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ABSTRACT

We present the min-max construction of critical points of the area using penalization arguments. Precisely, for
any immersion of a closed surface X into a given closed manifold, we add to the area Lagrangian a term equal to the
L7 norm of the second fundamental form of the immersion times a “viscosity” parameter. This relaxation of the area
functional satisfies the Palais—Smale condition for ¢ > 2. This permits to construct critical points of the relaxed Lagrangian
using classical min-max arguments such as the mountain pass lemma. The goal of this work is to describe the passage
to the limit when the “viscosity” parameter tends to zero. Under some natural entropy condition, we establish a varifold
convergence of these critical points towards a parametrized integer stationary varifold realizing the min-max value. It is
proved in Pigati and Riviére (arXiv:1708.02211, 2017) that parametrized integer stationary varifold are given by smooth
maps exclusively. As a consequence we conclude that every surface area minmax is realized by a smooth possibly branched
minimal immersion.

I. Introduction

The study of minimal surfaces, critical points of the area, has stimulated the devel-
opment of entire fields in analysis and in geometry. The calculus of variations is one of
them. The origin of the field is very much linked to the question of proving the existence
of minimal 2-dimensional discs bounding a given curve in the Euclidean 3-dimensional
space and minimizing the area. This question, known as Plateau Problem, has been posed
since the XVIIIth century by Joseph-Louis Lagrange, the founder of the Calculus of Vari-
ation after Leonhard Euler. This question has been ultimately solved independently by
Jesse Douglas and Tibor Radé around 1930. In brief the main strategy of the proofs
was to minimize the Dirichlet energy instead of the area, which is lacking coercivity
properties, the two lagrangians being identical on conformal maps. After these proofs,
successful attempts have been made to solve the Plateau Problem in much more general
frameworks. This has been in particular at the origin of the field of Geometric Measure T he-
ory during the 50’s, where the notions of rectifiable current which were proved to be the
ad-hoc objects for the minimization process of the area (or the mass in general) in the most
general setting.

The search of absolute or even local minimizers is of course the first step in the
study of the variations of a given lagrangians but is far from being exhaustive while study-
ing the whole set of critical points. In many problems there is even no minimizer at all, this
is for instance the case of closed surfaces in simply connected manifolds with also trivial
two dimensional homotopy groups. This problem is already present in the I-dimensional
counter-part of minimal surfaces, the study of closed geodesics. For instance in a sub-
manifold of R? diffeomorphic to S? there is obviously no closed geodesic minimizing the
length. In order to construct closed geodesics in such manifold, Birkhoff around 1915
introduced a technic called “min-max” which permits to generate critical points of the
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length with non trivial index. In two words this technic consists in considering the space of
paths of closed curves within a non-trivial homotopy classes of paths in the sub-manifold
(called “sweep-out”) and to minimize, out of all such paths or “sweep-outs”, the maxi-
mal length of the curves realizing each “sweep-out”. In order to do so, one is facing the
difficulty posed by a lack of coercivity of the length with respect to this minimization pro-
cess within this “huge space” of sweep-outs. In order to “project” the problem to a much
smaller space of “sweep-outs” in which the length would become more coercive, George
Birkhoff replaced each path by a more regular one made of very particular closed curves
joining finitely many points with portions of geodesics minimizing the length between
these points. This replacement method also called nowadays “curve shortening process”
has been generalized in many situations in order to perform min-max arguments.

Back to minimal surfaces, in a series of two works (see [6] and [7]), Tobias Colding
and Bill Minicozzi, construct by min-max methods minimal 2 dimensional spheres in
homotopy 3-spheres (the analysis carries over to general target Riemannian manifolds).
The main strategy of the proof combines the original approach of Douglas and Rado,
consisting in replacing the area functional by the Dirichlet energy, with a “Birkhoff type”
argument of optimal replacements. Locally to any map from a given “sweep-out” one
performs a surgery, replacing the map itself by an harmonic extension minimizing the
Dirichlet energy. The convergence of such a “harmonic replacement” procedure, cor-
responding in some sense to Birkhoff “curve shortening procedure” in one dimension,
is ensured by a fundamental result regarding the local convexity of the Dirichlet en-
ergy into a manifold under small energy assumption and a unique continuation type
property. What makes possible the use of the Dirichlet energy instead of the area func-
tional, as in [38], is the fact that the domain S? posses only one conformal structure and
modulo a re-parametrization any W!> map can be made g-conformal (due to a funda-
mental result of Charles Morrey see Theorem 1.2 [28]). This is not anymore the case if
one wants to extend Colding—Minicozzi’s approach to general surfaces. This has been
done however successfully by Zhou Xin in [48] and [49] following the original Colding—-
Minicozzi approach. These papers are based on an involved argument in which to any
“sweep-out” of W'?-maps a path of smooth conformal structures together with a path of
re-parametrization are assigned in order to be as close as possible to paths of conformal
maps.

Because of the finite dimensional nature of the moduli space of conformal struc-
tures in 2-D, and the “optimal properties” of the Dirichlet energy, Colding—Minicozzi’s
min-max method is intrinsically linked to two dimensions as Douglas—Radé’s resolution
of the Plateau problem was too. The field of Geometric Measure Theory, which was orig-
inally designed to remedy to this limitation and to solve the Plateau Problem for arbitrary
dimensions in various homology classes, has been initially developed with a minimization
perspective and the framework of rectifiable currents as well as the lower semicontinuity
of the mass for weakly converging sequences was matching perfectly this goal. In order
to solve min-max problems in the general framework of Geometric Measure Theory, the
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notion of varyfold has been successfully introduced by William Allard and by Fred Alm-
gren. A complete GM'T min-max procedure has been finally set up by Jon Pitts in [31]
who introduced the notion of almost minimizing varifolds and developed their regularity the-
ory in co-dimension 1. Constructive comparison arguments as well as combinatorial type
arguments are also needed in this rather involved and general procedure (The reader is
invited also to consult [5] and [22] for thorough presentations of the GM'T approaches
to min-max procedures).

The aim of the present work 1s to present a direct min-max approach for con-
structing minimal surfaces in a given closed sub-manifold N" of R". The general scheme
is simple : one works with a special subspace of 91 immersions of a given surface X, one
adds to the area of each of such an immersion ® a relaxing “curvature type” functional
multiplied by a small viscous parameter o

I.1) A”(C_Is) = Area(&)) + 02/ curvature terms dvol,,
b

where dvol,; is the volume form on ¥ induced by the immersion ®. The “curvature
terms” is chosen in order to ensure that A satisfies the Palais—Smale property on the ad-hoc
corresponding Finsler manifold of C!'-immersions. This offers the suitable framework in
which Palais deformation theory can be applied to produce critical points realizing an
arbitrary minmax value. Once a min-max critical point of A” is produced one passes to
the limito — 0 - -

More precisely, we introduce the space £, of W»*-immersions ® of a given
closed surface ¥ for p > 1! into N* C R”. It is proved below that this space has a nice
structure of Banach Manifold. For such immersions we consider the relaxed energy

A%(®) := Area(®) + o / [1+ T3] dool,,

p)

where g3 and i@ are respectively the first and second fundamental forms of &D(Z)
in N". Unlike previous existing viscous relaxations for min-max problems in the litera-
ture, the energy A” is intrinsic in the sense that it is invariant under re-parametrization
of @ : A"(&)) =A° (C_IS o W) for any smooth diffeomorphism W of ¥. Modulo a choice
of parametrization it is proved in [20] and [18] that for a fixed o # 0 the Lagrangian
A7 satisfies the Palais—Smale condition. Hence we can consider applying the mountain path
lemma to this Lagrangian.
We introduce now the following definition

! The condition p > 1 ensures that @ is C!. This last fact permits to use the classical definition of an immersion.
The case p = 1 was considered in previous works by the author where the notion of immersion had to be weakened.
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Definition 1.1. — Let % be a closed Riemann surface and M™ be a closed sub-manyfold
M" C RR. A map ® € W2 (X, M™) together with an 1>° bounded integer multiplicity N, is called
“integer target harmonic™ if for almost eve@f domain 2 C X and any smooth_function ¥ supported in
the complement of an open neighborhood of ®(9€2) we have

(1.2) / N(d(F(®)), d®) — N, F(®) A(®)(dD, dD),, dvol,,
o :

where gy s an arbitrary metric whose conformal structure is the one given by the Riemann surface X,
(-, +)q denotes the scalar product in T*% issued _from gy, A(y) denotes the second fundamental form
of M™ C R™ at the point y. When the function N is constant on X we simply speak about “target
harmonic” maps.

Our main result in the present work is the following convergence theorem.

Theorem I.1. — Let N" be a closed n-dimensional sub-manifold of R" with 3 <n <m — 1
bemng arbutrary. Let 3 be an arbutrary closed Riemanian 2-dimensional manyfold. Let o, — O and let
D, be a sequence of critical points of

Aok(cf)) = Area(&D) + 0,3 f [1 + |i5>|2]1’ dvol,,
b

in the space of W** -immersions of ¥ and satisfying the entropy condition

. 1
(I.3) o’ / [1415,1°] dool, :0( 1)-
b

logo,”

T hen, modulo extraction of a subsequence, there exists a closed Riemann surface (S, hy) with
genus(S) < genus(X)

and a conformal integer target harmonic map (P, N) from S into N" such that

i L ;
lim A%(®) =5 f N |d Dy, dvol,,.

k— 00 S

Moreover, the oriented varifold associated to Py converges in the sense of Radon measures towards the
stationary integer varifold associated to (P oo, N).

The regularity of target harmonic maps 1s established in [35] and [30]. Accord-
ing to the main results in these works the limit (®.,, N) is a smooth minimal branched
immersion equipped with a smooth integer valued multiplicity.

% The notion of almost every domain means for every smooth domain €2 and any smooth function f such that f~!(0) =
02 and Vf # 0 on 092 then for almost every ¢ close enough to zero and regular value for / one considers the domains
contained in € or containing £ and bounded by £~ ({¢}).
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Open problem: Assuming &Dk has a uniformly bounded Morse index for the La-
grangian A% one expects that the convergence is a strong W'?- “bubble tree” conver-
gence (1.e. strong away from finitely many points) which is equivalent to N=1 on S.

The main difficulty in proving Theorem I.1 in contrast with existing non intrinsic
viscous approximations of min-max procedures in the literature is that there is a-priori no
e-regularity property dependent of the viscosity o available. Indeed the following result is
proved in [25].

Proposition 1.1. — There exists &Dk e C®(T?,S%) and o — O such that &Dk s a sequence
of immersions, critical points of A%, which is conformal into S® from a converging sequence of flat tori
R?/Z + (a; + 1 bp)Z towards R*/Z + (as + 1 boo)Z, for which

lim sup A% (d;) < 400

k——+00

such that also o, weakly converges to a limiting map Do in WH2(R?/Z + (as + 1bo0)Z, S7) but
D, nowhere strongly converges: precisely

YU open set in RQ/Z + (oo + 10s0)Z

f VD2 & < liminf [ [VO,|? dil.
U k=400 Ji;

In order to overcome this major difficulty in the passage to the limit o, — 0 we
prove a quantization result, Lemma III.3, which roughly says that there is a positive
number )y, depending only on the target N* C R", below which for £ large enough, un-
der the entropy condition assumption, there is no critical point of A%. This result is used
at several stages in the proof. The main strategy goes as follows. We first establish the
stationarity of the limiting varifold. The proof is based on an almost dwergence form of the
Euler Lagrange equation associated to A? following the approach introduced in [33] for
the Willmore Lagrangian in R”. The existence of such an almost diwergence form is due to the
symmetry group associated to the same Lagrangian in flat space and the application of
Noether theorem (see [2]). As in [25], the exact divergence form in Euclidian space is just
an almost-divergence form in manifold. Next we choose a conformal parametrization of ®;
on a possibly degenerating sequence of Riemann surfaces (X, ;) (where /%; denotes the
constant curvature metric of volume 1 conformally equivalent to ®gx»). We use Deligne
Mumford compactification in order to make converge (X, ;) towards a nodal Riemann
surface with punctures (see for instance [13]). We then use the monotonicity formula,
deduced from the stationarity, in order to prove that, away from a so called oscillation set,
the limiting volume density measure on the thick parts of the limiting nodal surface is ab-
solutely continuous with respect to the Lebesgue measure. We then use the monotonicity
formula again in order to prove the quantization result Lemma III.3. This quantization
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result is used in order to show that the limiting volume density measure restricted to the
oscillation set 1s equal to finitely many Dirac masses. The quantization result is again used
in order to prove that for the weakly converging sequence @, there is no energy loss nei-
ther in the necks in each thick parts of the limiting nodal surface, nor in the collars regions
separating possible bubbles, which are possibly formed (see Lemma IIL.6). The previous
results are proved to show the rectifiability of the limiting varifold (see Lemma III.8). We
then prove that there is no measure concentrated on the set of points where the rank of
the weak limit @, on each thick part and on each bubble is not equal to 2. Finally we use
all the previous results to prove a “bubble tree convergence” of the sequence ®; on each
thick part (Lemma III.10) which gives in particular that the limiting rectifiable stationary
varifold is integer. The last lemma, Lemma III.13, establishes that the limiting map is a
conformal target harmonic map on each thick part of the nodal surface and on each bubble.

Theorem I.1 can be used to prove various existence results of optimal varifolds
realizing a min-max energy level. We first define the following notion.

Defination 1.2. — A family of subsets A C P(M) of a Banach manifold M is called ad-
missible family if for cvery homeomorphism E of M isotopic to the identity we have

VAe A E(A) e A

Example. — Consider M := Wi;ff(z, N") for some closed oriented surface ¥ and
some closed sub-manifold N" of R" and take for any ¢ € N and ¢ € ,(Imm(X), N") then
the following family is admissible

A= {0 e CO(S, W22 (S%,N"); st [®]=c}.

imm
Our second main result is the following,

Theorem 1.2. — Let A be an admissible family in the space of W** -immersions into a closed
sub-manifold of an Euclidean space N". Assume

(I.4) inf maxArea(®) = B° > 0,

AeA Hea
then there exists a closeg Riemann surface (S, hy) with genus(S) < genus(X) and a conformal integer
target harmonic map (P oo, N) from S into N" such that

l F 12 _ Qo0
N|d P}, dvoly, = B
2 Js

This general existence result has to be put in perspective with the previous min-
max existence results partly discussed above either in GMT (see [31], [41], [5], [22],
(23], ...) In harmonic map theory (see [6], [7], [48], [49]) or using level set-PDE approaches
(see [15], [47], [11], [10], [42], [43]). Combined with the main regularity results in [35]
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and [30] Theorem I.2 implies in particular all known results for the realization of arbi-
trary minmax by minimal surfaces. One technical advantage of the present work over
the previous existing literature on minmax theory for surfaces in GMT or harmonic map
theory, is that our proof of Theorem 1.2 does not require any “replacement argument”.
The viscosity approach gives moreover, without any additional work, an upper bound
of the genus of the optimal surface. Such lower semicontinuity of the genus has been
established in the GMT approach in [8] in co-dimension 1 and was not given by the
min-max procedure itself. As in the geodesic case studied recently in [25] and where a
passage to the limit in the second derivative is proved, the viscosity approach gives under
the multiplicity one assumption® (N = 1 a.e. on S) informations on the limiting index (see
[37]). This fact was left open in the GMT, the harmonic map as well as in the level set-PDE
approaches in it’s full generality (see however partial important results in this direction
for the PDE approach in [24]).

