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1. Introduction

In this paper we consider cohomological operations in the motivic cohomology
of smooth simplicial schemes over a perfect field £. For the most part we work with
cohomology with coefficients in Z// where [ is a prime different from the characteristic
of k. For such [ we construct the reduced power operations

Pi . H*’*(—, Z/Z) _ H*+2i(l—1),*+i(l—1)(_’ Z/Z)

and prove the motivic analogs of the Cartan formulas and the Adem relations. We
also describe the subalgebra in the algebra of all (bistable) operations in the motivic
cohomology with Z/[-coefficients generated by operations P', the Bockstein homo-
morphism and the multiplication by the motivic cohomology classes of Spec(k). For
odd [ this algebra is isomorphic to the twisted tensor product of the usual topological
Steenrod algebra with the motivic cohomology ring of the point H** with respect
to the action of the motivic Steenrod operations on H**. For /[ = 2, the situation
is more complicated since the motivic Adem relations involve nontrivial coefficients
from H**.
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To construct the reduced power operations we follow the approach of [8] where
one first defines the total power operation and then uses the computation of the co-
homology of the product of a space with the classifying space of the symmetric group
S, to obtain the individual power operations. We also use the ideas of [8] for the proofs
of the relations between power operations and the Bockstein homomorphism, the Car-
tan formula and the Adem relations. Our construction of the total power operations is
not directly similar to any of the standard topological constructions'. One would get its
direct topological analog if one unfolded, to the space-level, the description of power
operations in terms of E-structure on the Eilenberg-MacLane spectra. In particular,
the Thom isomorphism in the motivic cohomology and the Euler classes of vector
bundles figure prominently in most of our computations.

Several important results on operations in motivic cohomology are not discussed
in this paper and will be proved in a sequel. We do not show that the operations P’
are unique. We do not show that the operations P’ and the Bockstein homomorphism
generate all bistable cohomological operations. Finally, we do not prove that bistable
cohomological operations coincide with the endomorphisms of the Eilenberg-Maclane
spectrum in the stable category.

Modulo this identification of bistable operations with the endomorphisms of
Hz,;, the present paper contains proofs of the following results used in [10] for the
proof of the Milnor conjecture: [10, Theorem 3.14 p.31] is Propositions 3.6 and 3.7;
[10, Theorem 3.16 p.32] is Theorem 9.5, Lemma 9.8, Proposition 9.7 and Lem-
ma 9.6. As Example 13.7 shows, the inductive construction used in [10] to define the
operations () ; is incorrect unless £ contains a square root of —1. Instead we define
them in a different way and prove [10, Theorem 3.17 p. 32] in Proposition 13.4 and
Proposition 13.6. This paper also contains all the results about cohomological opera-
tions necessary for the proof of the Milnor Conjecture given in [15].

The first draft of this paper was written in April 1996 i.e., exactly five years ago.
During these years I discussed problems related to operations in motivic cohomology
with a lot of people and I am greatful to all of them for these conversations. I would
like to especially thank Mike Hopkins, Fabien Morel, Charles Rezk and Alexander
Vishik. I would also like to thank the referee and Peter May for correcting several
mistakes in the previous version of the paper.

This paper was written while I was a member of the Institute for Advanced
Study in Princeton and, part of the time, an employee of the Clay Mathematics Insti-
tute. I am very grateful to both institutions for their support.

Conventions used i the paper. — All schemes are separated; the base field is always
perfect; starting from Section 9, / is a prime different from the characteristics of the
base field.

' The construction of the total power operations given here is also slightly different from the construction
given in my unpublished notes on the operations written in 1996.
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2. Motivic cohomology and operations

For any p, ¢ € Z and any abelian group A the motivic cohomology of a smooth
scheme X are defined as hypercohomology

HM (X, A) 1= B (X, A(g))

where A(g) = Z(g) @ A and Z(g) 1s a certain complex of sheaves of abelian groups
on (Sm/k)nis (see [16] or [4]). Let K(p, ¢, A) be the simplicial abelian sheaf corres-
ponding to the complex A(g)[p]. Considered as a pointed simplicial sheaf of sets it
defines an object of the pointed motivic homotopy category H, (k). The simplicial
sheaves K(p, ¢, A) are A'-local (see [7] for the definition and [12] for the proof) and
for a smooth scheme X one has

Homy, iy Xy, K(p, ¢, A)) = H"(X, A)

1.e. the objects K(p, ¢, A) represent motivic cohomology on H,. For any pointed sim-
plicial sheaf F, we define its reduced motivic cohomology by

H7(F,, A) := Homy,  (F,, K(p, g, A)).

Let R be a commutative ring with unit. Then R(g) are complexes of sheaves of free R-
modules and the external product of finite correspondences together with some stan-
dard homological algebra allows one to construct multiplication maps

R(9) ® R(¢) = R(g+ ¢)

which define, through the Eilenberg-MaclLane transformation, morphisms of pointed
sheaves

(2.1) K(p, . R)AKY, ¢, R) = K(p+/, ¢+ ¢.R).

Recall that for a smooth scheme X over £ we denote by Z,(X) the presheaf on Sm/k

which takes U to the group of cycles on U x X which are finite and equidimensional

over U (see [4]). For an abelian group A we denote by A, (X) the presheaf Z,(X) ®A.
Let K, o be the pointed sheaf of sets associated with the presheaf

Ky U A (A)(U)/A, A" — {0hH (U)

where the quotient is the quotient in the category of abelian groups. A section of K/
on U is an equivalence class of cycles on U x A" with coefficients in A which are
equidimensional and finite over U. If R is a commutative ring then we have the mul-
tiplication maps

(2'2) Kn,R A\ Km,R - Kn+m,R
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which send the pair of cycles Z, Z’ to the external product cycle Z®Z'. The following
result 1s proved in [12].

Theorem 2.1. — There are A'-weak equivalences K, g — K(2n, n, R) which are com-
patible with the multiplication maps.

For pointed sheaves F,, G, the morphisms (2.1) define multiplication maps
(2.3) H**(F,,R) ® H**(G,,R) - H**(F, A G,,R)

which we denote, on elements, by w @ &' > w A w'. If G, = F, the composition of
(2.3) with the map defined by the diagonal F, — F, A F, defines multiplication maps

(2.4) H**(F,,R) ® H**(F,,R) — H**(F_,R)
which we denote on elements by w ® &' > ww'.

Theorem 2.2. —  The morphisms (2.4) define, for any Y, a structure of an associative
R-algebra on H**(F,, R) which s graded commutative with respect to the first grading.

Proof. — Standard arguments from homological algebra together with the fact
that complexes R(¢) do not have cohomology in dimensions > ¢ imply that it is suffi-
cient to check that the multiplication maps

K(2¢, ¢, R) AK(2¢, ¢, R) > KQ2(¢+¢). ¢+ ¢, R)

are associative and commutative in H,. By Theorem 2.1 it is sufficient to check that
the multiplication maps (2.2) are commutative and associative in H,. The associativ-
ity condition clearly holds on the level of sheaves. To prove commutativity we should
show that permutation of coordinates on A" acts trivially on K, g. The action of the
permutation group on K, g extends to an action of GL,. Two matricies with the same
determinant can be connected by an A'-path in GL, and therefore the correspond-
ing automorphisms are A'-homotopic. In particular, the transposition of two coordi-
nates is A'-homotopic to the automorphism given by (v, ..., x,) > (—xi, ..., x,). It
is therefore sufficient to check that this automorphism is the identity in H,. Con-
sider for simplicity of notations the case of one variable i.e. the automorphism ¢ of
Z,(A")/Z,A' —{0}) defined by x > —x. The sheaf Z,(A")/Z,(A' — {0}) is isomor-
phic to the sheaf Z,(P')/Z,(P' — {0}) which is weakly equivalent to Z,(P')/Z where
the embedding Z — P! corresponds to the point 0co. Under this weak equivalence our
automorphism becomes the automorphism of Z,(P')/Z defined by z — —z. Denote
this automorphism by 1. One can easily see now that to prove that ¢ is identity in
H, it is sufficient to construct a section % of Z,(P') on P! x A' such that

(2.5) /ZP]X{I} —_— hPlx{—l} = Id - lﬁ
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Let ((z0 : 21), t) be the coordinates on P! x A! and (x; : x,) the coordinates on P'.
Then the cycle of the closed subscheme in P! x A! x P! given by the equation zx; +
tz1x0%) + (12 — l)zlxg defines a section of Z,(P') on P! x A! which satisfies (2.5).

Denote by H** the ring
H**(Spec(k), R) = H**(S", R).

Then for any F, the multiplication maps (2.3) define a structure of H**-module on
H**(F,, R). Theorem 2.2 immediately implies the following fact.

Corollary 2.3. — The multiplication map (2.4) factors through an H**-module map
(2.6) H**(F,,R) @+« H**(F,, R) - H**(F_, R).

Recall that we let S! denote the simplicial circle and S; the pointed sheaf cor-
responding to (A — {0}, {1}). We have canonical classes

o, € H'(S!,R)

o, € H"'(S]. R).
Multiplication with these classes gives us suspension morphisms
(2.7) H"(F,,R) — H(F, AS!, R)
(2.8) H(F,, R) — HTVH(F, A S, R).

Theorem 2.4. — The suspension morphisms are isomorphisms.

Proof — Let Z be the functor from sheaves of pointed sets to sheaves of abelian
groups which sends a sheaf of sets to the freely generated sheaf of abelian groups with
the distinguished point set to be zero. Let further N be the normalized chain complex
functor from simplicial abelian sheaves to the complexes of abelian sheaves. Then for
any F, one has

(2.9) H7(F,, A) = Homp(NZ(F,), A(9)[])

where D is the derived category of complexes of abelian sheaves in the Nisnevich top-
ology (see [12, Prop. 2.3.3]). The fact that (2.7) is an isomorphism follows from the
fact that NZ takes smash product to tensor product (modulo a quasi-isomorphism) and
that NZ(S}) 1s quasi-isomorphic to Z[1].

To show that (2.8) is an isomorphism consider the suspension morphism?

(=) Aor: BT, A) — APTNE AT, A)

2 Tor another proof see [13].
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given by multiplication with the class o € H>!(T). By [7] there is an A'-weak equiv-
alence S! A'S] — T = /i /hai_jop and one verifies easily that with respect to this
isomorphism one has o; A 0, = o. Since the morphism (2.7) is an isomorphism it is
sufficient to show that (=) A o7 i1s an isomorphism. A standard argument allows one
to reduce the problem to the case when F, = (4y) where we let 4y denote the sheaf
represented by a smooth scheme U over £. Open excision implies that T = P! /A! and
we get a split short exact sequence

0 — H**((ht)y AT, A) - H**(U x P',A) - H**(U x A', A) — 0.
Consider the morphism of sequences (we omit the coefficients to simplify the nota-
tions):

(=)no

H2*1(U) —% H**(UxP') — H**(U x A}

(2.10) l l l

I:I*’*((/ZU)+ AT) —— H**(U x P!) —— H**(U x A!)

where o is the restriction of o to P!, the first vertical arrow is (—) A o and the rest
of vertical arrows are identities. The fact that (—) Ao 1s an isomorphism follows now
from Lemma 2.5 below.

Lemma 2.5. — The upper sequence in (2.10) is a short exact sequence.

Progf. — By [14, Cor. 2] we have natural isomorphisms
H(U,Z) - CH/(U, 29 — p)

where the target are Bloch’s higher Chow groups and the proof immediately shows
that we have similar isomorphisms for all groups of coefficients

(2.11) H/(U, A) — CH/(U, 2¢ — p, A).

Consider the diagram:

(=)no

Hp—?,q—l(U) H/”‘{(U X Pl) R Hl?,l{(U X Al)

(2.12) l l l

CH" (U, 2-p) ——> CHY(U x P!, 95p) —— CH’(U x A, 95-p)

where in the lower line the first morphism is given by covariant functoriality for the
closed embedding U — U x P! at the infinity and the second morphism is given
by the contravariant functoriality for the open embedding U x A — U x P'. One
verifies using the explicit form of the isomorphism (2.11) that both squares in (2.12)
commute. We conclude that the upper line is a short exact sequence since the lower
one is a short exact sequence by Bloch’s Localization Theorem [1].
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We define a cohomological operation of bidegree (z,7) in motivic cohomology
with coeflicients in R as a collection of natural transformations of functors on H, (%)

¢y, s HP1(—, R) — FIT7H(— R).

An operation ¢ is called bistable if it commutes with the suspension morphisms i.e. if
for any x € H”? one has

¢p+l,q(x N O}-) = ¢p,q(x) N O

(2.13)
Gpi1 001 (X AN OY) = @, ,(x) A O,

Denote by or the canonical element in H2'(T, R) where T = A!'/A' — {0}.

Proposition 2.6. — There is a byection between the set of bistable cohomological operation
of bidegree (1,7) and the collections of natural transformations

¢n . I:IQn’n(—, R) — I~_12n+i,n+j(_’ R)
guwen for all n > 0 such that

(2‘14) ¢n+1(x N GT) = ¢n(X) N OT.

Progf — Since T = S! A'S] and o1 = o, A 0,, the restriction of a bistable
operation to groups of degree (2n, n) satisfies (2.14). On the other hand, for a family
¢, we can construct ¢, , as follows. For F, we have

H(F,) = B (SE A 8! AE,)

taking a = 2¢ — p+ b and taking b to be greater or equal to max{0, —¢, p — 2¢} we get:
H(F,) = H* P 04(SY A S) A F,)

where a, b, g+ b > 0. Using these isomorphisms, the operation ¢,, defines a map
¢y, HU(EF,) — HTH(E,).

