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Abstract

We construct Nakajima’s quiver varieties of typen terms of affine Grassmannians of typeThis gives a compactification
of quiver varieties and a decomposition of affine Grassmannians into a disjoint union of quiver varieties. Consequently,
singularities of quiver varieties, nilpotent orbits and affine Grassmannians are the samednTygeconstruction also provides
a geometric framework for skeWGL(m), GL(n)) duality and identifies the natural basis of weight spaces in Nakajima’'s
construction with the natural basis of multiplicity spaces in tensor products which arises from affine Grassmaaortides.
thisarticle: . Mirkovi¢, M. Vybornov, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Résumé

Nous construisons les variétés carquois de Nakajima deAygretermes de Grassmanniennes affines deAyfieci fournit
une compactification de ces variétés carquois et une décomposition de ces Grassmanniennes affines en une union disjointe
variétés carquois. En conséquence, les singularités des variétés carquois, des orbites nilpotentes et des Grassmanniennes affi
sont les mémes en typé&. La construction fournit aussi un cadre géométrique pour la du@itém), GL(n)) extérieure et
permet d'identifier la base naturelle des espaces de poids dans la construction de Nakajima avec la base naturelle des espac
de multiplicité des produits tensoriels dans la construction géométrique en termes de GrassmanienireLaffoiter cet
article: . Mirkovi€, M. Vybornov, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
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Soientv = (v, ...,v,—1) €td = (d1, ..., d,—1) deux suites de — 1 entiers positifs ou nuls. Considérons les
variétés carquoifi(v, d) et Mo(v, d) de typeA,_1 définies par Nakajima [12,13], et le morphisme projectif
M, d) — Mo(v,d). NotonsL(v, d) = p~1(0) C M(v, d). Comme Maffei [10], notons aus8iti (v, d) =
pMN(v,d)) C Mo(v,d). A v etd correspondent des poidsetd — Cv de Sl(n), ainsi que des poids (partitions)
X eta de GL(n), cf. [12, 8.2, 8.3]. Enfin, la dualité usuelle des partitions fournit des copo&tg. de GL(m), ou
m=di+---+dy—1.

SoientG = GL(m) etGe = G((2))/Gl[z]] la Grassmanniene affine d& Notonsg,, I'orbite de G[[z]] passant
par le copoids dominant (partitiong) Soit /i la partition duale det eta = (as, ..., a,) une permutation dg.
Considérons I'espace de convoluti@f) = ga,al * -k Gy, , OlUwy est lek-ieme copoids fondamental de Gik),

et I'application = 7j; : QNZ — G,L, cf. [11]. NotonsL<%G le noyau du morphisme d’évaluatiai[z '] — G,
z~ 1 0, et notond;, I'orbite de L<0G passant pax dansGg, ou A est un copoids dominant d&.

Théoréme. Soientv, d, a, », © comme ci-dessus. Il existe des isomorphismes algébriguetsg, vérifiant
¢(0) = A, et tels que le diagramme suivant soit commutatif

M, d) ==X T, NG,) —==G!

(O

9:)’tl(vsd)% T, mG;}, %gu

SN

En particulier,¢ se restreint en un isomorphisrpe £(v, d) ~ 7~ 1(1).

1. Preliminaries
1.1. Quiver varieties of typa

We recall Nakajima’s construction of simple representations @figlcf. [12,13]. Let/ ={1,...,n — 1} be the

set of vertices and le® be an orientation of the Dynkin graph of typ _1. Let £2 be the opposite orientation

andH €' 2 U 2 be the set oirrows We call (1, H) the Dynkin quiver of typeA,_;. For an arrowz: € H we

denote byr’ € I andh” € I its initial and terminal vertices. For a paird in Z;O takeC-vector space¥; andD;
of dimensions dinV; = v; and dimD; = d;, i € I. Consider the affine space

M (v, d) = @) Hom(Vyy, Vi) & @) Hom(D;, v;) & @5 Hom(V;., D;)
heH iel iel

with the natural action of the group(V) =[[;.; GL(V;). Letm: M (v, d) — g(V) be the corresponding moment
map into the Lie algebrg(V). (Symplectic form oV (v, d) is defined in [13, 3], the Lie algebd V) is identified
with its dual via the trace.) Denoté(v, d) = m~1(0).

Nakajima’s quiver varietyi(v, d) is the geometric quotient ofi* (v, d) by G(V), where A% (v, d) is the
set of all stable points iM(v,d) (so A*(v,d)/G(V) is the set ofC-points of M(v, d)). The quiver variety
Mo(v,d) = A(v,d)//G(V) is the invariant theory quotient (the spectrum of €/ )-invariant functions). There
is a natural projective map : (v, d) — Mo(v, d), cf. [13], and following Maffei [10], denote its image by
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M1(v,d) = p(M(v,d)) C Mo(v,d). Finally, let £(v, d) d=8fp‘1(0) C M(v, d) and denote byH(L(v, d)) its top-
dimensional Borel-Moore homology.

