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Abstract

Let £2 be a smooth bounded domainid’. Letb > 0, b # 0 be a continuous function af? and consider a closed subset
Dq # @ of [b = 0]. We study the logistic problemu + au = b(x) f (u) in 2\ Dg, Bu =00nd$2, andu = +o00 ond Dy, where
a is a real number3 denotes either the Dirichlet or the mixed boundary operator, fapdoO is a smooth function such that
f(u)/u is increasing or{0, co). In this Note we establish the existence of extremal singular solutions to the above problem, a
uniqueness result, and we describe the blow-up at the bounidacjte this article: F.-C. Cirstea, V. Rdulescu, C. R. Acad.
Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Solutions singulieres extremales des équations du type logistique en milieu anisotrof@oit 2 un domaine borné et
régulier deR™ . Soith > 0, b= 0 une fonction continue dan@ et Dg = ¥ un sous-ensemble fermé fle= 0]. On étudie le
probléme logistiqueAu + au = b(x) f (u) danss2 \ Dg, Bu = 0 surds$2, etu = +oo surdDg, oua est un réel3 désigne ou
bien une condition de Dirichlaiu bien une condition mixte sadr2, et f > 0 est une fonction réguliere telle que I'application
f(u)/u soit croissante su, co). Dans cette Note on établit I'existence des solutions singuliéres extremales, un résultat d’uni-
cité et on décrit également la vitesse d’explosion au bodir citer cet article : F.-C. Cirstea, V. Bdulescu, C. R. Acad. Sci.
Paris, Ser. | 339 (2004).
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Version francaise abrégée

Soit £2 un domaine borné et régulier &, N > 3. On désigne paB I'opérateur de DirichleDu := u ou
bien I'opérateur de Neumann/Rolfv = u, + S(x)u surds2, ouv est le vecteur unité de la normale extérieure
surds2 et 0< B e CLH(382). Soith € CO#(2) (0 < u < 1) une fonction non négative daus telle queb > 0
Surdf2 si B="R. On définit2g, := {x € £2: b(x) =0} et on suppose queo , = Do U D1, oll Dy # @ est un
ensemble fermé tel que \ Do soit connexe eD1 CC £2 \ Dg est un ensemble connexe. On supposexdgest
régulier (éventuellementvide). Sait, 1(D1) la premiére valeur propre de-A) dansHol(Dl), avec la convention
Aoo,1(D1) = +00 si D1 = ). On considére le probleme elliptique singulier

Au+au=>b(x)f(u) dans2\ Do, Bu=0 suris, u=+4o00 surdDy, (P)

olla eR, f € C10, 00), f >0 et I'applicationf (1) /u est strictement croissante i o).
On démontre d’abord

Théoreme 0.1. Supposons, de plus, qyesatisfait la condition de KeIIer—Ossermr_:)ﬁjfo[F(t)]‘l/2 dr < 0o, ou

F@) = ]é f(s)ds. Sile probléeméP) a une solution non négative, alats< 1~ 1(D1) et, dans ce cas, le probléme
admet une solution minimale et une solution maximale qui sont positiveg2lans

Soit K I'ensemble des fonctions: (0, v) — (0, oo) (pour un certain), de classeC!, croissantes, telles que
lim,o(fp k(s)ds/k(t))® :=¢;, pouri =0, 1. On définitA(u) := u fol/” k(s)ds/k(1/u), ollu > 1/v. SOitR, la
classe des fonctions a variation réguliére a I'infini d’indjce R (voir [2]). Pour la notion dd™-variation a I'infini
Voir [6]. On écritd (x) := dist(x, Dg). On démontre le résultat suivant d’unicité.

Théoréme 0.2. Supposons qug¢’ € R, (p > 0) et quelimd(x)\ob(x)/kz(d(x)) =c, pourc > 0etk € K. Alors,

pour chaquer < Ax,1(D1), le probléme&P)admet une seule solution positivget, de pluslimgx)\o hbffz—((;;) = &o,

olgo = (Z51L) 10 et [ ﬂ“%ﬁ) = [ k(s)ds, vVt € (0,v).

