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Abstract

We prove a duality theorem for some logarithriidemodules associated with a class of divisors. We also give some results
for the locally quasi-homogeneous cabecitethisarticle: F.J. Castro-Jiménez, J.M. Ucha-Enriquez, C. R. Acad. Sci. Paris,
Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Diviseurs quasi-libres et dualité.On montre un théoreme de dualité pour certdirsnodules logarithmiques associés
a une classe de diviseurs. On donne aussi quelques résultats dans le cas localement quasi-hBouwgéiter. cet
article: F.J. Castro-Jiménez, J.M. Ucha-Enriquez, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abrégée

Dans [13] Saito a développé la théorie des diviseurs libres 8an<C”. Rappelons qu’un diviseub C X est
libre si le faisceau des champs de vecteurs logarithmiques relativenignhaété Def—log D), est localement
libre en tant que faisceau de modules élrle faisceau structural d&. D’autre part, une forme méromorphe
w € 27 (D) a poles le long deD est dite logarithmique sfw et df A w sont formes holomorphes pour une
(ou pour toute) équation locale réduifede D. On définit comme cela un complexg®(log D) des formes
logarithmiques par rapport® et une inclusiorip : £2°(log D) — £2°(xD). La classification des diviseur3 tels
queip est un quasi-isomorphisme est un probléme ouvert. D'aprés le théoréeme de comparaison de Grothendiec
les complexe$2°®(xD) etR j,(C) sont quasi-isomorphes, i¢i X \ D — X estl'inclusion; ainsi, sip est un quasi-
isomorphisme on dira simplement qievérifie le théoréme de comparaison logarithmique (ou Buerifie le
TCL). Le résultat central de [6] est queBic X est un diviseur libre et localement quasi-homogéne dlovsrifie
le TCL. Une réciproque de ce résultat est démontrée dans [4] pour la dimension 2.
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On écrit D pour le faisceau d’anneaux d'opérateurs différentiels linéaires a coefficientsCaakrs le
O-moduleO[xD] des fonctions méromorphes a poles le longidest unD-module cohérent et holonome. Le
©O-module des champs de vecteurs logarithmiques-Dlerg D) engendre un idéal'®9” := D Der(— log D) et
on noteM'°9° |e D-module quotien/1'°9”. Ce D-module a été introduit dans [3] ot on démontre que pour
la classe de diviseurs libres de Koszul [3, Définition 4.1.1] le complexeV8¢12) de solutions holomorphes
de M'°9D est quasi-isomorphe au complesz? (log D). En plus, comme on précise dans [8], ce dernier résultat
est aussi vrai pour les diviseurs de Spencer. Rappelons que un diviseuP lésedit de Spencer gif'°92 est
holonome et si en plus le complexe de Spencer logarithmique est une résolution localement AP8YeSi
f est une équation locale réduite fieon peut aussi considerer 2-module#1'°9/ défini localement comme le
quotient deD par I'idéal /'°92 engendré par les opérateurs- ‘S(fﬁ ol § € Der(—log D). L'inclusion d’idéaux
'°92 = Annp(1/f) permet de définir un morphisme naturel Bemodulese ; : M'°9” — O[xD] dont 'image
estD.

Le complexe de Spencer logarithmique (voir Section 3.1) associé & un diviseur libre

(D ®0 /.\(Der(— log D)), V)

a eté defini dans [3]. Dans [8] on démontre que pour les diviseurs (libres) de Spencer on a une formule de dualité
(M'°9D)* ~ p1'°9f  Ceci démontre que % est un diviseur libre de Spencer on a une suite de quasi-isomorphismes

£2*(0g )  Sol(M37) = DR((4'°8°)") = DR(i7),

ou DR(-) déenote le complexe de de Rham correspondant. Comme on a toujours un morphisme, dgdugnde
DR(M'°9/) et DR(O[xD]) = £2°*(xD) ceci montre gue le probleme de classification des divisBugs(f = 0)
verifiant le TCL est étroitement lié a celui de la classification des diviseurs pour lesquels le mophisseun
isomorphisme.

