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Abstract

We consider several structured population models (age structured, size structured, maturity structured) and the genera
scattering equation. These models are not conservation laws, nevertheless, we show that they admit a common relative entror
structure which uses the first eigenelements of the problem. In case of scattering, it is more general than the usual ‘detailec
balance principle’. Three types of consequences are deduced from this entropy structure: a priori bounds, large time convergenc
to the steady state and in some cases, exponential rates of converfeatethis article: P. Michel et al., C. R. Acad. Sci.

Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Un principe général d’entropie pour les modéeles de population structurés et les équations de scattering. Nous
considérons divers modeles de populatistrsicturées (en age, en taille ou en midd)iret aussi I'équation de scattering. Ces
modeéles ne sont pas conservatifs, néammoins nous montrons qu'ils vérifient tous une structure d’entropie relative commune
qui utilise les premiers éléments propres du probléme et qui, dans le cas du scattering, généralise le « principe d’équilibre er
détail » habituel. Trois types de conséquences découlent de cette structure entropique : des estimations a priori, la convergenc
en temps grand vers un état stationnaire et parfois des taux exponentiels de convemearaiter cet article: P. Michel et al.,

C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

Un des objets de modélisation classique en biomatligoes consiste en la notion de « population structurée »
(en &ge, taille, maturation). On considére alors la fonction de dengite¢) d’'individus ou de cellules de para-
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meétrex > 0. Plusieurs équations sont utilisées pour décrire ligian de cette densité, voir (3), (4), ainsi que les
références [15,2,19,12].
Par exemple le modéle structuré en taille donne lieu a I'équation :
Bn(t,x) + Lnt.x) + bn(t,x) = [o B omt. 9%, 120, x>0,
n(t,x=0)=0.

Pour ce modele, ainsi que deux autres présentés ci-dessous, on introduit ur(itriped) aveci la premiére
valeur propre de I'opérateur stationnailé> 0 le vecteur propre associégt> 0 le vecteur propre du probléme
dual. Ces trois modéles vérifient le principe de décroissance d’entropie relative suivant :

t
%/(p(x)N(x)H(%) dx =D (1) <0, 2)
pour toute fonction convexH avec des taux de dissipati@?’ donnés ci-dessous.

On en déduit trois types de conséquences. D’abord, on obtient directement que la fé&%}éﬁ reste bor-
née au cours du temps pla%IILoo, ou bien dans le&.? avec les poid# (x) N (x). Ensuite, pour ces modéles,

(1)

Iannulation de la quantit® (n) pourn solution de I'équation d’évolution, induisent que la foncti@ﬁg—?t est
constante. On en déduit assez généralement la convergence en temps long de la solution vers un état stationnai
En dernier lieu, on peut essayer d’en déduire un tagporentiel de convergence vers I'état stationnaire ce qui
n'est réalisé que partiellement [13,15,16,18].

Prenons par exemple le modéle structuré en taille (1) Av¢co) ayant un support es contenantun intervalle
non-vide]rg, r1[ de]0, 1[. Lorsque I'on prendd (m) = m?, on a alors :

100
H o X X n(t,x/o)e  n(t, x)e! 2do
DS‘ZB__/ ¢(x)N<E>ﬁ<E’“>[< NG/o) NG ﬂ gz %<0

00

Dans ce cas, dés qulgze(m) est égal & zero on trouve que la qua '&f” est constante. On peut alors prouver

directement que la distributione’’ converge dang.?(N¢ dx) vers un état stationnaire. En général 'argument
nécessite d'utiliser aussi I'équation caf! (r) = 0 ne permet pas de conclure que, x) €' = u(t)N(x), c'est le
cas pour la mitosg(y, o) = b(y)8(o = 3).