Si¢1# 0, alorsh(1/u) € Ro/(pey), i.€., il existeL € Ro tel quelimy s ouq (x)[d ()1 P L(1/d(x)) = 1.
Si¢1 =0, alorsh(1/u) a unerl -variation a I'infini avec la fonction auxiliairez (u) = puA(u)/2. Si, de plus,
Au) eR; (j <0), alorsil existeT e R_5/, et W € R_; tels quelim ) ouq (x) T (€W X4y =1,

1. Introduction and main results

Let2 c RY (N > 3) be a smooth bounded domain. Denotddsither the Dirichlet boundary operatbu := u
or the Neumann/Robin boundary operaly = u, + B(x)u wherev is the unit outward normal t8$2 andg > 0
isin CL#(382) with 0 < u < 1. Leta € R andb € C%#(£2) satisfyb > 0,b =0 in £2.

SetRo, 1= {x € 2 : b(x)=0}. We assume thaRq, = Do U D1, whereDg # ¢ is a closed set such that
£2 \ Do is connected with smooth boundary, abgd Ccc §2 \ Dg is a connected set.

We are concerned with the existence and uniqueness for the singular mixed boundary blow-up problem

Au+au=>bx)f(u) in2\Dg, Bu=0 ond2, u=ooc ondDy (1)

whereu = co on d Dg means that (x) — oo asx € 2 \ Do andd (x) :=dist(x, Dg) — 0.

Suppose > 0 onds2 if B="R andd D, satisfies the exterior cone condition (possilily,= 7). Let Ao 1(D1)
be the first Dirichlet eigenvalue @¢fA) in H&(Dl). Sethoo 1(D1) = 0 if D1 =0.

For the significance of (1) in the cag&u) = u? (p > 1) and$20, = Do we refer to Du and Huang [4].

Our aim is to improve the existence and uniqueness results of (1) which are communicated in [1,2,4].

By (A1) we mean that & f e C1[0, co) and f (u)/u is increasing on0, co). By [1, Remark 3.1], a positive
blow-up boundary solution oAu + au = b(x) f (u) in £2 may exist only if the Keller—Osserman condition (in
short(Ay)) is fulfilled i.e., [°[F(1)1~Y2dt < oo, whereF (1) = [3 f(s)ds, t > 0.
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Theorem 1.1.Let (A1) and (A2) hold. If (1) has a nonnegative solution, then< A 1(D1). Furthermore, for
anya < rAso.1(D1), there exists a minimgtesp., maximalpositive solution of1).

LetR, denote the set of all functions that are regularly varying at infinity with inflexR (see [2]).

Definition 1.2 (see [6]) A nondecreasing functiod is I'-varying if U is defined on an intervalx;, xo),
lim, v, U(x) = oo and there ig : (x;, xo) = (0, 00) such thatlim_, ., U(y + 2g(»))/U(y) = e, VaeR.

The functiong is called amauxiliary functionand is unique up to asymptotic equivalence. For the basic defini-
tions and main properties of regularly (resp)-varying functions we refer to [6,7]. .

Let K be the set of all positive, nondecreasing C1(0, v) satisfying Iim\o(fé k(s)ds/k(1))® = ¢;, with
i =0, 1. Note that, for every € K, £o = 0 and/; € [0, 1]. A complete chacterisation ofC is provided by [3].
Recall thatk € K with £1 =0 if and only ifk € Rg where

u -1
Ro— | K k(@/u) = dou[ A@)] "t b AOTIE (5 1) where 0< 4 € Cdy, 00),

lim, o0 A(w) =1lim, o uA’(u) =0 andd; > 0 are constants

Remark 1. We have{k € Ro: A eR; (j <0)} = {k € K: lim;0 k(,)lnk)(t) j <0} =M, where M :=

{k: k(1/u) =5 (u > D > 0) for someS € C1[D, ), §' € R, with g > —1}.