Dans cette Note on annonce un théoréme de dualité (4.1) pour cetaimedules associés a un diviseur dit
quasi-libre de Spencer. Ce théoréme généralise [8, Théoreme 4.3]. En plus le diviseur quésetiblecalement
quasi-homogeéne alors il est de Spencer et pour une certaine éqyétinan nécessairement réduite on a un
isomorphisme dé-modules entreif'°9/% et D - f—lm En particulier, dans ce cas l&modules logarithmiques
associés & sont holonomes réguliers.

1. Introduction

Let us denoteX = C" andO = Oy the sheaf of holomorphic functions df. Let D C X be a divisor (i.e. a
hypersurface) ang € X. Denote by Det©,) the O,-module ofC-derivations ofO,, (the elements in DgO,,)
are calledvector field$.

According to Saito [13] a vector fieldl € Der(O,,) is said to beogarithmic with respect toD if 5(f) =af
for somea € O, wheref is a local equation of the geraD, p) C (X, p). TheO,-module of logarithmic vector
fields (or logarithmic derivations) is denoted by Detog D), and it is a Lie algebra under the bracket product
[—, —1. This yields aO-module coherent sheaf denoted by Belog D), which is a sub-module of the sheaf of
vector fields oveX. The—log D in parentheses is justified, according Saito (see [10, Section 0.1]) because the dual
O-module of Def— log D) is just$21(log D) the @-module of 1-forms with logarithmic poles alory (see [13]).

Definition 1.1 [13]. The divisorD is said to beree at the pointp € D if the O,-module De(—logD), is free
(and, in this case, of rank). We also say in this case that the garin p) is free. The divisoD is calledfreeif it
is free at each point € D.
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Example 1.Smooth divisors and normal crossing divisors are free. By [13] any germ of plane Burve€? is a
free divisor. The divisor defined i@2 by x2 + y2 + z2 = 0 is not free. More generally, the singular locus of a free
divisor D ¢ C" has codimension 1 i, so ifn > 3 andD has only isolated singularities théhis not free.

By Saito’s criterion [13, (1.8), (1.9)D is free atp € D if and only if there exists a systefia = Z;le a;jjo;,
i =1,...,nofvectorfields in Det—log D), such that dét:;;) = f defines a reduced equation of the ge&i p).

For each divisoiD ¢ X we have an inclusionp : 2°(log D) — £2°(xD) where$2°®(xD) is the meromorphic
de Rham complex ang*(log D) is the de Rham logarithmic complex, both with respecbDtoA meromorphic
formw € 27 (xD) is said to bdogarithmicif fw € 27 and df A w € 2711 for each local equationt of D.

A natural problem is to find the class of divisois C X for which ip:£2°(logD) — £2°(xD) is a quasi-
isomorphism (i.e.ip induces an isomorphism on cohomology). By Grothendieck’s comparison theorem we know
that the complexe€°(xD) andR j, (C) are naturally quasi-isomorphic, whefteU = X\ D — X is the inclusion.

So, ifip is a quasi-isomorphism we say that tbgarithmic comparison theorem holds fbr(or simply LCT holds
for D). In [6] the following theorem is proven

Theorem 1.2.SupposeD C X is a locally quasi-homogeneous free divisor. Then LCT hold®for

Following [6] a divisor D C X is said to belocally quasi-homogeneousr simply LQH) if for all ¢ € D
there exists a system of local coordinat&s x1, ..., x,) centered afy such thatD NV has a (strictly) weighted
homogeneous defining equation with respeciig ..., x,). Smooth divisors and normal crossing divisors are
LQH. A weighted homogeneous polynomiak C[x, y] defines a LQH divisoD = (f = 0) ¢ C2. The reciprocal
of 1.2 is proved for dimension 2 in [4].

