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Abstract

In this paper we present a family of itéikee methods to solve numerically sex order elliptic problems with multi-scale
data using multiple levels of grids. These methods are baped the introduction of a Lagrange multiplier to enforce the
continuity of the solution and its fluxes across interfaces. This family of methods can be interpreted as a mortar element method
with complete overlapping domain decomposition for solving numerically multi-scale elliptic problentite this article:
R. Glowinski et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Une méthode multi-domaines pour résoudrenumériquement des problémes elliptiquesmulti-échelles. Dans cette Note
nous présentons une famille de méthodestitéra pour résoudre numériquement desyemes elliptiques du deuxiéme ordre a
données multi-échelles utiliseplusieurs niveaux de grilles. Ces méthodes soséba sur I'introduction’dn multiplicateur de
Lagrange pour imposer la continuité de la solution et de ses flux a travers les interfaces. Ces méthodes peuvent étre interprété
comme des méthodes de décompositie domaines avec recouvrent total, de type mortiepour résoudre numériquement

des problémes elliptiqgues multi-échell®sur citer cet article: R. Glowinski et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Let £2 ¢ R? be an open, bounded, regular domainRsf with boundaryl” and letw € 2 be another open,
regular domain with boundary, which is, in practice, “much smaller” tha®. If f e L?(£2) is formed by the
sum of two functiongf1, f> € L2(£2) with supf f2) C o (f = f1+ f2), we consider the following elliptic problem:

—Au=f ing2,
{uzO onrl, (1)
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whose weak formulation is: find € H&(Q) such that

/w.v¢dx=/fl¢dx+/f2¢dx, Vo € HY(R2). )
2 w

2

Keeping in mind that2 andw differ by several scale factors, the distization of (2) by a finite element method
cannot be done using grids with the same resolutioseaendw. Therefore we introduce two auxiliary problems.
Leta € H-Y/2(y) and letv € H}(£2) be such that

/Vv-qudx:/fuﬁdx—i—(k,qb), Vo € HY(£2), (3)
2

2

where(-, -) denotes the dualityf ~1/2(y), HY?(y). Actually, v is the solution (in the weak sense) of the following
problem

—Av=f1 in2\vy,
v=0 onr,
[v]=0 ony, (4)

l_ 5 on
- | = v,

where[y] denotes the jump of ony, when choosing as the unit normal vector outward to the domaion y .
Henceforth, we define € H(w) such thatw = v ony and

/ V- Ve ds = / i+ fédx, Vo e HA), 5)

w

whose strong formulation is

—Aw=fi+ inw,
{ A fit+ f2 n ©)
= Y.
Since suppf2) C w, and with regard to (4) and (6), we see immediately thatig chosen such that
vt dw
—— =— ony, 7
an on Y ()

wherevt is the restriction ob to £2 \ @, then the solutiom of (1) or (2) is given byt = v+ on 2 \ @ andu = w
onw. Therefore, defining the operator

T:H Y2(y) - H Y2(y)

by
a vt
7= 8)
on on
it is sufficient to findi such that’ A = 0. We can verify thaf" is the affine operator given by
ow vt
TA=A+—— —, 9
+ an on ©)

wherev satisfies—Av = f1 in £2 with v =0 onI" andw satisfies—Aw = f1 + f2 in w with w =v ony.
Thus it is trivial that, = 9v+/0n — dw/9n whenT A = 0.
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Let us suppose now tha? is a polygonal domain and I6f; be a triangulation of2 with trianglesk . We also
assume that the boundarycoincides with the union of edges of triangl€sof 7y . Let 7, be a triangulation ofo
that is not necessarily nested willy . Moreover, we introduce

Vi = {¢ € C%2): ¢plx €P1(K), YK € Ty, ¢ =00nT}

and
Wi ={¢ € C°@): ¢|x € P1(K), VK €T},

whereP1(K) denotes the set of polynomials of degree 1 on the triakglé/e also define
Ap ={neCOy): 3ji e Vy satisfyingu = ji ony}.