Theorem 1.3.Let (A1) hold and /' € R, (p > 0). Supposélmd(x)\o = ¢ for some constant > 0 and

_b
k2(d (x))

k € K. Then, for any: < A« 1(D1), (1) has a unique positive solutiar),. Moreover,
o ug(x) 2+ 010 \V? ds t
d(l)lcr)n\oh(d(x)) =&y, whereso= (C(2+ p)) and}l W = O/k(s)ds, vVt € (0,v). (2)
t
If £1# 0, thenh(1/u) € Ry/(pey), i.€., there existd. (1) € Ro, such that
Jim Oua(x)[d(x)]z/ POL(1/d(x) =1, V¥a < hoo1(D1). €)

If £1 =0, thenh(1/u) is I'-varying atu = oo with auxiliary functiong(u) = puA(u)/2. WhenA e R; (j < 0),
then there exist¥ e R_,, andW € R_; such that

lim T (VMDY =1 Vg < A 1(D1). 4
d(x)\oua(X) ( )=1, Va<ke1(D1) (4)

The novelties brought by our Note are the following:

(a) We allowd to vanish ons2 \ Dg. Moreover, in the casB8 = D, we remove the assumptién> 0 on a2
which is made in [1,4]. Theorem 1.1 shows that the existence of positive solutions to (1) takes place if and only if
the parametet is suitably connected with the zero setkoh 2 \ Do.

(b) Theorem 1.1 improves [1, Theorem 1.2] (resp., [4, Theorem 2.4]) wher@ on 2 \ Do and the additional
hypothesis lim_, oo (F/f) (u) = y (resp.,f(u) = uP, p > 1) was required. By treating the degenerate casé,for
Lemmas 2.1 and 2.2 extend the comparison principles (Lemmas 2.1 and 2.3) in [1].

(c) Theorem 1.3 and [2, Lemma 1] show that the claim of [1, Theorem 1.3] follows without requAi)g
and(Ay). Note that the condition |Imx)\o x))]a c1 for some constants, « > 0 (imposed in [4, Theorem 2.8])
is notnecessary for the uniqueness (use, %or instance, Theorem 1.8 wit’).

(d) Relations (3) and (4) offer a new insight into the asymptotic behaviouy, afeard§2. This relies on [3,
Proposition 2] and some properties of regularly (regp-varying functions in [6].
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2. Proofs
In Lemmas 2.1 and 2.2 we assume tlidgs continuous orf0, oc) and f (u) /u is increasing fou > 0.

Lemma 2.1.Let D ¢ RY be a bounded domain arlik% p € C(D) be a nonnegative function. dfi, u € C2(D)
are positive such thatm supyisy, s py—o(#2 — u1)(x) < 0 and

Auy+auy — p(x) f(u1) <O< Auz +auz — p(x) f(uz) in D, 5)
thenui > up on D.

Proof. We use here some ideas and approximation techniques introduced by Marcus and Véronin [5, Lemma 1.1].
SetO = {x € D: ui(x) <uz(x)}. Of courseus > uz on D is equivalent taD = .
Let ¢1, ¢2 be two nonnegative’?-functions onD vanishing nea D. Using (5) we have

/(Wz Ve — Vuy - Vo) dx + / p@)(f(u2)dp2 — f(u1)p1)dx <a /(u2¢z —u1¢1) dx. (6)
D D

Fix ¢ > 0. SetD, = {x € D: u>(x) > u1(x) + &} andv; = (u; +2¢/i) " 2((uz + €)% — (u1 + 2¢)>* fori = 1, 2.

We see thab; € H1(D) and it vanishes outside the sBt. Since lim SURistx.9p)—0(#2 — u1)(x) < 0, we have

D, cC D. Hence,; can be approximated closely in ti#&! N L> topology onD by nonnegativec? functions
vanishing neab D. It follows that Eq. (6) holds withy; instead ofp;. Precisely, (6) becomes

/(Vuz -Vvo — Vui- Vo) dx + / p(x)(f(uz)vz — f(ul)vl) dx <a /(uzvz —u1v1) dx. @)
D, D D,

Lett € (0, 1) be arbitrary. For any € (0, ), we have

0< /(szz —uyvy) dx = /(szz —uyvy) dx + / (u2v2 — ugvy) dx. 8)
D, D: D¢\ D:

But D, C D yields maX; uz =My < 00 and m|n§ uy =mgy > 0. Thus, for anw € D, we obtain O< uz/(u2 +
&) —ur/(u1+2) <1l— md/(md + 2¢) =2¢/(myg + 2¢) — 0 ase — 0. Consequentlyyo/(u2 + €) —u1/(u1 +
2¢) — 0 ase — 0 uniformly on D;. It follows that