Let us denote byp = Dy the sheaf of rings of linear differential operators with holomorphic coefficienfs.on
For any divisorD c C”" the shea®[«x D] of meromorphic functions with poles alodis naturally a left holonomic
D-module; that follows from the results of Bernstein, Bjérk and Kashiwara [1,2,11].

In [3] the author considers the left idedl°9” c D generated by the set of logarithmic vector fields
Der(—log D). Itis a coherent sheaf of ideals T The moduleV'°9” is defined as the quotiefit/1'°97 .

On the other hand, in [15] (see also [7,8]) it is considered®emodulei'9/ := D, /1'°9/ where['°9/ is
the left ideal ofD,, generated by the s¢t + % |6 € Der(—logD),}, for each local equatiof of (D, p) (the

equationf does not need to be reduced). In fal%/ is generated by the set of linear differential operators of
order 1 that annihilate the meromorphic functiofy' 1 There exists a natural morphisgry M09S O[xD]1,
defined by, (P) = P(1/f) whereP denotes the class of the operale D, moduloi'°9/. The image ot/ is

D, % . As a natural question we ask for the clasoguch that the morphisg; is an isomorphism (see Section 5).

2. Quasi-free divisors

Definition 2.1. A germ of divisor(D, 0) in (C", 0) is calledquasi-freeif there exists ad-submodule® (D) C
Der(—log D) of rankn verifying:

(a) ®(D) is a Lie subalgebra of Dér log D).

(b) There exists a basi, ..., 8, of ®(D) such that if§; = Zj a;jd; then def(a;;)) is an (nonnecessarily
reduced) equation afD, 0).

(c) DO (D) =D Der(—logD).

Condition (b) in Definition 2.1 is independent of the chosen bas& @?).
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Remark 1. Of course for any diviso(D, 0) the O-module Def—log D) has a freeO-submodule of rank
verifying conditions (a) and (b) of Definition 2.1 just by considerifier(O) where f is an equation of the
germ D. Nevertheless, it is not obvious when a geft, 0) is quasi-free. In [9] Damon introduced the notion
of free* divisor structureon a divisor(D, 0) defined by some fre®-submodule (of rank’) £ c Der(—logD’)
whereD’ = D x C"~" andn’ > n. The O-module£ need not be a Lie algebra. Our notion of quasi-free divisor
should be related in future works to Damon’s notion of free* structure.

Example 2.(1) Any free divisor(D, 0) is quasi-free just by definin@ (D) = Der(— log D). In particular any germ
of plane curve is quasi-free.

(2) The germ of arrangement of hyperplaii®s 0) c (C", 0) defined byx1xo---x,(x1+x2+---+x,) =01is
quasi-free choosin@ (D) generated by

1= (¥ 4 x12 )91 + x1X202 + - - + X120 100—1,

82 = x1x201 + (x5 + x2%0) 02+ -+ + X2%0 10,1,

dn—1=x1Xp-101 + X2xp—102 + - - + (Xf_l + Xpn—1Xn) dn—1.
8 =x101+ -+ + X,0,.

Itis not free (see [12]).

(3) Orlik=Terao’s arrangement (see [12]) defined in dimension 4yxyw(x + y)(x + 2)(x + w)(y + 2)(y +
w)z+w)x+y+2)x+y+w(y+z+w)(x+y+z+w)=0Iis quasi-free but not free.

(4) If (D,0) C (C",0) is quasi-free thergD x C,0) c (C**1,0) is also quasi-free. We do not know if the
converse of this last result is true.

Remark 2. The free module® (D) in Definition 2.1 is not unique as we can see in Example 2 just by considering
the O-module generated by the vector fieRjobtained froms; by the substitutions,, by x,_1 andd, by 8,_1.