Theorem 1.1 [13, 10.ii]. The space&d, H(L(v, d)) has the structure of a simpBL(n)-module with the highest
weightd (i.e., Y, d;w; for the fundamental weights;). The summan@(£(v, d)) is the weight space for the
weightv' =3, viw; =Y diw; — Y viey, Where{e;, i € I} are simple roots o8L(n).

1.2. FromSL(n) to GL(n)

We may considep, H(£(v,d)) as a representatioW; of GL(n) with the highest weight. = i(d) =
(A1, A2,.... k), whered; = Y27 d; for 1<i <n—1andi, =0, is a partition ofN = Y"1 jd;. Then
H(L(v, d)) is the weight spac#; (a), wherea; = v,—1 + i, v (herev, =0), cf. [12, 8.3].

1.3. Affine Grassmannians of tyge

We recall the construction of representationsGot= GL(m) in terms of its affine Grassmannidh;, cf. [8,
5,11]. Let V be a vector space with a badig,...,e,} and V((z)) = V ®c C((z)) 2 Lo =V ®c C[[z]].
A lattice in V((z)) is an C[[z]]-submoduleL of V((z)) such thatL ®c;;;; C((z)) = V((z)). The affine
Grassmanniarj; is a reduced ind-scheme who&kepoints can be described as all latticesVirf(z)) or as
G((2))/Gllz]l. Its connected componendzy) are indexed by intege® € Z, and if N > 0 thenGy, contains
Gn = {latticesL in V((z)) such thatLo C L, dimL/Lo= N}. To a dominant coweight € Z™ of G, one attaches
the latticeL, = @7 Cl[z]] - 7 *e;. The G[[z]]-orbits G, in G are parameterized by the dominant coweights
via G, = G[[z]]- Ly. Finally, we denote by.<%G the subgroup of the group ind-sche@¢z ~1] defined as the
kernel of the evaluation™! > 0.

The intersection homology of the closufe is a realization of the representati®h, and the convolution of
IC-sheaves corresponds to the tensor products of representations, cf. [5,11].

1.4. Resolution of singularities

The cIosur@M of the orbitG, in Gy has a natural resolution. TH&[z]]-orbits inGy correspond te.’s which
may be considered as partitions@f(into at mostn parts). Any permutation = (a1, . .., a,) of the partitionji
dual tou defines a convolution spa@ = gwal * - x Gy, , Wherewy is thek-th fundamental coweight af, and

a resolution of singularities = }; : QNZ — éu, cf. [11].

2. Nilpotent cones of type A
2.1. n-flags[4,3]

Let us fix a vector spac® of dimensionN. Let V' = A/ (D) be the nilpotent cone in Eifd). The connected
componentsF™¢ of the variety ofn-step flags inD are parameterized by alle Z">o suchthatv =Y"7_; a;:

Fr={0=FRCFACFRC---CF,=D|dimF —dmF_i=qa}.

Its cotangent bundle i/ = T*F"4 = {(u, F) € N x F* | u(F;) C F;_1}. Denote bym, : N4 — A the
projection onto the first factor.
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2.2. Atransverse slice to a nilpotent orbit

Let x be a nilpotent operator oP, with Jordan blocks of sizes = (A1 > A2 > --- > A;;). We construct a
“transverse sliceT, to the nilpotent orbitD, € A atx, different from the one considered by Slodowy [14, 7.4].
In some basigy ;, 1< k < A;, of D, one hasc: ey ; — ex—1,; (We seteg; = 0). Now

T x + £, f€EndD) | £l =0, if k# 2, andf)) =0, if 1> 4},

w 7 Ce i — Cey iX inou is. , utatioma =
here ,fl] Ce;,j — Cey,; are the matrix elements of in our basis. For a larger orbi?,,, any permutatiom

(a1, ..., ay) of the dual partition, gives a resolutioT* d:efma—l(Tx NO,) c N™ of the sliceT, ,, e n Ou

t0 05 in O,,.
3. Main theorem

3.1. From quiver data to affine Grassmannian data

We start with A, _1 quiver datav, d € Z;o such thathi(v, d) is nonempty. Take the Sk)-weightsd and

d — Cv, and pass to Glz)-weightsi anda as in Section 1.2. Now permuteto a partitionfi = ji(a) = (fi1 >
fig >+ > fin) Of N =Y "7 jd;. Finally, letA = (A1, ..., Aw) andp = (1. ... ttm), Wherem = Y11 d;, be

the partitions ofV (i.e., GL(m)-coweights) dual td. and: respectively.