0< /(uzvz —ugvy) dx < (My + 1)2/ (
D; D-

We see thatip € (11 + ¢, u1 4+ t] on D, \ D;. Thus, for eaclx € D, \ D., we have O< upvp — uivy = [2¢/(u1 +
2¢) — &/ (uz + &)1l (uz2 + £)? — (u1 + 26)%] < [2(u1 + &) (t — &) + 12 — £2]2¢ /(u1 + 2¢) < 26[2(r — &) + (12 —

£2)/(2¢)] < 5t2. Hence, limsup., o I, \p, (22 —ugvy) dx < 572\ D|. By (8) and (9), O< liminf,_o ]D (uovo —
uvy) dx <limsup._, fD (u2v2 — u1v1) dx < 572|D|. It follows that lim._,o fD (uv2 — uqvy) dx =

Assume by contradiction tha? # (. Forxg € O arbitrary, there exista small closed balp = B(xo) centred
at xo such thatB c O. Since mig(u2 — u1) =mp > 0, we getB C D,, Ve € (0,mp). It is easy to check that
VusVuy — VuiVor = [(uz2 + €) " Vuo — (u1 + 26) " Vu|?[(u2 + €)% + (u1 + 2¢)?] = 0 on D,.

Sincef(t)/(t + ¢) is increasing o0, co), we find f (u1)/(u1+ 2¢) < f(u1+e¢)/(ur+2¢) < f(uz)/(uz+¢€)
on D,. Thus, all the integrands in the left-hand side of (7) are nonnegative. So, forea® mpg), we have
0< [3(Vuz - Vvz — Vuz - Vor) dx + [ p(x)(f (u2)v2 — f(ur)vy) dx < ast (uv2 — ugvy) dx. Letting & \ O,
we getv”‘?(x) = Vuul(g) andp(x) =0, for eachx € B 5 xq. Sincexg € O is arbitrary, we findv(Inus — Inu) =
andp = 6 onO. Butp #0in D so thatO # D. Thus,00 N D #@. Letz € 900 N D andC be a domain mcluded
in O so thatz € 3C. Henceu1(z) = u2(z) andV(nuz — Inu1) =0 onC, i.e.,up/u1 = Const > 0 onC. By the
continuity ofu;, we obtainu; = us onC. This contradict€ C 0. 0O

us u1i
up+¢e ui+2¢

)dx—)O ase — 0. 9
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Lemma 2.2.Letw CC £2 and0 # p € C(2 \ ) be a nonnegative function.
If ug, up € C2(2 \ @) are positive functions if2 \ @ such thatim SURYist(x.ae)—0(2 — u1)(x) < O0and

Auy+auy — p(x) f(u1) <O Aup+auz — p(x) f(uz) in 2\ (10)
eitherBu1 > Buy ondQif B=D or Bui1>0>Buz ondifB=R (12)
thenuy > up on 2 \ @.

Proof. If B =D, then the assertion follows by Lemma 2.1. SuppBse R. SetD := 2 \ ® and defineD as in
Lemma 2.1. Assume by contradiction thfat=@.

Let ¢1, ¢» be two nonnegative&?-functions on§2 \ w vanishing neadw. Using (10) and (11), we find
Jp(VuaVea —VurVer) + p(f (u2)p2 — f(u1)¢1) dx + [, B(uadz —u1¢n) dS < a [}, (ua¢2 — ury) dx. Let D
andv; be as in the proof of Lemma 2.1. The above relation holds Rithh; andg, respectively, replaced ., v1
anduv; respectively. Fot € (0, 1) arbitrary, selG; = {x € D;: dist(x, 982) > t}, L; = {x € £2: dist(x, 92) < 7}
andK.; = {x € D;: dist(x, 3§2) < t}. For anye € (0, t), we have

0< /(uzvz —uqvy) dx < / (u2v2 — uqv1) dx + /(uzvz —uqv1) dx + / (u2v2 — uqv1) dx. (12)
Ker De\Dr