3. Spencer divisors

Let (D, 0) be a divisor. Suppose there exists a ffesubmoduled (D) of Der(— log D) verifying conditions (a)
and (b) of Definition 2.1, but not necessarily condition (c).®6D) is also a Lie algebra one has a complex (of
Spencer type) ob-modules denotedSp® (© (D)), V) (see [3, 3.1]. The fre®-modules of such a complex are

p
Do /\ O(D),

and the differential of the complex are the analogous to the case af-DmgyD). We call this complex
(Sp*(® (D)), V) the Spencer complex associatedstD).
We denote by @?) the quotientD-moduleM®P) = D /(DO (D)).

Definition 3.1. Let (D, 0) be a germ of divisor. Suppose there exists a tfesubmodule® (D) of Der(—log D)
verifying conditions (a) and (b) of Definition 2.1 (but not necessarily condition (c)). The divi30d) is said to
beof Spencer typéor just Spencer divisQrwith respect ta® (D) if the following conditions hold:

(i) The D-moduleM®®) is holonomic;
(i) The Spencer comple&Sp*(® (D)), V) is a free resolution od© D),



F.J. Castro-Jiménez, J.M. Ucha-Enriquez / C. R. Acad. Sci. Paris, Ser. | 338 (2004) 461-466 465

Example 3.(1) Any Spencer free divisor (see [8, 3.3]) is a Spencer divisor.

(2) The germ of arrangement of hyperpla®s 0) ¢ (C", 0) defined byxs - - - x,,(x1+ - - - + x,) = 0 is a quasi-
free divisor of Spencer type with respect to the module) defined in Section 2 because the principal symbols
of the§; form a regular sequence &1, . . ., &,].

(3) Orlik—Terao’s arrangement is a quasi-free Spencer divisor.

4. Duality

In [8] it is proved that for any Spencer free divisor one haguality formula(in the sense of>-modules),
namely (M'°92)* ~ 37199/ We will prove here a duality theorem for logarithniizmodules associated with
Spencer quasi-free divisors.

Let (D, 0) C (C", 0) be a germ of Spencer divisor with respect to a ffesubmodule® (D) of Der(— log D)
verifying conditions (a), (b) of Definition 2.1 but not necessarily condition (c). Supgose fi--- f, is the
decomposition of a reduced equatigrof (D, 0) in irreducible factors. Le{ss, ..., 8,} be a basis o0& (D) where

8i =Y p_14ir0 for somea;; € O. We denotéa;;j) = A
det(A) = f*, forsomex = (a1, ..., o) € N, o; > 1.
Si(f*)y=m;f* m; €.

[8i,8;1=) r_ 1ckf5k, with c;g €0.

In the following theorem we compare two logarithmiz modules:M®?) = D/DO (D) and MOU =
D/DE(f*) where

o(r” )_{ (;ca forallSe()(D)}

Recall that the duaM™* of a holonomicD-module M is the left D-module associated to the rigiit-module
Ext,(M, D).

Theorem 4.1.With D as above, we havg1® )y ~ pO&(*).

Remark 3. If D is a quasi-free and Spencer divisor tHe® (D) = D Der(—log D), so we obtain M'090)* —
M'99/% This result is useful (see [7] and [14]) to study which divisors verify the Logarithmic Comparison
Theorem.

5. The locally quasi-homogeneous case

Following the ideas of [5], it can be shown that[ifis a LQH quasi-free divisor with respect to a corresponding
O (D) (see 2.1), the symbols of the elements of any bas#3 @) form a regular sequence #[&1, . .., &,].

Theorem 5.1.1f D is a LQH quasi-free divisor, then it is Spencer.

There exists a natural morphispi« : M'°9/“ — O[xD],, defined by¢fa(17) P(1/f*) whereP denotes the
class of the operata? € D, modulo/'°9/“. The image ofp ya is Dp = . As a natural question we ask for the class
of D such that the morph|sr¢fa is an isomorphism. We proved in [8] that for any locally quasi-homogeneous
free germ of divisor(D, p) defined by a local reduced equatignthe morphismg s is an isomorphism and in
particular Anmy(1/f) = I'°97/ is generated by differential operators of order 1. We have an analogous result for
LQH Spencer quasi-free divisors:
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Theorem 5.2.If D = (f = 0) c C" is a LQH quasi-free divisor, then the natural morphigm : M09/ — Df—lm
is an isomorphism. In particulan/'°92 and #7'°9/* are regular holonomic.