The second, and possibly main advantage, of the viscosity method resides in the
fact that one can explore min-max within the space of immersions of fixed closed surfaces.
The spaces Imm(X, N”) offers a richer topology than the space of integer rectifiable 2-cycles
Z9(IN") considered by Almgren whose homotopy type is more coarse. The author has
recently taken advantage of the full strength of Theorem 1.2 for introducing new families
of minmax problems at the level of immersions called minmax hierarchies (see [37]).

In order to simplify the presentation and in particular the computations of the
Euler Lagrange equation to A we are presenting the proof of Theorem 1.1, in the spe-
cial case N* = S®. There is however no argument below which is specific to that case
and the proof in the general case follows each step word for word of the S* case. In-
deed, the almost conservation law in general target manifold is perturbed by lower order
terms (see for instance the explicit expression for p = 1 and general target in [26]). In
arbitrary co-dimension each tensor has it’s counterpart which are possibly geometrically
more involved but can be treated analytically identically as in the codimension 1 case.
As soon as the strong W'2-bubble tree convergence is established, the passage to the
limit in the non-linearity of the harmonic map equation® is totally independent of the type
of non linearity the target is producing. We keep from this non linearity, usually denoted

% The multiplicity one condition N = 1 is expected to hold for finite index minmax problems in general. See the
open problem in the first part of the introduction.

* Recall that the mean-curvature vector of an immersion ® into a closed sub-manifold N" of an Euclidean space is
given by

2H5 = A, &+ AD) WD, ddD),,
where A, is the negative Laplace Beltrami operator with respect to the metric gg. In conformal coordinates this becomes

2Hg = [AD +A(®)(VP, VD))

-

where ¢ := [9,,D|.
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A(C_I5) (V&), VCTD) where A is the second fundamental form of the target N", exclusively the
quadratic dependence in the gradient. The conformal nature of the maps makes more-
over the manipulation of the harmonic map equations straightforward independently of
the existence or not of symmetries in the target. We took this point of view in order to
ease a bit the reading of the proof.

II. The viscous relaxation of the area for surfaces

II.1. The Finsler manfold of immersions into the spheres with 1.9 bounded second fundamental
Jorm. — For k€ N and 1 < ¢ < 400, we recall the definition of W*¢ Sobolev function
on a closed smooth surface X (i.e. £ is compact without boundary). To that aim we take
some reference smooth metric gy on X and we set

WH(Z,R) := {f measurable s.t. Vkof € L"(Z,go)},

where V} denotes the £-th iteration of the Levi-Civita connection associated to 2. Since
the surface is closed the space defined in this way is independent of gy. Let N” be a closed
n-dimensional sub-manifold of R” with 3 < n < m — 1 being arbitrary. The Space of W*
into N" is defined as follows

Wk’q(E, N") { d e Wh q(Z R’") ® € N" almost everywhere}
We have the following well known proposition

Proposition IL.1. — Assuming kq > 2, the space W*1(Z, N") defines a Banach Manifold.

Proof of Proposition II.1. — This comes mainly from the fact that, under our assump-
tions,

(IL.1) Wh(Z,R") < C°(Z,R").

The Banach manifold structure is then defined as follows. Choose § > 0 such that each
geodesic ball BY () for any z € N" is strictly convex and the exponential map

exp,: V. C T.N'— BY (2)

realizes a C* diffeomorphism for some open neighborhood of the origin in T.N" into
the geodesic ball BY' (z). Because of the embedding (II.1) there exists &y > 0 such that

Vu, v € W"’q(E, N") ||Zt> — 1_5“\\%4 <&

= [distn(U®), V@) [} o, < &-
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We equip now the space W*/(X, N") with the distance issued from the W*? norm and
for any u € M = W*/(Z, N") we denote by Bﬁ)/l (@) the open ball in M of center u and
radius &.

As a covering of M we take (BM(%))zem. We denote by

€0
E' = Dyuo (2" IN) 1= {0 € WH(Z, R"); W(x) € T;0N" Vx € T}

this is the Banach space of W*’-sections of the bundle ZFlTN and for any u € M and
ve BQ)A (@) we define w"(v) to be the following element of E*

Vxe X 17);‘(17)(96) = expa_(i) (17(96)).
It is not difficult to see that
B0 (7)1 D" (BM@ NBM @) — " (BM@ NBM(®))
defines a C* diffeomorphism. 0J
For p > 1 we define
Esy=Wi2(22,N") = [® € WA¥ (22, N"); rank (d®,) = 2 Vx € =2},

mmm

The set W27 (X%, N") as an open subset of the normal Banach Manifold W*# (X2, N")

mm
inherits a Banach Manifold structure.

We equip now the space Wiﬁf(i), N") with a Finsler manifold structure on it’s tangent

bundle (see the definition of Banach bundle space and Tangent bundle to a Banach man-
ifold in [19]). For the convenience of the reader we recall the notion of Finsler structure.

Definition TL3. — Let M be a normal’ and let V be a Banach bundle space over M.
A Finsler structure on V is a continuous function

I-l:V — R
such that_for any x € M
I-l:=1 ey @ anormonV,.
Moreover for any local trivialization T; over U; and for any xy € U; we define on 'V, the following norm

vioex ™ (() Nl = |17 (v, p(z@)))]), .

% The assumption to be normal is a relatively strong separation axiom which ensures that the defined Finsler struc-
ture generates a distance which makes the topology of the Banach manifold metrizable (see [29], pages 201-202). This
assumption can be weakened to regular but not to Hausdorff only.
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where p 1s the canonical projection p : U; X E — E and there exists C,, > 1 such that

-1
VeelU, Cll-li=1I-1y =Gyl

In a C? Banach bundle, the Finsler structure is said to be C' for [ < q if, in local charts, the dependence
of || - |l &s G with respect to x.

Definition I1.4. — Let M be a normal C? Banach mangfold. 'TM equipped with a Finsler
structure 1s called a Finsler Manifold.

Remark T1.1. — A Finsler structure on TM defines in a canonical way a dual
Finsler structure on T*M.

The tangent space to £y, at a point ® is the space Ty (P ~"TN") of W2%-
sections of the bundle ® ~'TN", i.e.

T3Es,={w e W#(Z*, R"); w(x) € Ty, N Vx € %},

We equip T3E&5x , with the following norm

1/2p
- =12 - - V4 -
1905 = [/Z[W%\% + Vil + 0] dvozga,] + 1V lg o).

where we keep denoting, for any j € N, V to be the connection on (T*X)® ® d-!'TN
over X defined by V := V% ® ®*V' and V% is the Levi Civita connection on (X, %)
and V" is the Levi-Civita connection on N”.

We check for instance that Vv, resp. V2 defines a C°, resp. L, section of (T*Z) ®
®~'TN, resp. (T*£)* ® &~'TN.

The fact that we are adding to the W** norm of ¥ with respect to gz the L™ norm
of |Vv| ¢ could look redundant since W2% embeds in W"*. We are doing it in order to
ease the proof of the completeness of the Finsler Space equipped with the Palais distance
below.

Observe that, using Sobolev embedding and in particular due to the fact
W24(Z,R") < C/(Z,R") for ¢ > 2, the norm | - || as a function on the Banach
tangent bundle TEy , is obviously continuous.

Proposition IL.2. — The norms || - || defines a C*-Finsler structure on the space Es, ,.

Proof of Proposiion 11.2. — We introduce the following trivialization of the Banach
bundle. For any ® € &5, we denote Pg,,, the orthonormal projection in R” onto the 7-
dimensional vector subspace of R" given by T3, N" and for anyg in the ball Bf,” (&D) for
some &; > 0 and any v € Tgé’z,p = [y (6 7'TN) we assign the map w(x) := Pg)(x)f)(x).
It is straightforward to check that for &; > 0 chosen small enough the map which to v
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assigns W is an isomorphism from Tz€s, into TgEx, and that there exists kg > 1 such
- & hd
that Vv € TB;"" (D)

1= - N
kg Ivllz < llwllg < kg 101z

The C?-dependence of || - ||z with respect to E in the chart above is left to the reader. This
concludes the proof of Proposition II.2. O

I1.2. Palais deformation theory applied to the space of W -immersions.

Theorem 11.1. — [Palais 1970] Let (M, || - ||) be a Finsler Manifold. Define on
M x M

d
N @
dt

w(t)

1
d(p, q):= inf /
0

WERy 4

where
Q,, :={weC'([0, 11, M); 0(0)=pw(l)=q}.

Then d defines a distance on M and (M, d) defines the same lopology as the one of the Banach
Manifold. d is called Palais distance of the Finsler manifold (M., || - ||).

Contrary to the first appearance the non degeneracy of d is not straightforward
and requires a proof (see [29]). This last result combined with the famous result of Stones
(see [44]) on the paracompactness of metric spaces gives the following corollary.

Corollary IL.1. — Let (M., || - ||) be a Finsler Manyfold then M is paracompact.

The following result® is going to play a central role in adapting Palais deformation
theory to our framework of W*#-immersions.

Proposition IL3. — Let p > 1 and M := Ex , be the space of W** -immersions of a closed
oniented surface X into a closed sub-manifold N" of R™

Esp =Wl (22, N") := {® € W*¥ (22, N"); rank (d®,) =2 Vx € B2}

tmm

The Finsler Manifold given by the structure

1/2p
. — 2712 =12 =121 =
1515 := [/E[IV B2+ VO + 51 dvozg&,] + 1991 |,
is complete for the Palais distance.

6 As a matter of fact the proof of the completeness with respect to the Palais distance is skipped in various applica-
tions of Palais deformation theory in the literature.
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Proof of Proposition I1.5. — For any ® € M and ¥ € T3 M we introduce the tensor
in (T*%)® given in coordinates by

2
Vi®dP +dPRVi=Y [V 7 0,® 40, V, 1] dy ® dy
ij=1 ‘
2
ho = % & h =
- Z[Va‘ gV 0P+ 0,0 v%&v] dx; ® d;

%

ij=1
where - denotes the scalar product in R”. Observe that we have
Vi & dP + dP & Vi, <2 |Vil,,.

Hence, taking a C! path ®, in M one has for ¥ := 3,

2
|1d5&d® + dd&d2, Y 6250.(ga)ud (gs);

<II.2) 1 h ik =1 L(%)
= H 9,(gydx; ® dx;) ; Lo(s) Hla&%lj@ HLOO(E)'

Hence
1 1

(IL.3) fo 18:8 12 || ) &5 < 2/0 19,® 15, ds.

We now use the following lemma

Lemma YL.1. — Let M, be a C' path into the space of positive n by n symmetric matrix then
the following inequality holds

Tr(M*(3,M)?) = [|9,log M[|* = Tr ((3,logM)?).
Proof of Lemma II.1. — We write M = exp A and we observe that
Tr (exp(—2A) (9, exp A)?) = Tr (3,A)".
Then the lemma follows. O

Combining the previous lemma with (II.2) and (II.3) we obtain in a given chart

1 1 1
(I1.4) / |0,1og(gy) || ds = / Tr ((9,loggy)?) ds < 2 / 19,D 13, ds.
0 0 0
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This implies that in the given chart the log of the matrix (g;(s)) is uniformly bounded for
s € [0, 1] and hence CI>1 is an immersion. It remains to show that it has a controlled W>¢
norm. We denote

Hess,(®) := / [1 +1Vd®|. ] dvol,,

z

and we compute

d - - - —
d—(Hess/,(CI))):p/ 0, IVAD [1+VdD 2 " duoly,
s SP SP S
(IL.5) *
+ f [1+ |Vd&>|§é]p8x(dvol%).
)

Classical computations give
3, (dvoly,) = (VO,®, dD),. dvol, .

So we have

<|vael,

f [1+ |Vd<f>|§&>]p 3, (dvol,,)
D)

Ss[1+1vaol2 Y duol,,

Lo(%)

< 19.Dll5 [y[1 + VD[] ¥ dooly.

(I1.6)

In local charts we have
2
12 Y K [x7h ¥ h 4
VD[, = Y & ga (Vi 50.D, V) 59,P),.

P50
ik, I=1

Thus in bounding ]): 83.|Vd5>|§&> [1+ |Vd<f>|§&> ! dvol,, we first have to control terms of

the form

IL.7) Z 0.5 0 (V! 50, ®. V! 20,®)[1+VdDL ] duoly,

We write

Z 0.85418" & (V3 5949, V3 59.9),

,]k[tr—

Z (Z 9418 )gégfé (V3,304 P: V3 30,®),.

1,k =1 “or=1
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Hence, using (I1.2),

Z 0.63.45 (Vi 50,8, 7, 50,9),[1 + VALY duoly,

0y, ® Yk
z;kl 1
(IL.8) < [19:28 g5 | e s /E [1+1Vd®|. ] dool,,

§2||aﬁ>||a>sf2[1 + (VD[] dvol,;.
We have also
8(V§xl@8xk<b vh 50.9),
=(V;4(75 §9.9). V; 50.9), +(V;
By definition we have

vis(V), 59, ®) = v, &(Vh 59,D) + R0, D,0,8)d, P,

where we have used the fact that [8<I> 0, CD] ) «[0;, 0,,] = 0. Using also that

[0, CD 8XkCI>] , since V" is torsion free, we have finally
h h T h h T h T T 4
(I1.9) Va@(v%&)axp) = Vax[é(vaxk&)&QD) + R0, P, 0,9)0,, P,

where R” is the Riemann tensor associated to the Levi-Civita connection V*. We have

(I1.10) vg&(vg&asé) =(V"); 5 30,30 ¢+val&>a,k&>8v“&)'
Hence
(V55(V5 504 q’)»vgﬁiaxzq’)h
IL11) =((v);,80,60.%. V3, 52.9),
+(V’lgxléaxﬁaﬁ>,vgﬁéax ®) +(R'(3, 9, aq>)axkc1>,vgvéancf>)h.

Combining all the previous and observing that

- -

g M [xgh h F P2
Z GV, 509V, 53,),) < CIVAD, VA

(I1.12) el e
ik =1
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gives then
h h T H12 17!
cI>g<I> Valléaﬁq) Vs, *a ®>/I[1+|Vd(b|g5,] dvol g
z]/c/ 1
<C f (V29,®, Vad) |[1+ |wcf>|§é]p”dyoz%
(I1.13) z -

3 D2 H12 17!
+C /E |V85<I>|gi>|Vd<I>|g&>[1—|—|Vd<I>|%] dvol,

—|—CHR}’HLM(N,1)/Elayfilh|Vd5>|gé[l+|Vd&>|§&>]p]dvolg&.

Combining all the above we finally obtain that

(IL.14)

< C[|9,®||3[Hess,(P) + Hess, () ~/*].

Combining (II.4) and (II.14) we deduce using Gromwall lemma that if we take a 91
path from [0, 1) into &5 , with finite length for the Palais distance &, the limiting map &,
is still a W2*-immersion of ¥ into N”, which proves the completeness of (Es,y, d). O

The following definition is central in Palais deformation theory.

Definition IL5. — Let E be a C' function on a Finsler manifold (M, | - ||) and B € E(M).
On says that ¥ fulfills the Palais—Smale condition at the level B if for any sequence w, satisfying

E(uﬂ) — IB dﬂd ”DEun”un — 07
then there exists a subsequence u,; and us, € M such that
d(un’v uoo) — 07

and hence E(ux,) = B and DE,_ = 0.

The following result is the Palais Smale condition for the functional

A7 (@) := Area(®) +02/2[1 + |X51%] dvol, -

Theorem IL.2. — Let p > 1 and &, such that
limsup A7 (&) < +o0,

k— 400
and satisfying
(I1.15) lim sup DA7 (@) -

=0 b5,
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Then, modulo extraction of a subsequence, there exists a sequence of W** -diffeomorphisms V. such that
Dy o Wy converges strongly in Ex, , for the Palats distance to a critical point of A . Moreover; if one

assume that stays inside a fixed ball of the Palais distance one can take Wy (x) = x.