Now, the idea is to define an operaty : Ay — Ay approximating appropriately the opera®y and then to
search for.y € Ay such thatTyay = 0. Thus, an approximation of the solutianof problem (1) is given by
up With ujy = vj{, in 2\ wandu; = wy, N w, Wherev;; andwy, are approximations oft andw in Vg andWj,
respectively. More precisely;; is the restriction oby to 2 \ @, wherevy € Vy satisfies:

/VUH -V(ﬁdx:/flqﬁdx—f—/ky(ﬁds, V¢ € Vg. (10)
2 Q %
Besideswy € W}, is such thatw;, = R,vy ony and

[ vwn-vodi= [(h+ pode. voewinHiw) (12)
whereR;, is the classical interpolation operator to the spége

We propose three ways to constragt.
P1: If Ay is given, we solve (10) and (11) and, drawing our inspiration from (8), we défire Ay such that

B] v}
/(Syuds=/<ﬂ—ﬂ>,uds, Yue Ay. (12)
on on

Y 14
Thus we are led to the definitidiy Ay =g .
P2: The quantityowy,/dn — au;/an) is piecewise constant on the boundgarylo make it more regular, we can
consider the.2-projectionsDv}; and Dw;, of Vv}; andVwj, to the space¥,t = {¢ € CO(2 \ w): ¢|x € P1(K),
VK € Ty, K C 2\ v} andW, respectively. Thudy = Ty Ay is given by

/SHuds=/(th—Dv;;)'nu,ds, Yue Ay. (13)
Y 14
P3: Still drawing our inspiration from relation (8), for the definition&§ € Ay, we approximate the quantity

a9+
, %uds and—]y d;—nHuds by [, Vw, - Vidy — [ (f1 + f2)idx and fQ\E,Vv; -Vidx — f:z\a fuindx
respectivelyvVu € Ay, whereji is an extension oft in Vy. Taking into account the relation (10), we have,

Vi e Ay,

/(SHu,dszfouder(/th~Vﬁdx—/(f1+f2)ﬂdx>— (/w,—,.vgdx—/flgdx), (14)

Y Y @ @

wherev, is the restriction oby to w. Relation (14) doesn’t depend on the actual extension and we choosg here
the extension oft such thatit|x =0, VK € Ty, KNy =0.
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Problem P3 can be interpreted as a mortar elementdtation with complete overlapping domain decomposi-
tion (see [2]). For error estimates, see [1] and [3].

We propose two methods to sol¥g iy = 0.

M1: Fixed point method. Drawing inspiration from (9), we write in all ca®gs= I — (I — Ty) wherel is the
identity in Ay . Clearly (I — Ty) has to be “close” to a constant operator antdife Ay is such thalyiy =0,
theniy = (I — Ty)Ag. In this case the method used for solvifighy = 0 becomes:

AFL K Tk, k=0,1,2,..., (15)
H H

after initialization ofa% e Ap.

The fixed point method M1 for problem P3 can be viewed as an efficient iterative method, based on a suitable
reformulation of the problem in terms of a Steklov—Poincaré interface equation (see [5,6]).

M2: Minimization method. In this case we fid, € Ay such that

T < T(H), VAim € An, (16)
where the cost functiogy (+) is defined as
TOp) = %/5,%, ds. (17)

14

A conjugate gradient algorithm can be used for the solution of (16). With the above described problem P3, where
3y is defined by (14), the gradient gf (L) can be computed as follows (see [5] for details). First compute
qn € Wy, such thaty, =0 ony and

/th-V(pdx:/VSH-V(ﬁdx, Vo € Wy, N H (o), (18)

w @

wheredy is an extension of ; in V. Then findsy € Ay such that

/%'HudSZ—/th-Vﬂdx—i-/VSH-Vﬂdx, Yue Aq, (19)

w

andpy € Vy satisfying

/vpy-v¢dx=/gy¢ds+ / Véy -Védr, Ve Vy. (20)

2 ¥ 2\&

Finally, the gradienty = V3, J (Ag) € Ay is given asfy gHuds = ]y puLOs, Yu e Ay.

Numerical example. We illustrate the above presented algorithm with the following example whose results will be
compared with [4] in [5]: Consider the Poisson-Dirichlet problethu = f in the domain2 = (-1, 1)%, u =0

on its boundaryd 2. Take f = 2k?m2cogkmx1) coskmxo) — 4nx (r) exp( 3) eXP17 2‘)% wherer =

,/xl +x2 andy(r)=1ifr <e, x(r)=0ifr > ¢; k, n ande are parameters. The exact solution to the problem

is given byu = cogkmx1) cogkmx2) + ny(r) exp( 5) X 2‘) We choosé& = 0.5, n =10 ande = 0.25 to
start with.
Away from the origin(0, 0) the solution is smooth. In a region close(f 0) where the solution is peaking,
we need to apply a patch with a finer mesh. For the triangulatiof? pfve use a coarse uniform grid with
mesh sizeH. We consider a patchk = (—0.25, 0.25)2 with a fine uniform triangulation of sizé. We consider
the case where the fine triangulation is nested in the coarse one. The mesl# saebhi are chosen in a
way that the origin(0, 0) is always a grid point. All numerical quadratures are done using schemes which are