The last theorem is based in the next lemma. It can be proved as in [8, Lemma 5.3.]. The key is that one can
assume an Euler vector field in the basigqfD) in the LQH case.

Lemma 5.3.Under the hypotheses 6£2, Ext%(M@<-f“>, 0)o=0.

Remark 4. If LCT holds for a divisor verifying all the hypotheses of 5.2 and in addir]bf}& = O[xD] then we
have |

2*(log D) ~ DR(O[+D]) = DR(M'"°9/") = DR((M'°9P)*) = Sol(Mm'°9P),

that is, the complex of logarithmic differential forms turns out to be quasi-isomorphic to a complex of solutions of
a certainD-module.

It is a natural question if this fact holds — independently of LCT — for all Spencer divisors, as in the free case
(see [3]).

Acknowledgement

We would like to thank David Mond for several useful discussions about this subject. Partially supported by
BFM2001-3164 and FQM-333.

References

[1] I.N. Bernstein, Analytic continuation of generalized functions with respect to a parameter, Funct. Anal. Appl. 6 (1972) 273-285.
[2] J.-E. Bjork, Rings of Differential Operators, North-Holland, Amsterdam, 1979.
[3] F.J. Calderén-Moreno, Logarithmic differential operators and logarithmic de Rham complexes relative to a free divisor, Ann. Sci. Ecole
Norm. Sup. (4) 32 (5) (1999) 701-714.
[4] F.J. Calderon-Moreno, D. Mond, L. Narvaez-Macarro, F.J. Castro-Jiménez, Logarithmic cohomology of the complement of a plane curve,
Comment. Math. Helv. 77 (1) (2002) 24-38.
[5] F.J. Calderén-Moreno, L. Narvadez-Macarro, The modRI¢* for locally quasi-homogeneous free divisors, Compositio Math. 134 (1)
(2002) 59-74.
[6] F.J. Castro-Jiménez, D. Mond, L. Narvaez-Macarro, Cohomology of the complement of a free divisor, Trans. Amer. Math. Soc. 348 (8)
(1996) 3037-3049.
[7] F.J. Castro-Jiménez, J.M. Ucha-Enriquez, Explicit comparison theorenf3-foodules, J. Symbolic Comput. 32 (6) (2001) 677-685,
Special Issue on Effective Methods in Rings of Differential Operators.
[8] F.J. Castro Jiménez, J.M. Ucha Enriquez, Free divisors and dualify-faodules, Proc. Steklov Inst. Math. 238 (2002) 88—96.
[9] J. Damon, Nonlinear sections of nonisolated complete intersections, in: New Developments in Singularity Theory, Cambridge, 2000, in:
NATO Sci. Ser. Il Math. Phys. Chem., vol. 21, Kluwer Academic, Dordrecht, 2001, pp. 405-445.
[10] V. Goryunov, D. Mond, Tjurina and Milnor numbers of matrix singularities, Preprint, 2003.
[11] M. Kashiwara, On the holonomic systems of linear differential equations Il, Invent. Math. 49 (2) (1978) 121-135.
[12] P. Orlik, H. Terao, Arrangements and Milnor fiber, Math. Ann. 301 (1995) 211-235.
[13] K. Saito, Theory of logarithmic differential forms and logarithmic vector fields, J. Fac. Sci. Univ. Tokyo 27 (1980) 256—291.
[14] T. Torrelli, Sur les germes de fonctions méromorphes définis par un systeme differentiel d’orde 1, Preprint, 2002.
[15] J.M. Ucha-Enriquez, Métodos constructivos en &lgebras de operadores diferenciales, Ph.D. Thesis, Universidad de Sevilla, 1999.