1. Themodels

Structured population equations are a classical topic in mathematical biology which cover a variety of models
which have been studied independently and exhibit intiexggsnathematical structures being, generally based on
transport equations with ‘low order’ regularizing terms. General references on the topic of structured population
dynamics are [2,15]. The most classical model (derived by McKendrick in 1927) &gthstructureanodel which
describes the evolution of a density, x) of population with ager > 0

Fn(t,x) + Zen(t, x) +dn(t, x) = Z[v) 2], 120, x>0,
n(t,x =0)— (@ 2= = [ b(nn(, y) dy.

Hered(x) > 0 is the death rate, the population gives newborns, i.e., of age 0, with &(rate 0 andv(x) > 0 is
a diffusion used as a simple model for various effects.

Another classical equation (usually called fragmentatiooedl-division equation) consists in structuring the
population by sizer of the individuals (or DNA content for cells, see [3]). The model then is based on the equation

Bn(t,x)+ Ln(t,x) +bn(t,x) = [y B(E o, £)%, 120 x>0,
n(t,x=0)=0.

3)

(4)
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The main difference compared to the first model is that cell-division occurs with agrate > 0 which
expresses the repartition of sizes (x, (1 — o)x) after mitosis and thug(y,o) = B(y,1 — o) and finally
b(y):= fol,B(y, o) do. The special case of equal sizg2 after division is obtained whes\y, o) = b(y)d(c = %).

Various other models have been proposed which are radtii nature and are structured with an additional
‘maturation’ variable which is the speed of progression in the variabide refer to Lebowitz and Rubinow [12]
and Rotenberg [19] for such models. They share soméasity with the classical scattering equation that we
choose in order to show the extent of our theory,

0
5n(r,x>+kr<x>n<r,x>=/K<x,y>n<r,y)dy. (5)
Rd

Here 0< k7 () € L¥(R?) and 0< K (x, y) € L1 N L>®°(R?) and especially we aim to treat the non-symmetric case
as motivated by [8,14,4].

These equations are completeith a Cauchy data denoted ) (x). In practical applications, as cell-cycle,
several types of such models are coupled [1,3,5].

2. Common relative entropy principle
In order to state the entropy structure behind these models, we need the existence of first eigenealentients (

N(x) >0, ¢(x) > 0) wherex is the first eigenvaluey the corresponding eigenvector apdhe dual eigenvector
to the stationary equation that we always normalize as

/N(x) =1, /N(x)qb(x) =1 (6)

Namely

(i) for age structured equation (3),

EN@ +[A+d@INE) = L[], x>0,
X X (7)
N(x=0)—v(@LE=0 = [ o ()N dy,
—a9 () + [ +d<x>]¢<x> =b(0)$(0) + Z[v0) D] x>0, ©
V(0)Lp(x=0)=0,
(ii) for size structured equation (4),
DN +[A+b@IN@) = [o B(2.0)N(2)%. x>0, ©)
Nx=0)=0,
0
o900 = [+ b®]p00) = / B(x, o)¢(ox>— x>0, (10)
(i) for scattering (5),
[A +kr ()N () = / K (x, y)N(y)dy, (11)
Rd
[h+ k] = / K(y. )b (y)dy. (12)

R4
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Existence of these first positive eigenvalues requipegsific assumptions in order to apply the Krein—Rutman
theorem or variants (see [7]). We refer to [16] for sheassumptions in this general context and just point out
specific cases.

(i) For age structured model when= 0, it is well known that, an assumption @, b) is necessary because
A, » and N can be computed with explicit formula. For instant@&) — oo asx — oo is enough when
be L'+ L®®R").

(ii)y For size-structured population with = b(-)é(c = %) it is enough to assume thatis upper bounded and
lower bounded away form 0 (see [18]);4fvanishes enough periodic solutions may exist [11]. There is a
general class g8 where an explicit solutio&V is known under the form of a series [16].

