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Abstract In this Note, we propose a new proof for the existence of a minimum in the multiconfigu-
ration methods in Quantum Chemistry. We use a Palais-Smal e condition with Morse-type
information, whose proof is based on the Euler—Lagrange equations, written in a simple
and useful way. To cite this article: M. Lewin, C. R. Acad. Sci. Paris, Ser. | 334 (2002)
299-304. 0 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Les méthodes de multiconfiguration en chimie quantique : condition
de Palais—Smale et existence de minima

Résumé Dans cette Note, nous proposons une nouvelle preuve de I’ existence d’ un minimum pour
les méthodes de multiconfiguration en Chimie Quantique. Nous utilisons une propriété
de Palais-Smale (avec information de type Morse), dont la démonstration repose sur les
équations d’Euler—Lagrange écrites sous une forme compacte aisément utilisable. Pour
citer cet article: M. Lewin, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 299-304. 0O 2002
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

L’ énergie quantique non relativiste de N électrons en présence de M noyaux ponctuels et immobiles est

Y=Y LV w4 ven|wl]?) d I,
e =3 [ GV @l HVEe@[ ) der 3 | S
i=1

1<i<j<n /R i = xjl

Icix = (x1,...,xx) € ROV, V() ==L 22— ollu e R3, et W e HE(R3Y, R) vérifie | W] 2 =1
(I'indice a signifie que ¥ est antisymétrique par rapport aux permutations de variables). Pour smplifier,
nous avons négligé le spin et supposé que les ¥ sont a valeurs réelles. Nous noterons Z = Z,",le zm la

charge totale des noyaux.
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Dansle modelede multiconfigurationderang K, on selimite adesfonctionsd’ onde qui sont des sommes
finies de déterminants de Slater, formés a partir de K fonctions (¢;) de HY(R®) vérifiant [z di¢p; = 5ij

v = Z C1'|¢i19~-~v¢i1\1)

I={i1<iz<---<iy}C{l,...,K}

o |@iy, .., Piy) (X1, ..., xN) = \/% det(¢i, (x1)ks €t > ; cr? = 1. Ceci est équivalent arg(¥) := rg(Py)
< K, ou py est I'opérateur de densité d’ ordre 1 (voir [9,2]). Ce modéle est justifié par le fait que toute
fonction d’ onde peut étre dével oppée en une combinaison linéaire (éventuellement infinie) de déterminants
de Slater.

L’ énergiefondamentale derang K est alors définie par

EN =inf{ (W, H¥), ¥ e H}(R®), W]l 2gav, =1, rg(¥) <K }. (1)

Pour des raisons algébriques, il N’ existe pas de fonctionsd’ondederang K = N + 1 €, lorsque N = 2,
elles sont toutes derang pair. St K = N, on retrouve le modéle de Hartree—Fock abondamment étudié dans
lalittérature [7,8,4]. Un cas particulier de K = N + 2 est éudié par C. Le Bris dans[5] qui considére des
sommes de deux déterminants et démontre I'inégalité EN 2 < EN (la généralisation EX+2 < EX pour
tout K > N peut étre trouvée dans [3]). L' existence d’un minimum pour tout K > N a récemment été
obtenue par G. Friesecke dans [2]. Sa preuve, trés intéressante, est basée sur des méthodes de localisation
géométrique, un argument de type concentration-compacité de P-L. Lions et I'inégalité E,’@jﬁll < E¥X.
Malheureusement, nous pensons que sa méthode n'est pas adaptée a la recherche de points critiques et
€’ est pourquoi nous avons cherché une autre preuve, dans |’ esprit de [8].

Notre démonstration est basée sur les équations d’ Euler—Lagrange, peu étudiées jusqu’ a présent a cause
de leur apparente complexité, mais que nous avons écrites sous une forme compacte aisément utilisable.
Nous démontrons ainsi I’ existence d’un minimum W pour tout K > N. La formulation choisie pour le
théoréme 1 est motivée par une étude en cours[6] concernant I’ existence de points critiques qui ne seraient
pas des minima.