Remark 11.2. — The first part of this theorem has been proved in [18] (The-
orem 5.1) in the flat framework which does not differ much from our case of W*%-
immersions into N". See also [4] for a proof making use of the underlying conservation
laws. The second part is a direct consequence of the proof of Proposition I1.3 above and
1s being used below since in the main Palais theorem II.3 the flow issued by the pseudo-
gradient maintains the image at a finite Palais distance.

Definition I1.6. — A family of subsets A C P(M) of a Banach manifold M is called
admissible family i/ for cvery homeomorphism E of M isotopic to the identity we have

VAe A E(A) e A

Example. — Consider M := W.* (S2, R%) and take’ ¢ € ,(Imm(S%, R%)) =

mm

Z, x Z then the following family is admissible

A= {® e C([0, 1], W3

mm

(S, R%); (0,) = d(1,-) and [®] = ¢}.
We recall the main theorem of Palais deformation theory.

Theorem 11.3. — [Palais 1970] Let (M, || - ||) be a Banach manifold together with a
CU_Finsler structure. Assume M is complete for the induced Palais distance d and let E, € C' (M)
satisfying the Palais—Smale condition (PS) g_for the level set B. Let A be an admissible family in P (M)
such that

inf E(w) =
Jnf sup (w) = B,

ueA
then there exists u € M satisfying

DE, =0

I1.16
18 Ew =B

7 Tt is proved in [40] and [12] that

Imm(S%, R?) 2. SO(3) x Q2(SO(3)).
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I1.3. Struwe’s monotonicity trick. — Because of Theorem I1.2, Theorem II.3 can be
applied to each of the Lagrangian A7 for any admussible family A of Ex  satisfying

(I1.17) inf max Area(®) = 8° > 0.
AeA dea

However, beside the difficulty of establishing a convergence of any nature to the corre-
sponding sequence of critical points @, given by Theorem I1.3, although it is clear that

lim inf maxA7(®,) = B,

0—>0AcA Hea
nothing excludes a-prior: that

lim inf max Area(®,) < 8°,
0—>0AcA $eA

and it could be that the smoothing part of the Lagrangian o* [ [1 + |i5>a 121 dvol,; does
not go to zero. In order to prevent this unpleasant situation where the smoothed min-max
procedure is not approximating properly the limiting min-max procedure, M. Struwe in-
vented a technic—called sometimes “Struwe’s monotonicity trick”—consisting in local-
izing the action of the pseudo-gradient close to the level set Area(®) = B exclusively (see
[45] and [46]). Precisely we have the following result.

Theorem IL.4. — Let (M., || - ||) be a complete Finsler manifold. Let E° be a family of C!
Sfunctions for o € [0, 1] on M such that for every y € M

(I1.18) o —E(y) and o — 3,E°(p),
are increasing and continuous functions with respect to o . Assume moreover that
(I1.19) |DEZ — DEZ|| < C(0)8(jo — «|)f (E° (1)),

where C(o) € L°((0, 1)), § € Ly (Ry) and goes to zero at 0 and | € L) (R). Assume that_for

loc loc

every o > O the functional B° satisfies the Palais Smale condition. Let A be an admissible family of
M and denote

= inf E° ().
B(o) QEA%E )

Then there exists a sequence o, — 0 and Y, € M such that
Edk(fk) = B(op), DE%(JZC) =0.

Moreover . satisfies the so called “entropy condition”

1
00, B () = 0<7>
e o log(1)
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A proof of this theorem is given for instance in [36]. Applying Theorem II.4 to our
framework gives.

Theorem IL.5. — Let p > 1 and A be an admissible family in Es, ,(N") such that

(I1.20) gnf maxArea(CD) B > 0.

deA

Then there exists o, — 0 and a_family ® v of critical points of Aj" satisfying

2 I. 1212 _ 1
lim Area(®) =B’ and o) /[1 + 15, 1°] dool, —0< 1).
P

f— 400 logo’k

IL.4. The fust variation of the viscous energies Aj. — Let ® be a smooth immersion
from a closed 2-dimensional manifold ¥ into the unit sphere S* C RY, let w be an in-
finitesimal immersion satlsfymg - ® =0 and denote ®, : a sequence of immersions into
S* such that d® /dt(0) = w. The Gauss map of the immersion is given in local coordinates

by

- 4 a &)L‘ 8xgét
(II.ZI) Ny = *R4 q)t ﬁ .
[0, ®, A0, D
Assuming D is expressed locally in conformal coordinates and denote ¢ = |8XICD|
|0y, q>| We have
(11.22) h=n+t (@ +arés+ D)+ o(l),

- — g . - g - 2
where ¢; = ¢ d,,®. Since n, - 9,,P, =0 and n, - Y, = 0 we have

(I.23) dt

Since g 1= axié . 8)@&), we have

I1.24 G0y = 0.0, B+ 0.0, B
(1.24) E()_ 5W - 05 P+ 0w - 0, P.
Since Zigkigij = 8k/ and ki = 62)\ 8/;2'9 we have

11.25 Y )= — [0 84 0.5 - 0.
< . ) E( )——€ [xl’ . x]w+ X ° x,‘w]'
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We have also using (I1.23) and (I11.25)

ddnly, 4 Ny . dn
i1+ Oy —2(d® Q dw, dn® dn),. d—; dn
1126 — dt(;g - /n) (dP®dw,dn® n>g¢+2< " n>gé

= —2(dD ® dib, di® i), +4H - — 2(d (- dib, dD),; dFi) |
SO

.
where H is the mean-curvature vector given by

nglj,

le

and I; denotes the second fundamental form

2
Zi dx; @ dx; = — Z&lcb Bnndxi@)dxj.

1y=1

Finally, we have dvol,, = /11822 — gty dx) A dxg, hence

d 2 . S
(I1.27) a(dvolg&))(O) = [Z 0, P - ax,w] dxy A dxy = (dD; dw)g, dvoly, .
i=1
Using (I1.26) and (I1.27) we obtain
d > >
(I1.28) EArﬁa(qu)h:o = f (d®; dw)y, dvoly, .
p)

For any p > 1 we denote
- . - . /)
F (D) := /E[l + |15>|{£] dvol, .
Using (I1.23) and (I11.26) we have

d_ . -
%Fp(q%)

= / SdD; di),, dvoly,
=0 )
- QPffpl (d&)) ® dw, dn® dﬁ)g&’ dvol,,
(IL.29) =
— 2p/fﬁ—1<d(?z’ - dw, dC_IS)g&); d%)g_ dvol
z )

+4p/f”‘ﬁ W dool
z

where f:=[1 + |I3|?].
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IL.5. The almost conservation laws satisfied by the critical points of A7 (59). — The fact that
A7 s C' in &, is quite standard for p > 1. Indeed, in local coordinates the functional
has the form

where ¢ is a C* function. Let @ be a critical point in &y , of A7. We then have

DA A [[1 402/ dD] — 2p0* D A d* [d" [/ 7] - dD 7]
(I1.30) ) ) o
—2p0* @ AdS [N (dRQd) Ly, dP] +4po’ /7T PAH=0 inD(T),

where /=[] + |i5, 1] as above, (47 ® dn) Ly d® is the contraction given in local confor-
mal coordinates by

2
(@ dr) gy dP = " 9,71~ 0,710, P d;,

ij=1

and "% is the adjoint of d for the I.> norm on ¥ with respect to the metric gz induced
by the immersion ®. It coincides with —¢~** div- in conformal coordinates. In conformal
coordinates again the equation becomes then

& Adiv[[1 4 02]VD — 2pale P17 (Vi Vi, VD)
(I1.31)
+2pate iV Vi) - VO] — 4parT & AH =0.

We rewrite the first term in the second line.

2po’ e div[/'~'Vii] - V&7
(I1.32)
=2po’e *div[f/~'[Vi+HV®]] - V&7 — 2po” V[’ 'H] .

The trace free part of the second fundamental form is denoted
I°:=I-Hyg

In coordinates and in codimension 1 one has

2
"=1"=—) [3,70,®+Hi, & 9,dy® dy.

ij=1
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For any £ =1, 2 after some computations we obtain

2
> o[ [o,7i+ Ho, @]] - 9, ®7
=1
= _an p_llg,k] n— 8XA+| [fp_llg-',-l,k] 1.
Denoting V- := (3,,-, —d,,-) and (V)*- := (d,,-, d,,-), we have then
2p0’ e A" [Vi+ HV®]]- Vo

= 90’ T ]+ DL
Combining (I1.32) and (I1.33) gives

(I1.33)

2p0? divb‘p_1 Vﬁ] Vo7
(I1.34) =2 V]! ' H] +2po’ /"' H Vi

—2po? [V [+ (W I,
So the equation (II.31) becomes

@ Adiv[[1 4 02]VD - 2pa’ V[ H]

— 2[90’2 giQ}pril (Vﬁ@vﬁ Vis)
(IL.35)
+2po? T HVE = 2po® T [V [+ (V[ 1,]]7]

=4po’f"d AH.

The equation (I1.35) can be rewritten in an exact divergence free equation of the form
div(® A ---) =0, that is in an exact conservation law which is coming from the SO(4)
mvariance of the problem in the target. However, since we are interested in general tar-
gets, we don’t want to take advantage of the “roundness” of S* and we shall rewrite (I1.35)
in an “almost conservation law” which is more generic and which holds in D'(2). It is
due this time to the translation invariance of the integrand of F, in R* in relation with
the Noether theorem as observed in [2]. However the fact that we don’t get exactly get a
conservation law is coming from the fact that the constraint to take values into the closed
sub-manifold S* is not translation invariant. This pointwise constraint is “generating” ad-
ditional terms (i.e. the last term in the Lh.s. and the full r.h.s. of (II.36)) in comparison to
the identity we would get if we would release this constraint. Nevertheless these additional
terms happen to be of much lower degree and are not going to perturb the arguments in
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the section below as if we would be dealing with an exact conservation law. This is why
we are speaking about an “almost conservation law”.

—div[[1 +0%*]V® - 2po? V[ 'H] — 2po’e /1~ (Vi@ Vii; VD)
(I1.36) +2pc’ AT HVE = 2p0” e [ VAT |+ (WH['10,]] 7]
+4pa’ T H= 14021 —p)f? +por~'|IVO| ®.
Finally we end up this section by quoting the following theorem

Theorem 11.6. — Let p > 1 and ® be an element in the space Es, , of W -immersions of a

c{osed surface . Assume ® is a cnitical pont of A7 (P) then © 15 G in any conformal parametriza-
ton.

Remark I1.3. — A proof of Theorem IL.6 has been given in [18] and for C' into
the Euclidean space. The method of proof'in [18] relies on the work of J. Langer with the
decomposition of the immersion into the union of graphs. See also [4] for a proof making
use of the underlying conservation laws.

IL.6. Proof of Theorem 1.2. — Combine Theorem I1.5 and Theorem 1.1, this gives
Theorem 1.2. O

III. The passage to the limit 6 — 0 with controlled conformal class

The goal of the present section is to prove the following theorem

Theorem IIL.1. — Let p > 1 and let ®; be a sequence of critical points of Aj" in the class
s, where o), — 0 and satisfying

(IIL.1) 0 < lim sup Area(®;) < 400,

k——+00
and

. 1
I11.2 2Fc1>:?/112d =ol —— ).
< ) Gk /1( /C) GA 2[ +| <I>k| ] 00 2q> log(l/dk)

Assume moreover that the conformal class associated to (X, gg,) 15 precompact i the moduli space,
then, modulo extraction of a subsequence there exists a closed Riemann surface (S, hy) with genus(S) <
genus(X), a weakly conformal map Do Jrom S into N" and an integer valued map N € L (S, N)
such that

lim A%(®,) = / N{d D2, dvoly,-
S

k— 400
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Moreover the push_forward of S by o together with the multiplicity N defines an oriented stationary
integer varifold and the oriented varifold |'Ty| equal to the push-forward by o, of L converges in the
sense of Radon measures towards the oriented stationary integer varifold associated to &%o- The surface
S is moreover either equal to the union of % with finitely many copies of S* or is equal to finitely many
copies of S°.

Remark III.1. — Observe that in Theorem III.1, due to the assumption about the
controlled conformal class, there can be a genus jump genus(S) < genus(¥) only if the area
vanishes on the main part of the Riemann surface and @ (S) is going to be a bouquet
of minimal sphere. This cannot be excluded a priori

In this section we shall then assume that CTDk is conformal from a se-
quence of Riemannian surfaces (I, g;) into S’ for which the underlying Rie-
mann structure is pre-compact in the moduli space of X.

In order to prove Theorem III.1 we shall need several lemma.

Lemma III.1. — [Monotonicity formula] Under the assumptions of ‘T heorem 111.1
the sequence of varifolds |'T'y| equal to the push_forward of ¥ by ®y. converges, modulo extraction of a

subsequence, towards a stationary varifold. In particular, introducing the Radon measure in S® given by

(ITL.3) (i @) := / o(d)) dvoly;
D)

W converges modulo extraction of a subsequence to a limiting Radon measure Loy satisfying the following
monotonicity formula

Cr -
(IIL.4) Vi € supp(iie) Vr > 0 dﬁ[M] >0

i r2

for some C. > O independent of ¢ and r.

Proof of Lemma I11.1. — The monotonicity formula for the limiting measure o
is a direct consequence of the fact that |'T;| converges towards a stationary varifold (see
[1] and [39]). So it would suffices to prove this last fact in order to get (I11.4). However
the proof of both statements (that can be proven independently of each other) are very
similar. In the first case it suffices to prove that for any vector field X we have

lim | divy, X, dH

k—~+00 M,

(IT1.5)

k——+00

4
— lim [Z{aﬁi@,{) Vi, Vo) —X(d)) - by |ch>k|2} & =0,
)

=1
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where M, := &Dk(Z) and &Dk = (P, ..., D}). The computations for proving (IIL.5) are
more or less the same as the one for proving (III.4) and we shall only present the later
since we shall revisit them in the forthcoming Lemma III.3.

The explicit mention of the indices o} and £ can be deleted when there is no pos-
sible confusion. For any ¢ € S* and any radius » small enough, Simon’s monotonicity formula
(see [39], Chapter 4) applied to C_Is(E) (which i1s smooth immersion for any %) which is
seen as a varifold from R* gives

df1 d |GiA @)L(D =)’
—l 3 dvoly, | = — = dvol,,
drLr* Jo-1miGy drLJ a1ty [P —ql*

1

27 Jo-131Gy)

(ITL.6) (@ —§) - d*d® dool,,

> —— (® —7) - d*d® dvol,. ,
28 Joaan °

where we have used that the first term in the rth.s. of (IIL.6) is non negative.” Thanks to
equation (II.36) we obtain

—/ (® —§) - d*d® duol,, = f (-7 ADd’
-1 (BE(3) -1 (BH)

:_/ (® —7) - div[a>"" ' [f VO — 2p (H Vi
-1 (BH(9)

— V@ Vi VD)) ]]

(I11.7) } B B
+2po” / (@ —9) -div[e [ V][I, |+ D) [ 1,]] 7] dv®
(B (@)

+2p02f (®—9) - Al "H] &

O~ (BH)

—f [1+ (1 = po?ft +pa 7] (@ -9 - VO .
>~ (B ()

Regarding the last line, observe in one hand that (C_IS -7 - d=1— cos (&), 79 =00?)
hence

1

(II1.8) — / (®—7) D|VD|? di
- (BHG)

C
Z < — dw%
r T Je-1BHG)

% Indeed we are taking the derivative of an integral of a positive integrand over a bigger and bigger set.
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and in the other hand, again for fixed r and ¢, as £ — +00

aw.y) Lo [a=pepat )@= &IVELar
: o~ (B}(@)

<Ca’F,(®) + Co M(T)"[F,()] " - 0.
Integrating by parts each of the two first lines in the r.h.s. of (II.7) gives
—/ (@ —9) -div[o? " [fV® — 2p(H Vi
1B @)
— T VRQ Vi, VO))]] &
+2p0” / @ — ) - div[ P[] 0] + @[ 1]]R] ¢
1B} @)
:cﬂ/ ST IVOP = 2pH V- VO +2p(f — 1) ] &
-1 (BH()
(II1.10) o .
—02/ S, (®—9) —2p// "' Hd, - (®—7)dl
a1 (a8 @)
+2p02/ S8R VA, VO - (D —§))dl
-1 (@B (()
+ QpGQ/ D =) A 8, [T ] = v [ )]
&1 (oB1)

L2507 / @ — )T [ [ ] 4 v o [ L]
o-1(3B}(9)

where v is the outward unit (in the coordinates) normal to P! (B*(g)) and is given ex-
plicitly by

v= (8,10 —7l,3,1®—7)/|VI® -7l

This is nothing but the normalized gradient of the function distance to §. We clearly have

(ITL.11) lim a?f SIS IVOPE = 2pH V- VO +2p (f — 1)] dx* = 0.
>~ (BH)

k——+00
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Multiplying (II1.10) by x (r)/7* where x is an arbitrary compactly supported function in
R’ and integrating over R’} gives successively

d hd Jq - - g -
02] x(r)—rf [/79,@- (-9 —2p/" ' Hoi- (P —¢)]dl
R, d-1(@BH(9)

r3
r

I V|® — 7|2
by

|® —q|?