(iii) For scattering it holds true (withh = 0, ¢ = 1) under the assumption afetailed balancgnatural for
Boltzmann equation, see [13] and the references therein)

K(x,y)N(y)=K(y,x)N(x), kT(X)Z/K(y,X)dy-
R4

Theorem 2.1. Consider Eqs(3), (4) or (5) and suppose the first eigenelemeiisN, ¢) exists. Then we have, for
all convex functiornd ()

d n(t, x)eM H
— _— = <
@ /¢(x)N(x)H< N dx=D"(r) <0, (13)
where the entropy dissipation is given below for each model.

This entropy inequality is remarkable because the dual operatopjvidmpensates for non-symmetry in
the operator. Such a dual operator is known to symnetilliptic (parabolic) opetars but the connection with
entropy for hyperbolic models seems to be new. It was first noticed in [17] for age structured models. Then we have
respectively:
For the age strructured modBkL.= D1 + D2 with

. n(t,0) _ n(t,x) (n(t,0)\ [(n(t, x) _n(t,O)
Dl_"’“”/ [H< N ) ) H( NG ) H ( N ) )( N&) N )}b(xw(x)dx’

Do 9 en(t,x) o en(t, x)
= [ () ()

{x=0}

For the size structured model we find

// N ” n(t, x)eM n(t,x/a)ef\’_n(t,x)e/\'
e ( ) < )[ ( NGO )( NGjo) N )

(n(t,x)e“) <n(t x/o)e’\’>i|
—Hl—— dx
N(x) N(x/o) o2

and for scattering

n(t,x)e“)(n(t,y)e’\’ n(t,x)e’”)
— dx dy

Df = / K (x, y)N(y)qs(x)H/( NGO NO) NGO

R4

t t
</K(x,y)N(y)¢(x)[H(”“ y)eA) (”(ZV’(Z)@ )}dxdy=0.
]Rd
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3. Largetime convergenceto a steady state

Several properties follow classically from this entropy structure that allow one to derive a priori bounds on
solutions and their convergence to a steady state.

To derive a priori bounds is a classical matter with the choice of an entidpy) = |m|” or H (m) = (m — /’c)?r
and this gives the

Lemma 3.1.
In(t,x)| € In%(x)]
/¢(X)N(X)<W> /¢( )N (x )( N ) dr, 1<p<oo,
O
inf ((y))N( )y <n(t,x) e < s;;p% N().

The long time convergence is also a general feature which only uses the following property of the entropy
dissipation term: for all the above models, for a strictly convex enti@pye have the

Theorem 3.2. Consider Eqs(3), (4) or (5), suppose the first eigeneleme(itsN, ¢) exist and that the initial data
satisfy [ ¢ (x)|n%(x)| dx < co. Then we have,

H(ﬁ[n(t, x) et — (n0>N] HLl — 0 ast— oo,
where(n%) = [ ¢n”.

This result is based on the entropy dissipation. Afteraction of subsequences, we obtain a function that
satisfies the equation ard”’ (1) = 0 and this implies that (¢, x) € = uN(x). Usually the equalityD” (1) =0
is not enough to conclude thatz, x) € = ()N (x) and the equation has to be used again. For instance this is
enough in the age structured model or for the size structured model (4) wherstigport ofg(y, o) contains an
interval]rg, r1[ (see the french version for additional details).

Rates of convergence rely on the control of entropy dissipation by the entropy itself and will be treated in a
forthcoming paper. In these hyperbolic situations where compactness is not built in, this kind of control is an active
subject see for instance [6,9,20,21]. Let us quote some known results

() (Age structured) With compactness assumptions (suppdrtomfunded) compactness methods (and Laplace
transform) are known to prove exponential rates of convergence (see [15]). This also holds true under the
assumptiorb(x) > ¢ (x) (thenu is the rate) (see [17]).

(ii) (Size structured) This is known fab(x) constant and small perturbation of constants (see [18,16]) and
nonlinear related models have been treated ($0] and the references therein).
(iii) (Scattering) See [13] and the references therein for the casewwiti, ¢ = 1.
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