Theorem 3.1. LetN, v, d, a, A, n be as above. Let, € Gg be the lattice corresponding to the coweightnd let
T, be itsL<0G-orbit. There exist algebraic isomorphismise, ¥, ¥ such that the following diagram commutes

Mv,d) —2> T4 L7~ Y T, N Gy) —=> G4

pi mal . u ®
M(v, d) —==Tx *ﬁ) NG, —=G,

and (¥ o $)(0) = L,. In particular, ¥ o ¢ restricts to an isomorphist8(v, d) ~ = ~1(L,).

3.2.

Ford = (d1,0,...,0) andA = (1, ..., 1) the theorem above was proven in (or follows immediately from)
[8,12]. The isomorphismg (resp.¢) is analogous to the isomorphism constructed in [12] (resp. isomorphism
conjectured in [12, 8.6] and constructed in [10] using a result from [9]). However, our isomorghigsn
given by an explicit formula described as follows. Let us think of a pointhin(v,d) as (closed orbit
of) a quadruple({B;}ici, {Bi}icr, {pi}ici, {gi}icr) € A(v,d), whereB; e Hom(V;, V;11), B; € Hom(V;41, V),
pi € Hom(D;, V;), and¢; € Hom(V;, D;). We decompose the vector spabe dimD = N, as a direct sum:

D =®1¢<j<n1 D}, cf. [10], whereD" = Clep,; | 1 = j}, dimD" = dimD; = d; (notation of 1.1, 2.2, 3.1).

Then for anyf € End(D) we consider its blocks‘j{;;h/ : D?,’ — D?. By definition,¢(B, B, p,q) =x+ f e N
(notation of 2.2), where
f-j/};h/ _ { qjBj_1... Bh’+lBh’Eh’Eh’+l .. Ej’—lpj’ if h= j', )
I 0 otherwise.
In particular,g (0) = x.
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3.3. Compactification of quiver varieties

A compactification off1(v,d) and M(v,d) is given by closures of their respective images under the
embedding$iti (v, d) — G, andM(v, d) — g;;.

3.4. Decomposition

The theorem implies a decomposition@f into a disjoint union of quiver varieties

o= || || Mow.a). (3)

gkggu yeG‘L)”

whereMo(v, d), is a copy of quiver varietPio(v, d) for every pointy € G - L, andv, d are obtained from, u
by reversing formulas in Section 1.2.

3.5. Beilinson-Drinfeld Grassmannians

Recall the moment mam: M (v, d) — g(V) from Section 1.1. Any: = (c11dy,, ..., c,—11dy, ,) in the center
of the Lie algebray (V) definesA. (v, d) = m~1(c), and then, as in 1.1, the “deformed” quiver variefl8$(v, d) =
AL(v,d)/G(V) andMG(v,d) = Ac(v,d)//G(V). We expect that in typel our theorem and decomposition (3)
extend to a relation between deformed quiver varieties and the Beilinson—Drinfeld Grassmannians, cf. [2].

For instance, whed = (d1, 0, ..., 0) there is an embeddirgiy(v, d) — ggg) (GL(m)) of our quiver variety
into the fiber of the Beilinson—Drinfeld Grassmannian over the p@nt;, c1 +c2, ..., c1+ -+ ¢,_1) € AW,

The proofs and more details will appear in a forthcoming paper.

Another example of a decomposition of an infinite Grassmannian into a disjoint union of quiver varieties can
be found in [1] (who generalized a result from [15]). A part of adelic Grassmannian is a union of quiver varieties
MC (v, d) associated taffinequivers of typeA.

4. Geometric construction of skew (GL(n), GL(m)) duality
4.1. Skew duality

Let V =C" andW = C”" be two vector spaces. Then we have thg ) x GL(W)-decomposition, see, e.g.,
[6,4.1.1], cf. [7]:

AWV ew) =P v.ew;. (4)
A
wherea varies over all partitions o¥ which fit into then x m box, andV, andW; are the corresponding highest
weight representation of Glz) of GL(n). This is essentially equivalent to natural isomorphisms of vector spaces
Homg (n) (A“lV Q- QAMV, VA) ~ W): (a), (5)

whereW; (a) is the weight space corresponding to the weight (ax, . .., ay).
4.2.
We construct a based version of the isomorphism (5), i.e., a geometric skew duality. More preciseW, with

d,a, » as in 3.1, we identify the left-hand side witii(x —(L,)) (notation from Theorem 3.1) and the right-hand
side with H(£(v, d)) by Theorem 1.1. The identification of irreducible components T(L;) = Irr £(v, d),
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which follows from Theorem 3.1, matches the natural basis of the space of intertwinegg oMMV @ - - - ®
A%V, V) arising from the affine Grassmannian construction (i.ex Td(L;)), and the natural basis of the weight
spaceW; (a) in the Nakajima construction (i.e., I2(v, d)). Altogether:

HOMGL () (AV ® -~ @ A"V, Vi) = H(n 1 (Ly)) = H(L(w, d)) = Wi (a).
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