The condition (2.14) implies that this map does not depend on the choice of b and
that the maps ¢, , all (p, ¢) satisfy (2.13).

Combining Theorem 2.1land Proposition 2.6 we get
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Proposition 2.7. — There is a byection between the set of bistable cohomological operations
of bidegree (i, ]) and collections of motivic cohomology classes ¢, € H*T"(K, g, R) such that
the restriction of @41 to K, g AT is ¢, A O

Let ¢ : S — S! v S! be the map in H, corresponding to the usual codiagonal
on the (simplicial) circle.

Lemma 2.8. — Let ¥y be a pointed simplicial sheaf. Then for any p, q the map
H/(S! AF,) @ H(S! AF,) — H(S! AF,)
defined by the codiagonal ¢ s of the form (a, b) — a+ b.

Proof. — It follows from the fact that this map is a homomorphism which is the
identity on each of the factors.

Corollary 2.9. — Let « : A" — H"* be a cohomological operation. Then for any pointed
simplicial sheaf ¥y the map:

H"(S! AF,) - H™(S! AT.)
defined by o is a homomorphism of abelian groups.

Progf. — Tollows from Lemma 2.8 using the naturality of o with respect to the
map defined by the codiagonal c.

Corollary 2.10. — Let o : H** — H**"*% be q bistable cohomological operation. Then
Jor any ¥y the map

H™"(F,) — H™*9(F,)
defined by o is a homomorphism of abelian groups.

Proof. — Tollows from Corollary 2.9.

3. Operations H*"? — H*"™ " for ; < 0

In this section it will be convenient for us to use a different model for the space
KA. We define K/, as the sheaf which sends U to the group of cycles with coef-
ficients in A on U x A" which are equidimensional and of relative dimension zero
over U. The main theorem of [14] implies the following result.

Theorem 3.1. — The pointed sheaves K, n and K, , are isomorphic in H,.



REDUCED POWER OPERATIONS IN MOTIVIC COHOMOLOGY 9

Given a pointed sheaf I define its standard simplicial resolution as the simplicial
sheafl G,F with terms of the form

GF = ( 11 Xo)+

Xo—...—>X;; feF(X;)—{*}

where the coproduct is taken over all sequences of morphisms of length 7 in some
small subcategory of Sm/k which is equivalent to Sm/k (see [12] for more details). One
verifies easily that the obvious morphism G,F — I is a weak equivalence of pointed
simplicial presheaves.

For a cycle Z on X denote by Supp(Z) the closure of the set of points which
appear in Z with nonzero multiplicity. Consider G,K, , X A". For each i let F,; be the
open subset in

GK,, x A" = ( 11 Xo x A"
Xo—..—>X;ZeK] \ (X)—{0}

whose component corresponding to (X, — ... = X;;Z) is the complement to the
closed subset Xy xx, Supp(Z). The following lemma is straightforward.

Lemma 3.2. — The collection of subsheaves Y,; forms a simplcial subsheaf in
G.K, , x A"

Proposition 3.3. — The composition F, o — G,K/ , x A" — K/ , is A'-homotopic o
the zero morphism.

Progf. — 'To prove the proposition it is sufficient to construct for any X and any
Z in Hom(X, K/ ,) = K/ ,(X) an A'-homotopy from the map

X x A" = Supp(Z2) - X = K/ ,
to zero such that these homotopies are natural in X. Consider the map
h: (X x A" — Supp(Z)) x A" x A' — (X x A" — Supp(Z)) x A"

which sends (x, u, v,¢) to (x, u, u(1 — ¢) + v¢). This map 1s flat over the complement
to X x A(A”") in the target. Consider the flat pull-back p*(Z) of Z along the map
p: X X A" — Supp(Z) — X. It is a cycle on the target of /4 and the support of this
cycle does not intersect X X A(A"). Therefore, the flat pull-back #*(p*(Z)) is defined.
One verifies easily that this cycle is equidimensional over (X x A" — Supp(Z)) x A' of
relative dimension zero and hence defines a map:

H: (X xA"—Supp(2)) xA' - K/ ,.

The restriction of #*(p*(Z)) to t = 0 1s p*(Z) and the restriction to ¢ = 1 is the zero
cycle. Therefore, H is a homotopy of the required form. It is clear that our construc-
tion 1s functorial in X.
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Corollary 3.4. — The object K, \ 15 a retract, in H,, of G,K  x A"/F,,.
We will often use below the following result.

Lemma 3.5. — Let k be a field, X be smooth scheme over k and Z a closed subscheme in
X everywhere of codimension at least ¢. Then H*1(X/(X = 7)) =0 for ¢ < ¢ and

DB.czA for p=2¢

B/ (X =2, 4) = 0 for p # 2¢

where 1 s the set of points of 7, which are of codimension ¢ n X.

Proof. — Yor a closed subset Z' in Z we have a long exact sequence which relates
the motivic cohomology of X/(X —7Z), X/(X—7Z') and (X —7Z')/(X —Z). Since the
base field is perfect this implies by induction on dim(Z) that it is sufficient to prove
the lemma for Z smooth. In this case the result follows from the Gysing exact triangle
(see e.g. [11, Prop. 3.5.4, p.221]).

Proposition 3.6. — For any n > 0, m < n and any abelian groups A, B one has
I:I*’m(Kﬂ,As B) = 0.

Proof. — Tollows immediately from Corollary 3.4 and Lemma 3.5.
Proposition 3.7. — For any n> 0 and any abelian groups A, B one has

Hom(A, B) for p=2n

H"(K, A, B) =
®r B =1, for p < 2n.

Proof — The fact that H?"(K, », B) = 0 for p < 2x follows immediately from
Corollary 3.4 and Lemma 3.5. Consider the case p = 2n. We have an obvious map
from Hom(A, B) to I:IQ"’"(K,LA, B). On the other hand, an element of I:IQ"’"(K,,,A, B)
considered as an operation defines a map

A =H""(T",A) -» H™"(T",B) = B.

Since T = S! A'S; and n > 0, Corollary 2.9 implies that this map is a homomorph-
ism. Therefore, it is sufficient to show that an element o of I:IQ”’”(K,[, A, B) which acts
trivially on H2"(T", A) is zero.

By Corollary 3.4 « is determined by its restriction to G K/ , x A"/F, .. Motivic
cohomology of weight n of all the terms of this simplicial sheaf but the zero one are
trivial by Lemma 3.5. Together with the spectral sequence which starts from cohomo-
logy of the terms of a simplicial object and converges to the cohomology of the object
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itself we conclude that the motivic cohomology of G, K , x A"/F,  of the weight n
coincide with the motivic cohomology of its zero terms. We conclude that « 1s deter-
mined by its action on objects of the form X x A"/(X x A" —Z) where Z is a closed
subset equidimensional of relative dimension 0 over A”.

Let Z,, be the closed subset of singular points of Z. Since £ is perfect, Zj,, is of
codimension at least n+1 in X x A”. Lemma 3.5 implies that the motivic cohomology
of weight n of X x A"/(X x A" — Z) map to the motivic cohomology of weight n of
X X A" —Z,,) /(X x A" — Z) isomorphically. It remains to show that « acts trivially
on

I'_'IQ;z,ﬂ((X x A" — inng)/(X x A" —7),A).

The normal bundle to Z — Z,, in X x A" — Z,, is trivial. Hence, by the homotopy
purity theorem [7], we have a weak equivalence

(X x A" — ZA‘ing)/(X x A" — Z) = 2:%"((Z - Zx‘ing)—i-)
let Z;, 1 =1, ..., m be the connected components of Z — Z,,. Then we have a map
Y1((Z = Zsp+) > VL, T

and H/°(Z,) is non-zero only for j = 0 where it is A, this map defines an isomorphism
on H*"(—, A). We conclude that @ acts by zero since by assumption it acts by zero
on H*"(T", A).

4. Thom isomorphism and Euler classes

If E is a vector bundle and P(E) is the projective bundle defined by E then the
line bundle &(—1) on P(E) gives a class in H*'(P(E), Z) which we denote by o. The
following result is proved in [16].

Theorem 4.1. —  For any smooth X over k and a vector bundle ¥. on X of dimension d,
the elements 1, 0, ..., """ form a basis of the H**-module H**(P(E), Z).

The key ingredient of the proof of this theorem is the following lemma which
we will also use directly.

Lemma 4.2. — Let O be the tmage of the point (O, ..., 0) under the standard embedding
A" — P". Let further | : P" — T" be the composition

Pﬂ%Pﬂ/(Pﬂ_O);Aﬂ/(Aﬂ_O):Tﬂ

and t the tautological class in H2(T", Z). Then () = (—o)".
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Recall that for a vector bundle E on X we denote by Th(E) the pointed sheaf
E/(E — z2(X)) where z : X — E is the zero section. Consider the projective bundle
P(E & 0). We have two morphisms

X=P©0O)—>PES®O)
P(E) - P(E® 0).

The complement to the image of the second morphism is E and open excision implies
that

Th(E) =P(E® 0)/PE® 0) — X.

On the other hand the map P(E) — P(E®0)—X is locally of the form P! — P"—p¢
and therefore it is an A'-weak equivalence. We conclude that the morphism

P(E @ 0)/P(E) — Th(E)

is a weak equivalence. If /' : E — E’ is a monomorphism of vector bundles and
P(/) : P(E) — P(E) is the corresponding morphism of projective bundles then
P(/)*(0(—1)) = O(—1). Together with Theorem 4.1 this implies that the map on
motivic cohomology defined by P(E) — P(E @ 0) is a split mono and that there is
a unique class in H244(Th(E), Z) whose image in the cohomology of P(E @ ©0) is of
the form (—0)? + Y _,., a0". This class is called the Thom class of E and denoted .

The obvious “diagonal” map d : Th(E) — X, A Th(E) defines multiplication
(x,9) > d*(x Ay) with x € H**(X), y € H**(Th(E)) and d*(x Ay) € H**(Th(E)). By
abuse of notation we will write xy instead of d*(x A ).

Proposition 4.3. —  For any pownted simplicial sheaf ¥y the map a — aty, s an isomorph-
sm_from H**(Fy A X,) to H*P?***(F, A Th(E)).

Progf. — A standard argument shows that it is sufficient to prove the proposition
for Fy = pt;. In this case it follows immediately from out definition of the Thom class
and the projective bundle theorem.

Corollary 4.4. —  The Thom class ty, 15 a ui}ique class in A2 (Th(E)) whose restriction
to any generic point of X is the tautological class in H?*(T?).

Proof. — The fact that the restriction of #; to the generic point is the tautological
class follows from Lemma 4.2. The fact that 4 is determined by this condition follows
from Proposition 4.3 and the fact that if j : [ [ Spec(K;) — X is the embedding of the
generic points of X, then j* defines an isomorphism on H™’.

For a vector bundle E define the Euler class ¢(E) in H?**¢(X) as the restriction
of #; with respect to the zero section map X, — Th(E).

Lemma 4.5. — Let L. be a line bundle. Then e(L.) comncides with the canonical class of
L i H*'. In particular, for two line bundles 1, 1. one has e(L.® L) = e(L) + e(L).
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Proof — Let —o + ¢ be the image of 4, in H*!'(P(L @ ©)). The restriction of o
to P(O) is 0(—1) for O i.e. zero. Therefore, ¢(L) = ¢. On the other hand ¢ is defined
by the condition that the restriction of —o 4 ¢ to P(L)) is zero. Since the restriction of
o is the class of L we conclude that ¢(L) = L.

Lemma 4.6. — Let E, E be two vector bundles. Then e(E @ E') = e(E)e(E).

Proof. — Corollary 4.4 implies that the Thom class for the sum of two bundles
is the smash product of Thom classes. In particular, ¢(E @ E') = e(E)e(E).

Lemma 4.7. — Let [ : E — E' be a monomorphism of vector bundles on a quasi-
projective scheme X such that ¥ JE is again a vector bundle and th(f) : Th(E) — Th(E') be
the corresponding map of Thom spaces. Then th( f)*(4;) = tre(E/E).

Proof. — Since X is quasi-projective we can use the Jouanolou trick to find an
affine torsor X’ — X such that X’ is affine. Since motivic cohomology of X and X’
are the same it is sufficients to prove the lemma for an affine X. Over an affine X the
sequence E — E' — E//E splits and we have ' = E @ E'/E. Let

d: Th(E @ E//E) — Th(E) A Th(E/E)

be the obvious morphism. Corollary 4.4 implies that t = d*(#; A tz/g) which in turn
implies the statement of the lemma.

5. Total power operations

Construction 5.1. — Let E, L be vector bundles on X and ¢ : E® L — O~ an
isomorphism. For a cycle Z on E with coefficients in a commutative ring R which is
equidimensional and finite over X consider the cycle on L xx E xx L. whose fiber over
a point (x, /) of L is Z, x . One verifies easily that this cycle is equidimensional and
finite over L. Identifying E xx L with AY by means of ¢ we get a section of Z,(AY)
on L. The restriction of this section to L — z(X) where z: X — L is the zero section
lies in Z,(AN — {0}). Therefore, it gives a map of pointed sheaves Th(L) — Kygr
which we denote a(Z).