2 a a5 Vi, Vo - (& —7
+2po x() = S 8n- Vi, (@ —79)dl
R, -1 (@B} ()

(IT1.12)
v __) - g -
—2pf 1HH <Vn- (cb—q)>:| A2
®—yq
vi® —g
| —ql°

290 [ (3 —Zzl)f’”<

—> 0 ask— +oo,

Vi, ViV - (& — ?])>dx2

where we have bound the r.h.s. of (II.12) by a constant depending on x times OQFP(&)).
We also obtain

d 3o
_2p02f x(r)_:/ (@ =) -ii[vi 0, [T ] dl
R, d-1(0B*H)

r

r

d > L L
+2p02/ X(r)%/ (@ =) i [va, [ ]]d
R. d=1(B(@)
(II1.13)

hq - é - q - D g -9 P
= _pa2/ x (12 —711) |(<T> ;)4 e, 1P — gl o, [ I ]] dx
s _

q) - 3 -
+l702/ (|<I>—q|)|(<1> q|)4 i 0,1 =g 0, [ I ] d.
. —

Integrating by parts the r.h.s of (III.13), we have

(@ -9 - _ 5> -
_pUQ/E (1®—7 |)|q>—q|4 i[e 0,10 =g 0, [/ 1 ] o

> d—7 ( >
e [ 083§D i a® 0, [ )4
2 .

_ (®—9) Ty =
—[90 /fpll?l (lq)_ |)ﬁ]e 2)»qu)_q|2dx2
e —yq

(I11.14)

_ g - (CD_Q)”— — 2 -
+po? fgﬂ 1I?I-X(|©_9|)Wv[e VD — ¢l di?
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We recall that we have respectively
(IIL.15) V(P Ve)=27D and (V)'- (% VD) =271,
Combining these identities with the fact that @ is conformal we deduce that
V[ v -G
(IIL.16) =oV[e? V(D —P]- (@ —P+27 V(@ —7) - V(D —7)
=471 (D —7).

Combining (III.14) and (III.16) and observing that we have the following pointwise upper
bound

=3 g - (C_IS - 6) : Z

\% |:X (| o —yq |) = S

l | —ql*

< C I Moo € 4 1 llo ] IV DI + 1 oo 4 V7 ),

where d, is the distance of the support of x to zero we deduce

s @D s - i
“/m? f 118 =) =D [ 0,16 — g0, [ B )] 4
z

1o -7
III.1 - (-7 b7 I
( 7 +ﬁ02/X(|CD—9|) (—’ _?) '[eimafﬂq)_q|28m[fpill(l)l]]dx2
) |(I>—§7|4

< Cy 0’ F (D) + Cy > M(D) 7 [E,(D)] " - 0.

The control of the last term of the r.h.s. of (III.10) is performed similarly to the preceding
one following each step between (III.13) and (III.17). So finally deduce that for any x
compactly supported in R* we have

d - N -
—/ X(r)—;/ (@ —7) - div[o ' [f VD
R, -1 (BH(3)

r

—2p(HVi— 2 (Vi® Vi, VB))]] d?

‘ d P
TL18) w20 [ 05 [ @=peane V)
Ry >~ (B}(@)

r

+ V) [ ] ] 7] @

— 0.
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It remains to bound

d R -
—/ x (r) —;,’02/ (®—79) - A[f""H] ¥’
R, r o1 (B!({)
dr - N -
(IT1.19) =/ x(r) —302/ V(@ —79) - V[~ H]dx’
R, r &~ (B}@)

d - N -
—/ x (1) —;62/ (@ -9 -0,[/ ' H]dl
R, r o~ (9B} @)
The last integral in the r.h.s. of (II1.19) is equal to
dr , D7 ~1 7
| x»%e (@3- a,[/ " H]
R, r &~ (3B}(7)

(I11.20) 5=
:_02fX(|&>—§|)V|cf>—g|-<v[fﬁ—lﬁ], _93>dx2.
)

-

We observe that since H- V® = 0

— &)—_q' - B2
—1 _ —1 ®
(vt 5] _W)—v(fﬁ i >

|

Hence, after integrating by parts we obtain from (III.20)

d - - —
—/ X(f)—;CfQ/ (®—79) -0,[/"" H]dl
R, r d-1(9B ()

:o/ (1D —73) Al® — gl {1, q)_q>dx2
g ;
I d—7 I
+02f[x’(|¢—q|)—37X(L ;l") [vie —g
. _

| D
<fp IH CD—q >dx2
| -7’

We observe that in the domain where x (|Cf> —q]) # 0 we have

(I11.21)

(®—9 A VO |VI®—glI

Al® —¢|= R R —
| P — gl |® —ql |® — gl
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and using the fact that AP =—0 |V<_I»>|2 +H |ch>|2 we finally obtain

I 1—3-® (®—7)-H|VD? VB2 |V|D—7|>
|P — gl | P — gl |® —q] |P — gl

Hence combining (II1.20), (II1.21) and (I11.22) we obtain

d - N -
| xSt [ @-peafria
R, r ®1(@B})

< Cy 0’ F) (D) + Cy > M(D)[E,(®)] ™" - 0.

(I11.23)

Taking now the first integral in the r.h.s. of (III.19) we have
dr > PP
x() o V(@& - - V[ ] de
Ry " 1(B!@)
dr , D . LT 72
(IT1.24) =— x(r) o AD - '~ Hidx
R, " ®~1 (B! 7)
+ 07 f x (18 =) VIS —71-(V(@ — )./ H) de.
T

So we have also

ar . L
f X(r)—;GZ/ V(@ -7 V[ H]d
Ry >-1(B)

r

(IT1.25)
<C, 0’ F,(®) +Cya> M(D) " [F,($)] ™" — 0.

Combining (II1.19) and (II1.23) and (II1.25) we have

d - N -
/ X (1) —3702/ (@ —7)- Al H]
R, r =1 (BLG)

Combining now (II1.7), (IIL.8), (I11.9), (II1.18) and (I11.26) we have that for any fixed non
negative x (r) compactly supported in R* and any ¢ € R*

o 1
— x'(r)dr— / dvol,,.
/o 2 Jeomay

o0 1 -
(ITL.27) > —-C / x (r)dr— / dwlg&) -G, o? Fp(q))
0 &' (BH®) '

r

— 0.

(I11.26)

— Cy o M(D) [E, ()],
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for some constant C, depending on x. Taking u; the Radon measure on R* given by
(IIL.3) this can be rewritten as

o] 1 . o] 1 .
_/ X’(y)drr—Q,uk(Bf(q)) z—Cf x () dr;,uk(Bj’(q))+0k(l).
0 0

We extract a subsequence such that p; converges weakly in Radon measure and we
finally obtain that for any fixed non negative x (r) compactly supported in R and any
7eR?

oo

* 1 . 1 .
[ HOd G (B@) = [ x0dn (B1G)
0 0
which classically implies (II1.4) and Lemma III.1 is proved. 0J

A rather direct consequence of the proof of the limiting monotonicity formula is
given by the following non concentration result.

Lemma I1I1.2. — [Non collapsing lemma] Letp > 1 and 0 < o < 1. There exists
8 > 0 and € > 0 such that for any critical point ® of A° satisfying

(IT1.28) o’F,(®) < & Arca(P),
then
(IIL.29) diam(®(T)) > 6.

Proof of Lemma I11.2. — Assume (II1.28) for some ¢ fixed later. Let 1 > § > 0 and
choose xs = (r — 8)" on [0, 1 4 8] identically equal to 1 on [1 + 8,2 + §] and equal to
(3438 — " for r > 24 8. Assuming that the whole immersed surface is included in a
ball B;(¢), the inequality (IT1.27) gives then

> 0 dr Sy - [Pdr =
(II1.30) —Area(P) |:/ — —/ —2] > —CArea(@)/ —- Cs &' " Area(d).
5 ) B

r2 s 7
Dividing by Area(®) we obtain

1 1 1
Clog= >~ —~ —Cse'7'7,
B5=5 1 °°

Assume that § is small enough in such a way that C logé < é — 1, choosing ¢ > 0 such
that C;&e'~? < 3/4 we obtain a contradiction. This proves Lemma II1.2. 0J

The next result establishes a uniform lower bound of the limiting area for any
sequence of immersions satisfying the assumptions of Theorem III.1. This result is the
“work-horse” in our proof of the main theorem and shall be used crucially at several
steps. Precisely we have the following result
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Lemma I11.3. — [Global energy quantization] Lei p > 1. For every A > O there
exists Qo(A) > 0 and o (A) > 0 such that the following holds. Let ¥ be a closed surface and let ®
be a critical pownts of A] for o < 0 (A) and satisfying

(ITL.31) 2T, (D) =02/ [1+ 1512 ] dvol,, < LArea(cB)
! 5 ? % = log(1/0) ’

then,

(I11.32) Area(®) > Qy(A).

Proof of Lemma I11.3. — We denote as usual

Let n > 0 to be fixed later. For any ¢ € CB(Z) we consider the 4-dimensional ball in RY,
B! (9) centered at ¢ with radius 0. We consider the subset E,, of ®(X) given by

E,:= {? € CT)(E) c s% 0—2/ dvolg&) < n}.
B

L (HNO(D)

From the covering (Bf; (5));,61;” we extract a Besicovitch sub-covering (B§ (4:))ie1 such that
each point in R* is covered by at most N balls where N is a universal number. A corollary
of Simon’s monotonicity formula (see Corollary 5.12 [32] and take T = o) gives for each
rel

2 1 el
(IIL.33) o / dooly, > - — — f 363
Bonee 3 2w

Considering n = /3 this imposes

2
dvol,. .
)

= y 2
(ITI1.34) / }Hg}del% - _7'[
BY ) ) 3
Hence
5 4 1 I 91
II1.35 / B 2dyolu« > —= f HR | dool,. > == card]l.
| ) UieIBi@z')‘ ® e N; Bﬁ@i)‘ @ | % = 3N

Combining (II1.31) and (I11.35) we obtain

(II1.36) o 2—17; card] < f(0) Arca(®).
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So we have
(II1.37) / dvoly, < / dvoly, < dipe card ff(a)Area(CB).
Er/3 UierBE (4) 3

Let 1 > 8 > 0 to be fixed later . Consider now for j € {1,2,..., 10g20'_1}. We use the
notation

A(,q) = / dvol,,  and
B! ()Nd()
2o
. > 4
F(,q) =0 /4 . [1 + |I§>|§<_D] dvol, ,
B (@N®(X)

§€D(T)\ Epy;

Q= QYAGHLFG+ 1L, +F(, 9 f(o)
A(, 9 8
and A(+1,¢9) <372¥"o?

For eachj € {1,2,...,log,0 ™"} and for any ¢ € Gg we consider the closed balls ngo ©@).
The following covering of G5 := Ujeq1 9., 10g2(,—1,1}G]5

((B 2/:7(‘])) )] 1,2,...,logy 0!

realizes a Besicovitch covering of Gs. By the mean of Besicovitch theorem, we extract a
Besicovitch sub-covering

(( Yo (qZ))zel) .,logzo_]

of G such that each point in R* is covered by at most N balls where N is a universal
number.” In other words we have

logy o™ |
(I11.38) Z > Ly Gy <N.
= i€l; Lo(RY
Foranyj=1,...,log,0 ™" the balls nga (¢)) for i € I; have all the same radius, moreover

each point of R* is covered by at most A/ of such balls. Hence by doubling each of these

9 Observe that it is not clear whether for each j the sub-familly (B;U (Z;,-)),-d/ covers the whole GI(S but at least the
union of these families cover Gg. ’
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balls and considering B;HU (4;), since they all have the same radius there exists a universal
number!'” 91 such that

=,

Lo(RY)

sup

J=1,...logg o1

: : B2]+1 (91

i€l;

) 1s the characteristic function of the ball BQJ g (4;). We have for any o > 0

where IB;_Jrl G
that
logQJ’l—l logQJ’l
4 - D‘j < OZj < —o
(I11.39) > Dl @2 <CN Y 29 <CNo ™
j=1 el LeRY) J=0

For any j € {1,2,...,log,0 7'} and ¢ € G}, the whole support of &D(E) cannot be in-
cluded in sz*jd@) otherwise we would contradict the non collapsing lemma III.2 for o
small enough. Hence, since g € CYD(E) for any radius r € (20, 2*'0) we have CYD(E) N
9B,(¢) # ¥ and we can apply Lemma A.1. Hence we deduce

(IT1.40) 0 < go(4) < / IX|” dool,, .
Bl @

Since A(j + 1, ¢) < 37 2% o2 inequality (I11.40) implies

AG+1,7 _3mo?
22]—&-2 - 80(4)

}ig }2 a’volgd)

B, @

3
A 1,9~ /
go(4) (j+ Q) ( B*

b, @

(IT1.41)

1/p
[l + II@IQ]]) dvolga))

and we deduce that

AG+1, q)

(I11.42) o

C (2% 6)" T FG + 1, 7).