Si on pose ;... iy = 0 lorsque #{iq, ...,in} < N €t oy, iy = f/(—%)!c{ia(l><444<ia(N)} sinon, on a alors

W= 3wy , _ Tete— 9] i
= iy, in®iy @+ @ diy. AveC D = (1, ..., ¢k) " etc=(cy) e R'~’, on obtient

(W, HY) = E(c, D) ::<<<—é+v>r+w¢> . @, q>> , 2
2 (LZ(R3))K

ol les matrices I' et Wo sont définies par I'yj = N> i, o @iko, o kn@jiko,ky € (W) j(x) =

& estdéfiniesur MK = {(c. @) € RV x (HL(R3))K, Sic?=1 [padidj =38;;} parlaformule (2).
Nous noterons d& sa dérivée premiére, et d%g sa dérivée seconde par rapport a @, sur la variété
Riemannienne M 1’\‘, Remarquons que £ est faiblement semi-continue inférieurement lorsqu’on I’ étend a

ROV x (HL(R3))K .

THEOREME 1 (Condition de Palais-Smale avec information de type Morse). — Onsuppose Z > N — 1
et K > N. Soit (", ®"),en Unestite de MK telle que:

(1) (E(c", @™))nen est bornée;

(2) d&(c", ™) — 0;

(3) il existe j € N et une suite (8"),cn de réels strictement positifs tendant vers 0 telle que, pour

chaquen, dée (c", ®") aauplus j valeurspropresinférieuresa —3".

Alors, la suite des fonctions d’ onde associées (U"),cn est relativement compacte dans H}I(R3N ) et

converge (& une sous-suite prés) vers W avec rg(W) = K ou K — 1.
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Deplus, s W =31 kyC1ldiy, ..., diy) OU K’ =rg(¥), on a (avec des notations évidentes) :

.....

((-3+v)r+awe)-o+a-0=0 dams(L2(=5)" @

ou A > 0 est la matrice des multiplicateurs de Lagrange associés aux contraintes sur les ¢;.

COROLLAIRE 2 (Etat fondamental pour |es méthodes de multiconfiguration). — On suppose Z > N — 1.
Pour tout K > N, il existe un minimum ¥ pour EX etonarg(¥)=K ou K — 1.

Remarques. — (i) Lorsque K = N (Hartree—Fock), on aI" = Iy et on peut ainsi diagonaliser A et I'
simultanément, ce qui permet de ramener (3) a un systéme d’ équations scalaires en partie découplées, et
simplifie la démonstration. Dans le cas général ¢’ est impossible et dans les preuves nous diagonalisons I
ou A selonlecas.

(ii) Le théoréme 1 est une étape importante dans la recherche d’ autres points critiques (travail en
cours [6]). Les techniques exposées par exemple dans [4] permettent en effet d' obtenir des suites vérifiant
les hypothéses du théoréme, a partir de min-max appropriés.

(iii) On peut voir quesi (c, @) est une solution de (3), alorsles ¢; sont dans (N, , 3 W>7 (R?) et sont
analytiques réelles sur R3\ {x1,...,xXy}. Si de plus A > 0, aors elles décroissent exponentiellement &
I"infini.

1. Introduction

The non-relativistic quantum energy of N electronsinteracting with M static nucleii is given by:

< 1 2 2 W (x)[2
(W, HW) =" - 5 VP @+ VO | W@)[” de D i d
i=1

1<i<j<N /R Ixi = xj

Here x = (x1,...,xx) € RH)N, V() = = 3,11 22— where u € R, and W € HI(R3V, R) is such
that | W ||, 2 = 1. Thesubscript a on Hg indicatesthat we consider functions W which are antisymetric under
interchanges of variables: Vo € Sy, W(x1,...,xn) =€(0)¥(xg(1), - - -, X)) FOr the sake of simplicity,
we restrict ourselvesto real-valued functions and do not take the spin into account. In the sequel, we denote
by Z=S"" | 7, thetotal nuclear charge.

In the multiconfiguration method of rank K, the set of admissible wave functions is limited to the ¥
which are a linear combination of Slater determinants built with K functions ¢1, ..., ¢x in HX(R3)

satisfying [ps dipj = i

v = Z C['|¢i17~~'7¢i/v)

I={iy<iz<--<iy}C{l,..,K}

where [¢iy. ... ¢y ) (51, ... xn) = —= det(¢y, (x))is and 32, e = 1. This is equivalent (see [9,2]) to
rank(¥) := rank(yg) < K and Range(yy) C span(¢;) where py is the one-body density matrix: thisis
the operator acting on L2(R3) with kernel yy (x, y) = N [paw-1 W (x,x2, ..., x3) ¥ (y, x2, ..., xn) dro- -
dxy. Every wave function can be expressed as a (infinite) linear combination of Slater determinants, which
justifies the model.