AsinLemma2.lyz/(u2+¢) —u1/(u1+ 2¢) — 0 ase — 0 uniformly onG,. We also deduce lig1, o fG, (ugvp —
uivy) dx = 0 (see (9)) and lim SQQOIDS\D, (u2v2 — u1vy) dx < 572|D|. Note tha.thSI (upv2 — uqvy) dx <
2max, .z (u2(x) + 1)?|L.|. By (12), we find 0< liminfe_.o [}, (wavz — ugvr)dx < limsup._q [), (u2v2 —

uivy) dx < 2ma>gC€L (u2+1)%|L.|+572|D|. Since|D| < oo and|L.| — 0 ast — 0, we regain I|ng_>ofD (u2v2
—uqv1)dx =0. The same argument used before leads to a contradiction.

Lemma 2.3.Assume&A1) and (Ay) hold. If 0 @ € C2*(3 D) is a nonnegative function, then
Au+au=>b(x)f(m) in$2\ Do, Bu=0 o0nas, u=® ondDg (13)
has a positive solution if and onlydfe (—o0, As0.1(D1)); in this case, the solution is unique.

Proof. Let $2 be a smooth subdomain 6\ Do so thath|, >0 andD; C 2. If up is a positive solution of (13),
then it satisfie\u + au = b(x) f(u) in 2, ulyg =up. By [1, Lemma 3.2], we gat < Ao, 1(D1).

Fix a < oo 1(D1). Let vy, be a positive blow-up boundary solution & + au = b(x) f(u) in 2\ Do (see
[1, Theorem 1.1]). Let > O be small such thak > 0 on Ty := {x € £2: dist(x,3£2) < 25}. SetCs = {y €
RV: dist(y, 8£2) < 8}. Let p € CO*(Cs) be such thap > 00onC;s\ 2, p=0o0nT, and O< p<bonTs\T;.

We chooser € (0, §) such thatu is less than the first Dirichlet eigenvalue GfA) in T;. Let u* be the unique
positive solution ofAu + au = p(x) f(u) in Cs, ulsc, = 1. Define O< u™ € C?(2 \ Do) such thauu™ = v, 0N
2\ (Ts U Dg) andu™ =1 (resp.u* =u*) on T2 if B="TR (resp.,5 = D). Note thati = £&u™ is a supersolution
of (13) if £ > 1 is large. Clearlyji = co on dDg andBii > 0 on9£2. By (A1), Al + ait — b(x) f(i) <0 on
2\ (T5 U Do), V& > 1. If B="D thenAii +aii — b(x) f (ii) < & Au* +a&u* — p(x) f(Eu*) <00nTsp, VE > 1. If
B =R (resp.5 =D) then minf5 b >0 (resp., infy\15,, b > 0). Foré > 1 large,Aii +ait — b(x) f (u) = E(AuT +
—b(x)f(Eut)/§) <0 onT;s (resp.,Ts \ Ts;2) whenB = R (resp.,B = D). The sub-supersolutions method
and [1, Corollary A.2] yield the existence of a positive solution of (13). The uniqueness follows by Lemma.2.

Proof of Theorem 1.1 concluded.If (1) has a nonnegative solution then, by the strong maximum principle, it is
positive. By the assumptiafg , \ Do C £2 \ Dg and [1, Lemma 3.2], we get < Aso,1(D1).
Fix a < Aso,1(D1) and letu, (n > 1) be the unique positive solution of (13) with = n. By Lemma 2.2,
un <upy1 <it on 2\ Do. Thus(u,) converges to theninimalpositive solution of (1).
Define2,, = {x € £2: d(x) < 1/m} for m > m1, wheremy > 0 is large so thak > 0 on 2, \ Do. Letv,, be
the minimal positive solution of (1) witlDg replaced by2,,. By Lemma 2.2p,, > vyu41 > u on 2 \ £2,, whereu
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is any positive solution of (1). This, together with a regularity and compactness argument, shows that the pointwise
limit of (v,,) is the maximal positive solution of (1).0