Lemma 5.2. — The motivic cohomology class a(Z) n H>@E-dm®) (XY defined by a(Z.)
through the Thom tsomorphism does not depend on the choice of L and ¢.

Proof. — Given another pair (I, ¢") consider the isomorphism

LooN - LOESL - L oEQL — L @ oN
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and let ¢ : Th(L.® O~) — Th(L@® ON) be the corresponding isomorphism of Thom
spaces. We claim that

(9.1) YV (a()ty) = d (LD)tx

on the level of cycles. Let x be a generic point of X, L, the fiber of L. over x and
>z the fiber of Z over x. Then, for a generic point / of L, the fiber over (x, /) of
the cycle representing a(Z) is Y ¢(z, [). Therefore, the fiber of a(Z)t over a generic
point (x, [, u) of L@ ON is Y (¢(z, 1), w) (in ON @ ON) which coincides with the
fiber of &' (Z)ty over ¥(x, [, u). Using (5.1) and applying Lemma 4.7 to ¥* we get the
statement of our lemma.

Construction 5.3. — Let G be a finite group, r : G — S, a permutational repre-
sentation of G, U a smooth scheme with free action of G and L a vector bundle on
U/G given together with an isomorphism &, ® L. — O~ where £, is the vector bundle
of dimension n on U/G corresponding to r. Given any such collection and a cycle Z
on X x A’ equidimensional and finite over X define a map

P(Z) : Xy A Thy(L) = Kinr

as follows. Let Z®" be the external power of Z. It is a cycle on (XxA!)". Let p*(Z®") be
its flat pull-back to (X x A’)" x U. Since p*(Z#") is invariant under the action of G and
the action of G on U is free there exists a unique cycle Z' on (X xA")"x U)/G whose
pull-back to (X xA")"x U is Z. One verifies easily that Z’ is finite and equidimensional
over (X" x U)/G. Therefore, we can pull it back to a cycle Z” on X x (A" x U)/G by
means of the diagonal map X — X'. The scheme (A" x U)/G is the vector bundle
g over U/G and we define P(Z) as a(Z"). One verifies immediately that if Z lies in
X x (A" — {0}) then P(Z) = 0.

Consider the standard resolution G, K; . Construction 5.3 defines a morphism
GOKZ-,R/\ThU/G(Li) — K,y r and since it is natural with respect to X the compositions
of this morphism with the two boundary maps G| K;r — G¢K;r coincide. Hence we
get a map of simplicial objects

G Kir A ThU/G(Li) — Kinr
which defines a map:
(5.2) P: Kig A Thy6(L) = 7p(G.K;x A Thy6(L)) - Kink.

Since smash products preserve Al-weak equivalences, this morphism defines an oper-
ation

P:H*(—,R) —> I:I%N’ZN( — AThy6(L), R)~
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By Lemma 4.3 the Thom isomorphism defines a morphism in H, of the form
P:Kir A (U/G)y — Kir

or, equivalently an operation
P: H%{(—, R) - H*""(— A (U/G),, R)

such that

(5.3) P(x) = P(x)4;.

Remark 5.4. — In view of our notations a(Z) and a(Z) it would be more nat-
ural to switch the notations P and P. We choose to use the present notations to keep
compatibility with the topological case where the total power operation is denoted by

P(—).
Lemma 5.2 implies immediately the following result.
Lemma 5.5. — The operation P = P, 1,4 does not depend on the choice of L and ¢.

If U is a quasi-projective scheme with a free action of G then we can find, using
the standard trick, an affine smooth scheme U with a free action of G and an equivari-
ant morphism U — U. Since any vector bundle E on an affine scheme is “invertible”,
ie. there is an L such that L@ E = O, we can define P for U. Since U — U
is an A'-weak equivalence this means that we have a well defined operation P for
any G, r : G — S, and any quasi-projective U with a free G-action. The following
two lemmas are straightforward.

Lemma 5.6. — Let G be a finite group, r : G — S, a permutational representation of G
and U a smooth quasi-projective scheme with a free action of G. Let further H C G be a subgroup
of G and q : U/H — U/G the projection. Then one has Py(x) = ¢*Pi(x).

Lemma 5.7. — Let G be a fimute group and v : G — S, a permutational representation
of G. Let U, V be smooth quasi-projective schemes with free actions of G and f : U — V an
equivariant morphism. Then for any x one has Py(x) = f*(Py(x)).

Lemma 5.8. — Let G,r, U, L, ¢ be as above. Then the following diagram of morphisms
of pointed sheaves commutes

K; A K; A Thyo(L%) —— K; A Thy6(L) A K; A Thye(LY)

| l

(5.4) l Kix A Ko
| |

! !

Ky A Thyg(LY)  —— K~
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Progf. — Direct comparison.

Lemma 5.9. — For a € H*'(F,) and b € H¥/(F.) one has
(5.5) P(a A b) = A*(P(a) A P(b))
where A 2 UJ/G — U/G x U/G is the diagonal.
Proof — By Lemma 5.8 we have P(a A b) = 8*(P(a) A P(b)) where
8 : Thyc (L) — Thyc (L) A Thy,q(L7).
Therefore by (5.3):
P(a A D)tivi = 8 (P(@) 1) A (P(D)t)).
Since 8*(4; A 4,/) = ti;+ the Thom isomorphism theorem implies (5.5).

For the next lema note that the vector bundle £ on U/G defined by a permu-
tational representation G — S, contains a trivial subbundle & — & of dimension 1
corresponding to the invariants of the standard linear representation on S,.

Lemma 5.10. — Let ' € H2/(TY) be the tautological class. Then P(n') = 8% (4i) where
8 is the map on Thom spaces defined by the embedding of vector bundles 0" — &' on U/G.

Proof. — Take A’/A’ — {0} as a model of T such that ni~is given by the tauto-
logical section Z of Z,(A?) on A’. Applying the construction of P to the corresponding
diagonal cycle Z we get the restriction to Th(L) of the morphism

W:ThL' @ &) — Z,(AY)

corresponding, by Construction 5.1, to the diagonal cycle on &% over &'. In view of
Corollary 4.4 W represents the Thom class of the trivial bundle (L & &)'. Applying
Thom isomorphism to get P(Z) we conclude that P(Z) is the restriction of the Thom
class of Th(&') with respect to the morphism §.

Lemma 5.11. — Let E be a vector bundle on X. Then P(ly) = 6" (lpge) where 8 is the
map on Thom spaces defined by the embedding of vector bundles E® 0 — E®& on X x (U/G).

Proof. — Tollows from Corollary 4.4 and Lemma 5.10.

Let * be a k-point of U/G which lifts to a k-point of U. Let 7 : S — (U/G),.
be the corresponding morphism.

Lemma 5.12. — The composition

IdAe

Kix 2 Kig A (U/G); = Kix

coincides 1 Hq with the n-th power map.
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Proof. — Let L, be the fiber of L over our distinguished point *. Then, if we
compute the analog of our composition using P instead of P, we get the map K, g A
Th(L,) — K;xr which is of the form a(Z®") where Z is the tautological cycle on K; g
and a(Z) is Construction 5.1 with respect to the isomorphism (6%, & LY — ON,
Our result follows now from Lemma 5.2 since &, = 0" is the trivial bundle.

6. Motivic cohomology of Bu, and BS,

Let G be a linear algebraic group and G — GL(V) a faithful representation
of G. It defines an action of G on the affine space

A(V) = Spec(S*V*)

corresponding to V. Denote by V, the open subset in A(V)" where G acts freely. We
have a sequence of closed embeddings vV, - \~/n+1 given by (v, ..., v,) = (01, ..., v, 0).
Set BG = colim,l\?n /G where \7,2 /G 1s the quotient scheme and the colimit is taken in
the category of sheaves. In [7] we used the notation B,,G for BG. As shown there,
the homotopy type of BG does not depend on the choice of G — GL(V). We denote
by * any k-rational point of BG which lifts to a &-rational point in one of the V.
The goal of this section is to describe motivic cohomology of BS; with coefficients in

Z/[. We start with the following general result.

Proposition 6.1. — For any G and V as above the map
in : vﬂ/G - Vﬂ+l/G
defines an isomorphism on moliic cohomology of weigh less than n.
Proof. — The morphism V,/G — V,;,/G can be represented by the composi-
tion
V,/)G— (V,xV)/G — V,.,/G.
The first of these maps is the zero section of a vector bundle (V,xV)/G - V,/G and
gives an isomorphism on motivic cohomology by homotopy invariance. The second
map is an open embedding of smooth schemes and the complemement to its image
is the intersection of (V" —V,) x V with V,;;. We may clearly assume that G # e.
Then dim(V) > 0 and therefore the codimension of V* — V, in V" is at least n. The

same is true for the codimension of this complement and by Lemma 3.5 we conclude
that 7, defines an isomorphism on H*~".

Corollary 6.2. — One has
H**(BG) = tm,H**(V,/G).
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Progf. — Given any sequence of maps of pointed simplicial sheaves F, , = F, 1
with the colimit F, o, we have a long exact sequence of the form

= [0 - B () - [T @) - [TE ) —.

The limit lm,H**(F ..») 1s the kernel of the fourth arrow and therefore to prove the
corollary it is sufficient to show that the map

d—[[a:[]H*V./G - [[H*V./G)
is an epimorphism. It follows from the proposition.

Denote by p, the groups scheme of 1-th roots of unity where / is an integer

[
= ker(G,, > G,).

Lemma 6.3. — Let B, be defined with respect to the tautological 1-dimensional represen-
tation of w,. Then one has

6.1) Bp, = O(—Dp~ — 2(P%).

Proof. — We have V, = A" — {0}. The projection A" — {0} — P"~! is invariant
under the action of g, and therefore gives a map (A" — {0})/m, — P"~'. One verifies
that this map is isomorphic to the complement to the zero section of the line bundle
O(—1) on P

Let » : G — GL(V) be a linear representation of G. If U is a scheme with
a free action of G then the projection (A(V) x U)/G — U/G is a vector bundle. We
say that this is the vector bundle defined by 7.

Lemma 6.4. — The line bundle on Bp, defined by the tautological representation of w, is
somorphic with respect to (6.1) o the pull-back of O'(1).

Progf — Let L = A' with the standard action of G,, and the corresponding
action of ;. The square

Lox (A" = {0D)/my — L x (A" = {0})/G,
A" —{0h/m, —— A ={0)/G,

is pull-back. The fact that the right vertical arrow is (1) — P"~! is standard (e.g it
is not 0(—1) because it has a section other than the zero one).
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Lemma 6.3 and the homotopy purity theorem [7, Th. 2.23 p. 115] imply that
one has a cofibration sequence of the form

6.2) Bi) s — (O(—Dp=); — Th(O(=1)).

For a vector bundle E of dimension d, the composition of the Thom isomorphism
H**(X) — H**?¢*+4(Th(E)) with the restriction to the zero section z* : H**(Th(E))
— H**(X) 1s given by

x> 2 (xty) = xZ" () = xe(E).

By Lemma 4.5, ¢(0(—[)) = lo where o € H*!(P*) is the same class as in the pro-
jective bundle theorem 4.1. Therefore, the long exact sequence defined by (6.2) is of
the form

(6.3) .. > H > [[o]] e H**[[0]] — H**Bu,) — H " [[o]] — ....
The short exact sequence of abelian groups
(6.4) 0—->Z—->Z—->Z/[—0
defines a homomorphism
B:H"(—,Z/)) > H**(—, Z).

Let v be Euler class of the line bundle on By, corresponding to the tautological rep-
resentation of u,.

Lemma 6.5. — There exisls a unique element u € H"“'(Bu,, Z/1) such that the restriction
of u to x 1s zero and B(u) = v.

Progf. — Existence follows from the exact sequence
H"!(Bp,, Z) — H"!(Bu,, Z/1) — H*'(Bu,. Z) > H*'(Bp,, Z)
and the fact that
(6.5) o= —l(O(—1)) = —e(O(—1)) =0
in H*!'(Bu,;, Z). The exact sequence (6.3) around H"!(B;, Z) shows that
H"“!'(Bu,, Z) = H"' (k).
This implies the uniqueness.

Proposition 6.6. — For any pownted simplicial sheaf ¥, the elements v and w', i > 0 form
a basis of H**(Fe A Bp))+, Z/1) over H**(F,, Z/1).
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Proof. — The standard argument shows that it is sufficient to consider the case
when F, is of the form X, for a smooth scheme X. The same reasoning as we used
to establish (6.3) applies to the motivic cohomology groups of X x By, for any smooth
scheme X and we get the following result.

Lemma 6.77. — For any smooth scheme X there is a long exact sequence of H**(X)[[o]]-
modules of the form

o = 2 (X)) [[0]] 2 H**(X)[[o]] — H**(X x Bu,) —
6.6)

— B XO[[o]] = ...

For Z/l-coefficients we have /o = 0 and (6.6) becomes a short exact sequence
of H**(X)[[o]]-modules of the form

6.7) 0 — H*X)[[o]] — H**(X x B,) — H~*"(X)[[o]] = 0.
Let « be an element in H"!'(Bu,, Z/[) such that the image of « in
H"(Spec(k)) = Z/1

is 1 and the restriction of ' to X X * is zero. Since v is the image of o, the short exact
sequence (6.7) implies that the monomials «'#' and ¢ form a basis of H**(X x Bpu,)
over H**(X). On the other hand, the image of u in H*%(Spec(k)) = Z// is not zero
and hence u = ¢’ where ¢ € (Z/[)*. This implies that the monomials uv', ¢ also form
a basis.