The N-body ground state energy of rank K is defined by
Ef =inf{(Ww, H¥), W e HL(R3N), W[ 2@y, =1, rank(¥) <K }. (1)

For algebraic reasons (see [2,6]), there does not exist N-body wave functions of rank K = N + 1
and when N = 2, all the ¥ have an even rank. When K = N, we obtain the well-known Hartree—Fock
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model [7,8,4]. A simplification of the case K = N + 2 was studied by Le Bris [5] who considered the
minimization over doubly excited configurations ¥ = «|¢1, ..., on) + Blo1, ..., dN—20N+10N+2). He
proved the existence of a minimum and the inequality EN "2 < EX (the generdlization EX 2 < EX for
al K > N may be found in [3]). The existence of a minimum for all K > N was recently proved by
Friesecke in [2]. He used a very interesting proof based on geometric localization methods, P-L. Lions
concentration-compactnessideas and the inequality EX 1 < EX. Unfortunately, we think that his method
cannot easily be generalized to obtain saddle points, asin [8] for the Hartree—Fock case. That is why we
have worked on a hew proof, exposed in this Note.

Our method is based on the Euler—Lagrange equations (as in [8]), which were often neglected in the
previous studies because of their apparent complexity. We expressthem in avery simple and useful way (3)
and obtain the existence of aground state W for all K > N. Our formulation of Theorem 1 is motivated by
awork in preparation [6] about the existence of saddle points.

2. The results

If weusethe convention . iy =0if #{i1,...,in} <Nand oy, iy = %C{io(w...d”w)} otherwise,
weget W =3 iy iy ® - ® iy With ® = ($1, ..., ¢x)T and c = (¢;) € R, we obtain
A
(W, HY) = E(c, D) := —— 4+ VI 4+ Wy | & & 2)
2 (L2R3)K

where the matrices I' and Wy are defined by I'; ; = N>,
M-y D gy Dk ik, @ L s, ki (DrB1) * |71|)(X)-
£ is defined on MK = {(c, ®) e RV x (HLR3)K, 3, ¢,2 =1, [psbihj = 8i;} by the formula (2).

We shall denote by d€ its first derivative, and d3€ its second derivative with regard to ®, on the
Riemannian manifold Mﬁ. It is easy to see that £ is weakly lower semi-continuous when it is defined

on ROV x (HL(R3))K (use Fatou’'s lemmafor the term (We - ®, ®)).

ky Yika,o k@ kg,.ky AN (Wo); j(x) =

THEOREM 1 (Palais-Smale condition with Morse-type information). — We assume Z > N — 1 and
K > N. Let (¢", "),en be a sequence of MK such that

(D) (E(c", D")),en isbounded;

(2) de(c", @) — 0

(3) there exists j € N and a sequence of positive real numbers (§"),en With 6" — 0, such that for

every n, d3&(c", @") hasat most j eigenvaluesbelow —§".

Then the corresponding sequence of wave functions (V"),cn is relatively compact in H}I(R3N ) and
converges (up to a subsegquence) to W with rank(¥) = K or K — 1.

Moreover, if ¥ = Zlc{l k) C1lBigs - Diy) with K’ = rank(¥), then we have (with obvious
notations):

.....

((-3+v)r+awe)-o+n-0=0 in2(=)". ©

where A > 0 isthe Lagrange multipliers matrix, corresponding to the constraints on the ¢; .

COROLLARY 2 (Ground state for multiconfiguration methods). — Let Z > N — 1. For all K > N, there
exists a minimum W for El’v‘ withrank(W) =K or K — 1.

Remarks. — (i) Let us recall that any orthonormal basis of Range(yy) can be chosen to represent ¥ asa
linear combination of Slater determinants. If ® = U - ® where U € Ok (R), thenwehave I’ = UTUT,
Wy = UWeUT and A’ = UAU. In the Hartree-Fock theory, one has I = Iy and so one may suppose
that " and A are both diagonal: this “crucial orthogonal invariance of the energy” (see [5]) smplifies the
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arguments since the problem splitsinto N less coupled scalar equations. In our proofs, we suppose either I'
or A diagonal, according to what we need.

(ii) Theorem 1 is the first step towards the existence of saddle points (work [6] in preparation). One
can obtain sequences which satisfy the assumptions of Theorem 1, thanks to the techniques devel oped for
instancein [4]. They correspond to suitable min-maxing methods.

(iii) It is easy to see that if (c, ®) isa solution of (3), then each ¢; isin N, , .3 W>?(R?) and is real-
analyticon R3\ {x1, ..., Xp}. If moreover A > 0, theniit also has an exponential fall-off.

3. Proofs

Proof of Theorem 1. — Our method of proof isin the spirit of [8].