So for g € G{; we have combining the definition of GfS with (I11.42)

(IT1.43) J%A(] D<FGD+C (2 o)FG+1,9)

10 Obser\e that dpl"lOI"i each point of R* can be covered by at most 9tlog,0~' of the double balls
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summing this identity with respect toj € ] we obtain

logy o™

S (o) f(o)
5 o = 2

1
/ ~dvoly,
j S
= GS

—1 N0D)
(I11.44) ot S
O\z(f
2 _12 2
<> Yo / [+l ] duol
j=1 ZGII BZHU (qZ)

logy 0™

+0o? fz Z
=1

where o := 2 — 2p. Using now (I111.38) and (I11.39), we then deduce

1
% 5 2 7
Dot 6270 [1+ TG0 ] dool,

i€l;
S(o) v
(I11.45) = ). dvol,, < Co” E[1 + 313, " dvolyy = Cf (o) i dvol,, .
We deduce from (III1.37) and (II1.45)
(I11.46) / dvol,; < (C 8+/(0)) / dvol, .
Er/3UGs )
Since f(0) = 0 as o — 0, by taking any 0 < § < 1/C we have that for o small enough

D(2)\ (Er/3UGs) #9. Let now g€ D(X)\ (Ex/3UGs). Take j =7(¢) the largest index
such that

/ dvoly; > 2% 70 /3.
Bl @
Since 7 € D(X) \ (E4/3 U G5) we must have

/ dvoly, > 20’ 7/3 and
BY @)

20 o

visg, 2 dvol, > & [1+ 11512 ) dool
7 =Jo S . 8 = - lgg 83
B @Ne(T) B, @Ne(x)

+ [02/ [1+ |I<5|2,]ﬁdvol%]
BYL @Nd(®) ¢

_ 1/p
X [Q—ZJ / dvolg&)] :
B;Ha@m@(m

(I11.47) 1 1-1/p
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Letj € {j,...,log,0 7" — 1} and let x be an arbitrary smooth function, bounded by 1,
supported in [2 %0, 2o ] and such that | x| < C 270 ~'. We can estimate cach error
terms between (II1.6) and (III.27) in the computations of the monotonicity formula at
fixed £ between (II1.6) and (II1.27) by the mean of the area we obtain

+oo ,odr
— X (r)—(2 dvol
0 ™ Jo-1®!@G)

+oo 1 0, (1)
>—-C x(r)ydr| -+ 5 dvol
0 r r 1B @)

oo dr (
(IT1.48) -G f x(— / ) Gz[l—l-ll@lz)]pdvolgé
0 CACHO))

r

1=1/p
_ 02—%—3[0—2/ 1+ |15,|§&>]ﬁdyoggi]
B’ AHU(&)WD(Z)

4
9
. 1p
x [27% f dvol,, .
B*. ¢
oty

Using (I11.47) we deduce that for any r € [2° o, 1/2]

d|:l/ dl]> |:C+oa(l)]/ ool
—| = vol,. | > —| — vol,,.
dr( 7 Jemgy r r’ gy
1
—C@—%/ dvolga).
§ 1 Je 1w

dvol,, , this ordinary differential inequality gives, for o small

HNP(D)

(IT1.49)

Let Y(») := %2 f&)*l(Bf(?]))
enough, the existence of C > 0 independent of r and o and 8, such that for r € [2°0, 1/2]

i[ecr cf(ff)

(IT1.50) ro Y] >0.

,
Integrating between 2° o and 1/2 gives

C/@)

Y (1)) 2747 = LM (2 6) T Y(20 o).

Using the fact that g € CTD(Z) \ E/3s we have then using the first line in (IT1.47)

) ) 36/ 77
(IIL.51) Y(1/2) > e 9297 5" 207 (20 g) T
Since f(a)logQU_l) < A we have (2700)%(5) — 90/(©)3 gy (200) > 9C/(@)5  logy0

>
9-G37'A S0 Q= 9-C371 A 4=C/2 /3 satisfies (II1.32) and the Lemma III.3 is proved. [J

We now introduce two definitions. First we define the Oscillation set.
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Definition XXL7. — Let ®; be a sequence of conformal smooth immersions from'' (2, g;),
critical points of

AZ(®) := Area(®) + 0 F(P) = /E [1 +a§[1+|15>|§6]”] dvol.,

in the space of weak immersions into S® and_for oy — 0. Assume
O, = Do, weakly in W (T, S%),

where X 1s equipped with a reference metric gy. Assume the sequence of Riemann surfaces (¥, g5,) s
pre-compact in the modult space of conformal structures on 3 and assume

V= |d&>k|,21k dvol), = |V&>k|2 dx*> = Voo in Radon measures.
The oscillation set O C X s the set of points x € X such that
XEX; Vo(B,(0)#0 Vp>0
(IT1.52) O:= Jo |d o2, duol,,

and liminf =

=0 Voo (B, (%))

Now we define the vanishing set V.

Defination II1.8. — Let ) i be a sequence of conformal smooth immersions from (2, g;), critical
points of

AT(®) := Arca(®) + 07 F,(®) = fz [1+ 02 [1 + 15512 1] duol,

in the space of weak immersions into S® and for o — 0. We assume (X, g) to be pre-compact in the
modulr space of conformal structures on %. Denote

o} / [1+ 15, |, V dvolyg,
(IT1.53) f(op) := 2
/ dvolga)
> k

We call the “vanishing set” the subset X of 2 given by

f(Gk)f (o dvoly,
(IIL.54) T = {x €X; liminflimsup AR =0

2
r—0 k=400 O’/,C fB,-(x) [1 + |I<T>/f |§&)k]/) delg&)k

' Recall that in this section we are assuming that the underlying conformal class to (X, g) is precompact in the
moduli space.
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We will need later on the following lemma which justifies the denomination vanush-
ing set.

Lemma II1.4. — [No limiting measure on the vanishing set] Let ®; be a
sequence of conformal smooth immersions from (X, gi) into S*, eritical points of

AZH(®) 1= Area(®) + 0 F,(®) = fz [1+ 02 [1 + K512 1] deoly,

in the space of weak immersions into S° for o — 0. We assume (X, g) is strongly pre-compact in the
Moduly space of Z. Assume

O, = Do, weakly in W (Z, S°),
and assume the following sequence of Radon measure weakly converges
v 1= [dPy? dvoly, — Voo,
then we have
(IT1.55) Voo (Zp) = 0.
Proof of Lemma I11.4. — We have

VieS, ¥8>0 3ks;eN Trs>0

(I11.56) f(o) dvol,,
st VE> ks B9

<é.
2 2
o, /B”(X) [1+ (I3, |%k] dvolg&)k

For any 6 > 0 and j € N we denote
(8) 1= {v € Zot ke <)

We have clearly 2y = Ujen 2'6(6). From the covering (B, ; (x)) we extract a Besicov-

xex) ()
itch sub-covering of ¥),(8) that we denote (B,xl,, 5 (x:))ie1 In such a way that any point of X
is covered by at most N balls from this sub-covering. We have for all £ >

s
dvol,, < —— o2 14|15 12V dvol,. .
/l; Z}Og‘bk_f(ak) Ok /l;mi(xz)[ + | <1>/f|g5>k] V0lgg,

Tx; (Xl')
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Summing over ¢ € I gives

vk(U B, (,Q Z / » dooly <f(0k) o Z / [1+ 115,17, ] doolg,

By ()

(II1.57) el 5" 2
Nt [, D Yok, =N [,

This implies that

(IT1.58) Voo (Z)(8)) < lim sup vy (U B, (K)) <N8v(2).

k——+o00 iel

This inequality is independent of j and since 2‘{)(8) C Z{)H (8) we deduce that

(IT1.59) Voo (X)) < N v (2).

Since this holds for any § > 0 we have proven

(IT1.60) Voo (2g) = 0.

This completes the proof of Lemma III.4. 0J

The next goal is to prove the following orthogonal decomposition of the limiting
measure Veg.

Lemma II1.5. — [Structure of the limiting measure] Under the assumptions of
Theorem 111.1, we have the existence of finitely many points ay, . . ., a, in X such that the measure Vo,
decomposes orthogonally as follows

(II1.61) Voo = m(x) L2 + Zai 84n

=1

where L is the Lebesgue measure on % equipped with the reference metric gy, m is an L function with
respect to the Lebesgue measure and o; are positive numbers bounded from below by the universal positive
number Qy = limp 0 Qy(A) given by Lemma 111.3.

Proof of Lemma I11.5. — Step 1: We prove that
(I11.62) / |d®Boo?, dvoly, = 0.
o
Indeed, for any € > 0 to any x € O we assign 7, such that

(I11.63) / |d o |2, dvol,, < f |d®Poo?, duoly, < € vso (B, (v)).
B, (x)

By Ty (%)
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Extracting a Besicovitch covering (B,.(x;));e1) such that each point of X is covered by at
most N balls from the covering. We obtain that

(I11.64) / |def>oo|§0 dvoly, < & Z Voo (B, (1)) < & N v (),
User By, (x;) )

i€l

and since this holds for any & > 0 we obtain (II1.62).

Step 2: Proof of the absolute continuity of v, with respect to the Lebesgue measure
away from the oscillation set O. Precisely we prove in this step

(IT1.65) Voo L (Z\ O) = md L2,

where m € L'(%).

Let & > 0. Following (II1.64), we first include O in an open subset O° such that

(I11.66) N |d o |2, dvol,, < &.

Let x € X% := X \ O then there exists §, > 0 such that
b |2
. fng(x) |dPos |, dvoly, s
P=0 Vo (By(x))

We denote F;:={xe 2\ O ;4,> 27}, We then have

z\O=|JF.

JeN

Let G be a closed subset of X¢ := X \ ¢ such that H*(G) = 0. We claim that
(I11.67) Voo (G) = 0.

Since ¢ := X \ O° is closed G is compact. Let @ > 0 to be fixed later on. Since
H?(G) = 0 and since G is compact

B>0 st. H*(Gp) <a where Gg:={xe %; dist(x, G) < B}.

Indeed the closeness of G implies G := N,enG/,, Gi/, 1s decreasing for the inclusion and
fundamental — properties of Hausdorff measures give then H*(G) =
lim,, yoo H*(N,enGi/,). Let j € N. From the covering (Bga(x)) e, we extract a Vi-

talli covering (Bg/o(x;))ier in such a way that the balls Bg/s(x;) are disjoint. Since all the
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balls have the same radius /2 with centers at distances at least 8/3 each point of X is
covered by at most N balls Bg(x;) where N is a universal number. Since each x; € F;

(IT1.68) Voo (Bgjo(v)) < 2% / |afcf>oo|§0 dvol,,.
Bs(x)
Since all the balls Bg(x;) are included in Gg we have
(I11.69) H? (U By (xl-)) <a.
el
We have moreover

v GNE) = > v (U Ban) = 2 1P| duol,
_— 2v~(U 2 ), 108l dol

SN [y Ol ool < 2N o, 10D ol

Since |dCI>OO|§O dvol,, 1s absolutely continuous with respect to the Lebesgue measure, for

any 1 > 0 there exists o > 0 such that
(II1.71) VE measurable H*(E)<a =— /E |d&>oo|§o dvol,, < 1.

Hence we finally get combining (I11.69), (II1.70) and (II1.71)
(I11.72) Voo(GNF) < 27Ny,

For any j € N the mequality (III.72) holds for any n > 0 thus vo(G N F;) = 0 and we
deduce (II1.67). Since (II1.67) holds true for any closed measurable subset of ¥¢ :=

¥ \ O, then using the fundamental property of Radon measures saying that
VG measurable v, (G) = sup{vOO (K); KcG; K Compact},

we obtain that vy, for any measurable subset G of £ \ O satistying on X\ O is absolutely
continuous with respect to the Lebesgue measure. By making & go to zero this implies
(II1.65).

Step 3: Detecting the “bubbles”. In this step we are just splitting the oscillation set
O into it’s vanishing part O, := £, N O and the bubble part B where we recall that
the ¥ is the so called vanishing set defined in Definition I11.8:

B::O\(Oﬂzo).

Recall that we have proved in Lemma I11.4 v, (%) = 0 hence

(I11.73) Ve (Og) = 0.
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Step 4: Finiteness of the bubble set B. Precisely in this step we are proving that for
the constant QQy > 0 given by Lemma III.3 then

(II1.74) VxeBYr>0 ve(B,(x) > Qy.

Once (I11.74) will be established we can then deduce that B is made of finitely many
points. Let then x € B, then there exists §, > 0 and r, > 0 that can be taken as small as
one wants such that

f((rk)f () vl
(IIL.75) Vr <7, limsup b %

5 ; >4, > 0.
otoe O [y 00 [+ Ty 2, 1 doolyy,

Let 0 < r, < 1, to be fixed later, let C_f)k/ a sequence for which

Sf(op) an ® dvolgék/

(ITL.76) VK eN
o) / (14115, 1;. 1 dooly,
B, (x) ¥ K

S,
>,
2
SO
By assumption (III.2) from Theorem III.1 we have that f (o) = o(1/logo™") we are
“almost” fulfilling the assumptions of Lemma III.3 except that we have a surface with
boundary B, (x) and not a closed surface. So we have to choose a “nice” cut 7, in such a

way to be able to apply the arguments of Lemma III.3.
Since x € O, by definition, for any n > 0 there exists p < 7, such that

(II1.77) N Voo (B, (%)) > / VD |2 di?.

Boy

Using Fubini and the mean-value theorem we can find » € [p, 2p] such that

‘cf)k(x) - &)k(y) ”?IPO(BB,.(M)))Q = H &)Oo(x) - 5900()’) HfLoo(aB,(m))?

lim |
k—+o00

2
5[/ |ch>oo|d15] §8n/ VDo |? di’.
B, (x1) Bop (x1)

We take this r =7, to be our “nice cut”. We can assume

5i= 871/ VD |2di2 > 0,
B2p()f1)

the case s = 0 could be treated in a similar way but we would have to introduce a new
small parameter... Let gy := @, (xy) for some fixed arbitrary x, € B, (x,). For £ large
enough we have that

(I11.78)

(ITL.79) ®,(8B, (x1)) C BA, (o).
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Let R > 4 to be fixed later. The monotonicity formula (III.4) and (III.77) imply that
(IT1.80) oo (Bg,(40)) < CR?s* < CR*nveo(B, (1)).

Hence for n chosen in such a way that CR*n < 1/2 we have that for £ large enough
(recall that £’ 1s the sequence satisfying (II1.76) for our “nice cut” r, which is fixed now)

/ dvol,,. 24_1/ dvol,. .
- 1 PR bCDk, q;.k/
B, (DO\ ()~ By (40)) B, (%)

Taking the same notations of the proof of Lemma III.3 where X is replaced by B, (x) we
can then find ¢, € &Dk/ (B, () \ (ErsUFsU Bg,(¢0)). As in the proof of Lemma II1.3 we
shall apply the monotonicity formula centered at this point ¢; but we will remove from
dgk/ (B,.(x)) the balls ny@o) for ¢ € [2, 4]. The monotonicity formula with boundary (see
for instance [34]) gives for all r > 0

dl 1
—| 3 dz;olgi)
drLr* Jp, (9nd-1(81G1)\BL Go))

d [(RA @)L (D — 1)
= — > 5 d”"lga)
dr LB, (9nd-1B1G)\BL, o) |D — |

1 g N -
Top (@ — 7)) - d*d D duol,,
(ITL.81) 27 i, 01 B2\ Go
1 Lo . - .
-5 /R <G—¢1, V> dH'L[®(B, () NB;(G) NIB/(G)]
1 Lo
Z — 55 (P —q1) - d*d® dvol,
277 JB, (%=1 B4 G\ G

1 - - - g - -
-3 / (=1, V) dH'L[®(B,.(v)) N B} (q1) N 3B/ (40)],
R?