To describe the multiplicative structure of H**(F, A (Bp,)+) it is sufficient to
find an expression for #?. If [ # 2 then «* = 0 since the multiplication in motivic
cohomology is graded commutative. Consider the case / = 2. We can clearly assume
that F, = Spec(k). Proposition 6.6 shows that

H2?Bp,) = H*' (o @ H" (H)u ® H>2(h).

The element #* lies in H*? and since « is zero in * the projection of #* to the last
factor is zero and we get «* = xv + yu for x € H"'(k) and y € H"'(k). To compute y
consider the map

(6.8) A' - (0} = (A" — (0)/p, — Bu,.

If we choose the distinguished point of Bu, to be the image of the point (1,0, ...),
this map is the embedding of the fiber of the line bundle (—[) — z(P*) — P>
which contains the distinguished point. The pull-back along this map coincides with
the composition of the last map of (6.3) with the map H**[[o]] — H**(A! — {0}, )
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which sends 1 to the generator of H"'(A! — {0}, 1) and & to zero. In particular, the
pull-back of  along (6.8) is non-zero (this can also be seen from Proposition 6.1). The
following lemma implies now that y = p where p is the class of —1 in H"'".

Lemma 6.8. —  Let w be the non zero element of
A" '(A'— {0}, 1), Z/2) = Z/2.
Then w* = puw.

Proof. — We need to compare two motivic cohomology classes in H**(A' —{0}).
Let Spec(k(#)) — A' —{0} be the embedding of the generic point. Since the base field
k may be assumed to be perfect, the Gysin long exact sequence in motivic cohomo-
logy implies that the kernel of the induced map in H*? is covered by a direct sum
of groups of the form H"'(Spec(E), Z). Since such groups are zero it is a monomor-
phism. Therefore, it is sufficient to show that # = pt in H**(Spec(k(¢)), Z). By [9],
this group is isomorphic to Kgl(/f(t)) and we conclude by the well known relation
(a, a) = (=1, a) in the Milnor’s K-theory.

To compute x note that H*!'(k, Z/2) = wy(k). If char(k) = 2 then this group is
zero. If char(k) # 2 it 1s Z/2 and we only need to know whether x is zero or not. The
following lemma implies that x = 7 is the generator of Z/2.

Lemma 6.9, — Let k be a separably closed field of characteristic not equal to 2. Then
u* # 0.

Proof. — We have a natural transformation from the motivic cohomology to the
etale cohomology with Z/2-coefficients. For a class « in the etale H' we have > = B(x)
where B is the Bockstein homomorphism. Since % is separably closed and in particular
contains v/—1, the Bockstein in the etale cohomology commutes with the Bockstein in
the motivic cohomology and we conclude that the image of #* in the etale cohomology
coincides with the image of v = B(«) in the etale cohomology. An etale analog of the
long exact sequence (6.3) shows that the image of v in the etale cohomology is non

zZero.

We proved the following result.

Theorem 6.10. — For any field k and a pointed simplicial sheaf ¥y over k one has:
6.9) H**(Fy A Bp) 1, Z/1) = H*(¥., Z/D)[[u, 011/ (@ = t0+ pu)
where:

1. p is the class of —1 in H"'(k)
2.t 1s zero if | # 2 or char(k) = 2
3. T is the generator of H*'(k, Z/2) = po(k) if | = 2 and char(k) # 2.

We also need the following additional fact about cohomology of Bu,.
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Lemma 6.11. — Let [ be a prime different from char(k), ¢ and element of Aut(p;) =
(Z/1)* and let ¢ be the corresponding automorphism of Bp,. Then ¢*(u) = cu and ¢*(v) = cv.

Proof. — Let L be the line bundle on Bu, corresponding to the tautological 1-
dimensional representation A of m,. Then v is the Euler class of L. and « is the only
element in H"!'(—, Z/!) which is zero at * and which maps to v under the map the
Bockstein homomorphism g : H"!(—, Z/l) — H>'(—, Z). The automorphism ¢ takes
the tautological 1-dimensional representation A to A®* and, therefore, it takes L to L®".
Our result follows now from Lemma 4.5.

Our next goal is to compute H**(F, A (BS,),, Z/l) where S, is the symmetric
group and / is a prime not equal to char(k).

Lemma 6.12. — Let G be a finite group and H a subgroup of G. Assume that |G : H]
us wvertible in the coefficients ring R. Then, for any pointed simplicial sheaf ¥, the map of motivic
cohomology

(6.10) H**(F, A BG,,R) - H**(F, ABH_, R)

s a split mono and its image s contained in the invariants under the action of the normalizer of H
mn G.

Proof. — We will use the notations established at the beginning of Section 6.
Choose a faithful linear representation G — GL(V). The map (6.10) is defined by
the collection of maps p, : V,/H — V,/G with respect to the identification of Corol-
lary 6.2. The maps p, are finite etale of degree [G : H] and the fundamental cycle on
V,/H over V,/G defines a map of freely generated sheaves with transfers

(6.11) " Z,(V,/G) — Z,(V,/H).

The composition of p*Z,(p) is the multiplication by [G : H]. Replacing F, by its the
standard simplicial resolution by coproducts of representable sheaves we may assume
that terms of I, are coproducts of sheaves of the form (4y); (recall that we let Ay
denote the sheaf represented by a smooth scheme U). Then,

H(F, A X, R) = Hompy(N(Z,(F,)) ® Z,(X), R(9)[£])

where N(—) is the normalized chain complex functor from simplicial sheaves with
transfers to complexes of sheaves with transfers. In particular these groups are functo-
rial in Z,(X) which implies the first claim of the proposition.

The second claim follows immediately from the fact that the normalizer of H
in G acts on \~/',Z/H over \7,Z/G.
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Let & be the vector bundle on BS; corresponding to the tautological permuta-
tional representation. Then we have a monomorphism & — &, and the quotient &,/
is again a vector bundle. Let

d = e(§,/0).

Assume that / is a prime different from ckar(k) and that there exists a primitive I-th
root of unity ¢ in k. The choice of ¢ defines a weak equivalence By, — BZ// and
the inclusion Z// — S, gives a map

pe i Bu, — BZ/l — BS,.

Lemma 6.13. — One has:

pi(d) = =o'

Progf: — The element p7(d) 1s the Euler class of &/ O where & corresponds to the
regular representation of Z// under our isomorphism Z// — p,. Therefore, we have
£ = @_,L where L is the line bundle corresponding to the tautological 1-dimensional
representation of ;. By Lemma 4.6 and Lemma 4.5 we get

-1
prd) =[Gy = ="
=1

Theorem 6.14. — Let | be a prime and k a field of characleristic not equal o 1. There
exists a unique class ¢ € H* ==V (BS,, Z/1) such that B(c) = d and the restriction of ¢ to * is
zero.

Progf. — Yor [ = 2 we have Sy = Z/2 = p, and our result follows from Lem-
ma 6.5. Assume that /> 2. The transfer argument shows that to prove the theorem
for £ it is sufficient to prove it for a separable extension of £ of degree prime to /. In
particular, we may assume that £ contains a primitive /-th root of unity ¢.

To prove the existence of ¢ we need to show that 4 is an /-torsion element in
H**(—, Z). For any ring of coefficients where (/— 1)! is invertible, the map p, defines,
by Lemma 6.12, a split injection:

(6.12) H™*(BS)) — H™* (B, )™,

In particular, since (6.12) is an injection for coefficients in Z localized at /, it is suffi-
cient to prove that the image of d in H**(Bu,, Z) is an l-torsion element. This follows
from Lemma 6.13 and (6.5).
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To show that ¢ is unique, it is sufficient to check that the map
B : H¥*=Y(BS,, Z/1) - H* *"1(BS,, Z)

is injective. Injectivity of (6.12) for Z//-coeflicients implies that it is sufficient to show
that the map

(6.13) B . H21—3,l—1 (Bﬂ'la Z/Z)AUt(I’«() N HQl—Q,l—l(Bul’ Z)AUt(I’«()

is injective. Lemma 6.11 implies that for Z//-coeflicients the right hand side of (6.12)
is of the form

(6.14) H** (B, Z/ 1™ = H**[[x, 511/ (+* = 0)
where x = uz'™? and y = "~'. This descriptions shows that
H* = U(BS, Z/ )M = 7)1
generated by x. We have B(x) = o/~! # 0. Therefore, (6.13) is injective.

Lemma 6.15. — Let [ be a prime such that char(k) # | and & be an [-th root of unity
i k. Let further pe : B, — BS; be the morphism defined by . Then one has:

peo) = —u'2,

Progf. — We may assume that /> 2. Then, the description (6.14) implies that
prle) = auv'=? for an element a € (Z/[)*. Since

'B(p;(c)) :pé'(lé(c)) :pg(d) = —Ul_l
and
B(WZ_Q) =!

we conclude that ¢ = —1.

Theorem 6.16. — For any pointed simplicial sheaf ¥ over k and any prime | # char(k)

one has:
H**(Fy A (BS))4, Z/1)
(6.15) B, Z/D[le, A1/ (P = td + pe)  for [ =2
H**(F,, Z/D[e, d11/(c* = 0) for | # 2
where:

1. p is the class of —1 in H"' (k)
2.7 is the generator of H*'(k, Z/2) = o (k).
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Progf. — Yor [ = 2 we have Sy = Z/2 = p, and our result follows from Theo-
rem 6.10. Assume that /> 2. We need to show that the map

H*(F)[[c, d1]/(* = 0) — H**(F. A (BS));,Z/])

1s an isomorphism. By the transfer argument we may assume that £ contains a prim-
itive l-th root of unity. By Lemma 6.10 the homomorphism

H**(F, A BS) 4, Z/1) — H**([F, A B, Z/ ) *

defined by a choice of a primitive root ¢ is a mono. Therefore, it is sufficient to show
that the composition

(6.16) 1 (F)[le, d11/ (¢ = 0) — T (F, A (BS))) — " (F, A (B) )™

is an 1somorphism. The fact that (6.16) is an isomorphism follows from the analog of
formula (6.14) for H**(F, A (Bp,);)""*) and Lemmas 6.13, 6.15.

In the lemma below P is the reduced power operation introduced in Section 5.

Lemma 6.17. — Let M be a line bundle on X and [ a prime not equal to char(k). Then
P;(e(M)) = e(M)! + e(M)d in H**(X x BS,, Z/1).

Proof. — By the transfer argument we may assume that £ contains a primitive
I-th root of unity. In view of Lemma 6.12 it is sufficient to prove our equality in the
motivic cohomology of X x Bu,. By Lemma 5.11 we have P(e(M)) = ¢(M ® §)).
The vector bundle & restricted to B, splits into the sum of line bundles L’ & L' &
... ® L=! where L is the line bundle corresponding to the tautological 1-dimensional
representation of p;. By Lemmas 4.6 and 4.5 we get:

-1

(M®E) =] [eM®L) = [ J(eM) + ie(L))
=0

= oM (e(M)' ™" — (1) ™).

Since the restriction of d to B, is —e(L)"™" (by Lemma 6.13) this finishes the proof.

7. Symmetry theorem

Let G, Gy be two finite groups acting freely on U, and U, respectively. Let
further 7, : G; — S,, be permutational representations of G;, ¢ = 1, 2, & the corres-
ponding vector bundles on U,;/G; of dimension n; and L; ® & — O™ inverses of &,
Consider the action of G| X Gy on U; x Uy and let & ® & be the vector bundle on
(U; x Up)/(G; x Gy) corresponding to 7, X 7. Consider the vector bundle

Ly=L®&)OL)".
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Then
Lo®E®&) =(Lo&)R&EGL =& @L) = 0N

ie. Ly is an inverse of & ® &). The canonical map 0 — &, gives a monomorphism
JiL LY = L.

Lemma 1.1, — The following diagram of pointed sheaves where P are defined in (5.2),

commutes:

K; A Thy AThyw —25% Ky, A Thy
2 2
(7.1) IdATh( j)l lP;
K ATh,  —% K

Proof. — Direct comparison.
Proposition 71.2. — Let u be a class in H*(F,). Then:
Py (P ()e(5:/ O)™"' = Prg(we(§s/ O)™
in 2NN NN (F A (U /Gy x Uy /Go).), where:
P; =Pg, ., u.1,

P12 = PG] X Go,r; Xr9, Uy xUg,Ljo*

Progf. — By Lemma 7.1 we have
Py(P1(w)) = Th()) Pra(u)
or, equivalently,
Py(Pr (i) = Th(y)*(Pra(wtr,,).
By Lemma 4.7 we rewrite it as
Py(Py (Wi )i = Prae(Ly ® (62 ) gy tvi
By Lemma 5.9 we get
PoPi(@Py (i) = Pro(@e((Ly ® (62/ ) -
By Lemmas 5.11 and 4.7 we get
P,P (we((Ly ® (55/0)))t; fx = Pra(e((Ly ® (62/ 0N fx
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By Thom isomorphism 4.3, we get

PoPi(we((Ly ® (§2/0))) = Pra(we((Ly ® (5,/0))").
Multiplying both sides by e((&; ® (§,/0))") we get by Lemma 4.6

P,Py ()e(5;/ O)™ = Piy(we(§/ O)™.