Proof of Theorem 1.3 concluded.Fix a < A0, 1(D1). By [2, Remark 2](A>) is fulfilled. By Theorem 1.1, there
exists at least a positive solution of (1). We now prove that (2) holds for any positive solution of (2 )k c/2).
Let § > 0 be small such that (i) dist, 9 Do) is a C3-function on the setx € RV: dist(x, Do) < 25}, (ii) k is
nondecreasing of0, 28), (iii) b(x)/k%(d(x)) € (c — &, c +¢€), Vx € £2 with d(x) € (0, 25) and (iv)h" (1) > 0Vr €
(0, 28) (see [2]). Lets € (0, §) be arbitrary. Ses™ = [(2+ £1p)/(c T 2¢)(2+ p)]Y? andv (x) = h(d(x) +0)&E ™,
Vx with o < d(x) + o < 28 resp.,v} (x) = h(d(x) — 0)&™, Vx with d(x) € (0, 28). As in [2], we can assume
AvF + av} — b(x) f(v}) <0, Vx with o < d(x) <28 and Av, +av; — b(x) f(v;) >0 Vx € 2\ Do with
dix)+o <25.

Define2s = {x € £2: d(x) < §}. Letw CC Do be such that is less than the first Dirichlet eigenvalue@fA)
in the smooth domaim := int(Dg \ w). Let p € CO#(25) satisfy 0< p < b on2;\ Do, p=0o0onDg\ w and
p > 0 onw. By [1, Theorem 1.1], there exists a positive boundary blow-up solutiohuo+ aw = p(x) f(w)
in £25. Letu, be an arbitrary solution of (1) and let:= u, + w. Thenwv satisfiesAv + av — b(x) f(v) <0 in
25 \ Do. Lemma 2.2 yields,, + w > v, on 25 \ Do. Similarly, v + w > u, on £2; \ 2,. Lettingo — 0,
we find thath(d)§" + 2w > u, + w = h(d)§~ on £2;5 \ Do. It follows thatg~ < liminf )\ oua (x)/h(d(x)) <
lim SUP;(x)\0#a (X)/h(d(x)) < £t Lettinge — 0 we arrive at (2).

Letu1 anduy be two arbitrary positive solutions of (1). For any 0, definei; = (14+¢)u;, i =1, 2. By (2), we
deduce lim )\ olu1(x) —it2(x)] = limg\olua(x) —it1(x)] = —oo. Using (A1), we find Aii; < b(x) f(i;) —ai;
on 2\ Dyg. SinceBii; = Bu; =0 0nd$2, by Lemma 2.2 we fina1 < iip resp.u» < i1 on 2 \ Do. Lettinge — 0,
we conclude that1 = u».

DefineUs(u) = 0 foru <0, Ur(u) = 1/ [[2F (s)]"%2ds for u > 0 andUn(u) = 1/ [3/" k(s)ds for u > 1/v.
We see that; : (0, c0) — (0, 00) is a Cl-increasing and bijective function. Thus, for eagh- 0, U=
inf{s: U1(s) > y} coincides with the inverse function @f; at y. Hence,h(1/u) = U; (U2(u)) for u > 1/v.
Clearly, lim,_, oo U1 (1) =lim,_, oo U2(u) = oo andU1(u) e R, 2.

Supposé; # 0. By [3, Proposition 2]k (1/u) € R, —1)/¢,- Thus,Uz(u) € Ry/¢,. Using [6, Poposition 0.8 (iv)
and (v)], we obtairU;~ (u) € Ry/, andU;~ o Uz € Ry/(pey). This proves (3).

Assumely = 0. ThenUz(u) = dy* exp{f;’l[sA(s)]‘lds} for u > dq, where O< A € Cl[dy, o) satisfies
limy, oo A(w) =limy,_oouA’(u) = 0. S0,Uz(u) is I'-varying atu = oo with auxiliary functionu A(u) (see [6,
p. 106]). Sincel/;~ (u) is monotone on(0, oo) andU;~ (1) € Ry/,, we infer thath(1/u) is I"-varying atu = oo
with auxiliary functionpu A(u)/2 (see [6, p. 36]). If, in additiong € R; (j < 0) thenW (u) :=InUz(u) € R_;.
Letting T'(u) = 1/[éU; (w)] for u > 0, we conclude (4). O
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