),

where V is the outward unit tangent to the surface &)k(Bn (x)) \ Bf.(¢o) along the boundary
3(®:(B, (1) \ B/.G0) = (B, () N 9B, (40)

and perpendicular to this boundary.'*> We consider x (#) a smooth non negative function

supported in [1, 2] satisfying f; x(@dt=1, x <1land|x'| <1. We multiply the inequal-
ity (II1.81) by x (f) and we integrate between 2 and 4 this gives, after observing that the

12 Observe that ED,L,(BB,.( (x)) C B}.(qo) so there is no contribution from 5>;L(8B,{ (x)) outside B! (g0).
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first term in the r.h.s. of (II1.81) is non negative,

df1 [*
—|5 x (0 dt ) dvol
dr| 7 Jy B, ()N®—! (B(71)\B (G0))

1 + - N -
(I11.82) >—— | x(vat (® —G1) - d*d® dvol,,
215 J B, ()N®~1 (B4 G1)\B, (o)) ?
e (X, r (g1 15490
1 + N - - 2 - -
3 fz x () dtfw(q — 41, V) dH'L[® (B, (x) NB}(g1) N 3B/ (40)]-

By substituting d*¢d ® with it’s expression deduced from (II.36), exactly as in the proof of
the monotonicity formula (II1.4) and as in the proof of Lemma I11.3 the new terms involv-
ing o coming from the boundaries dB] (¢) in the first integral of the r-h-s of (IT.82) tend
to zero as k tends to infinity since the distance between the center ¢; and this boundary
is bounded from below by R s > 0 independently of o. So it remains then to estimate the
last term in (II1.82). This is done as follows

ot v e o 5 . - .
3 / x () dl‘/ (G—qu,v)ydH' [Bn(x) no-! (B;}(%)) Nno! (3]3?5(90))]
2 R}

2 - _—> 4 .
(I11.83) < M f dtH' (8B,,(q0))
2

2131 — Gl 1d1® — ol 7 — ol
<s—— | = ————tdwly <C Ty
r d)_l (Bi&\Béx) S V

where we used successively the coarea formula for the function |<i> — ¢o|/s and the mono-
tonicity formula (III.4) in the last inequality. Observe that this term appears only for
r > dist(B},(90), ¢1) > |90 — ¢11/2. Hence the integral with respect to r between o and
1/2 gives

1/2 d 4 - - - & q q
/ r_:f X(t)dt/ (¢ =01, V) dH'L[®®B, () NBG) NIB; )]
o 2 R4
C

< —
|(11—90|2

(IT1.84)
91 = qols < R
The rest of the argument of the proof of Lemma III.3 carries through and we get that

Vo (B,, (1)) = Qy — C/R.

13 Indeed we are taking the derivative of an integral of a positive integrand over a bigger and bigger set.
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Since we can take R as large as we want, we obtain (III.74). Hence v, restricted to
O is equal to a finite sum of Dirac masses and this last step concludes the proof of
Lemma IIL5. U

We shall now prove the following lemma

Lemma II1.6. — [Absence of energy in the necks] Let d, satisfying the assump-
tions of Theorem II1.1. Let 1 > 1, > 0, 1 > & > 0 and x; € X satisfying

(I11.85) lim log = = +o00,

k——+00 Sk

and such that

(I11.86) im  sup w(Byrs (w) \ Bos, (1) = 0.
k=0 je(1,...logy (n/81))

Then

(I11.87) lim v (B, (1) \ By, (1)) = 0.

Proof of Lemma 111.6. — We argue by contradiction. If (II.87) does not hold we can
then find a subsequence that we denote still ®; such that

(IT1.88) lim vy (B, (4) \ By, (1)) = A > 0.

Let Qg be the universal constant in the Lemma III.3. We can assume without loss of
generality that

(IT1.89) A<Q,.

Indeed, if this would not be the case we would replace ;. by a larger number that we keep
denoting §; and since (II1.86) holds we necessarily have (II1.85) for this new ;. We have
for k large enough

0'/3 fz[l + 13, |§&>k]p dwlg:pk 215 (2)
<

I11.90
.90, ===

YACHE

fBr,A,(»ck)\Bsk(xk) dvolyy,

Following the approach of step 5 of the proof of Lemma III.5, we first select 2 “good
cuts” at the two ends of the annulus. So we choose respectively ;. , € [§;, 28,] and 1, €
[7:/2, ni] such that we have respectively

9
5p = |:/ |V dl] < 7 v(Bas, (1) \ B, () — 0,
9By, . (xt)
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and
- 2
= U IV, | dl] < 7 v(Bay, (x) \ By, (1)) — 0.
9By, (%)

Let x, ; € 0Bs, (x;) and xo ;. € 0Bs, (x;) arbitrary. We have respectively
(IT1.91) ®,(8Bs,, () C B! (®p(x1)) and  @,(8B,,, (%)) C B! (®r(x))-

Arguing as in the proof of the non collapsing lemma III.2, which is a corollary of the
monotonicity formula, there exists s > 0 fixed such that

max . (B! (9)) < A/4.
geR?
We then have for £ large enough

16 (De(By, (60 \ By, () \ (B (Dr(x1,0)) UBH(Dr(x2.0))) = A/2.

As in the step 5 of the proof of Lemma II1.5, we adopt the notations from the proof of
Lemma II1.3 and replacing X by the annulus B,, , (x;) \ Bs, . (%), we can find ¢ such that

G € D(By, . (6) \ By, (%) \ (s U G UBH(D4(x10)) UBH (D).

We can carry over one by one the computation of the monotonicity formula centered at g,
controlling the boundary terms induced by the two cuts C_IS;C(BB,,A,_((xk)) and C_I)D;C(E)B,]kv[(xk))
which stay at a distance bounded from bellow with respect to g, following the approach
of the end of the step 5 of the proof of Lemma IIL5. It is here even simpler since the
lengths of the cuts s; and ¢ shrink to zero in the present case. Hence we obtain

A= ll_r)r(l) Ve(By, () \ B, (x)) = Qy,
which contradicts (II1.89). This concludes the proof of Lemma III.6. U

Defining the bubble tree Because of the previous quantization property, together
with the no-neck energy property, following a classical combinatorics argument (in the
style of Proposition III.1 in [3]—see also [27]), after extracting an ad-hoc subsequence,
one can construct a family of sequences of smooth conformal injections (1//,(')Z 1.1 from
S\ U , Be (al) (for any & for £ large enough) into (X, g5,), equipped with a strongly

converging constant curvature metric 4, in such a way that

v/ = dvol, o — v = dz;olhjOO as Radon measures on S' \ q B, (aj)
=
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for any € and

SOVE(S) = e (S7).

=1

In the case for instance when the conformal class of (X, gz, ) is controlled, the first bubble
is given by X itself and the others are S?. Except for the next lemma where we are
working in the junction regions between several bubbles, the so called neck regions, we shall
be working on a single bubble that we shall generically denote X.

Lemma IIL.7. — [Construction of an approximating sequence] Assume

the lypothesis of Theorem II1.1 are fulfilled and that we have exiracted subsequences such that o,
converges weakly towards Do in W 2(X) and vy converges towards v, satisfying (II1.61) where
B:={ay,...,a} the blow-up set. Let ¢ be a function in C“(BZ(O)) satisfying fBQ(O) o (x) d®> =1

and denote ¢,(x) == 1~ 2p (x/1). Then modulo extraction of a subsequence, the famuly of smooth maps
O, * QDOO, converging strongly in Wy > (2 \ B) to Do as v goes to zero, salisfies

loc

(IT1.92) lim lim supf |CI>A O, * CDOOI dvoly, = 0.
S\UL, Be(a))

r—0 f—>+00

Proof of Lemma I1I.7. — Let € > 0. Let x € X \ Uj_,B,(g)) arbitrary and r > 0 such
that there exists £, , such that

(I11.93) Vi >k, / VD, |2 & < e.
By, (%)

As before, we use Fubini and the mean value theorem to extract a slice 7. € (r, 2r) such
that

ENORTNE] R c/ Vo2 di <e

Boy

22 G 29,9 _Ge
and Vo2 < = VO, di? < =%
0B, () " J By (0 4

H &Doo(x) - &Dgo(x) HIOO(aB o =€ where &Dgo(x) = &Doo dx’.
- T

B[ /1y, 00

Because of the weak W2 convergence of CDk towards ® =0, and because of the uniform
W1 2_bound on 0B,,(x) of @k(rk, 0), by Rellich Kondrachov compact embedding theorem,
CIDk(rk, 0)— oo(rk, 0) converges to zero in L.>° norm. We then choose £, , such that

VEk> ke, 1Pk — Poollims, ) < Ve
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Denote 2} (x) :=B, (x) \ <I>;1 (Bi’{ﬁ(q);o (x)) and assume that
P T
o fz;u)(l —|—|I¢k| ) dvol 5 _ 1
fEZ(X) dvalg&)k ~ logo,”

T

Again we can then argue word by word as in the proof of Lemma III.3 for the surface
%/ (x) until (IIL.47) in order to find a point ¢ in CTD}(E"(x)) \ (Ez/3 U Gs). Once we have
this point we perform the rest of the argument of Lemma IIL.3 but for the surface with
boundary CIDk(Bm () \ CI> (B (<I>’ (x))). The boundary is going to generate a new term

in the monotonicity formula

1 P P D 4 -
—— /w(q — 1, V) dH'L[®4(B,,(x)) N 3B, (9],

r

for ¢ € [2, 4] that we treat exactly as in (II1.83) in order to get that for £ large enough
fB o |VCI>k|2 dx* > Qy — C/R which is a contradiction for R large enough. Hence we
have

2 2
akfﬂx(l+|lg>|)1’dvol< 1
(I11.94) % y ; s —
fz;(x) Vlgs, 080}
and then
f 1D,.0) — D2 ()| VD) &
B, (x
(II1.95) o
<R./e VO, (y) dy? +(31oga,;la,3/ (1+ |I§>k|2)pdvolg@k.
By, (1) By ()

Let ¢ be a function in Cgo(B%(O)) satisfying fB2 ¢ (x) dx*> =1 and denote ¢,(x) :=

1(0)
t~2¢ (x/t) we have for all y € B,(x)
B, % Do) — D (1)
= f é.(y—2) 5>oo(z) Az’ — f o,(y—2) &Dgo(x) dz’.
z2€Bo, (v

2€By, ()

Hence

Do () — D (%)

<- / f ( ) () = oo (v)| &% dV?
2€Bo,(9) J veBo, (x) ¥
C
< _4 |q)oo(z) oo(v)|dz dU
2€B4; (x) J veBy, (x)
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Thus, using Poincaré inequality on By, (x)

Vye X \U_,B.(a)

|

(IT1.96)

- - ; 2 -
8,0 800) = B 1y, =C [ IVELL OV
Byr(x)

Let 7 such that

sup Voo (B4,(x)) <e/2.

x€X\U_ Be(a))

One takes a finite covering (B,(x;));er of X \ U._,B.(a;) by balls of fixed radius » such
that each point is covered by at most a universal number 91 of balls of size 27. Summing
(IT1.95) gives for k large enough

Zf |@,0) — L, ()| [VOL20)
B, (x)

i€l
sRmﬁf V() b
SAUL, Bey (@)
- b
+CNlogo, ' o} /z(l + 13,1%) dvolg&’k.
Combining this inequality with (IIL.96) gives then

/ 1By — ¢y # Dol ) [VBL0)
S\UL Bacg (@)

(I11.97) <Cye VO, 20) &
z \U)[le BSO (a)
+CNlogo; ! of f (1 + X5, 1)’ dooly, .
E\U7=|Bs(al)
This concludes the proof of the lemma. U

Lemma II1.8. — [Rectifiability of the limit] Let o, satisfying the assumptions of
Theorem II1.1. Then the limiting measure Lo s supported by a rectifiable 2-dimensional subset K of
S given by the image of the different bubbles by the W'* map Do Precisely there exists a uniformly
bounded H? measurable function 6 on K such that

(II1.98) oo =0 dH*L K.
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Moreover if we decompose oo = ZzL:1 W where each |1 is the limiting measure produced by one
bubble we have for each bubble

(I11.99) (@) = / ¢ (Do) dv', = f B (Do)’ (x) dr’,
z z
where v, = m' dL*.

Proof of Lemma 111.8. — We first prove (I11.99). Let € > 0. Using (II1.97) we have the
existence of 7 such that, for £ large enough

/ 1Br— ¢y # Dol ) [VBL0)
S\UL Bacg (@)

(II1.100) <CVe IV®,20) &
T\UL Beg (a)
+CNlogo, ' of f (14 X5, 1%) dvol, .
S\UL, Be (@) g

Let ¢ € C'(R") we have

() = / 0(Dy) dvolgi)k = / 0(d, * Do) dvolgék
(IT1.101) B\ Beg () BAUL Beg (@)
+ / P(Dp) — @, * Ps) dwlg&)k,
X \U?=1 Beo (@)

where 1} is the measure issued from @ restricted to X \ B. We have in one hand by the
convergence of Radon measures

lim 9 (@, * Do) duol,,
=400 Je\Ur Bey (@) k
(I11.102)
= Voo (@(¢h, x D)) = / @, x Poo) m' (x) dx’,
S\UL, Be, (@)

and in the other hand we have

/ (p(&)k) - (p((pr * isOQ) dv()lg&)k
S\UL Beg (@)

(II1.103)

< IIleloof |D — ¢, % Poc| () VDL () &7
ZAUL Bog (@)

Combining (III.100)—(III.103) we obtain

(IT1.104) lim sup |} () — veo (@(, % éoo))\ <C,e.

k—+00
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By taking ¢ smaller and smaller as well as p gets smaller and smaller we obtain (II1.99).
It remains to prove (II1.98). Because of the monotonicity formula ©* vanishes on any
measurable set of H? measure zero in S°. Using the quantitative Lusin type property for
Sobolev maps of EC. Liu (see [21]) we deduce that for any o > 0 there exists a C! map
E* from ¥ into'* S* and an open subset B* of ¥ such that

H2(BY) <a,
(I11.105) P =E" onT\B* and dd,=dE® onX\B°,
I,
”q)oo - ”wlv?(z) =a.

The identity (II1.99) implies then
1o () = / 9(E%) dvi, + / @(Po) dvi L B,
T\B

Since 2% is C! on ¥ the measurable set K* := E%(X) is 2 rectifiable and there exists a
measure 7% supported on K such that

1@ = [ oG+ [o@a .

Observe that since v’ is absolutely continuous with respect to the Lebesgue measure on
> we have

lim sup v (E) =0.

0‘_)0|E\<o¢

Hence, by taking K := U,cn:K!/", there exists a measure T on K such that jo := 7L K.
Because of the monotonicity formula ©* vanishes on any measurable set of H? measure
zero in S* and hence 7 is absolutely continuous with respect to dH*L K and there exist
an H? measurable function 6 on K such that (II1.98) holds and this concludes the proof
of Lemma IIL.8. O

Lemma I11.9. — [Vanishing of the limiting measure on the degenerating
set] Let £gg_ be the subset of 2\ B of Lebesgue points for V ® . We denote by S% b the measurable
subset of £y g_ of points where the Lebesgue representative of V @ has rank strictly less than 2. Then

we have

(IT1.106) Voo (L5 ) =0.

A

4 The fact that we can apply Liu’s result for maps into W'?(Z, S*) comes from the fact that smooth maps in
Cl(Z, S*) are dense in W'2(Z, S?) for the W!2-topology.
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Proof of Lemma I11.9. — Let K be a compact subset of S% B such that
Voo (K) > 2*11)00(2%&3&).

Let o > 0 and consider B and E* satisfying (II1.105). We choose o small enough in such
a way that

Voo (K \ BY) > 27 v (K).

Since _/:S[] ) |8xlcf>oo X HXQC_Isool dx* = 0 and since VCTDOO —VE® on \ B¢ we have that
Vdoo

HQ(é"‘(K \ B¥)) = 0. Observe that Q¢ := o (K\ B¥) is compact in R*. Let B,,.(¢;) be a
finite covering of Q% such that ), ; p? < &. Let ¢ be a C' non negative function in R*,
identically equal to one on %, less than one and supported in U;1B,, (¢;). Because of the
monotonicity formula we have

(IT1.107) f ¢* () du>(¢) < Ca.
R4
The formula (I11.99) and the fact that w“(é”‘) 1s identically equal to one on K\ B* gives

Voo (K\ B) < /4 0" () dn> (),
R
hence we obtain that 1)00(2%6> ) < 4Ca for any o and this concludes the proof of
Lemma IIL9. N O

Lemma I11.10. — [Convergence to an integer rectifiable varifold] Under
the assumptions of Theorem I11.1, we have that one we can extract a subsequence such that the integer
varifold vy associated to the current (&Dk)*[E] converges to an integer rectifiable varifold supported by a
finite union of the images by W'->-maps of surfaces. More precisely we have that on each bubble there
exists a_function N' € L (S', N) such that

(I11.108) Vi = N[0, Doy X 0, Do di’.