Corollary 71.3. — In the notations of the proposition assume that ry s faithful and [ s
a prime different from the characteristic of k. Then

Py(P1(w) = P12(u)
in the cohomology with the Z/l-coefficients.

Proof. — Replacing Uy by an affine torsor we may assume that it is affine. Let
Gy — GL(V) be the linear representation of Gy corresponding to 7 and V,, the open
subset of A(V®") where Gy acts freely. Then, by Lemma 7.4, for some m, there exists
a Gy-equivariant map U, — V,,. By Lemma 5.7 it is sufficient to prove the corollary
for Uy =V, and G, = S,,. Proposition 7.2 together with Corollary 6.2 shows that we
have

Py (P (w)e(&;/ O) = Pry(w)e(&;/ O)™

on F, A (U /G x BS)),. By Theorem 6.16, multiplication with e(§,/0) is injective
and we conclude that Py(P; (1)) = Pio(w).

Lemma 7.4, — Let G be a fimite group, X an affine varety with a free action of G and
G — GL(V) a faithful linear representation of G. Then for some m > 0 there exists an equivariant
morphism X — V,,,.

Proof. — Let Ey = (X X V)/G — X/G be the vector bundle defined by E.
Equivariant morphisms X — V can be identified with the sections of this vector
bundle. The open subschemes V,, form, fiber by fiber, an open subscheme EZ of EZ
and we need to show that there exists a section of Ef; which lands in E’V”

Since X is affine so is X/G and hence there is a collection sy, ..., sy of sec-
tions such that for any point x, s1(x), ..., sx(x) generate V as a vector space. The
map O3 ,c —> BEv defined by s, ..., sx is equidimensional. The same is then true for
Tt ﬁ;ﬁ% — B2 for any m. The codimension of the complement Z,, to E goes to in-
finity as m grows and we conclude that the same is true for 7, '(Z,) C (X/G) x A™.
Therefore, for a sufficiently large m we can find a section of 6™ which does not meet
T, "(Z,)). Tts composition with 7, gives the required section of E(’;.
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Lemma 7.5. — Let U be a scheme with a free action of G and let r + G — S, be
a permutational representation of G. Consider:
P = P rxruxu—a : KiA (U x U - AU))/(G x G))y — K.
Then P is ivariant under the permutation of two copies of U.
Proof. — The action of G x G on U x U — A(U) extends to a free action of
the semidirect product (G x G) o« Z/2. The permutational representation r x r also

extends to a permutational representation of (G x G) o< Z/2. By Lemma 5.7 P factors
through the map

KA ((UxU-=AW)/(G xG))y
S K AU xU—=AQU)/G x G) xZ/2).

which implies that it is symmetric.

Lemma 7.6. — Let X be a smooth variety and 7. a closed smooth subvarety n X of
codimension ¢. Then for any ponted simplicial sheaf ¥y the map
H*!(F, AX,) = H*(F, A (X —7).)
is an somorphism for 1 < c.
Progf. — TYollows from Lemma 3.5.

Lemma 7.7. — Under the assumptions of Lemma 7.5 the morphism
P =P xuxu t Ki AU X U/G X G)p = Ky
is tvariant under the permutation of two copres of U.

Proof. — Replacing U by an affine torsor we may assume that it is affine. Let
G — GL(V) be a faithful liner representation of G and V,, the open subset of A(V®")
where G acts freely. Then by Lemma 7.4 there exists m > 0 and a G-equivariant map
U — V,. By Lemma 5.7 it is sufficient to show that P is symmetric for U = V,,.
This follows from Lemma 7.5 and Lemma 7.6 since we may choose m such that the
codimension of A(V,,) is larger than u’.

Corollary 6.2 together with Lemma 5.7 implies that there is a well defined mor-
phism:

P:K,A (BS[)+ — K.

Theorem 7.8. — The composition

K, A (BS)y A (BS); 'Ky A (BS); — K

is tnvariant under the permutation of two copies of BS,.
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Progf. — Let n be the tautological motivic cohomology class of K;. We need
to show that P(P(n)) is invariant under the permutation of two copies of BS,. Corol-
lary 7.3 and Corollary 6.2 imply that P(P(n)) = Py5(7) where P}y is the power oper-
ation corresponding to S; x S; = Sp. We conclude by Lemma 7.7 and, again, Corol-
lary 6.2.

8. Power operations and the Bockstein homomorphism

We denote by B the Bockstein homomorphism
H*(—,Z2/1) — H(—, Z/1)
which is defined by the short exact sequence of the coefficients
0—2Z/l—Z/"—Z/]— 0.

It has the same properties as the Bockstein homomorphism in the ordinary cohomo-
logy. In particular, we have B8 = 0 and for u € H"*,

(8.1) Bw) = p(wo + (—1/up(v).

The goal of this section is to prove Theorem 8.4. The method we use follows closely
the method used to prove an analogous result in [8].

Let U and L be as in Construction 5.3. The proper push-forward of cycles de-
fines a “transfer” map

tr : Hom(Thy (L"), K, r) = Hom(Thyc (L"), K, r)

where Hom(—, —) denotes the internal Hom-object in the category of pointed sheaves.
Let Z; be the local ring of / in Z. Denote by

@ = Hom(Thy,c(L"), Kyz,,)/Im(#r)

the pointed sheaf which corresponds to the quotient of the sheaf of abelian groups
Hom(Thy,c (L"), K,;z,,) by the subgroup of elements of the form /x where x is in the
image of the transfer map.

Lemma 8.1. — The map of pointed sheaves
K,z — Hom(Thy,g(L"), K, z,)
adjoint to the power operation P, lifis to a map of pointed sheaves

Kn,Z/Z — .
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Proof. — The pointed sheaf K, z/; is a quotient sheaf of the sheaf K, z, and the
power operation for integral coefficients defines a map

Kﬂ,Z(/) - HOm(ThU/G(Ln), KIZ],Z(())'

It is sufficient to show that the composition of this map with the projection to ® fac-
tors through K, 7, i.e. that for two cycles Z;, Z; on X x A" with integral coefficients
such that Z, — Z, is divisible by / the cycle P,(Z,) —P/(Z,) is in [Im(#r). Let Z be the
cycle on (X' x A" x U)/S; whose pull-back to X' x A” x U'is (p: X' x A x U —
X' x A’”)*(ZZ@Z). It is sufficient to show that Z| — Z; is in /Im(7,) where

7:X'xA"xU—- X'x A" x U)/S,
is the projection or, equivalently, that

P23 = p(28") = " m(Y)
for some Y. We have Z, — Zs = [W and the left hand side can be rewritten as
P (Zo+1IW)®') — p* (Z?l). Since any S;-invariant cycle with coefficients divisible by / is
of the form 7*m,(—) it is sufficient to consider the summands in this expression with

coefficients not divisible by /2. They are of the form /(Z;®...QW®...®Z,). The sum
of all such cycles is, up to multiplication by (/ — 1)!, of the form /n*m, (W ® (Z9)'™).

Lemma 8.2. — Let u be the tautological class in I:IQ”’”(K,,,Z/[). Then ,813[(u) lies n the
umage of the transfer map

H* M (Thy (LY A Kz Z/1) — H* M (Thy, (L) A K,z Z/D).

Progf. — Recall that we let
B:H" (=, Z/l) — H**(—, Z)

denote the Bockstein homomorphism corresponding to the standard short exact se-
quence (6.4). Since B factors through B it is sufficient to proof the lemma for B. Let
b:Z,(K,zu N Thy,c(L") — K,z be the morphism of sheaves of abelian groups
corresponding to P,(u). Then, BP, (1) corresponds by bijection (2.9), to the morphism
in the derived category of sheaves of abelian groups which is the composition of 4 and
the morphism K,;z,; = K,;z,,[1] which is a part of the distinguished triangle

1
Kz, = Kz, = Kz — Kz, 1]

Let ® be as in Lemma 8.1. It is a sheaf of abelian groups which fits into the
short exact sequence:

lotr

(8.2) 0— Hom(ThU(L) Kn[ Z(/)) —> Hom(ThU/G(L) Kn[ Z(/)) - d =0
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where the first arrow is the composition of the transfer map and the multiplication
by [. We let F denote the sheaf of abelian groups Z,(Thy,;(L")). We have a homo-
morphism ¢ : ® ® F — Kz, and we let ¢ : Z,(K, z,) — & denote the homo-
morphism of sheaves of abelian groups such that & = a o (¢ ® Idy) which exists by
Lemma 8.1. The sequence 8.2 shows that there is an epimorphism ¥V — Z,(K, z/)
and a morphism of short exact sequences:

0 — kr®F —— ¥VQF — Z,K,z) ®F —— 0
] !
0 —— an,z(,) B an,z(,) E— Koz —> 0
such that the left vertical arrow is the transfer of a morphism
d: ker @ Z,(Thy(L,)) — Kz,
We conclude that Eﬁ(u) is represented by the composition
Ztr(Kn,Z/l A ThU/G(Lﬂ)) = Zz‘r(Kn,Z/l) QF = ker[1] QF — an,zm[l]
which is the transfer of the class represented by the composition
Z,(K,z; NThy(L) = Z,(K, z,) ® Z,(Thy(L")) —
= ker[1]1 ® Z,(Thu (L) = Kz, [1].

Lemma 8.3. — For any ¥, the transfer map in cohomology
H**(F, A Thys, (L"), Z/1) — H**(F, A Thys, (L"), Z/1)
s zero.
Progf. — The composition of the transfer map with the restriction map is the

multiplication with the degree of the covering, in our case /!. Hence it is sufficient to
show that the restriction map

H**(F, A Thgs,(L"), Z/1) — H**(F, A Thgs, (L"), Z/1)

1s surjective. Since motivic cohomology of ES; are trivial any class on the right can be
written as u/ where « is in H**(F,) and ¢ is the Thom class. Any such uf is clearly in
the image of the restriction map.

Theorem 8.4. —  For any u € H24 one has BP;(u) = 0.

Proof. — By Lemma 8.2 and Lemma 8.3 we have B(P,/(w)t) = ﬁlsl(u) = 0. By
(8.1) we get

B (W)1) = BP ()t
and by the Thom isomorphism theorem we conclude that B(P;(x)) = 0.
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9. Individual power operations: formulas

Starting from this section we assume that / is a prime different from the charac-
teristic of £. Let w be a class in H**“(F,, Z/[). By Theorem 6.16, the class P,(w) can
be written uniquely as a linear combination of the form:

9.1) Pi(w) = Y Ci1.4(@)ed + D; 4(w)d'.
>0
This defines cohomological operations:
Ci e I:IQd,d(_, Z/l) — I:IQd—i-Q(d—i)(l—1)+1,d+(d—i)([—1)(_’ Z/Z)
Di E I:I?d,d(_, Z/l) — I_~12d+2(d—i)(l—1),d+(d—i)([—1)(_, Z/l)

Below we use C; instead of C;,; and D, instead of D, , when no confusion is possible.
Recall that we denote by T the generator of H*!(k, Z/2) for char(k) # 2 and by p the
class of —1 in H"!'(k, Z/2).

Lemma 9.1. — Let u € I:IQ‘M(F.), v E I:IQd,’d,(F:). Then for | odd one has:
Di(unv) =) D, ADi, ()
r=0

Cinn(wn o) =) Crai(®) AD, () + D, (@) A Ciipy (0)

r=0

and for [ = 2 one has

Diwno) =) D@ ADL@+7 Y Cop(®AC )

r=0 r=0,...,i—1

Cin(A) =) Cr(@ ADi, @) +D,(w) A Ci i1 (0)

r=0
+ pC‘r—H (Zl) A Ci—7‘+1 (Z))

Proof. — TFollows immediately from Lemma 5.9 and Theorem 6.16.

Lemma 9.2. — Let t € A>'(T, Z/1) be the tautological class. Then one has:

Cpiunt)y =Ci(u) Nt

9.2)
Di(u Al = Di_l(U) A L.
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Proof — By Lemma 5.10 we have P(¢) = 6(T — Th(&,/0))*(%). In view of
Lemma 4.7 and the fact that d = e(§,/0) we get P(1) =t Ad i.e. C () = 0 for all
>0, Dy(t) =t and D;(¢¥) =0 for 7 # 1. Applying Lemma 9.1 we get (9.2).

For u € H*** define;
P'(u) = Dy—i(u)
B'(u) = Cyi(u).

By (9.2) we have P'(u A t) = P'(u) At and Bi(u A1) = B'(u) At. As shown in the proof
of Proposition 2.6 we can extend P’ and B’ to bistable operations acting on motivic
cohomology groups H”? for all p, ¢:

Pi . I:Ip,q N I~_Ip+2i(l—l),q+i(l—1)

B : fI7 —s [t20-D+1g+il-1)

For [ = 2 we denote, following the standard convention,
S¢¥ = P
S =B,
By Corollary 2.10 these operations are additive.

Remark 9.3. — The apparent differences in signs between our definition of P’
in terms of D,_; and the definitions given in [8, p. 112] and [3, p. 182] are explained
by two facts. One is that we only consider here classes of even degree. Another one
is that the image of 4 in the cohomology of BZ// is —u/~' = —wy,_5. Note also that
while the signs in [8] and [3] in general disagree because of a mistake in [8] this

disagreement vanishes for classes of even degree.
Theorem 9.4. — For any i < 0 one has P' = B' = 0.
Progf. — This follows from Proposition 3.6.

Theorem 9.5. — One has P° = 1d.