Is2



Table 1

Relative L2-, H1- and L®-error and convergence of the algorithm for successive snlieith ratio 7/ = 4 ande = 0.25

Tableau 1

Erreur relative en normg2, Hl et L™ et convergence de l'algorithme potf décroissant avec rappait/h = 4 ete = 0.25

H 1/4 1/8 1/16 1/32

Meth. lter. L2 Hl L lter. L2 Hl L lter. L2 Hl L lter. L2 Hl L®
P1-M1 30 175E-1 414E-2 258E-2 13 706E-2 170E-2 102E-2 27 300E-2 7.63E-3 427E-3 20 136E-2 365E-3 191E-3
P2-M1 28 182E-1 415E-2 240E-2 15 808E-2 185E-2 114E-2 28 363E-2 853E-3 531E-3 20 173E-2 417E-3 265E-3
P3-M1 6 289E-2 254E-2 427E-3 5 723E-3 116E-2 113E-3 6 179E-3 b559E-3 277E-4 4 447E-4 277E-3 6.83E-5
P3-M2 10 289E-2 254E-2 427E-3 7 725E-3 116E-2 113E-3 6 179E-3 559E-3 277E-4 6 447E-4 277E-3 6.82E-5
Table 2

Relative L2-, H1- and L®-error and convergence of the algorithm for successive snlieith ratio 7/ = 4 ande = 0.5

Tableau 2

Erreur relative en normg2, H! et L™ et convergence de l'algorithme pot décroissant avec rappait/h = 4 ete = 0.5

H 1/4 1/8 1/16 1/32

Meth.  lter. L2 Hl L lter. L2 Hl L lter. L2 Hl L lter. L2 Hl L®
P1-M1 32  350EO0 167E0 137E0 20  205E0 920E-1 810E-1 12  952E-1 429E-1 383E-1 10 436E-1 199E-1 177E-1
P2-M1 24  3B88EO 169E0 143E0 15  211EO0 930E-1 804E-1 12 961E-1 426E-1 371E-1 11 432E-1 194E-1 169E-1
P3-M1 6 188E-1 352E-1 127E-1 6 576E-2 238E-1 665E-2 5 138E-2 122E-1 245E-2 5 363E-3 6.18E-2 7.39E-3
P3-M2 6 188E-1 352E-1 127E-1 6 576E-2 238E-1 665E-2 7 138E-2 122E-1 245E-2 7 363E-3 618E-2 7.39E-3
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exact for polynomials of degree 2. We compute the numerical approximation of problem (1) on a global fine
uniform triangulation with mesh sizke which is an extension of the fine triangulation to the dom&inin the
sequel we call this approximation the reference solution. That way, we minimize the projection errors introduced
when comparing the results against the reference solution. We outline here the relative errors of the solution
calculated on the reference grid with= 1/16, 1/32, 1/64 and }128. The relativel.2-norm error gives the
values 381E-2, 1.42E-2, 4.09E-3, 1.06E-3; the relatived :-norm error yields 43E—1, 4.64E-2, 1.22E-2
and 309E-3.

Table 1 indicates the convergence of the algorithm to the reference solution with successive Bnaaiiegr
fixed ratio H/h = 4. Results of definitions P1, P2 and P3 using the fixed point method M1 are depicted as well as
definition P3 using the above described conjugate gradmrnimization method M2. fie stopping criteria for the
fixed point algorithm igd,, — d,_1|/do < 10~2 whered,, is the L2-norm ofs at iterationn, n =1, 2, .... For the
conjugate gradient, the stopping criteria is chosen a$.10

All problems provide acceptable results for the correctibthe jump of the first derivative. We observe optimal
convergence for the definition P3: the asymptotic rate of convergenkdsr® for the L2-norm and 1 for the
H-norm. The fixed point method M1 and the minimization method M2 yield the same solution. The number of
iterations depends very little on the mesh size.

We now choose = 0.5. In this case the peaking part ¢fis no more entirely included in the patch Let
us first outline the error of the solution calculated on the reference gridwittl/16, 1/32, 1/64 and ¥128.
The relativeL2-norm error gives the values®BLE-2, 2.12E-3, 5.38E-4, 1.35E—4; the relativeH 1-norm error
yields 177E-1, 4.63E-3, 1.17E-3 and 294E-4.

Table 2 gives the results of the three methods in¢hise. The approximation given by definitions P1 and P2 is
rather poor. The result of definition P3 approaches theeafar solution well. The erroegienerates as part of the
solution is badly resolved on the coarse grid.
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