Proof of Lemma III.10. — Since we have proved that the necks contain no energy
at the limit, it suffices to prove the convergence for ®; restricted to X \ U/_,B,(a)). We
denote by v, ; the integer varifold associated to the current (®,),[% \ U._ B.(a)].

The proof of Lemma III.10 is a bit long and is therefore decomposed into two
main parts. In the first part we establish the varifold convergence of v, ; towards a limiting
varifold v, o, which is—as a Rgdon measure on the Grassman bundle of TN"—absolutely
continuous with respect to (CDOO)*(STE\U}’:IBS(al)- The second step consists in proving the
integrality of v, .
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Step 1: The convergence of v, ; towards v, o < (Poo)drz\Ur_ B (0)-

We fix o > 0 and we consider the map & 2% and the open set B* given by (II1.105).
We choose a Lebesgue point x for Vo, in % \ B* such that

_ BW\BY

We assume that x is not in the vanishing set X,.We also assume that x is not in the de-

generating set S% 5. - These restrictions have no consequences since we have respectively
o0

Voo K L2, V5o(2g) = 0 and voo(S%&) ) = 0. Such a point is a Lebesgue point for x and
one has

ML110)  limg* Do) = E"() = Duc ).

Wlthout loss of generality, modulo the actlon of rotations, we assume that n"‘(x) =
Oo(x) (0,0, 1,0), that 9,, "“"(x) —axlCDoo(x) (a,0,0,0)and 9,, "'“(x) =0, CDoo(x) =
(6,¢,0,0). We have ac# 0 since V&, has rank 2. Moreover the approximate tangent
plane at CDoo(x) coincides with Span{(1, 0, 0, 0), (0, 1 0, 0)}. Observe that the ex1stence
of this approx1rnate tangent plane and the fact that E*(x) isa regular point for & 2 forces
Span{d,, E%, 9,, "“"} ={(1,0,0,0),(0,1,0,0)} at any point in (E*)~ ("‘“(x))

We recall that we adopt the notation b= (®!, ®%, 3, d*). We first have for the
third coordinate

[ verar=[ jerveifar+ [ (1-|oif) jver s
B, (x) B, (x) B, (x)

(IT1.111)
= [ Jerveil e+ [ (el - |eif) [ver 5
B,(») B, (%)

We have q);:’ VCDz = —CD,l VCD/i — CD}? VCD,% — CD:VQ: and since also for any 1 =1,...,4
we have

(II1.112) V| dyy A dyy < 2 duol |

and keeping in mind also |®| < 1, we deduce that (IIL.111) gives

[ weifer=2 [ [lojof + et + o[,

(x

+4/ | @} 0) — % ()] duol, .
B, (x)
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Since q)éo(x) = 0 for 7 # 3 we have then

(II1.113) / IVol|* e < lof | @1 — Do ()| ool
B, (x) i

B:(x)

We have

/ |<f>k — &Doo(x)‘ dvol%

B,(x) o

(IT1.114)

< f | @ — @y % Do ()| doolyy + | Poc () = % Poc ()| 1 (B, (1)
B, (%)

For any & > 0, for r small enough, using (II1.95) and (II1.96) we have the existence of a
radius 7, € (p/2, p) such that

f |®:0) — ¢, * P )| IVDL0) &
(II1.115) B9
<CvVe | IV®() &’ +Clogo; ' of / (1 + X5, 1)’ dooly, .

B, () B, (x)

Since we are at a point which does not belong to the vanishing set we obtain, modulo
extraction of a subsequence

,1910) — P ()] [VEL20) &P
(II1.116) limlimsupr’() )~ Do i O _
>0 s yoo S0 1V®L20) 2

Combining (II1.113) with (II.116) we obtain

[ @ IVD;|? dv?
(IT1.117) lim lim sup — =0.
=0 s too fB,(x) dwlg&k

Since x is a Lebesgue point for V. one has

/ VB0) - VE“W = o).
B, (x)
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Then, using Fubini theorem together with the mean value theorem, for any » > 0 and for
each % one can find a “good slice” 7.(r) € [2r, 47] such that

2
f |95 (D oo (14(1), 6) — 74(r) cosO 8, B (x) — (1) sinf 8, E*(x))]| d6
0

=o(1),
(II1.118) 1
H' (3B, (x) NBY) = 0(7),
2 D (2 Ja2
|V<D/c| dlyg,,, < IVO,|~ dx”.
9By () () " JIBy,
Since
| & (1, 0) — B* (1) = (1) cos 8, B (x) — (1) 5in0 3, B | e 0,90,

(IIL.119)

=o(r),
from (II1.118) and (III.119) we deduce

Hq> (ne(r), 0) — E%(x) — (1) cosf 0, B (x) — r(r) sin6 0, B%(x) ||Ic,o([0 o)
(IT1.120)

= o(r).

Moreover since &)k(rk, 0) — Cf>oo(7k, 6) weakly in H/2([0, 27r]) because of the last condi-
tion of (II.118), there exists £, , € N such that

Y=k, || ®u(n(),8) — E*(x) = ri(r) cosf 3, B ()
(I1.121)
— 1.(r) sin6 9, ua(x)ﬂlm(wﬂ) o(r).

Because of (ITI.121), there exists £, , such that

VE> ko BB (1) CBL oz (Poo(0) \ By, (Poc(x),

where y : 1nf{|8rl “(x), 8x2 “(x)}. For any 7 > 2 |Vu°‘ (x)|r we denote by w,(t) the
component of CD (B4(CDoo(x))) containing 9B, (x). Let

Q(7) == () UB, 1y (0).

Replacing rby y~lr/4 |VE“(x)| the corresponding “good Cut at i (y~ r/4 |V”“(x)|) 1s
sent by CDk outside B* (CDOO(x)) hence, since 0€2,(t) C CD (8B4(CI>OO))

4|VE® ()| r

ML122) YVt e[2|VE'W|r4|VEMW|r] Q@) CB,-1, vz -
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We denote

2= (4| VE* )| 7).
Let x,*, be a smooth non negative function on R* supported in the ball Biwéa ol 7,(&)oo(x)),
identically equal to one on BéIVé"(x)l 7(<f>oo(x)) and such that || dlefx liemy <

r! |Vé°‘(x)|;o[ for /=0, 1, 2. We have in particular forj=1,...,4

(I11.123) /B

Multiplying the 4th coordinate of equation (I1.36) by Xﬁ‘x(&)k) ®; and integrating over X
gives, arguing exactly as in the proof of Lemma III.1,

veiler Z/ X (D) V| e = /

y=1/21vE (1 ) iy v

‘VCDHdeQ.
(&)

[, recdolvolfa= [ ar@olelfvorl s
(II1.124) Fer S
_/ Dy V(x2 (@) - VO + op(1).
Zk?

We shall now define a radius s, = §(r) r where §(r) = 0,(1) in the following way. Using
Poincaré inequality as for proving (II1.96) we have

r

- - CX - P
(IT1.125) s, * P — ®;0||i°°(2 o= —2/ IVD|? di,
’ g B, 1,3 w20 (g (Poo)
where C, does not depend on r but on x only. Using the fact that, since 2% is C!,

_ > 2al?
r 2/ Vb — VE*| & = &(r)
By*17/2|véa(.«)|(x)

and |[VE“ () =0 = [VEY ;. =0,

(IT1.126)

where €(r) = 0,(1) by choosing §%(r) := max{||VE** |15, ) e(r)'/?} we deduce from
(II1.125)

2

1
¢, * D! o

o B, (x) B, (x) L(Z, )
< C,[Ve® + IVE“ l1oom,0n] 7 = o(r?).

On B, (x) we decompose C_ISOO —BY=y + ¢ such that Av =0 in B, (x) and ¢ =0
on 0B, (x). Because of (III.120) one has, using respectively the maximum principle and the

(II1.127) ‘
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Dirichlet Principle,
”U”L“’(B,k(x)) =o(r) and

(IT1.128) ( B} L,
/ |v¢|25f VO, — VE*| &’ =e(r) 1.
By, (x) B, ()

Sobolev—Poincaré inequality gives
! 2 I Za|? g2
— > <C Vo, — VEY| dr.
|Bm (%)] By, (x) B, (x)

Combining this last fact with (II1.128) gives

2

= o).

1 > > .
‘ [®..0) — E*()] &

|B7k (X) | B, (x)

This implies m fB'k ® CTDiO (») = o(r). Observe that similarly to the proof of (I11.96) by

the mean again of Poincaré inequality one has

2

'1 Lo ——— [ @l
IB”(x)| B, (x) > |Br(x)| B, (x) *

sc/ Vol | & = o).
Bo,(x)
Combining these two last estimates with (III.127) we finally obtain

(II1.129) |

O, * CIDio HLOO(E,./;) =o(7).

We shall denote simply CTDX, = ¢, * Do Arguing now exactly as in the proof of
Lemma III.1, we have

f X (@] Ve[ av
(I11.130) e
= [ xedoloil [voil'at — [ @1V @0) VoL + 0,
5. b

k.r
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Observe that from (I11.129) one has ICDf’rl = 0o(r) hence |<I>i azj)(fx(&)&))| <o(r)rt =o(1).
Thus we have

[ 1@ - ool w
k,r
(IT1.131) :f Xfx(c_f)k)[‘cbﬂz - |CD§,,|2] |V®ﬂ2dx2
Zhr
4
- Z[ (@ (8,x°.(®p) — @ 9, x*(D,))] VP, - V! + 0,(1).
j=1 Y Tk

Because of the first line in (II1.126) one has

sup / VD[ (2)d2* < £()r* 4 Cys? < Cus?.
B, )

YEX),

Replacing r by s, and ¢ by s* and ¥ \ UL B, (a) by ,, one can transpose word by word
the arguments from equation (II11.93) until equation (II1.97) in order to obtain

f 1B, — ¢, % Bol0) (V20
(I11.132) e
% 12 2 -1 __2 2\/
SCS;'/ IVO["(n) & + CIlogoy Uk/ (1 + |15, | ) d”"lg@k‘
pIA Zk,7

Combining (I11.131) with (II1.132) gives then
f [x2.(®p) — 0. (D]| V[ @’
2/{,7

SCsr/ |ch>k|2(y)4y2+cmogok—laf/ (1 + 1K, 1)’ dool,
(IIL.133) H Sk
+C/ |@F — ¢, * DL|0) [0 4 (PD| IV O) &
2k

e, 7

VD20 .

+C [ 18100 | @0 0.3
X

Using the fact that [d.x7,| < Cr7!, that 0%, < Cr™? together with (IT1.129) and
(ITI.132) again we finally obtain

(1% (D) — 0, (DIIVD!> dx® .
(IT1.134) lim sup Jo, [ _— <[ s+
k—0 fzk’, |Vq>k|2())) dyQ
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Combining this fact with (II1.123) and the fact that 5,7~' = o(1) we finally obtain

[V ®}2 di?
(IT1.135) lim sup S
k—0 -/B() |Vq)k|2(y)dy

Combining (II1.117) and (III.135) we have then

=o0,(1).

(I11.136) lim lim oI VOI + VLT ]dx
r—0 k=00 fB . |V<Dk|2 d?

as well as

ML137)  limlimsup Jor1 @3 oIV O + IV 1
=0 p s fi’;l(Bf‘J(éoo(X))) |vq>k|2 dx?

-
Since @, 1s conformal we have then

(IT1.138) lim lim S 21008 7 Oulil 4 =1
=0 k—+00 fB,(x) |V D, |2 d ’

where Z’k := (@}, ®?) and, combining (II1.136) with (I11.138)

IIL139)  lim lim Jow 2 e A Ol |
r—0 k= -+00 -/B,-(x) IVZ, |2 dx?

One difficulty at this stage is that we can not remove the absolute values inside the up-
per integral of (IIL.139). If we would be able to do so, we would be provmg the strong
convergence for V@k towards VCDOO and the lemma would be proven."” The rest of the
argument consists in proving that the limiting un-oriented varifold associated to the cur-
rent (CDk) [B,(x)] is going to be equal, asymptotically as r goes to zero, to an integer
times :f"T 3. We formulate that differently. Denote by Go(S?) to be the Grassmanlan
of oriented 2 dimensional planes of the tangent bundle to S*, TS®. The image by @, of
X7, induces an oriented integer rectifiable varifold (see [14]) v{ ,,
entation of the tangent plane is taken to be the one induced by the push forward by the

where the choice of ori-

immersion ®; of the one fixed on X. The sequence of oriented varifolds v; converges to a
limiting oriented varifold v, which is a limiting measure on the oriented 2-Grassmanian
G»(S%). Denote by T*X the tangent bundle to X with the positive orlentatlon and T~ X
the same tangent bundle but with the opposite orientation. We see J‘(T*Z"‘ uT- E"‘)

15 Unfortunately we still don’t know whether we can exchange the integration and the absolute values in (I11.139) at
this stage of our study of the viscosity method.
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as a measurable subset of G,(S?). With these notations, the identity (IIL.136) is in fact
equivalent to

(IT1.140) ¥ (Go(SP) \ EX(TTECUT-EY)) =0.
The goal is now to prove
(IT1.141) v¢ o =N,8z¢(1.50 where N, € N,

where V¢  is the un-oriented varifold associated to V¢, and 8zq(yge) is the Dirac mass at

the un-orented tangent plane B¢ (Txflg‘).

*

Step 2: The integrality of v, ..: the proof of (III.141).

To simplify the presentation, in order not to have to localize in the domain that
would make the notations heavier, we shall assume that

ML142) ()7 (E*() = {v).

