimates on incomplete sums
of the formZéz1 ep(Zlleaief) for ¢t > p#, under appropriate conditions on thee ]F’;,. To cite thisarticle: J. Bourgain,
C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Estimations de type Mordell pour les sommes exponentielles dans les corps d’ordre premier. Nous démontrons une
estimée du type Mordell (voir Mordell [Q. J. Math. 3 (1932) 161-162]) pour les sommes exponentielles associées a des poly-
némes clairsemég(x) = Z{Zlaixki , (a;, p) =1, p premier, sous des hypotheses essentiellement optimales sur les exposants
1<k; < p—1. Laméthode repose sur des estimés « sommes-produits » dans des cofpsdineurs produits cartésiens. On
obtient également des bornes non-triviales sur des sommes incompléetes de |@p;mep(2;=lai9is) pourt > p%, sous
des hypothéses appropriées surdles IF;. Pour citer cet article: J. Bourgain, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Soit p un nombre premier ef (x) = Y "/_; a;x* € Z[X], (a;, p) = Let1< k; < p—1telquek;, p—1) < p1~*
etk —kj,p—1 < pl=¢ pour tout 1< i # j < r, olie > 0 est arbitrairement petit et fixé. On a alors une borne
sur la somme exponentielle

p—1

Zep(f(x))

008 =6,(s) > 0.

< Cpl_‘S
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Le résultat généralise a des polynomes « clairsemés » I'estimé sur les sommes de Gauss obtenue dans [2]. L
méthode utilisée est semblable a celle de [2], et conaiétablir un théoréme « sommes-produits » pour des sous-
ensemblest defF, x IF,, (ceci nous permet de traiter le cas f(x) est un bindbme, donc= 2, ce qui suffit pour
obtenir le cas général).

Une approche analogue s’appliqgue aux sommes incomplétes de la E@g}l@p(zlglaiel‘?), our > p° et
0; € IF;‘, satisfont @;) > p° et 0(91-9;1) > p® pourtous 1< i # j < r (on dénote ici Qy) I'ordre multiplicatif de
(/S IF;). On démontre une estimée

i‘ﬁx(;ai@f)

s=1

max <Cip~®

(@is--sar, p)=1

ous =4,(¢) > 0.

Le casr =1 fut traité dans [1]. Ce genre de sommes intemvient en cryptographie, en particulier dans le
contexte, des distributions de Diffie—Hellman (voir [6] par exemple).

1. A Mordell type estimate
The main result of this paper is the following:

Theorem 1.1. Let p be prime. Givenr € Z, ande > 0, there is§ = §(r, ) > 0 satisfying the following property
If

fx)= Zaixki €Z[x] and (a;,p) =1,
i=1
where the exponents< k; < p — 1 satisfy

(ki,p—1) < p'¥® forall 1<i<r, (1)

(k,'—kj,p—l)<pl_‘€ forall 1<i#j<r (2)
then there is an exponential sum estimate

p-1

doe(f@)|<pt 3)

x=1

(denotinge, (y) = e2miy/p)y,

Remark 1. The result forr = 1 (Gauss sums) was obtained in [2]. Thus

p—1
Z ep (axk)
x=1
More precisely, it was shown in [2] that@ < ), and|G| > p®, then

Z ep(ax)

xeG

See also [1] for further extensions to exponential sums of the form

< pl_‘3 if a e F; andk,p—1) < pl_g. 4)

<|G|'™? fora e (5)

n
> epat®) (6)
s=1
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and
n
> epad’ +b6™), (7)
s,s'=1
wherea, 6 € I}, ande of multiplicative order, r > 11 > .

The methods involved here are closely related to those used in [2] and [1] (while the results in [6] and [5] depend
on Stepanov’s method).

Remark 2. Theorem 1.1 stated above improves upon the results from [4] and [5] when the exp@pleaits large.
Notice that the recent paper [4] already contains a snbatamprovement over Mordell’s original paper [7].

Remark 3. The role of condition (2) above is made clear by the following example from [4] (see Example 1.1).
Letr be evenand

r/2
f) =) (PP, (8)
i=1
Then
p—1 _1
Y epf@) - =] <rvp. )
x=1

2. The Role of sum—product estimates

As mentioned above, our argument follows the same pattern as in [2] and [1]. The key combinatorial ingredient
in [2] is a ‘sum—product’ theorem for subsetsof the fieldF, (see also [3]).

Proposition 2.1. Givene > 0, there is§ > 0 such thatifA C F, and
1<|A| < pt® (10)
then
A+ A|+|A- Al > C|AM. (11)
We denote herd + A={x+y|x,ye A}andA- A={x-y|x,y € A} the sum and product set (and will use

the same notations if, more generallyjs a subset of a commutative ririg).
GivenG < I, consider the probability measureon ), defined by

1
u:EZ&C. (12)

xeG
As shown in [2], one may then derive from Proposition 2.1 uniform bounds on the convolution powers

L Y
——

k-fold
denoting
W)=Y vlx = y)uy)
yeF,

and those bounds translate in exponential sum estimates such as (5).
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It turns out that in order to establish Theorem 1.1 for generialsuffices to treat the monomiél = 1) and the
binomial cas€r = 2). Thus we are left with the problem for= 2. Following the scheme used for= 1, we need
to establish a sum—product theorem for subgetd the product, x IF,,. Clearly if A is a subset of the form

A={a} xF,, A=TF,x{a} or A:{(x,ax)lerE‘p}

one hajA|=|A+ Al =|A - A| = p. It turns out that these are essentially the only ‘exceptions’ to be taken into

account when reformulating Proposition 2.1 &y x F,.

Proposition 2.2. LetA C F, x [, satisfying for someg > 0
|A| > p®O.
Assume that
|[A+ Al +1|A- Al < pPlA]|.
Then one of the following cases occurs
(i) Al > p*
(if) There isa € IF, such that either
|AN (fa) x F,)| > p~¢|A]
or
AN (F, x {a})] > p*|Al
(i) There isa € F, such that
|A N {(x,ax) |x € IF',,}| > p_8,|A|,

wheree’ = ¢'(¢) — 0 for ¢ — 0 with g in (13)fixed.

Moreover, in casei), (iii)

P < 1Al < pT

3. Exponential sums associated to power residues

Theorem 1.1 has the following reformulation.

Foro e IF; denote @) the multiplicative order of in F*.

p
Corollary 3.1. Letoy,...,0, € IF*;, satisfy for some > 0
00;) > p® foralli=1,...,r,
00,67 > p° forall 1<i+j<r.
Then

max < pl_‘S

. *
a; eIFp

p—1 r
Z ep (Zalﬂf)
s=1 i=1

with § = 8, (¢).

(13)

(14)

(15)

(16)

17)
(18)

(19)
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Indeed, lety be a generator dlfj; and writed; = ¥, where thus

p—
06;) =——, 20
=1 (20)
-1
0607 H=—2L"> 21
TR P W (1)
Clearly
p—1 r r
Zep<zai1ﬂ3k"> = Z e,,(Zaixk").
s=1 i=1 xeF’l‘, i=1
Since (17), (18), (20), and (21) ensure conditions (1), (2) on the expoke(i®) is equivalent to (3).
The corollary remains valid for incomplete sums (the casel appears in [1]).
Theorem 3.2. Lete > O0andb, ..., 0, € I, satisfy(17), (18). Then fors > p*
t r
max Ze,,(Zaié);‘) <p~lt, (22)
a1 iz

wheres = §(¢).
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