Progf — Proposition 3.7 implies that P’(u) = au where a is a constant. Lem-
ma 6.17 applied to the canonical line bundle on P! implies that a = 1.

Lemma 9.6. — One has BB’ = 0 and BP' = B'.

Proof. — TFollows immediately from Theorem 8.4, the fact that f(¢) = ¢ and the
product formula (8.1) for the Bockstein homomorphism.
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Proposition 9.7. — For u,v € A** and [ # 2 one has:
P(unv) = Z P'(w) A P77 (0)
r=0

B'(unov) = Z(B’(u) AP () + (—D®DP (u) A BT (2)).

r=0
For [ =2 we get:

i—1

Sq?i(u A Z)) — Z Sq?r(u) A Sq?i—?r(v) +T Z Sq25+l(u) A Sq?i—?s—l(v)

r=0 s=0

Squ—H(u A Z)) — Z(SqQT—H(u) A Sq?i—?r(v) + Sq?r(u) A Sq?i—?r—l(p)) +
r=0
i—1

+ P Z Sq25+l(u) A Sq?i—?x—l(v)'

s=0

Progf. — Follows immediately from Lemma 9.1 and the vanishing result 9.4.
Lemma 9.8. — For u € H*" one has P"(u) = o

Progf. — Tollows from Lemma 5.12.

Lemma 9.9. — For ue AP and n> p — ¢, n > ¢ one has P"(u) = 0.

Proof. — Let i = n+¢g—p andj = n—gq. Then aja[j(u) is in A", By Lemma 9.8
we get

o'o/P'(u) = (o'a/ (w))".

By our assumption ¢ > 0 and the right hand side is zero because the diagonal map
SI'— S!A'S! is zero in H,.

We will also use the total power operation:
R : H** — H**[[¢c, d, d""11/( = td + pc)

where T = p =0 for / # 2 and for [ = 2, T and p are as in Theorem 6.16. We define
R by the formula

R(n) = Z(BH (Wed™ 4+ P(w)d™).

2
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For [ = 2 this becomes

R = Z(sqﬂ—l(u)cd—f + S¢¥(wd ™).

2

For u € H*" we have AR (u) = P(u). Together with Lemma 5.9 this implies that for
any « and v one has

R(uv) = R(w)R(v)
where the right hand side is to be computed in the ring H**[[¢, d, d="1/(& = td+pc).

10. Adem relations

Lemma 10.1. — Let ¢\, d, be generators of H**(BS;, Z/l) and ¢y, dy the generators of
the ring appearing in the definition of R(u). Then one has:

(10.1) R(d) = d\(1 — dy/dy)"™!
(10.2) R(c)) = (1 + (di/d) ) (1 — dy /dy) ™.
Proof. — By transfer argument we may assume that £ contains a primitive I-th

root of unity ¢. Consider the map
¢ = H™(BS)) — H" (Bu,)
defined by ¢. Then ¢ is a mono (by Lemma 6.12) and by Lemmas 6.13, 6.15 one has
P(dy) = ="
P(e)) = —u
where u and v are the generators from Theorem 6.10. We get:
R ™) =R@ ™" =d, 'P@)™" = &) '() + vdy)"™"

where the last equality holds by Lemma 6.17. The right hand side equals to
—¢(d))(1 — ¢(dy)/dy)™" which implies (10.1). For R(u/~?) we get

R/ ™) = R@R ()™ = &, ' Rw)P@) =
=3P () + B" ey + P (o) (0 + vdy)' 2.
By Theorem 9.5 P’(z) = «, by Lemma 9.6 and since B(xz) = v, B"(z) = v. By Lem-
ma 9.9, P!(«) = 0 and therefore our expression equals
dé_l(vl_lcg + uvl_ng) (01_2 + dg)l_2
= d," ' (—=p(d))ey — P(c1)do) (—p(dy) + ).
This implies (10.2).
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Theorem 10.2. — Let [ =2 and 0 < a < 2b. Then for a + b = 0(mod2) one has:

b—1—7 o

[a_/()?] ( .]> Sq“tSql for a, b odd

=
a—2

S¢“Sq’ =

A b—1—7 o
Sl g mod2 ,j Sq“™" IS¢’ for a, b even
= a—2j

and for a + b = 1(mod2) one has:

la/2] .
b—1— o
S¢'Sq’ = Z ( " ij) Sq"ISq) + ((j + 1)mod2) pS(a, b)

=0
where:
b—1—7 o
( ,J> Sq“T"S¢’~!  for a even, b odd
a—2
S(a, b) = 4

b—1—7 : .
/| Sq“t1Sg/ for a odd, b even.
a—1—-2

Prooff — Consider the class P(P(«)) for u € H2". Denote by d), ¢, the genera-
tors of the cohomology of BS; appearing when the first P is applied and by ds, ¢; the
generators of the cohomology of BS, appearing when the second P is applied. Accord-
ing to the symmetry theorem 7.8 the resulting expression is symmetric with respect to
the exchange of (d, ¢;) and (ds, ¢5). We have (to simplify the notations we sometimes
omit « from our expressions):

P(U) — Z SqQﬂ—Qi—lcdi + Sq?n—?idi

P(P() = d"R(P(w)) = dQQ"Z(R(SqQ"_%_I)R(ﬁ) +R(S¢" )R =

1

— Zdi (d, + dQ)id;Zﬂ—j—i((SQQj—lSq2n—2i—162 +
iy
+S¢¥Sg* T (01 + (i do)er) +Sq7 TS ey + S¢S ¢ ).
Consider the coeflicients in this expression at 1, ¢, ¢o and ¢j¢o. At 1 we have:

de (d, + dQ)idQQ"—J—i(SQQjSQQn—Qi + lesqy—lsqm—%—l)'

]
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At ¢1¢o we have:

D di(dy + dy)'dy VTS IS

i

At ¢; we have:

> didy + dy)'dy" T TSgYS g

i

At ¢, we have:

Y didi+d)dy" TS IS +
i
_|_ Z di—‘rl (dl + dQ)idQQn—f—i—l (pSQQj—ISQQH—Qi—l _|_ SquSQQﬂ_Qi_I).

]

Set p=1+7r, g=2n—j—r. Then coefficient at dfd;’ 1S

Z <p l_ l) Sq4—n—2p—2q+2isq2n—2i Ty <;__ ll> Sq4ﬂ_2ﬁ_2q+2i_lqun_zi_H.

Coefficient at ¢ cod!dj is

L dn—2p—2¢+2i—1Q , 2n—2i—1
Z <l7 N l) Sq Sq .

Coefficient at ¢,d/d] is

l dn—2p—2q+2:ig , 2n—2i—1
Z <p B z) Sq Sq .

Coefficient at ¢,d/d] is

l An—2p—2q4+21—1¢g 2n—21 l An—2p—2¢+2ig , 2n—2i—1
Z(p_i)Sq Sq +<p_l._1>Sq Sq +

l An—2p—2¢+2i—-1¢g  2n—2i—1
+pZ(p_i_1>Sq Sq .

Consider the coefficient at ¢;cod! dy where p = 2'—1 for sufficiently large s and ¢ = .

For p of this form, the coefficient ( ! ) is non-zero if and only if ¢ = p (follows
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from [8, 1.2.6]) and we conclude that our coeflicient is Sq‘*”‘Q"_lSqQ"_Q‘VHH. By sym-

metry it equals to the coefficient at ¢,¢od{d}. Setting a = 4n—2x—1, b= 2n— 2+ 41
and j = 2n — 21 — 1 and using the fact that

(10.3) (;‘) - (32‘) mod 2

we can write the later as

2n—1 _] atb—jg . j
Z <a_2j._1>Sq Sq’.
J=1mod?2

From the standard relation

oa - (1)=(")+ ()

and the fact that

(u) = 0 mod 2
v

if u is even and v is odd we get the first of the equalities stated in the theorem. A very
similar argument starting with the equality between the coefficients at ¢;d]dj and ¢,d!d}
gives the third equality — the case of even a and odd 4. To prove the case when both
a and b are even consider the coefficient at d/dj. Consider the second part of this
coeflicient i.e. the sum

_ J An—2(p—1)—2¢+2j—1q 2n—2—1
= ]S S .
S, ) !

j=i—1

.. . — . . . h—1 .
This is the coefficient at ¢,cod! ldg which is equal to the coefficient at ¢;ed{d) i.e. to

J An—2(p—1)—2¢+2—1q , 2n—2j—1
E ]S S =
< q—J ) 1 !

J=i—1

— 1 —1 dn—2p—2¢+2i—1Q 2n—2i+1
L (q—i—i—l)sq 5q ’
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Equating our new expression for the coefficient at d/dj with the old expression for the
coefficient at d/d) we get

_ Z (q l_ l) Sq4—n—2p—2q+2isq2n—2i +

=1 1 — 1 A 2p—2g+2i— 1 2u—2it1
+t ' <<q—i+1>+<q—i))sq Sq .

Setting again p = 2°—1, a = 2n—2¢ and b = 2n— 2p and using the standard relations
between the binomial coefficients one recovers the identity for S¢“S¢” when both a and
b are even. Finally, to get the identity in the case when « is odd and 4 is even one uses
Lemma 9.6, the identity for ¢ and b even and the fact that B(7) = p.

The proof of the following theorem which provides Adem relations for odd /
follows the same line of arguments as the proof of the corresponding topological fact
given in [8].

Theorem 10.3. — For [> 2 and 0 < a < [b one has:
il U=1)b—1)—1
apb __ _1)\att - - - a+b—itpt
PP_Z( 1) < p >P P
=0
And for a > lb > 0 one has:

[a/1]
PB! = Z(—l)a—i-t <(Z _al)_(b o t)) BeH—pr 4

It
=0

[(a—1)/1]
vati— (=D =0 = 1\ pagsipe
+ ; (—1) ( o PR,

Proof. — These relations are exactly the same as the Adem relations in the topo-
logical Steenrod algebra for odd coefficients. The proof of these relations given in (8,
Theorem VIII.1.6] works in exactly the same way in the motivic context as in the
topological one if one replaces the reference to [8, Corollary VIII.1.2] with the refer-
ence to our symmetry theorem 7.8.
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11. Motivic Steenrod algebra

Define the motivic Steenrod algebra A**(k, Z//) as the subalgebra in the alge-
bra of bistable cohomological operations in the motivic cohomology with Z// coeffi-
cients over & generated by operations P, BY, i > 0 and operations of the form u > au
where a € H**(k, Z/1).

Let I = (&, 51, €1, $9, ...y 5, €;) be a sequence where €, € {0, 1} and s; are non-
negative integers. Denote by P! the product

P! = P! .. P B,

A sequence | is called admissible if 5; > I5;1; + €;. Monomials P' corresponding to
admissible sequences are called admissible monomials.

Lemma 11.1. — Admassible monomials generate A**(k, Z /1) as a left H**-module.
Progf. — This follows from the Adem relations and the Cartan formula 9.7.

Our next goal is to show that the admissible monomials are linearly independent
with respect to the left H**-module structure on A** and, therefore, form a basis of
this module. Consider the submodule H*”°A** in A**. The Cartan formulas 9.7 im-
ply that its is a two-sided ideal in A**. Set

g

Using again the Cartan formula one observes that the action of A** on H**(X) de-
fines an action of A:g* on H**(X)/H*""H**(X). Theorem 6.10 immediately implies
the following result.

Lemma 11.2. — For any [ and any k one has:

H**(Bp,)/H*""H**(Bp,) = Z/I[u, 1]/’ = 0).

Lemma 10.1 implies the following

Lemma 11.3. — Let u and v be as in Lemma 11.2. Then one has the following equalities
m H**(Bu,) /H*>"H**(Bu,):

puw) =v Pi(uy =0 fori>0
B =0 Pi(") = (f) JHi=D
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Let d(I) be the degree of an admissible monomial P! i.e. the integer such that
P! is an operation from H** to H*"40-*+e,

Proposition 11.4. — For any n > 0 there exists N and an element w in H**((Bp;)™)
such that the elements P'(w), for all 1 such that d(1) < n, are linearly independent with respect to
the lefi H**-module structure on H**((Bu,)N).

Proof. — Tt is sufficient to show that there exists w such that P!(w) are linearly in-
dependent in H**((Bu,)™)/H*""H**((Bp;)N) with respect to the Z//-module struc-
ture. One starts with Lemma 11.3 and uses exactly the same reasoning as in the proof
of [8, Proposition VI.2.4]

The following is an immediate corollary of the proof of Proposition 11.4.

Corollary 11.5. — The admissible monomials are linearly independent with respect to the
left H**-module structure on A™*.

Let [ be an odd prime. Denote by Ay, the Z//-submodule of A** generated
by the admissible monomials. The Adem relations (Theorem 10.3) show that Aj is
a subring of A**. Together with Corollary 11.5 they imply that A}, is isomorphic to
the usual topological Steenrod algebra with the second grading given by assigning the
weight ([ — 1)i to P’ and the weight 0 to B. The Cartan formula (Proposition 9.7)
shows that the action of elements of Aj" on products of motivic cohomology classes
has the same expansion as in topology. Taken together these observations show that
all the standard results about the topological Steenrod algebra and its dual in the case
of odd coeflicients translate without change to the motivic context. In what follows we
consider both the odd and even coeflicients cases but give the proofs only in the even
case where the motivic Steenrod algebra has a more complicated structure than its
topological counterpart.