Fori=1,...,4 we denote by VZy' the vector-field tangent to ®(X) given by the pro-
jection of the i-th canonical vector of R* onto (&Dk)*TE. We also denote *kVZ"yi the
rotation by 7 /2 of this vector in the tangent plane to ®,(X), taking into account the ori-
entation given by the push-forward by ®; of the one we fixed on X. Denote by (€)=, 4
the canonical basis of R*. The identity (II1.137) implies that

0, O, A 0, ) S o > )
(IT1.143) limsup/ dist(uk—“"f, +& A 82> VO, |* d® = o(p?),
k—>+00 J & (B (oo () [0, @i A 0y, Dy

recall oo (B:(&Dw(x))) >~ p?. This also implies

k— 400

(I11.144) Vi=1,2 limsupf |VEy, — & dHPL Du(Z) = o(p?).
B} (B0 (1))

For (9, @4 A8, ;) - (81 ABs) # 0 we denote J; = sign((d,, Ds A, Py) - (81 AZy)) otherwise
we simply take J, = 0. Identity (III.143) and (III.144) imply

lim sup/ H*kvzkyl _Jk 82| + ‘*kVE"yQ +Jk £ |] dHQL C_IS/C(E)
(IT1.145) k—>+00 JB} (Poo (1)

=o(p’)-

Let T} be the following vector-valued one dimensional currents
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voe QI(R4) (T/f a> = /34@ MNd (2>a " *kdj
oo (X, k

&7 (BS (Poo (1))

Let ¢ be a smooth function in C°°(B4(0)) such that fw(/)(y) d_y = 1. Denote Yo 1=

o () o, /). We recall the definition of the - Smoothing @q, * T of the current Tp (see

[9], 4.1.2)
Va € Q'(RY) (¢, *TZ, a) = f (@0, x @) A ¥4y,
B} (D00 ()NDL(E)
where o, 1= @,, * @ denotes the following convolution operation

. 4
Oy, = Qo x O 1= / Yo, (—2) T dz
R!

where 7,(y) =+ z. We shall use the following lemma

Lemma II1.11. — [Convergence of the o,-approximation of :ff 1 Under the
previous notations we have
(IT1.146) lim sup sup [TV — o + T, dop) =

k=400 SUpp($) CBE (oo (1)) l|dplloo <1

Proof of Lemma I11.11. — Let ¢ be a Lipschitz function supported in Bf)(isoo(x))
with [|d¢]| < 1. We have

<T/€ — Qo X TZ’ d¢>
== / dZ @Uk(_z) R _ (d¢ - T:dd)) AN *kd_—);
R? B (o0 (x))NDL(T)

—/ L= [ ($0)— b0 +2) Adw .
R? B} (Poo (0)NP1(T)
Using the fact that ||d¢ || < 1 and that ¢,, is supported in Bi, ,(0), we have

|<Tp ‘Pak*T/f, d¢>| < Uk/pfz[|Hk| + l]dwl

. 1/2 R -
< [akz f2[|Hk|2p+1]dvolg@k] pArea(q)k(E))l v

=o(1).
This concludes the proof of Lemma III.11. O
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Lemma 1I1.12. — [Asymptotic vanishing of the boundary of T in
B! (CDOO(x))] Under the previous notations we have

(I11.147) lim sup sup (T7, dp) = o),

k=00 supp(d’)CBﬁ(‘i)oo(X)); ldpllo=1
and_for the two furst directions 1 = 1, 2 we have

(II1.148)  limsup sup g - (17, dp) = O(p").

k=400 supp(¢) CBS (Poo (1)): [1ddlloo=1

Proof of Lemma II1.12. — Because of (II1.137) it suffices to prove (III.148). Because
of the previous lemma it suffices to prove (I11.147) where g Tp for i =1, 2 is replaced by
Ei " Yoy *T We assume gb(fboo(x)) = 0 in such a way that [|¢ | < p. We have

(IT1.149) (0, * T, dp) = / d(Po, x P) N 54 dy
B

1 (Boo (D)NP(D)

Integrating by parts and using (II.36) we have, omitting to write explicitly the subscript £,

(o T, do)
=/ V(o % ¢ (D)) - 02! VO i

& (BY (oo (1))

—2/702[ e_mV((pa*q’)(&))) AN
& (B (Poo (1)

+ WL, dy?

(IT1.150) _ 940 / V(g d(®) - V[ ]

O (B (Poo (1))

+2p02f V(g % (D)) - [/ H Vi
O (BY (oo (1))

— RV Vi, VD) di

—ﬁ e p@)([1+ 02— pff +poi 7] @IV

B! (B (Doo ()

—4po’ 7 H) &

Observe that ||82 (g0<7 * P)|loo < 0~/ hence integrating by parts V and (V)* in the sec-
ond line of (III. 150) as well as integrating by parts V in the fourth line of (III.150) and
using (III.15) as in the proof of the monotonicity formula, we obtain that all the terms in
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the first, second, third and fourth lines of the rh.s. of (III.150) vanish as k goes to +o0.
In the fifth line only the term f¢ B (o)) P ¥ qﬁ(CD) ) |V<I>|2dx 1s not necessarily con-

verging towards 0. Since we are con31der1ng the first and second canonical directions and
since ®' and ®? are O(p) in <I> (BAr (CDOO(x))) and since ||@ || < p we obtain (III.148)
and Lemma II1.12 is proved. O

Proof of Lemma III.10 continued. — Denote CT);C = (@}, ®}). By taking ¢(») :=
h(y1,99) Xp(r3,4) where yx, is identically equal to p on Bi(l, 0), is non negative, sup-
ported in ng(l, 0), we have forz=1, 2

(IIL.151) limsup sup é’/ sy A (X dh+hdx,) = O(p).
k=400 SUPP(H)CB (®oo (1) dhlloc<p™! /B, (Poo()

Because of the existence of an approximate tangent plane at ® 4o (x), which is equal to
Span{g;, €}, the asymptotic mass of the current in B} ,(Poo()) contained in the support
of dx, which is included in Bip(O, 0) x (ng(l, 0) \Bi(l, 0)) is a 0(p?). Hence we deduce
fori=1,2

(II1.152) lim sup sup f d,hdH>L () = o(p?).
k=00 SUPP(H) B (0,0); [ldhlloo<p~" ¥ B3 (0.0)x B3 (1,0)
This implies, using (I11.136),

(IT1.153) lim sup sup / N 3,k dL* = o(p?),
B3(0,0)

k=>+00 suppP*)CB3(0,0); lldhlloo<p~"

where N;(») is the number of pre-images of y = (y1,9) by Z—k, Since M(Bi (0,0) N
Zk(z)) ~ p? we then have
: fB}%(o,O) N:0) 0,4 &y _

(IT1.154) lim sup sup o
k=00 ;SuPp(h)cB%(o,O); lldhlloc<p~! fB%((LO) N:O) &

The quantity on the numerator of (II1.154) is almost but not quite the Flat Norm'® of
the relative boundary in Bi (0,0) of the 2 dimensional integer rectifiable current given by
Cr(p) = [N (») d»*]L Bi (0, 0) while the denominator equals it’s total mass.

16 The flat norm would have been

sup / N () div(X) dy2
B3(0.0)

supp(X)CB (0,0); [ divXleo <p=1

and cannot a-priori be controlled by the numerator of (I11.154).
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In [30] the following inequality is proved. For any measurable function / on the 2
dimensional unit ball B, (0) the following inequality holds

SO &

1
H'/ |B1/2(O)| Bi/2(0)

<C sup{

L1.%(By/9(0))

(I11.155)
SOV &' ¢ € CE(B1(0) [Vl < 1}.

By (0)

Combining (II1.154) and (III.155) gives that

1
Nip) = =——— | Ny(p») &’

(II1.156) lim sup
|B1/2(0)| By/2(0)

k=400

=0,(1).
L1-2°(By 2(0))

1
[B1/2(0)] fB1/2(0)

This shows that the average Ni(py) dy* is 0,(1) close to an integer n;, € N*

as ktends to infinity and that
(II1.157) limsup [ Ni(o x) = 27 1o, 0y = 90 (D
k=400

Since this integer is bounded and bounded away from zero, modulo extraction of a sub-
sequence we can assume that n, = »” is independent of £ and, taking a sequence of radii
p; — 0 we can also assume that 7”7 is independent of ) and we have the existence of n € N*
such that

(ML158)  tim limsup [NiGo2) =]y, =0
this proves (I11.141) and this concludes the proof of Lemma III.10. UJ
Lemma I11.13. — [Convergence to a bubble tree of conformal “integer

target harmonic” maps] Under the assumptions of Theorem I11.1, we have that one we can
extract a subsequence such that the integer varifold |®(X)| converges to an integer rectifiable varifold
supported by a finite union of the images by target harmonic conformal W'-*-maps of Riemann surfaces .

We adopt the same notations as in the proof of Lemma III.10 and assume to sim-
plify the presentation that (II1.142) holds where we recall among other things that x is
chosen also to be a Lebesgue point for V@, (x). One has

Jactimiia oo 180 Pp A 8, Dyl d?

. . B (B (oo 190 P A 0y Py

(IT1.159) lim lim ——~ - = = =N,.
p=>0k>+00 g/ A £ - fa);ol(Bﬁ(&’oo(x))) axchoo AN 8,(2 b, dx?
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Observe also that'” The lower semicontinuity of the norm gives

k—+00 k——+00

> f 27N VD |* di.
D (B (oo (1))

Hence combining (II1.159) and (I11.160) one gets

liminff 19, By A 0, Dp| dn® = liminf/ 271 |V, |2
O (B (Poo (1)) B (B (B (1))
(I11.160) p(Bocle) Bp(Bec@)

LD |2 Jx2
fi>gcl<B§<i>m(x>>>2 |V Poo|” d

lirr})
PO Ja2r @iy 19

<N,=n"" lim P oo (B (P ().

Cf>oo A 8(,@CTDOO| dx?

This gives, using the Monotonicity Formula, we have
for v a.e. xe D*\ B

(IIL.161) Va2
- L ool (ﬁi) <70 () =K.

Take g; := axic_f)oo . BXJ.CTDOO and introduce
g — g2+ 21910

w(x) =
g+ &0+ 2218 — &

on D? \ L‘% 5. » with the above notations (IIL.161) can be recast in the following way

for a.e. x € D? \ £%<T>oo

+09)> 4
4 < 4@11 g22)2 < —2 640 Mio(sg) = 4—K2
g11g2 —8y T

Extend p by zero on the whole G. Observe that we have

(g1 + g2)* — 4(g1182 —g122)
(g1 +929)° + 4(g11920 —g122)

K?—1

<1
K241

2
IIMIIOOS‘ <
)

oo (M2\ /0
LD \EV@oo

Hence p defines a compactly supported Beltrami coefficient. Consider the normal solution of
the Beltrami equation given by Theorem 4.24 of [16]

Oz = nd.9.

17 We recall among other things that x is chosen also to be a Lebesgue point for VCTDOC and that V&Jw(x) = Vé“(x).
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The quasiconformal map ¢ realizes in particular an homeomorphism whose inverse ¢~

1s also quasiconformal in w7 (C) for some p > 2 and one has

loc
8w(p_1 = wawq)_l,

where @ = —(ud.¢/d.¢) o ¢~'. Being an homeomorphic map of bounded distortion in
WI’Q((p(DQ))_’it is quasi-regular, the chain rule applies with @, (see Theorem 16.13.3
of [17]) and @, 0 9" € W'?(p(D?)). A classical computation gives

8w(<i>oo oga_l) . 8w(<f>oo o go_l) =0 a.e. on go(DQ).

“Pasting” together all these conformal charts gives a smooth conformal structure on X
and a global quasi-conformal homeomorphism ¥ of ¥ such that Py 0 ¥ 1s weakly con-
formal. Moreover, the condition for the image of X by &, equipped with the integer
multiplicity N to be stationary is equivalent to (I.2). It remains to show that (N, Py 0 ¥)
defines an integer target harmonic map.

We omit to mention the composition by ¥ and we simply write ® for Do 0 v.
We can apply Lemma IIL.1 to £ \ [J,_, B, (@) where 7, are “nice cuts” taken between

¢/2 and & on which ®; converges in C° to deduce, using because of (II1.108), that there
exists n points ¢, , such that

‘@oo)*(N[z]) L (w \(UB! @,,») ‘
=1

realizes an integer rectifiable stationary varifold in S* \ [ J;_, pr (¢1.,)- This is equivalent
to

4
(I11.162) / N |:
2\ULz1 By (a) Z

(8, X(Poo) VBL; VO ) =N X(D0) - Doy |v<f>oo|2] A = 0.
=1
We chose a sequence of radii p, — 0 such that

V= 1,...,7’1 5,,,),[—>Z]l,0683.

Since s5,, — 0, (&DM)*(N [Z]) is stationary in S\ {¢1.0, . .., guo}. Let xs(¢) = x (¢/8) where
x € G ([0, 2], Ry), x is identically equal to one on [0, 1]. For any arbitrary smooth
vector field X from I'(TS?) we proceed to the following decomposition:

}2@) = Z Xa(@ - zjz,o|)£< + X (¢) where

=1

X;(9) = [1 - Zx5(|?z—zn,o|)]>2
=1
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Since Supp(Xs) C R*\ UJ_, B;(g1.0) we have

4
(IT1.163) / N[Z(aﬁig@m) VOl VD) — X;(Dy) - Do |Vci>oo|2] bl =0
)]

=1

and we have

4
/ N [Z(aﬁ (X = X;) (Do) VO ; VO,
x i=1

(IT1.164) — (X = X5) (Do) - Do |ch>oo|2] dx’

< X loo s Zuw 55(01.0)) +||VX||OOZMOO 35(310)) = O(3)

=1

where we are using the monotonicity formula. Combining (II1.163) and (I1I.164) with
6 — 0 we obtain that

4
(IT1.165) / N [Z(@,X@m) VO Vo) — X(Du) - Doy |V5>m|2] =0
)

=1

What we have done for the whole ¥ can be done for any subdomain €2 assuming that
the support of X is contained in a complement of an open neighborhood of Do (3Q).

We deduce that @, is integer target harmonic from ¥ into S*. This concludes the proof
of the Lemma III.13. O

IV. The proof of Theorem 1.1

We consider the general case where (X, g3,) possibly degenerate in the moduli
space. Modulo extraction of a subsequence, following Deligne-Mumford compactifica-
tion described in section II of [34] we have a “splitting” of the original surface into col-
lars, called also “thin parts” and a Nodal Riemann surface ¥ called also “thick part”.
The parts of the collars that contain no bubbles can be treated exactly as the necks in
Lemma III.6, indeed a collar has the conformal type of a degenerating annulus and,
if such a collar contains no bubble, by definition, it means that on each sub-annulus of
controlled conformal type (in each dyadic annulus in particular) there is no concentration
measure V. Hence in a collar region containing no bubble the statement of Lemma II1.6
applies word by word. The “thick parts” as well as the “bubbles” formed either in the
thick parts or in the collars can be treated exactly as the surface ¥ in the compact case
presented in the previous section. So we deduce Theorem I.1.
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Appendix A

Lemma A1, — There exists a universal number £y(m) > 0 such that, for any ® smooth
immersion of X, a smooth surface with boundary, into By (0) \ BY'(0) and satisfying

A.1) Area(®(%)) < 37,

and

(A.2) Vre(1,2) ®(Z)NIB0)£P and DOT) Cd(BL0) \ BY(0)),
then

A.3) /2 |12 dool, > £(m).

_ Proof of Lemma A.1. — We argue by contradiction. We consider a sequence X; and
@, such that

A.4) Area(®,(%p) < 37,
such that
A.5) Vre(1,2) () NaBM0)£# and D%, C 3(BL(O0) \ BI(0)),
and
. nd P4 Lo
(A.6) kEToo ./zk ldn|g<f>k dvolg, = 0.

Let V; be the oriented varifold associated to the immersion of CYD;C with L2-bounded sec-
ond fundamental form (see [14]). Using Theorem 3.1 and 5.3.2 of [14], modulo extrac-
tion of a subsequence V; varifold converges to an integer oriented varifold V., with gen-
eralized second fundamental form equal to zero and without boundary in By(0) \ B, (0).
Vo 18 then stationary and included in an at most countable union of 2-planes. Using
the constancy theorem [39] we deduce that V is an oriented varifold given by at most
countably many intersections of 2-planes with the annulus By (0) \ B, (0) with locally con-
stant integer multiplicities. We claim that the intersection between the closed set given
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the support of V4, and 90B,(0) x Go(R™) 1s non empty for any r € (1, 2). Indeed,

from the assumption (A.5), using Simon’s monotonicity formula, for any » € (1, 2) and
0 < p <min{2 — r,r — 1}, there exists x} € 9B,(0) such that

o p wioy o PO R
=P §M(<I>k(2k)ﬂBp(xk))+? . [Hg, | dvoly; .
k

Using (A.6) we deduce that for any p < min{2 —r,r — 1}

2
sy (Brap(0) \ B,_, (0)) > 7”,)2_

Hence the support of V4 intersects all the dB,(0) x Go(R") for any » € (1,2). We
consider a sequence of radii 7; > 1 and converging to 1. The 2-planes belonging to
the support of V., and intersecting 9B, (0) x Go(R") has to be constant for ¢ large
enough. This implies that the support of V, contains the intersection between the annu-

lus

B,(0) \ B;(0) and a plane touching B, (0). This imposes

v (B2(0) \ By (0)) > 377.

The later contradicts (A.4) and Lemma A.1 is proved. U
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