We take (¢, ®") asin the theorem and suppose that for all n, I'" =diag(yy', ..., yg), with0 <y <1
and yi' > --- > yg. We may also assume that ¢} — ¢; fordl 7 c {1,...,K}, |I| = N. Thus each y;
convergesto some y; > 0. It iseasy to seethat, forall i = 1,..., K, y/" [gs |V¢f|2 is bounded. So either
yi =00r (¢"),en isbounded in HY(R3).

Step 1: Let us suppose for instance that yjt — 0. Since (¢ ) isbounded in L2(R3), we may assume — by
extracting subsequencesif necessary —that /¢ — 0in L2(R3) and |/y ¢’ — 0 weakly in HL(R3).
We now show that this last convergenceis strong.

Let/ c{l,...,K}besuchthat |I| =N and K € I. Since £ isquadratic with regard to the (¢;), we have

E(", ") = (Z/ |V ]2> (cj,’)2 + Ay (c’})2 + By} + Ch,
icl /R
where A, (c")? and B, ¢} — O: for instance one of the terms appearing in A, (c})? is

n 2 wpn 2
()2 [ P, W9k D? o

C
D Jes xl T Jre x|

The second assumption of Theorem 1 now yields the existence of a bounded sequence of Lagrange
multipliers (8"),en such that

&
— (", ") = 2(2/ |v¢;1|2> (c}) +2Auc} + By + B"c} — 0.
der ies /R

Multiplying by ¢, we obtain (3", [z31V¢il?)(c})? — 0 for all I containing K and this shows that
VYR — 0strongly in HL(R3).
Ic{l... K}, and d" = ($],...,¢%) 0 that (&", ®") e MK, If (U") are the corresponding wave
functions, the previous argumentsimply that we have W" = U+ " where r” — 0in Hg(R3N ). The new
sequence (¢", "), n satisfies the assumptions (1)—(3) of Theorem 1 on M’,@' and also I'" > yIg: with
y > 0. We now work with this new Palais-Smale sequence and omit the ~ for simplicity.

Sep 2: Thefirst order condition also yields the existence of a K’ x K’ symetric matrix A" such that

9E A
ﬁ(c",c1>")=((—EH/>F"+2W<I,H>.<1>"+A".c1>"—>0. @)

We now prove that there exists a A > 0 such that A" > Alg/. Let us assume for this step that A" =
diag(A], ..., M%). The second order condition of Theorem 1 now implies

1
/|V¢|2+/ (V+p;’*—+—;,+a;’>|¢|2>o
R3 R3 |7 Vii

303



M. Lewin/ C. R. Acad. Sci. Paris, Ser. | 334 (2002) 299-304

for all ¢ in aclosed subspace of H1(R3) of codimension at most K + j, where el — 0and p!* (an explicit
function of the ¢} and the ¢") is such that ng pi =N — 1< Z. We then use the results of [8] to obtain a
8 > Osuchthat A} /y/i + & > § and finally we get (up to subsequences) A} > y/}(6/2) > y(6/2) =1 > 0.

Sinceit iseasy to seethat A" isbounded, wefinally obtain A" — A > 0.

Sep 3: Sincey” > y > 0, the (¢7),en areboundedin H1(R3) and thuswe may assumethat ¢! converges
weakly in HY(R®) (and a.e. in R3) to some ¢; . We now prove that this convergenceis strong.

Passing to the limit in (4), we get

A
(<_E+V)F+2W¢) P4+ A-D=0.

Thisimplies
. L A
limsup(A" - @", d") = — I|m|nf<(<—— + V) r" +2W<1>n) ", q>">
n——400 n—>+00 2

(2 v)rezme) o.8)=(n 00,

by using the same arguments as the one used to show that £ is weakly lower semi-continuous on
ROV x (HYR3)K. So @ — & in (L2(R3))X', and then in (H1(R3))X”. The convergenceof (&™) follows.

Sep 4: Finally onegets K’ = K or K — 1 since there are no critical points of rank lessthan K — 1 on
ME (use the same arguments as the one used in [5,3] to show the inequality EX+2 < EK).

Proof of Corollary 2. — Let (¢", ®") be aminimizing sequence of Eﬁ . We use the minimization principle
of Borwein and Preiss (see [1,4]) to obtain a new minimizing sequence (¢", d") with |¢} — ¢}l — 0and
|®" — @ || 142 z3))x — O, which is the minimizer of the energy with a quadratic perturbation £ + 1 Q,,.
This new minimizing sequence (¢", ®") now satisfies the assumptions of Theorem 1, with j = 0.
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