Below we denote by A** @y« A®* the tensor product of left H**-modules A**.
The action of A** on H**(X) is not, in general, H**-linear. Hence, we can not speak
of the action of A** @+ A** on H**(X) @+ H**(Y). However, since the action of
A** is Z/l-linear it defines an action of A** ®z,, A** on H**(X) ®z/ H**(Y). If X,y
are two elements of A™*®z,, A** which become equal in the tensor product over H**
then for any u in H**(X) ®z/,, H**(Y) we have x(u) = y(x) in H**(X) @ H**(Y).
Therefore, for x in A** Qs A** and u in H**(X) ®Z/ZI:I*’*(Y) there 1s a well defined
element x(x) in H**(X) Q=+ H**(Y).

Lemma 11.6. — For any element x of A™* there exists a unique element

V=) e
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of A @ues A such that for any X and any u € FI*(X), v € H**(X) one has

x(uw) = Y (=D )] (0).

Proof. — Exactly parallel to the proof of [5, Lemma 1, p. 154] where Proposi-
tion 11.4 is used to prove uniqueness.

We will need the following lemma below.

Lemma 11.7. — Let x be an element of A* and y*(x) = ) x.®x!. Then for a € H**
one has:

Yo =) Ka®x =) K@

Proof. — By uniqueness part of Lemma 11.6 it is enough to check that for any
u, v € H**(X) one has:

(Z Xa@xN)(u®v) = (Z X Q@ xa)(u® v) = (xa)(uv).
This follows immediately from definitions.

Since H** is not in the center of A**, the ring structure on A** @z, A** does
not define a ring structure on A** @y« A®*. The best we can get in general is an
action of A™* @y« A™* on A™* ®z,, A** with values in A" ®y++ A™* given by

U)W V) =ud Qv.

We say that an element f/ of A** @p++ A®* 1s an operator-like element if for any two
elements x,y of A** ®z,, A** which belome equal in the tensor product over H**
one has fx = fy. For an operator-line element / and any other element x the product
Sx 1s well defined. If /" and g are two operator-like elements the product fg is again
operator-like. This shows that operator-like elements form a ring which we denote by
(A** Qg A®¥),.

Lemma 11.8. — For any x i A**, *(x) s an operator-like element. The map
,l//* . A*,* N (A*,* ®H*,* A*,*)r
s a ring homomorphism.

Proof. — Let », z be two elements of A** ®z,, A** which become equal mod-
ulo H**. To check that ¥*(x) y = ¥*(x)z it 1s ~sufﬁcient, in view of Proposition 11.4,
to check that for any X and any w;, wy, € H**(X) one has ¥*(x) y(w) ® wy) =
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U (0)z(w, ® wy). Let ¢ : H*(X) @ AH**(X) — H**(X) be the cup product. Then
by definition of ¥ we have

V() p(wr ® wy) = x(c(p(w) @ w,)))
V() z(w) @ wy) = x(c(z(w) @ wy))).

Our assumption on y, z implies that ¢( p(w; ® wy)) = c(z(w; @ wy)).
"To prove that ¥* is a ring homomorphism we have to check that for x, y € A®*
and w;, wy € H**(X) we have

Y() (wr ® wy) = Y(0) (Y())(wr @ wy)).

This follows immediately from definitions.
Lemma 11.9. — The comultiplication map * s associative and commutative.

Proof. — The associativity follows immediately from the definition. To verify
commutativity it is sufficient, in view of Lemma 11.8, to verify it on the generators of
the algebra A** i.e. on operations P and B'. For this operations commutativity follows
directly from the Cartan formulas (Proposition 9.7).

12. Structure of the dual to the motivic Steenrod algebra

Let f : A** — H** be a homomorphism of left H**-modules. Such a homo-
morphism is said to be homogeneous of bidegree (p, ¢) if for any z,7 > 0 it takes AY
to H™#/=¢. We denote by A, , the “bigraded dual” to A** i.e. the group of the left
H**-module maps from A** to H** which are finite sums of homogeneous maps.

Let P! be the basis of admissible monomials in A** and 8(I)* the dual basis in
A, . An element x from A, , can be written uniquely as a sum of the form

(12.1) x= Z O

where (I)* € A™* and a; € HY such that p =7 — 1, ¢ = s —j. Since HY = 0 for i >
we get

r—s=p—qti—j=<p—q
Since for any I, » > 25 and s > 0 we further have
2s<r<p—q+s
which implies:

O0<s<p—q 25<r=<2(p—29.
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Therefore, the sum (12.1) is always finite. This fact implies in particular that taking
the bigraded dual to A, . we get back the original A**. It also implies that A, , is
a free H** module.

We have a homomorphism H** — A, , which takes « € H”? to the map ¢
ag(1) which lies in A_, _, and which we also denote by a. The homomorphism v*
defines a homomorphism ¢, : A, ,®u, , As« = A, .. Lemma 11.9 immediately implies
the following result.

Proposition 12.1. — The homomorphism ¢, makes A, . o an associative ring which s
graded commutative with respect to the first grading.

Let ¢ € A?% be a basis of A®* over H** such that:

An example of such a basis is given by the basis of admissible monomials. Let ¢ be
the dual basis of A, .. Let X be a smooth scheme over £. Then H”*(X) = 0 for
p > ¢+ dim(X) and therefore for any w € H**(X) there is only finitely many ¢’s such
that ¢'(w) # 0. We can define a map

A HY(X) — HY(X) ®pes A,

by the formula
Ao (w) = Z ¢ (w) ¢

The following lemma is straightforward.

Lemma 12.2. — The map \** is a ring homomorphism which does not depend on the
choice of ¢'.

Note that in the case when X = Spec(£) this homomorphism does not coincide
with the “scalar” map H** — &7 , which is described above since the action of é’s
on H** may be nontrivial. In particular A** is not a H**-module homomorphism.

If we consider By, as a colimit of smooth schemes we can write a formal analog
of A**. In particular for the canonical generators « and v we get:

M) =) (W ®xi+ 1 @)
=0

A (w) = Z(uvi ® x + v ®9))

=0
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where x;, y;, ¥/, 9. are some well defined elements in 7 ,(k, Z/[). We denote:

& =y}: € 4272(17’—1),17’—1(/% Z/l)
T = € Doy o (K, Z)1).
Since for any basis of A** such that ¢ = 1 we have dim(¢’) > 0 (where dim refers to

the first degree of an element) for ¢ # 0 we conclude that § = 1. Denote by M, the
monomial P'"'P" P

Lemma 12.3. — We have in H**(B,):
(12.2) M;(») = o M,Bw) = o
If f is any monomial in P* and B other than My (resp. other than MyB) then f(v) = O (resp.
S =0).

Progf. — The equations (12.2) follow from Lemma 9.8 and the fact that B(x) = v.
The other statement follows from Lemma 9.9, Lemma 6.17 and multiplicativity of P.

Taking the basis of admissible monomials to compute A™* and using Lem-
ma 12.3 we conclude that

A =0v® 1+ Zvli QT

=0

(12.3) -
A ) =u® 1+ Zz/l ® &;.
i=0
For an element ¢ in A** and an element ¥ in A, , let (¥, ) € H** be the value of
¥ on ¢. Then we have:

(12.4) $(u) = (&, phu+ Y (v, $)7
(12.5) $0) =Y (. )"
Let I be a sequence of the form (e, 7, €1, 79, ..., ) where €, € {0, 1}, » > 0 are non-

negative integers and I has only finitely many nontrivial terms. Following [5] we set:
o) = 15’8 17'&7 ...
n %(I),q(l) (/f, Z/l) where
PO =€+ ) (€l =1 +2n(l' = 1)
i>1

¢ =Y (&+n)l = 1)

>1
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and

6(1) = P B P2...
where

5= (&+m)l"

>n

Simple computation shows that 6(I) belongs to &#V-/W(k Z/1).
In the following theorem we consider, following [6], the lexicographical order
on the set of sequences I such that (1, 2,0,...) < (0,0, 1, ...).

Theorem 12.4. — For I < J one has (6(1), w(])) = 0 and for I = ] one has
(O, w(])) = £1.

Proof. — The value of (6(I), w(])) 1s a homogeneous element of H** of degree
zero. Hence, it is sufficient to show that the image of (6(I), w(])) in H**/H*>" is 0 or
+1 depending on whether I < J or I =J. This is done using the action of A**/A*>?
on H**(Bu,)/H*”"H**(Bu,) described in Lemma 11.3 in exactly the same way as in
the proof of [5, Lemma 8, p. 160].

Corollary 12.5. —  Elements (1) (resp. 6(1)) form a basis of the H**-module
A (K, Z)1) (resp. o/ (k,Z]1)).

Proof. — Elements 6(I) are exactly the admissible monomials. They form a basis
of A** by Lemma 11.1 and Corollary 11.5. The fact that elements w(I) form a basis
of A, , follows now from Theorem 12.4.

For the following theorem note that multiplication with an element of bidegree
(p, q) of H** shifts the degree of an element of 47 , by (—p, —¢). E.g. multiplication
with p shifts the degree by (=1, —1).

Theorem 12.6. — The (graded commutative) algebra <7, ,(k, Z /1) over H** is canonically
wsomorphic to the (graded commutative) algebra with generators
T; € Agjiy iz
& € Agji_g iy

and relations

]. -50 - 1
9.7 = 0 for [ # 2
61 + pTiy1 + 1061 for [ =2
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Progf. — We already know by Corollary 12.5 that <7, .(k, Z/[) has a basis which
consist of monomials in &;, 7; which are of degree < | in each 7;. The relation rf =0
for odd [ is a corollary of graded commutativity. Thus we may assume that [ = 2
in which case we have only to show that tl? = ;1 + pt + p10&i11. The required
relation follows immediately from (12.3), the multiplicativity of A™* and the relation
u> = o+ pu in the motivic cohomology ring of Bu,.

Lemma 12.7. — For any ¢ € A®* one has:

12.6) o) =) e o).

i

Progf — Let x;, x; be any elements of A, ,. If ¥*(¢) = > ¢, ® ¢ we have, by
definition of product in A, ,:

(v, @) = D (v, ¢)) (0, ).

This implies by induction starting with (12.5) that for any n one has

¢ = Z <Ej1---§'”, ¢>0111+---+jn.

(jl!"'d‘?],)

For n = [ all the terms except for the ones which show up in the right hand side of
(12.6) cancel out since we work with Z//-coeflicients.

Proposition 12.8. — Let ¢, be elements of A™* such that

&, ), (i, ¥) e Z/] C H"".

Then one has:

& ) =Y (&1 )& )

(Tkv ¢‘/f> Tka 50, + Z Sk z’ T,

Proof. — We have by (12.5)

PY() = > (&, pY)
On the other hand by (12.5) and (12.6) we get:

PU () = OO (& v =Y (& g vy

iy
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Comparing coeflicients at powers of v we get the first of the required equalities. To
get the second one we write

PV () = (&, pY)u+ Y (T, py)

by (12.4). And by (12.4) and (12.6) we get:
PV () = (&, Y)p(w) + Z 7, P)p) =

= (£, $) (&0, ¥ HZ T §) (50 ¥ v+Z LR

Comparing coefficients we get the second equality:

Now we can describe the dual to the ring structure on A**. We have two H, .
module structures on A, .. The first one, the left module structure which we used all
the time, is given by

a sk P(x) = ¢(ax) = ap(x)

where ¢ € A, ,, a € H** and x € A®*. The other one is the right module structure
given by

¢ *, a(x) = ¢p(xa).

Lemma 11.7 implies that (¢p¢') %, a = ¢(¢’ *, ) and, in particular, that ¢ %, a =
@(1 *x, a). The map a — 1 %, a coincides with the map A** for X = Spec(k) and we
denote it by A. Therefore, the two module structures are defined by two ring homo-
morphisms a — @&, and a — A(a) from H** to A, ,

Denote by A, . ®,; A, . the tensor product with the property

P+ )@Y =¢d® (ax ).
Similarly, denote by A** ®, ; A** the tensor product with the property
@y =xQ& ay.
The following lemma is taken from [2, Lemma 3.3].
Lemma 12.9. — Let [, g be elements of A, . and x, y elements of A**. The formula:
12.7) 00/ ® 9), x ® ) = (— 1)Y= (£ x(g )
defines an isomorphism
01 Avs ®1 Ay —> (A ®, AT

where the upper star on the right hand side denotes the bigraded dual of left H**-module maps _from
A" @per AV o HH*.
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Progf. — One vertfies easily that 6 is indeed well defined by (12.7). To prove that
it 1s an isomorphism consider the basis w(I) in A, ., and let w(I)* be the dual basis in
A**. The elements w(I) ® w(]) clearly generate A, , ®,; A, as a left H**-module.
The image of w(I) ® w(]) with respect to 6 is the functional which equals one on
o()*®w(J)* and zero on all other elements of the form w(I')* @ w(]J')*. This implies
that w(I)@w(J) are linearly independent in A, ,®, A, . and hence form a basis of this
left H**-module. It also implies that 6 maps this basis to a basis of (A™* @+ A™¥)*
and therefore 6 is an isomorphism.

Composing the dual to the multiplication map A** @ A** — A** with 0 we get
a map

By construction, the map ¥, is defined by the property that ¥.(f) = )_f’ ® f and
for any x, y € A** one has:

(12.9) D) = (S o)

Lemma 12.10. — The map (12.8) s a ring homomorphism.
Progf. — It follows from a direct computation and Lemma 11.7.

In view of Lemma 12.10 and Theorem 12.6, the map v, is completely deter-
mined by its values on the generators &, 7;.

Lemma 12.11. — One has:

k
V) =) & ®E

=0

k
V) =) &, ®u+1® L
=0

Proof. — Tollows from Proposition 12.8 and the formula (12.9).

Remark 12.12. — The rings H** and A, ,, two homomorphisms H** — A, ,,
the homomorphism A, , — H** which takes 7; for : > 0 and §; for ¢ > 0 to zero
and the homomorphism ¥, form together a Hopf algebroid 7 (k, Z/l). We can not
give its complete description because we do not know the structure of H** and the
explicit form of the homomorphism A which involves the action of the reduced power
operations and the Bockstein in H**. One can easily see however that these are the
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only two pieces of information missing. In the case when / > 2 we have a coaction
of the topological dual Steenrod algebra A,(/) (given the second grading in the way
explained above) on H** and JZ(k,Z/!) is the twisted product of A,(/) and H**
with respect to this coaction. For [ = 2 consider the Hopf algebroid J2°(2) over Z/2
defined as follows:

Ring of objects 1s Z/2[p, T] where deg(p) = (—1, —1) and deg(t) = (0, —1).
Ring of morphisms 1s

Z/2(p, T T, Epi lizo /(7] — i1 — P — 0ToEi1) -

Coface maps are given by

do(p) =p do(v) =7
di(p) = p d(1) =71+ pT0.

Codegeneracy map is given by

() =p () =1
So(Tl') =0 for: >0
s0(&) =0 for 2> 0.

Co-composition 1s given by

W*(P):P®1=1®P
Y.(D=1R1=101+p1,® 1

k

V) =) & ®%
Z=k() |

V) =) &, ®u+1® L
=0

Note that our formulas imply that J#(2) is, in fact, a Hopf algebroid over Z/2[p].
This Hopf algebroid co-acts on H** and 2(k, Z/2) is the twisted product of J#(2)
and H** with respect to this coaction.

13. Operations p(E, R) and their properties

Let R = (1, 7, ...) be a sequence of non-negative integers which are almost all
zero and E = (€, €, ...) a sequence of zeros and ones which are almost all zeros.
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Corollary 12.5 implies that elements of the form

t®ER) =[] []¢

>0 J>1

form a basis of A, , over H**. Let p(E, R) be the dual basis of A**. In particular, we
define, following Milnor,

P = p(0, R)
Q(E) := p(E, 0)

and
Q,=0Q(,..,0,1,0,..)

where 1 is on the i-th place 1.e. Q; is the dual to 7.

If [ 1s odd operations p(E, R) and, in particular, Q (E), PR and Q;, have the
same properties as their topological counterparts defined in [5]. In what follows we
assume that [ = 2.

Lemma 13.1. — Z20:-0--) = P,
Proof. — Tollows immediately from Theorem 12.6.
Proposition 13.2. — p(E, R) = Q (E) #R,

Proof — We have to compute the pairing of Q (E)Z® with t(E)&(R’) and show
that it is 1 for E' = E, R" = R and zero otherwise. By (12.9) we have:

13.1) (TENER), Q)P = 3 (', QENS, )
where
S @S = Y (tE)ER) = v, (tE) Y (ER).

We can choose our representation ) f’ ® f such that /" are of the form p(E”,R")
and, in particular, (f”, %) are in Z/2. Then, the expression (13.1) depends only on
the class of ¥, (t(E)&(R")) in A, /1 ®,, A** where I is the ideal generated by &; for
¢> 0. In this quotient ring we have:

V() =1Q%§
V() =11, + 1, Q1.

This easily implies that (13.1) is non-zero if and only if E = E’ and R =R’
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Let p be, as before, the class of —1 in H"!. Denote by B** the Z/2[p]-sub-
module in A** generated by elements of the form Q (E). Let B, , be the Z/2[p]-dual
of B**. Then

B, ®z/o10 H™* = A,/ ({&D).
Lemma 12.11 implies that for / € I = ({§;}), one has

and, therefore, v, defines a comultiplication on B, , ®z/9,) H** which takes 7, to
7 ® 1 + 1 ® 7. From this one easily gets the following result.

Proposition 13.3. — As a Z/2[pl-algebra, B, . is of the form
B..=Z/2[pl[T0, e’ Tus -..1/ (T = pTi11)-
The map . defines a Hopf algebra structure on B, . over Z/2[p], satisfying:

() =11 +1®T1.

Dualizing we get the following theorem on the structure of B**.

Proposition 13.4. — As a Z/2[ pl-algebra, B** 15 the exterior algebra with generators Q) ;.
For E = (€, ..., €,) one has Q (E) = [[ QY. The coproduct is given on Q ;s by

PQ)=19Q:+Qi®1+p) arQE)®Q(E)

EE/

where ., ¥ run through sequences of zeros and ones which are almost all zeros and cg g are elements

Q](‘H*,*‘

The following three results complete the proof of all the properties of operations

Q; used in [13].
Lemma 13.5. — Q, = B.

Proof. — Since operations p(E, R) form a basis we can write 8 as a formal linear
combination ) ag g p(E, R). Since the weight of B is zero this implies that 8 = ¢Q,
for ¢ € Z/l. Since B(u) = v, formula (12.4) implies that ¢ = 1.

Proposition 13.6. — Let i > 1 and q; = P01 be the dual to &;. Then one has

Qi = [Qo, Qi]-
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Progf. — We have to show that ¢;Q ¢y = Q o¢;+ Q; 1i.e. that the only monomials
which pair non-trivially with ¢,Q , are 70§; and &; and that for those monomials the
pairing gives 1. Using formula (12.9) we see that it is sufficient to show that the only
monomials M = t(E)§(R) such that §®7, appears in the decomposition of ¥, (M) are
79§, and t; and that for those monomials & ® 7, appears with coefficient 1. The later
follows immediately from Lemma 12.11. To prove the former note that the question
of whether or not & ® 15 appears in the expression for ¥,(M) depend only on the
class of ¥, (M) in A, . ®,,A, /] where J is generated by 7; for £> 0. In this quotient
V(t) =& Q71+ 7 ® 1 and 10 = 1€ + p710&,. This shows that the only way to get
& ® 19 1s to consider V. (t;) or V. (1o§;).

The following example shows that not all of the standard topological formulas
for Q ;s hold in the motivic context.

Example 13.7. — In topology, one can define operations Q; in terms of the
Steenrod squares inductively by the formula Q, = S¢', Q11 = [Q,, S¢®™. Let us
show that in the motivic Steenrod algebra Q. # [Q 1, S¢'] if p # 0 ie. if £ does
not contain the square root of —1. Using (12.9) and Lemma 12.11 we can compute
S¢*Q in terms of the basis dual to T(E)&(R). We get:

S¢'Q1 +Q.18¢" = Qs + pQ,Q,1S¢".

14. Operations and characteristic classes

The goal of this section is to prove Theorem 14.2. For a smooth scheme X let
Ky (X) be the Grothendieck group of vector bundles on X. All schemes in this section
are assumed to be quasi-projective.

Theorem 14.1. — For any symmetric polynomial s = s(ty, ..., t,, ...) there exists a unique
natural transformation of contravariant functors from smooth quasi-projective varieties to pointed sets

of the form:
6 Ko(=) = @,0H" (=, Z)

such that for a collection of line bundles 1L, ..., L, on X one has
o(@, L) = s(e(L), ..., e(L)).

Proof. — 1t follows in the standard way from Theorem 4.1.

Let ¢ € A?7 be a cohomological operation. For any X and a vector bundle V
on X the value of ¢ on the Thom class #, is, by Proposition 4.3, of the form ¢s(V)#,
where ¢5(V) is a well defined class in H/(X, Z/1).
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Theorem 14.2. — Let E = (€, ..., €,), R = (1, ..., 1,) be as in Section 15. Then for
a vector bundle V one has:

1. Cp(E,R)(V) =0 ‘le ;é 0
2. comry(V) = sp (V) where sy s the reduction modulo | of the characteristic class corres-
ponding by Theorem 14.1 to the symmetric polynomial

Z l_[ ( 1_[ ti)lj_l
S JEl0.n} ief 1))

where | runs through all functions {1, ..., m, ...} — {0, ..., n} such that for any 1, n > 1> 0 one

has 1S @) = 1,

Corollary 14.3. — Let g, = (0, ..., 0, 1,0, ...) be the operation dual to &,. Then one

has
9u(ty) = sp1 (V)ty
where s; 1s the characteristic class corresponding, by Theorem 14.1, to the symmelric function tij .
Corollary 14.4. — One has
P'(tv) = i1 (Vty

where ¢, 15 the characteristic class corresponding, by Theorem 14.1, to the symmetric function

T4
>t
The proof of this theorem occupies the rest of this section.

Lemma 14.5. — Let X be a smooth scheme and w an element in H>' (X, Z /1) which
is the reduction modulo | of an wntegral class. Then there exists a map f: Xy — (Bp,)+ m H,
such that w = f*(v).

Proof. — Since X is quasi-projective the Jouanolou trick shows that there exist an
affine scheme X' and an A'-weak equivalence X’ — X. Therefore, we may assume
that X is affine. By Lemma 4.5, any element of H*'(X, Z) is of the form e(L) for
a line bundle L. Since X is affine there is a map g : X — PN for some N such that
L = g"(0(1)). On the other hand the reduction of ¢(€'(1)) modulo [ is p*(v) where
p PN — Bp, is the standard morphism. This proves the lemma.

Remark 14.6. — The assertion of the lemma also holds without the assumption
that w is the image of an integral class.
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Lemma 14.7. — Let X be a smooth scheme and w an element in H>' (X, Z /1) which
is the reduction modulo | of an integral class. Let further ¢ be an operation of the form p(E, R).
Then one has

w' if ¢ =g,
P(a) = !
0  otherwise.
Proof — By Lemma 14.5 it is sufficient to prove our statement for X = Bp,

and w = v. In this case our result follows from (12.5).

Lemma 14.8. — Let L be a line bundle and o the class of O(—1) wn the ring H**(P(L. &
O),Z). Then one has 0> = —e(L)o.

Proof. — Using standard argument we can reduce the problem to the case
X =P" and L = O(1). The restriction of ¢ to P(0) is zero. Hence, 0> = xo for
some x. The restriction of o to P(L) is —e(L). Hence —e(L)x = ¢(L)?. Since e(0(1))
is not a zero divisor, we conclude that x = —e(L)).

Lemma 14.9. — Let L. be a line bundle and ¢ an operation of the form p(E, R). Then

one has

L)'y, for ¢ =g,

0 otherwise.

o) =

Proof. — Consider the standard projection p : P(0' @ L) — Th(L). As shown in
Section 4, it defines a monomorphism on motivic cohomology. Together with Lem-
ma 14.7 this immediately implies that ¢(4) = 0 if ¢ # ¢, for some n. As shown in
the proof of Lemma 4.5 we have p*(4,) = —o + e(L.). Hence, by Lemma 14.7 and
Lemma 14.8 we have

Pa(t) = qp* (1) = (o +e(L)" = e(L)" ™ (=0 + e(L)).
Since p* is a monomorphism we conclude that ¢,(#) = e(1)" 4.

Remark 14.10. — Lemma 14.9 has the following analog for the basis of admis-

sible monomials instead of Milnor’s basis p(E, R). Recall, that M, denotes the mono-
Zk—l

mial P ...P'P'. If L is a line bundle and ¢ an admissible monomial then one has

e(L)!' "'t for ¢ = M,

0 otherwise.

o(h) =
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Let I be the two-sided ideal of A** generated by Q , = B. Proposition 13.6 implies
that it coincides with the two-sided ideal generated by Q (E) for E # 0. Since ¢¥*(8) =
B®1+1®pB for any ¢ € I we have y*(¢p) € A** @ I + 1 ® A**. In particular, if
w, w' are motivic cohomology classes such that ¢(w) = 0, ¢p(w') = 0 for any ¢ € I
then ¢(ww') = 0 for any ¢ € I. Together with the splitting principle and Lemma 14.9
this implies the following result.

Lemma 14.11. — For any E % 0 and any vector bundle V one has ¢,z r)(V) = 0.

Let R = (n, ..., 7,) be a sequence of non-negative integers. To prove the second
statement of Theorem 14.2 we have to compute Z(R)(#, A #,) for a collection of
line bundles Ly, ..., L,,. Let ¥* be the m-fold iteration of the comultiplication map for
A™* and

By Lemma 14.9 we have

W(R) (tLl AN A tL,,L) = (Z AR,,...R,) 1_[ CPR;) (L)) A iy N oo A1,
=1

where the only non-trivial terms are those for which R; is of the form
R, =(,...,0,1,0,...).
On the other hand we have

aR,.. R, = (Y (ZR)),ER)) @ ... ®ER,)) =
I if YR, =R

0 otherwise.

= (Z(R),E§R)..ER,) =

A sequence of R;’s of the form (0, ...,0,1,0,...) can be thought of as a function
J 11— f(i) such that R; = ¢, where ¢ is assumed to be 1. The condition ) 'R, =R
means that we consider the functions which take the value ¢ > 0 exactly 7 times.
Together with the fact that ¢, (1) = ¢(L)"~! this proves the last statement of Theo-
rem 14.2.

qn
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